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CHAPTER Al 
THE WORK OF THE 
AEROSPACE STRUCTURES ENGINEER 


Al, 1 Introduction. 


The first controllable human flight ina 
heavier than air machine was made by Orville 
Wright on December 17, 1903, at Kitty Hawk, 
North Carolina. It covered a distance of 120 
feet and the duration of flight was twenty 
seconds. Today, this initial flight appears 
very unimpressive, but it comes into its true 
perspective of Importance when we realize that 
mankind for centuries has dreamed about doing 
or tried to do what the Wright Brothers 
accomplished in 1903. 


The tremendous progress accomplished in the 
first 50 years of aviation history, with most 
of it occurring in the last 25 years, is almost 
unbelievable, but without doubt, the progress 
in the second 50 year period will still be more 
unbelievable and fantastic. As this its written 
in 1964, jet airline transportation at 600 MPH 
is well established and several types of 
military aircraft nave speeds in the 1200 to 
2000 MPH range. Preliminary designs of a 
supersonic airliner with Mach 3 speed have been 
completed and the govermment is on the verge of 
sponsoring the development of such a flight 
vehicle, thus supersonic air transportation 
should become common in the early 1970’s. The 
rapid progress in missile design nas ushered 
in the Space Age. Already many space vehicles 
have been flown in search of new knowledge 
which is needed before successful exploration 
of space such as landings on several planets 
can take place. Unfortunately, the rapid 
development of the missile and rocket power 
has given mankind a flight vehicle when combined 
with the nuclear bomb, the awesome potential to 
quickly destroy vast regions of the earth. 
While no person at present knows where or what 
space exploration will lead to, relative to 
benefits to mankind, we do know that the next 
great aviation expansion besides supersonic 
airline transportation will be the full develop- 
ment and use of vertical take-off and landing 
aircraft. Thus persons who will be living 
through the second half century of aviation 
progress will no doubt witness even more 
fantastic progress than oceurred in the first 
50 years or aviation history. 


Al,2 General Organization of an Aircraft Company 
Engineering Division, 


The modern commercial airliner, military 
airplane, missile and space vehicle is a nighly 


scientific machine and the combined knowledge 
and experience of hundreds of engineers and 
scientists working in close cooperation is 
necessary to insure a successful product. Thus 
the engineering division of an aerospace company 
consists of many groups of specialists whose 
specialized training covers all ftelds of 
engineering education such as Physics, Chemical 
and Metallurgical, Mechanical, Zlectrical and, 
of course, Aeronautical Engineering. 


It so happens that practically all the 
aerospace companies publish extensive pamphlets 
or brochures explaining the organization of the 
engineering division and the duties and 
responsibilities of the many sections and groups 
and illustrating the tremendous laboratory and 
test facilities which the aerospace industry 
possesses. It is highly recommended that the 
student read and study these free publications 
in order to obtain an early general under- 
standing on how the modern flight vehicle is 
conceived, designed and then produced, 


In general, the engineering department of 
an aerospace company can be broken down into six 
large rather distinct sections, which in turn 
are further divided into spectalized groups, 
which in turn are further divided into smaller 
working groups of engineers. To illustrate, the 
six sections will be listed together with some 
of the various groups. This {s not a complete 
list, but tt should give an idea of the broad 
engineering set-up that is necessary. 


Tq. Preliminary Design Section. 
Ii. Technical Analysis Section. 
(1) Aerodynamics Group 
(2) Structures Group 
(3) Weight and Balance Control Group 
(4) Power Plant Analysis Group 
(5) Matertals and Processes Group 
($) Controls Analysis Group 
III. Component Design Section. 
(1) Structural Design Group 
(ding, Body and Control Surfaces) 
(2) Systems Design Group 
(All mechanical, hydraulic, electrical 
and thermal installations) 
IV. Laboratory Tests Section. 
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(1) Wind Tunnel and Fluid Mechanics Test 
Labs. 

) Structural Test Labs. 

}) Propulsion Test Labs. 

) Electronics Test Labs. 

) Blectro-Mecnanical Test Labs. 

} Weapons and Controls Test Labs. 

) Analog and Digital Computer Labs. 


Qouaean 


Ne Flignt Test Section. 
VI. Engineering Field Service Section. 


Since this textbock deals with the subject 
of structures, 1t seems appropriate to discuss 
in some detail the work of the Structures Group. 
For the detailed discussion of the other groups, 
the student should refer to the various air- 
craft company publications. 


Al.3 The Work of the Structures Group 


The structures group, relative to number of 
engineers, is one of the largest of the many 
groups of engineers that make up Section II, 
the technical analysis section. The structures 
group is primarily responsible for the 
structural integrity (safety) of the airplane. 
Safety may depend on sufficient strength or 
sufficient rigidity. This structural integrity 
must be accompanied with lightest possible 
weight, because any excess weight has detri- 
mental effect upon the performance of aircraft. 
For example, in a large, long range missile, 
one pound of unnecessary structural weight may 
add more than 200 lbs. to the overall weight of 
the missile. 


. The structures group is usually divided 
into sub-groups as follows:-~ 


(1) Applied Loads Calculation Group 

(2) Stress Analysis and. Strength Group 
(3) Dynamics Analysis Group 

(4) Special Projects and Research Group 
THE WORK OF THE APPLIED LOADS GROUP 


Before any part of the structure can be 
finally proportioned relative to strength or 
rigidity, the true external loads on the air- 
craft must be determined. Since critical loaas 
come from many sources, the Loads Group must 
analyze loads from aerodynamic forces, as well 
as those forces from power plants, aircraft 
inertia; control system actuators; launching, 
landing and recovery gear; armament, etc. The 
effects of the aerodynamic forces are initially 
calculated on the assumption that the airplane 
structure is a rigid body. after the aircraft 
structure is obtained, its true rigidity can 
be used to obtain dynamic effects. Results of 
wind tunnel model tests are usually necessary 
in the application of aerodynamic principles to 
load and pressure analysis. 





THE WORK OF THE AEROSPACE STRUCTURES ENGINEER 


he final results of the work 0 
group are formal reports giving comp 
load design criteria, with many 
mary tables. The final results ma 
plete shear, moment and normal forces ref. 
to a convenient set of X¥2 axes for major air- 
craft units such as the wing, fuselage, etc. 





THE WORK OF STRESS ANALYSIS AND STRENGTH Ge 


CUP 





Essentially the primary job of the stress 
group is to help specify or determine the kind 
of material to use and the chickness, sige and 
cross-sectional shape of every structural men- 
ber or unit on the airplane or missile, and 
also to assist in the design of all joints and 
comnections for such members. Safety with light 
weight are the paramount structural design re- 
quirements. The stress group must constantly 
work closely with the Structural Design Sectisn 
in order to evolve the best structural over-all 
arrangement. Such factors as power plants, 
built in fuel tanks, landing gear retracting 
wells, and other large cut-outs can dictates the 
type of wing structure, as for example, a two 
spar single cell wing, or a muitiple spar 
multiple cell wing. 





To expedite the initial structural design 
Studies, the stress group must supply initial 
structural sizes based on approximate loads, 
The final results of the work by the stress 
group are recorded in elaborate reports which 
show how the stresses were calculated and how 
the required member sizes were obtained to carry 
these stresses efficiently. The final size of 
@ member may be dictated by one or more factors 
such as elastic action, inelastic action, ele~ 
vated temperatures, fatigue, etc. To insure 
the accuracy of theoretical calculations, the 
stress group must have the assistance of the 
structures test laboratory in order to obtain 
information on which to base allowable design 
stresses. 


THE WORK OF THE DYNAMICS ANALYSIS GROUP 


The Dynamics Analysis Group has rapidly 
expanded in recent years relative to number of 
engineers required because supersonic airplanes, 
missiles and vertical rising aircraft have pre- 
sented many new and complex problems in the 
general field of dynamics. In some aircratt 
companies the dynamics group is set up as a 
Separate group outside the Structures Group. 





The engineers in the dynamics group are 
responsible for the investigation of vibration 
and shock, aircraft flutter and the establish- 
ment of design requirements or changes for its 
control or correction. Aircraft contain dozens 
of mechanical installations. Vibration of any 
part of these installations or systems may be 
of such character as to cause faulty operation 


or danger of failure and therefore the dynamic 





ANALYSIS AND DESIGN OF FLIGHT VEHICLE STRUCTURES 





characteristics must be changed or modified in 
order to insure reliable and safe operation. 


The major structural units of aircraft such 
as the wing and fuselage are not rigid bodies. 
Thus when a sharp air gust strikes a flexible 
wing in high speed flight, we have a dynamic 
load situation and the wing will vibrate. The 
dynamicist must determine whether this vibration 
is serious relative to induced stresses on the 
wing structure. The dynamics group is also 
responsible for the determination of the 
stability and performance of missile and flight 
vehicle guidance and control systems. The 
dynamics group must work constantly with the 
various test laboratories in order to obtain 
reliable values of certain factors that are 
necessary in many theoretical calculations. 


THE WORK OF 





SPECIAL PROJECTS GROUP 


In general, all the various technical 
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groups have a special sub-group which are work- 
ing on design problems that will be encountered 
in the near or distant future as aviation pro- 
gresses. For example, in the “tructures Group, 
this sub-group might be studying such problems 
as: (1) how to calculate the thermal stresses 
in the wing structure at super-sonic speeds; 
(2) how to stress analyze a new type of wing 
structure; (3) what type of body structure is 
best for future space travel and what kind of 
materials will be needed, etc. 


Chart 1 tllustrates in general a typical 
make-up of the Structures Section of a large 
aerospace company. Chart 2 lists the many 
items which the structures engineer must be 
concerned with in insuring the structural 
integrity of the flight vehicle. Both Charts 
l and 2 are from Chance-Vought Structures 
Design Manual and are reproduced with their 
permission. 
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THE LINKS TO STRUCTURAL INTEGRITY 


«+... ARE NO BETTER THAN THE WEAKEST LINK 





STIFFNESS 
CRITERIA 
FLUTTER 
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CHAPTER A2 
EQUILIBRIUM OF FORCE SYSTEMS. TRUSS STRUCTURES 


A2.1 Introduction. The equations of static 
equilibrium must constantly be used by the 
stress analyst and structural designer tn ob- 
taining unknown forces and reactions or unknown 
internal stresses. They are necessary whether 
the structure.or machine be simple or complex. 
The ability to apply these equations is no 
doubt best developed by solving many problems. 
This chapter initiates the application of these 
important physical laws to the force and stress 
analysis of structures. It is assumed that a 
student has completed the usual college course 
in engineering mechanics called statics. 


‘ 
A2,2 Equations of Static Equilibrium. 


To completely define a force, we must Know 
{ts magnitude, direction and point of applica— 
tion. These facts regarding the force are 
generally referred te as the characteristics of 
the force. Sometimes the more general term of 
line of action or location is used as 2 force 
characteristic in place of point of application 
designation. 


A force acting in space is completely 
defined i2 we know its components in three 
directions and its moments about 3 axes, as for 
example Fy, Fy Fz and My, My and My. For 
equilibrium of a force system there can be no 
resultant force and thus the equations of 
equilibriwm are obtained by equating the force 
and moment components to zero. The equations 
of static equilibrium for the various types of 
force systems will now Se summarized. 


EQUILIBRIUM SCUATIONS FOR SENERAL 
SPACE (NON-COPLANAR} FORCE SYSTEM 


BFy 2 0 m™, = 0 
iFy = 0 m0 b$----- (2.2) 
2Fz = 0 IM, = 0 


Thus for 2 general space 2orce system, 
there are 6 equations of static equilibriim 
available. Three of these and no more can be 
force equations. It is often more convenient 
to take the moment axes, 1, 2 and G, as any set 
of x, y and z axes. All 6 equations could be 
moment equaticns about 6 different axes. The 
force equations are written for 3 mutually 
perpendicular axes and need not de the x, ¥ 
and 2 axes. 


QQUILIBRIUM OF SPACE CCNCURRENT FORCE 


Coneurrent means that 





force system pass through a common point. 


The 
resultant, if any, must therefore be a force 
and not a moment and thus only 3 equations are 
necessary to completely define the condition 


that the resultant must be zero. 
of equilibrium available 


The equations 
re therefore:~ 


IFy = 0 mM, = 0 
SFy =O or M50 >» ----- (2.2) 
IFz 20 mM, = 0 


A combination of force and moment equations 
to make a total of not more than 3 can be used. 
For the moment equations, axes through the point 
of concurrency cannot be used since all forces 
of the system pass through this point. The 
moment axes need not be the same direction as 
the directicns used in the force equations but 
of course, they could be. 


EQUILISRIUM OF SPACES PARALLEL FORCE SYSTEM 


In a parallel force system the direction of 
all forces is known, but the magnitude and 
location of each is unknown. Thus to determine 
magnitude, one equation {s required and for 
location two equations are necessary since the 
force is not confined to one plane. In general 
the 3 equations commonly used to make the re- 
sultant zero for this type of force system are 
one force equation and two moment equations. 

For example, for a space parallel force system 
acting in the y direction, the equations of 
equilibrium would be: 

BFy = 0, ify = 0, 


EQUILIBRIUM OF GENERAL CO~PLANAR FORCE SYSTEM 

In this type of force system all forces lie 
in one plane and it es only 3 equations to 
determine ‘he ma: » direction and location 
or the resuitant of such a force system. Sither 
force or moment equations can be used, except 
that a maximum of 2 force equations can be used. 
For example, for a force system acting in the 
xy plane, the follewing combination of equili- 
Drium equations could be used. 





BF, =O Fy =O Efy 20 MF 
ar, = 0 or IMz.5 O or MMzi= 0 or Lig, = 2.4 
itz =0 Diza= 0 IMzga= 0 Mz = 


(The subscripts 1, 2 and 3 rea. 


fer 
locations for z axes or moment 


to dizferent 


centers.) 











A2.2 






EQUILIBRIUM OF 





Since all 
also pass through a 
and direction of the resultant of 
force system is unknown Dut the location 
xmiown Since the 
line of action cf the resultant. Thus only two 
equations of equilibrium are necessary to define 


common point, the 7 
this 


is 
oint of concurrency is on the 





the resultant and make It zero. The combin~ 
ations available are, 

= = Ty, = = 
BFy = 0 5 BFx #0 4. UFy 20 4, Dg. 50 } 2.8 | 
BFy 50 Mz, = 0 MFO Maz 0 | 


(The z axis or moment center locations must be 
other than through the point of concurrency) 


EQUILIBRIUM OF CO-PLANAR PARALLEL FORCE SYSTE* 





Since the direction of all forces in this 
type of force system 1s known and since the 
forces all lie in the same plane, it only takes 
2 equations to define the magnitude and location 
of the resultant of such a force system. Hence, 
there are only 2 equations of equilibrium avail~ 
able for this type of force system, namely, a 
force and moment equation or two moment 
equations. For example, for forces parallel to 
y axis and located in the xy plane the equili- 
brium equations available would be: - 


9 Mz. = 0 
or 
Mga = 0 





iFy 
----- 2.6 
Mz = 0 
(The moment centers 1 and 2 cannot be on the 
same y axis) 


EQUILIBRIUM OF COLINEAR FORCE SYSTEM 


A colinear force system is one where all 
forces act along the same line or in other 
words, the direction and location of the forces 
1s known but their magnitudes ere unknown, thus 
only magnitude needs to be found to define the 
resultant of a colinear force system. Thus 
only one equation of equilibrium is available, 
namely 

SF =O or M,=0 +~--~-+--+----- 
where moment center 1 is not on 
action of the force system 


the line of 


A2.3 Structural Fitting Units for Establishing the Force 
Characteristics of Direction and Point of Application. 


To completely define a force in space re- 
quires 6 equations and 3 equations If the force 
is limited to one slane. In general 2 structure 
is loaded by «mown forces ard these forces are 
transferred through the structure in some 
manner of internal stress distribution and then 
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forces on the struc 
the static equations 9 
for the various types of 7 
limited, ‘he ral en 
use of fitting units which eStadlisn 
direction of an unknown force or i 
application or doth, thus decreast 
of unknowns to be determined. The 
which follow illustrate tne tyre of 
units employed or an 1 methods 
estadlishing the 2 2 characteristics of 
direction and point of application. 


ia ct ch © 
& 
8 

re @ 





str 





er resorts 
one 
point of 










Ball and Socket Fitting 





such forces must act through the center 0 
ball if rotation of the bar is prevented. Thus 
a ball and socket joint can be used to establish 
or control the direction and line action of a 
force applied to 4 structure through cvhis type 
of fitting. Since the joint has no rotational 
resistance, no couples in any plane can oe 
applied to it. 


Single Pin F tting 





For any force such as P and Q acting in the 
xy plane, the line of action of such a force 
must pass through the pin center since 
fitting unit cannot resist a moment about 2 2 
axis through the pin center. ersfore, ?or 
forces acting in the xy plane, the cirecticn 
and line or action are established Dy the pin 
jeint as illustrated in the figure. Since a 
Single pin fitting can resist moments about axes 
perpendicular to the pin axis, the ¢cirection and 
line of action of out of plane forces is thare- 












fore not estadlished by single pin fitting units. 
A -B y 
eo ese tx 


If a bar AB has single pin fittings at 

each end, then any force P lying in the xy 

plane and applied to end B must have a direction 
and line of action coinciding with a line join~ 
ing the pin centers at and fittL and 8, 
since the 7ittings cannot resist nent about 
the 2 axis. 
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Double Pin -— Universal Joint Fittings 
7 : ae 
eg = > 

meme 





Since single pin fitting units can resist 
applied moments about axes normal to the pin 
axis, a double pin joint as illustrated above 
is often used. Tnis fitting unit cannot resist 
moments about y or 2 axes and thus applied 
forces such as P and Q must have a line of 
action and direction such as to pass through 
the center of the fitting unit as illustrated 
in the figure. The fitting unit can, however, 
resist a moment about the x axis or in other 
words, a universal type of fitting unit can 
resist a torsional moment. 


Rollers 


In order to permit structures to move at 
support points, a fitting unit involving the 
idea of rollers is often used, For example, 
the truss in the figure above is supported by 
a pin ?itting at (A) which {ts further attached 
to a fitting portion that prevents any nori- 
zontal movement of truss at end (A), however, 
the other end (B) 1s supported dy 2 nest of 
rollers which provide no horizontal resistance 
to a horizontal movement of the truss at end (8B), 
Tne rollers fix the direction of the reaction 
at (B) as perpendicular to the roller bed. 

Since the fitting unit is joined to the truss 
joint by a pin, the point of application of the 
reaction {1s also known, hence only one force 
characteristic, namely magnitude, 1s unknown 

for a roller-pin type of fitting. For the 
fitting unit at (A), point of application of the 
reactton to the truss 1s knovm because of she 
pin, but direction and magnitude are unknown. 


Lubricated Slot_or Double Roller Type of Fitting 
Unit. 











A2.3 


Another general fitting type that is used 
to establish the direction of a force or reaction 
is {llustrated in the figure at the bottom of the 
first column. Any reacting force at joint (A) 
must be horizontal since the support at (A) is 
So designed to provide no vertical resistance. 


Cables - Tie Rods 


oo 


P 


Since a cable or tie rod has negligible 
bending resistance, the reaction at Joint B on 
the crane structure from the cable must be 
colinear with the cable axis, hence the cable 
establishes the force characteristics of direc- 
tion and point of application of the reaction 
on the truss at point B. 


A2.4 Symbols for Reacting Fitting Units as Used in 
Problem Solution, 


In solving a structure for reactions, 
member stresses, etc., one must know what force 
characteristics are unknown and it 1s common 
practice to use simple symbols to indicate, what 
fitting support or attachment units are to be 
used or are assumed to be used in the final 
design. The following sketch symbols are com- 
monly used for coplanar force systems. 


x 


A small circle at the end of a member or on 
a triangle represents a single pin connection 
and fixes the point of application of forces 
acting between this unit and a connecting member 
or structure. 


Pin 
<-> 


ba Knife Edge 


bp; 
" a AS 
t ot 
Ry tay 


The above graphical symbols represent 2 
reaction in which translation of the attach- 
ment point (b) is prevented but rotation of the 
attached structure about (b) can take place. 
Thus the reaction is unknown in direction and 
magnitude but the point of application is known, 
namely through point {b). Instead of using 
' direction as an unknown, {% is more convenient 
to replace the resultant reaction by two com- 
ponents at right angles to each other as indi- 
cated in the sketches. 








A24 





(>), Knite Edge Dopin 


Rollers Rollers 


The above fitting units using rollers fix 
the direction of the reaction as normal to the 
roller bed since the fitting unit cannot resist 
a horizontal force through point (b). Hence 
the direction and point of application of the 
reaction are established and only magnitude is 
unkown. 


fixed 
ts 2 Re 


/ tay 





The grapnical symbol above is 
represent a rigid support which is 
rigidly to a connecting structure. The re- 
action is completely unknown since all 3 force 
characteristics are unknown, namely, magnitude, 
direction and point of application. It is con~ 
venient to replace the reaction R by two force 
components referred to some point (b) plus the 
unknown moment M which the resultant reaction R 
caused about point (b) as indicated in the 
above sketch. This discussion applies to 4 
coplanar structure with all forces in the same 
plane. For a space structure the reaction 
would have 3 further unknowns, namely, Rg, My 
and My. 


used to 
attached 


A2.5 Statically Determinate and Statically Indeterminate 
Structures. 


A statically determinate structure is one 
in which all external reactions and internal 
stresses for a given load system can be found 
by use of the equations of static equilibrium 
and a statically indeterminate structure is 
one in which all reactions and internal stresses 
cannot be found by using only the equations of 
equilibrium. 


A statically determinate structure is one 
that has just enough external reactions, or 
just enough internal members to make the 
structure stable under a load system and if one 
reaction or member is removed, the structure is 
reduced to 2 linkage or a mechanism and is 
therefore not further capable of resisting the 
load system. If the structure has more ex- 
ternal reactions or internal members than is 
necessary for stability of the structure under 
a given load system it is statically indeter- 
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minate, and the degree of redundancy depends on 
the number of unknowns beyond that number which 
can de found by the equations o7 static equili- 
vrium. aA structure can be statically indeter- 
minate with respect to external reactions alone 
or to internal stresses alone or to doth. 


The additional equations that are needed 
to solve a statically indeterminate structure 
are obtained oy considering the distortion of 
the structure. This means that the size of all 
members, the material from which members are 
made must be known since distortions must be 
calculated. ina statically determinate 
structure this information on sizes and matertal 
is not required but only the configuration of 
the structure as a whole. Thus design analysis 
for statically determinate structure is straight 
forward whereas a general trial and error pro- 
cedure is required for design analysis of 
statically indeterminate structures. 


A2.6 Examples of Statically Determinate and Statically 
Indeterminate Structures. 


The first step in analyzing a structure {1s 
to determine whether the structure as presented 
is statically determinate. If so, the reactions 
and internal stresses can de found without xnow- 
ing sizes of members or kind cf matertal. If 
not statically determinate, the elastic theory 
must be applied to obtain additional equations. 
The elastic theory is treated in considerable 
detail in Chapters A7 to Al2 inclusive. 


To help the student oecome familiar with 
the problem of determining whether a structure 
is statically determinate, several example 
problems will be presented. 

Example Problem 1. 


w= 10 lb. /in. 


Fig. A2.1 





In the structure 
known forces or loads 


shown in Fig. 2.1, the 

are the distributed loads 
of 10 1b. per inch on memoer ABD. The reactions 
av points A and C are unknown. The reaction at 
€ has only one unknown characteristic, namély, 
magnitude because the point of application of Ro 
is through the cin center at C and the direction 
of Ro must be parallel to line CB because thers 
is a pin at the other end 8 of member CB. At 
point A the reaction is unknown in direction 
and magnitude but the point of application must 
be through the pin center at A. Thus there are 
2 unknowns at A and one unknown at C 


or a total 
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of 3. with 3 equations of equilibrium avail- 
able for @ coplanar force system the structure 
is statically determinate. Instead of using an 
angle as an unknown at A to find the direction 
of the reaction, it 1s usually more convenient 
to replace the reaction by components at right 
angles to each other as Ha and Vq in the figure 
and thus the 3 unknowns for the structure are 3 
magnitudes. 


Example Problem 2. 
ee ren 2. 


F pin P (known) 
€ BHe 
Ve 
Ha— eA Boga HAL 
t ‘ Fig. A2.3 
YA vig.az.2 WB Va 


Fig. 2.2 shows a structural rrame carrying 
a known load system P. Due to the pins at 
reaction points A and B the point of application 
is known for each reaction, however, the magni- 
tude and direction of each is unknown making a 
total of 4 unknowns with only 3 equations of 
equilitorium avatiable for 4 coplanar force 
System. At first we might conclude that the 
Structure is statically indeterminate but we 
must realize this structure nas an internal pin 
at C which means the bending moment at this 
point is zero since the pin has no resistance 
to rotation. If the entire structure is in 
equilibrium, then seach part must likewise be 
in equilibrium and we can cut out any portion 
as a free body and apply the equilibrium 
equations. Fig. 2.3 shows a free body of the 
frame to left of pin atc. Taking moments 
about C and equating to zero gives us a fourth 
equation to use in determining the 4 unknowns , 
Ha, Va, Vg and Hg. The moment equation about Cc 
does not include the unknowns Vo and He since 
they have no moment about @ because of zero 
arms. As in example problem 1, the reactions 
at A and B have been replaced by H and V com= 
ponents instead of using an angle (direction) 
aS an unknown characteristic. The structure is 
Staticaliy determinate. 


Example Problem 3. 
Se Srobiem 3. 


P P P 





(a) (2) 


ARp 


‘Be 
Fig. A2.4 


Fig. 2.4 shows 3 Straight member 1-2 carrying a 
known load system P and supported by 5 struts 














attached to reaction points ABCD. 

At reaction points A, B and D, the reaction 
is known in direction and Point of application 
but the magnitude is unxnown as indicated by the 
vector at each Support. At point C, the re- 
action 1s unknown in direction because 2 struts 
enter joint c. Magnitude is also unknown but 
Point of application is known since the reaction 
must pass through C. Thus we have 5 unknowns , 
namely, Ro, Rg, Rp, Vo and Ho. For a coplanar 
force system we have 3 equilibrium equations 
available and thus the first conclusion might 
be that we have a statically indeterminate 
structure to (5-3) = 2 degrees redundant. How- 
ever, observation of the structure shows two 
internal pins at points E and F which means 
that the bending moment at these two points is 
zero, thus giving us 2 more equations to use 
with the 3 equations of equilibrium. Thus 
drawing tree bodies of the structure to left of 
Pin E and to right of pin F and equating moments 
about each pin to zero we obtain 2 equations 
which do not include unknowns other than the 5 
unknowns listed above. The structure is there- 
fore statically determinate. 


Example Problem 4. 





A 
Hp Eee Me ee 
Ra Ve Vo 
Fig. A2.5 Fig. A2.6 


Fig. 2.5 shows a beam AB which carries a 
Super-structure CED which in turn is subjected 
to the known loads P and Q. The question ts 
whether the structure ts statically determinate. 
The external unknown reactions for the entire 
Structure are at points A and B. At A due to 
the roller type or action, magnitude is the only 
unknown characteristic of the reaction since 
direction and point of application are known, 

At B, magnitude and direction are unknown but 
doint of application is known, hence we Have 3 
unknowns, namely, Ras Vp and Hp, and with 3 
equations of equilibrium available we can find 
these reactions and therefore the structure ts 
statically determinate with respect to external 
reactions. We now investigate to see if the 
internal stresses can be found by statics after 
having found the external reactions. Obviously, 
the internal stresses will be affected by the 
internal reactions at C and D, so we draw a free 
body of the super-structure as illustrated tn 
Fig. 2.6 and consider the internal forces that 
existed at C and D as external reactions. In 
the actual structure the members are rigidly 
attached together at point ¢ such as a welded or 


ae 
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multiple bolt connection, This means that all 
three force or reaction characteristics, namely, 
magnitude, direction and point of application 
are unknown, or in other words, 3 unknowns 
exist at C. For convenience we will represent 
these unknowns by three components as shown in 
Fig. 2.6, namely, Ho, Vo and Mo. At joint Din 
Fig. 2.6, the only unknown regarding the re- 
action 18 Rp a magnitude, since the pin at each 
end of the member DE establishes the direction 
and point of application of the reaction Rp. 
Hence we nave 4 unknowns and only 3 equations 
of equilibrium for the structure in Fig. 2.6, 
thus the structure 1s statically indeterminate 
with respect to all of the internal stresses. 
The student should observe that internal 
stresses between points AC, BD and FE are 
statically determinate, and thus the statically 
indeterminate portion is the structural tri- 
angle CEDC. 


Example Problem 5 


PP P oP 
Fig. A2.8 Fig. A2.9 
H. 
my, USB 





Sua yh 
# ‘A Mp4 3B 
Vp sy ee 


Figs. 2.7, 2.8 and 2.9 show the same 
structure carrying the same Known load system 
P but with different support conditions at 
points A and B. The question is whether each 
structure is statically indeterminate and if 
so, to what degree, that is, what number of 
unknowns beyond the equations of statics avail- 
able. Since we have a coplanar force system, 
only 3 equations at statics are available for 
equilibrium of the structure as 4 whole. 


In the structure in Fig. 2.7, the reaction 

at A and also at B is unknown in magnitude and 

direction but point of application is known, 
hence 4 unknowns and with only 3 equations of 
statics available, makes the structure 
statically indeterminate to the first degree. 
In Fig. 2.8, the reaction at A is a rigid one, 
thus all 3 characteristics of magnitude, 

trection and point of application of the re- 
action are unknown. At point B, due to pin 
only 2 unknowns, namely, magnitude and di- 
rection, thus making a total of 5 unknowns 
with only 3 equations of statics available or 
the structure is statically indeterminate to 
the second degree. In the structure of Fig. 
2.9, both supports at A and B are rigid thus 
all 3 force characteristics are unknown at each 
support or a total of 6 unknowns which makes 
the structure statically indeterminate to the 
third degree. 


EQUILIBRIUM OF FORCE SYSTEMS. 








TRUSS STRUCTURES. 


Example Problem 6 





P. iP 
et Pa 
4. 
D D 
- 1 C <2 
c ree St 
ae: ad Ne 
2 Aw— As HR AZ ——— +H 
eH L ‘Np Ma Vg 
+ a 
Va [YB Fig. A2. 11 Fig, A2. 12 
Fig. A2.10 
Fig. 2.10 shows a 2 bay truss supported 20 
points A and B and carrying a known load system 
P, Q. All members of the truss are connected 
at their ends by a common pin at each joint. 
The reactions at A and B are applied through 





fittings as indicated. The question is whether 
the structure is statically determinate. 
Relative to external reactions at A and B the 
structure is statically determinate because the 
type of support produces only one unknown at A 
and two unknowns at 3B, namely, Va, Vg and Hy as 
shown in Fig. 2.10 and we have 3 equations of 
static equilibrium available. 


‘de now investigate to see {2 we can find 
she internal member stresses after naving found 
the values of the reactions at A and B. Suppose 
we cut out joint B as indicated dy section 1-1 
in Fig. 2.10 and draw a free body as shown in 
Fig. 2.11. Since the members of the truss nave 
pins at each end, the loads in these members 
must be axial, thus direction and line of action 
is known and only magnitude {s unknown. In 
Fig. 2.11 Hp and Yq are known but AB, CB, and 
DB are unknown in magnitude hence we have 3 un- 
kKmowns but only 2 equations of equilibrium for 
a coplanar concurrent force system. If we cut 
through the truss in Fig. 2.10 dy the section 
2-2 and draw a free body of the lewer “portion 
as shown in Fig. 2.12, we have 4 unknowns, 
namely, the axial loads in CA, DA, CB, DB but 
only 3 equations of equilibrium available for 
a coplanar force system. 
able to find the stresses 
in CA, DA, CB, DB in some manner, and we would 
now proceed to joint D and treat it as 2 free 
body or cut through the upper panel along 
section 4-4 and use the lower portion as a free 
body. The same reasoning as used above would 
show us we have one more unknown than the number 
of equilibrium equations available and ‘hus 
we have the truss statically indeterminate to 
the second degree relative to internal member 
stresses. 


Suppose we were 


Physically, the structure has two more 
members than is necessary for the stability of 
leave 
truss panel and 


the structure under load, as we could 
out one diagonal member in each 
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the structure would be still stable and all 
member axial stresses could be found by the 
equations of static equilibrium without regard 
to thetr size of cross-section or the kind of 
material. Adding the second diagonal member 
in each panel would necessitate knowing the 
size of all truss members and the kind of 
material used before member stresS8es could be 
found, as the additional equations needed must 
come from a consideration involving distortion 
of the truss. Assume for example, that one 
diagonal in the upper panel was left out. We 
would then de able to find the stresses in the 
members of the upper panel by statics but the 
lower panel would still be statically inde- 
terminate to 1 degree because of the double 
diagonal system and thus one additional equation 
is necessary and would involve a consideration 
of truss distortion. (The solution of static- 
ally indeterminate trusses is covered in 
Chapter A8.} 


A2.7 Example Problem Solutions of Statically Determinate 
Coplanar Structures and Coplanar Loadings. 


Although a student has taken a course in 
statics before taking a beginning course in 
aircraft structures, it is felt that a Limited 
raview of oroblems involving the application 
of the equations of static equilibrium is quite 
justified; particularly if the problems are 
possibly Somewhat more difficult than most of 
the problems in the usuai oeginning course in 
statics. Since one must use the equations of 
static equilibrium as part of the necessary 
equations in solving statically indeterminate 
structures and Since statically indeterminate 
structures are covered in rather complete detail 
in other chapters of this book, only limited 
space will be given to problems involving 
statics in this chapter. 


Example Problem 8. 


Fig. A2Z.14 shows a much simplified wing 
ee ee consisting of a wing spar supported 


Ol ift and cabane struts which ‘tie the wing 
spar to the fuselage structure. The distributed 
air load on the wing spar is unsymmetrical about 
the center line of the airframe. The wing spar 
is made in three units, readily disassembled by 
eine pin fittings at points O and 0'. All 

st rting wing struts have single pin fitting 
units at each end. The problem is to deter- 
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mine the axial loads in the members and the re- 
actions on the spar. 


Solution: The first thing to decide is whether 
the structure is statically determinate. From 
the figure it is observed that the wing spar is 
supported by five struts. Due to the pins at 
each end of all struts, we have five unknowns, 
namely, the magnitude of the load in each strut. 
Direction and location of each strut load is 
known because of the pin at each end of the 
struts. We have 3 equations of equilibrium for 
the wing spar as a single unit supported by the 
5 struts, thus two more equations are necessary 
if the 5 unknown strut loads are to be found. 

It ts noticed that the wing spar includes 2 in- 
ternal single pin connections at points 0 and O% 
This establishes the fact that the moment of all 
forces located to one side of the pin must be 
equal to zero since the single pin fitting can~ 
not resist a moment. Thus we obtain two addi- 
tional equations because of the two internal pin 
fittings and thus we have 5 equations to find 5 
unknowns. 


Fig. 2.15 shows a free body of the wing 
svar to the right of hinge fitting at 0. 


; 2460=82x30 1013=(30+ 15)45 
tse part 41 —t 2004 
SSS 
ms ie JAG6 ( 
“iii 
. E* Ya Fig. A215 


In order to take moments, the distributed 
load on the spar has been replaced by the re- 
sultant load on each spar portion, namely, the 
total load on the portion acting through the 
centroid of the distributed load system. The 
strut reaction SA at A nas been shown in phantom 
as {t 1s more convenient to deal with its com~ 
ponents Ya and X,. The reaction at O is un- 
known in magnitude and direction and for con- 
venience we will deal with its components Xo 
and Yo. The sense assumed is indicated on the 
figure. 


The sense of a force 1s represented 
graphically by an arrow head on the end of 2 
vector. The correct sense is obtained from the 
solution of the equations of equilibrium since, 
a force or moment must be given a plus or minus 
sign in writing the equations. Since the sense 
of a force or moment is unknown, it is assumed, 
and if the algebraic solution of the equilibrium 
equations gives a plus value to the magnitude 
then the true sense is as assumed, and opposite 
to that assumed if the solution gives a minus 
sign. If the unknown forces are axial loads in 
members it 1s common practice to call tensile 
stress plus and compressive stress minus, thus 
if we assume the sense of an unknown axial load 
as tension, the solution of the equilibrium 
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equations will give a plus value for the magni- 
tude of the unknown if the true stress is 
tension and a minus sign will indicate the 
assumed tension stresses should be reversed or 
compression, thus giving 2 consistency of signs. 


To find the unknown Y, we take moments 
about point 0 and equate to zero for equilibrium] 


IMg 


Hence Ya = 


= 2460 x 41 - 1013 x 102 + 82¥, = 0 


204000/82 = 2480 lb.. The plus sign 
means that the sense as assumed in the figure 
1s correct. By geometry Xa = 2480 x 117/56 = 
4400 1b. and the load in strut EA equals 
v4400* + 2480* = 5050 lb. tension or as 
assumed in the ?igure. 





To find Xo we use the equilibrium equation 
IFy = 0 = Xo - 4400 = 0, whence Xq = 4400 lb. 


To find Yo we use, 


ZFy = 0 = 2460 + 1013 - 2480 ~ Yo = 0, whence 
Yo = 993 1b. 


To check our results for equilibrium we 
will take moments of all forces about A to see 
if they equal zero. 


IM, = 2460 x 41 - 1013 x 20 ~ 993 x 82 = O check 


On the spar portion 0'A', the reactions 
are obviously equal to 40/30 times those found 
for portion OA since the external loading is 40 
as compared to 30. 

Hence A'E' = 6750, Xgt = 5880, Yor = 1325 

Fig. 2,16 shows a free body of the center 
spar portion with’ the reactions at 0 and Oo as 
found previously. The unknown loads in the 


struts have been assumed tension as shown by 
the arrows. 
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To find the load in strut BC take moments 
about B' 


UMpgr = 1325 x 20 - 2000 x 5 - 1500 x 55 
~ 993 x G0 + 60 (BC) 30/23.6 = 0 





Whence, BC = 2720 lb. with sense as 
assumed. 
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To find strut load B'C' take moments about 


point C. 
iMo = 1325 x 65 + 2000 x 40 + (5860 - 4400) 
36 - 1500 x 10 ~ 993 x 35 ~ 30 (3'C'} 


30/33.6 = 0 
whence, B'C' = 6000 1b. with sense as shown. 


To find load in member B'C use equation 


BFy = 0 = 1325 + 2000 + 1500 + 963 ~ 6000 
(30/33.6) + 2720 (20/33.6) - B'C (30/54) 
=0 


whence, B'C = - 2535 lb. The minus sign 
means it acts opposite to that shown in figure 
or is compression instead of tension. 


The reactions on the spar can now be 
determined and shears, bending moments and 
axial loads on the spar could be found. The 
numerical results should ve checked for equili- 
brium of the spar as a whole >y taking moments 
of all forces about a different moment center 
to see if the result is zero. 


Example Problem 9. 
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Pig. 2.17 shows a simplified airplane 
landing gear unit with all members and loads 
confined to one plane. The brace struts are 
pinned at each end and the support at C is of 
the roller type, thus no vertical reaction can 
be produced by the support fitting at point c. 
Ths member at C can rotate on the roller but 
horizontal movement is prevented. A known load 
of 10,000 1b. 1s applied to axle unit at A. The 
problem is to find the load in the brace struts 
and the reaction at Cc. 


Solution: 


Due to the single pin fitting at each end 
of the brace struts, the reactions at B and D 
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are colinear with the strut axis, thus direction 
and point of application are known for reaction 
Rp and Rp leaving only the magnitude of each as 
unknown. The roller type fitting at C fixes 
the direction and point of application of the 
reaction Ro, leaving magnitude as the only 
unknown, Thus there are 3 unknowns Rg, Re and 
Rp and with 3 equations of static equilibrium 
available, the structure is Statically determi- 
nate with respect to external reactions. The 
Sense of each of the 3 unknown reactions has 
been assumed as indicated by the vector. 


To find Rp take moments about point B:- 


Mg = - 10000 sin 30° x 36 - 10000 cos 30° x 12 
= Rp (12/17) 24 20 


whence, Rp = ~ 16750 lb. Since the result 
comes out with a minus sign, the reaction Rp 
has a sense opposite to that shown by the 
vector in Fig. 2.17. Since the reaction Rp is 
colinear with the line DE because of the pin 
ends, the load in the brace strut DE is 16750 
lo. compression. In the above moment equation 
about B, the reaction Rp was resolved into 
vertical and horizontal components at point Dy 
and thus only the vertical component which 
equals (12/17) Rp enters into the equation 
since the horizontal component has a line of 
action through point B and therefore no moment. 
Rq does not enter in equation as it has zero 
moment about B. 


To find Rg take Fy = 0 


2Fy = 10000 x cos 30° + (= 16750) (12/17) + Rg 
(24/26.8) = 0 


whence, Rg = 3540 1b. 
out plus, the sense {s the same as assumed in 
the figure, The strut load BF is therefore 
3540 1b. tension, since reaction Rg is colinear 
with line BF. 


Since sign comes 


To find Ro take SH = 0 


2H = 10000 sin 30° ~ 3540 (12/26.8) + (- 16750) 
(12/17) + Re = 0 


whence, Rq = 8407 lb. Result is plus and 
therefore assumed sense was correct. 


To check the numerical results take 
moments about point A for equilibrium. 


2M, = 8407 x 36 + 3540 (24/26.8) 12 - 3540 
(12/26.8) 36 + 16750 (12/17) 12 - 16750 (12/17) 
36 = 303000 + 38100 ~ 57100 + 142000 - 426000 
= 0 (check) 


A2,8 Stresses in Coplanar Truss Structures Under 
Copianar Loading. 


in aircraft construction, the truss type 
of construction 1s quite common. The nest 
common is the tubular steel welded trusses = 
make up the fuselage frame, and less 






fre 
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the aluminum alloy tubular truss. Trussed type 
beams composed of closed and open type sections 
are also frequently used in wing beam construc- 
tion. The stresses or loads in the members of 
a truss are commonly referred to as "primary" 
and "secondary" stresses. The stresses which 
are found under the following assumptions are 
referred to as primary stresses. 


(1) The members of the truss are straight, 
weightless and lie in one plane. 


(2) The members of a truss meeting at a 
point are considered as joined together by 4 
common frictionless pin and all member axes in- 
tersect at the pin center. 


(3) All external loads are applied to the 
truss only at the joints and in the plane of 
the truss. Thus all loads or stresses produced 
in members are either axial tension or compres— 
Sion without bending or torsion. 


Those trusses produced in the truss nem 
bers due to the non-fulfillment of the above 
assumptions are referred to as secondary 
Stresses. Most steel tubular trusses are welded 
together at their ends and in other truss types, 
the members are riveted or bolted together. 
This restraint at the joints may cause second= . 
ary stresses in some members greater than the 
primary stresses. Likewise it 1s common in 
actual practical design to apply forces to the 
truss members between their ends by supporting 
many equipment installations on these truss 
members. However, regardless of the magnitude 
of these so-called secondary loads, it is 
commen practice to first find the primary 
stresses under the assumption outlined above. 


GENERAL CRITERIA FOR DETERMINING WHETHER 
TRUSS STRUCTURES ARE STATICALLY DSTERMINATS 
WITH RESPECT TO INTERNAL STRESSES. 


The simplest truss that can be constructed 
is the triangle which has three members m and 
three joints j. A more elaborate truss consists 
of additional triangular frames, so arranged 
that each triangle adds one joint and two mem~ 
bers. Hence the number of members to insure 
stability under any loading ts: 


(2.8) 


A truss having fewer members than required 
by Eq. (2.8) is in a state of unstable equili- 
brium and will collapse except under certain 
conditions of leading. The loads in the members 
of @ truss with the number of members shown in 
equation (2.8) can be found with the available 
equations of statics, since the forces in the 
members acting at a point intersect at a common 
point or form a concurrent force system. For 
this type of force system there are two static 
equilibrium equations available. 


Thus for j number of joints there are ej 
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equations available. However three independent 
equations are necessary to determine the exter- 
nal reactions, thus the number of equations 
necessary to solve for ali the loads in the 
members is 2] - 3. Hence if the number of truss 
members is that given by equation (2.8) the 
truss is statically determinate relative to the 
primary loads in the truss members and the 

truss is also stable, 


If the truss has more members than indi- 
cated by equation (2.8) the truss ts considered 
redundant and statically indeterminate since 
the member loads cannot be found in 2ll the 
members by the laws of statics. Such redundant 
structures if the members are properly placed 
are stable and will support loads of any 
arrangement. 


ANALYTICAL METHODS FOR DSTERMINING 
PRIMARY STRESSES IN TRUSS STRUCTURES 


In general there are three rather distinct 
methods or procedures in applying the equations 
of static equilibrium to finding the primary 
stresses in truss type structures. They are 
often referred to as the method of joints, 
moments, and shears, 


A2.9 Method of Joints, 


If the truss as a whole is in equilibriun 
then each member or joint in the truss must 
likewise be in equilibrium. The forces in the 
members at a truss joint intersect in a common 
Point, thus the forces on each joint forma 
concurrent-coplanar force system. The nethod 
of joints consists in cutting out or isolating 
a joint es a free body and applying the laws of 
equilibrium for a concurrent force system. 
Since only two independent equations are avail- 
able for this type of system only two unknowns 
can exist at any joint. Thus the procedure is 
to start at the joint where only two unknowns 
exist and continue progressively throughout the 
truss joint by joint. To illustrate the method 
consider the cantilever truss of Fig. A2.18, 
From observation there are only two members 
with internal stresses unknown at joint Ls. 
Fig. A2.19 shows a free body of joint Ls. The 
stresses in the members Ly Le and Lg U, have 
deen assumed as tension, as indicated by the 
arrows pulling away from the joint Ls. 


The static equations of equilibrium for 
the forces acting on joint L, are SH and IV=0, 
2V = - 1000 ~ LsU. (40/50) = 0 


whence, L,U, = ~ 1250 lb. ince the sign 
came out minus the stress is opposite to that 
assimed in Fig. A2.19 or compression. 
aH = = 500 - (- 1250)(30/50) - Lala = 0 - =(b) 


whence, LeLs = 250 lb. Since sign comes 
out plus, sense is same as assumed in figure 
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Fig. A2. 19 


or tension. In equation (bd) the load of 1250 
in Lob2 was substituted 2s a minus value since 
it was found to act opposite to that showm in 
Fig. A2.19. Possibly a better precedure would 
be to change the sense of the arrow in she fre 
body diagram for any solved tempers defore wri 
ing further equilibrium equations. We must 
proceed to joint L, instead cf joint Us, as 
three unknown members stiil exist at joint U, 
whereas only two at joint L,. Fiz. A&.20 shows 
free body of Joint La cut ous by section 2-2 
(see Fig. AZ.18). The sense of the unknown 
member stress L.U, has deen assumed ag com- 
pression (pushing toward joint) as ‘+ ts ob- 
viously acting this way to balance che 500 ib, 
load. 


te 


300 
v 
H 
_—_— 250 ' 
Li Te 


Ue Fig. A2. 20 


For equilibrium of joint La, ZH and sv 50 
ZV = - 500 + Las = 0, whence, LaU, = 500 Lb, 
Since the sign came out plus, the assumed sense 
in Fig. a2.20 was correct or compression. 


2H = 250 - LalLi® 0, whence Lali = 250 1>. 


Next consider Joint U, as a free dody cut 
out by section 3-3 in Fig. A2.18 and crawn as 
Fig. A2.21. The mown member stresses are shown 
with their true sense as previously found. The 
two unknown member stresses UzLy and U,U, have 
deen assumed as tension. 


500 
i 1250 


+ fay Nt / 


Ui Ua 


Fig. A2. 22 


VY = -SC0 - 1250 (40/50) + Uabl. (40/50) = 0 


whence, UsL, = 1875 ib. (tension as 
assumed.) 
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ZH = (-1250) (30/50) - 1875 (30/50) - Uva = 0 


whence, U,U2 = - 1875 lb. or opposite in 
sense to that assumec and therefore compression. 


Note: The student should continue with succeed- 
ing Joints. In this example involving a canti- 
lever truss it was not necessary to find the 
reactions, aS it was possible to select joint 
L, as a jotnt involving only two unknowns. In 


trusses such as illustrated in Pig. A2.22 it is 
first find reactions R, or R, which 
the reaction point in- 
forces. 


necessary to 
then provides a joint at 
volving only two unknown 





A2.10 Method of Moments, 


For a coplanar-non-cencurrent force system 
there are three equations of statics available. 
These three equations may de taken as moment 
equations about three different points. Fig. 
A2.22 shows a typical truss. Let it be re- 
quired to find the loads in the members F,, F., 
Fy, Fy, F, and F,. 


Fig. A2. 22 





The first step in the solution is to ind the 
reactions at points A and B. Due to the roller 
type of support at B the only unknown element of 
the reaction force at B is magnitude. At point 
A, Magnitude and direction of the reaction are 
unknown giving a total of three unknowns with 
three equations of statics available. For con- 
venience the unknown reaction at A has been re- 
placed by its unknown H and V components. 


Taking moments about point A, 


My = 500 x 30 + 100C x 60 + 1000 x 90 + 500 x 
30 + 500 x 120 ~ 150 Vg = 0 
Hence Vg = 1600 1b. 
Take IV = 0 

2V 5 Vs = 1000-1000-500-500 + 1600 = 0 there- 
fore Va = 1400 lb. 
Take IH = 0 

ZH = 500 - Ha = 0, therefore Ha = 500 lb. 
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The algebraic sign of all unknowns came out 
positive, thus the assumed direction as shown 
on Fig. A2.22 was correct. 


Check results by taxing IMp = 0 


Mp = 1400 x 150 + 500 x 30 - 500 x 120 - 500 x 
SO = 1000 x 90 - 1000 x 60 = O (Check) 


To determine the stress in member Fi, F, and F, 
we cut the section 1-1 thru the truss (Fig. 
A2.22. Fig. A@.23 shows a free body diagram of 
the portion of the truss to the left of this 
section. 


500: Fi 





500" y 
1400 
Fig. A2. 24 


Fig. A2. 23 


The truss as a whole was in equilibrium 
therefore any portion must be in equilibrium, 
In Fig. A2.23 the internal stresses in the men- 
vers F,, Fa and Fy, which existed in the truss as 
a whole now are considered external forces in 
holding the portion of the truss to the left of 
section 1-1 in equilibrium in combination with 
the other loads and reactions. Since the mem~ 
bers a and b in Fig. A2.23 have not been cut the 
loads in these members remain as internal 
stresses and have no influence on the equilib- 
rium of the portion of the truss shown. Thus 
the portion of the truss to left of section 1-1 
could be considered as a solid block as shown 
in Fig. A2.24 without affecting the values of 
Fi, FP, and Fj. The method of moments as the 
name implies involves the operation of taking 
moments about a point to find the load ina 
particular member. Since there are three un- 
knowns a moment center must de selected such 
that the moment of each of the two unknown 
stresses will have zero moment about the selected 
moment center, thus leaving only one unknown 
force or stress to enter into the equation for 
moments. For example to <etermine load F, in 
Fig. A2.24 we take moments about the inter- 
section of forces F, and F, Or point oO. 





Thus IMo = 1400 x 30 - 18.97 Fy = 0 
: as 4 A2O00 ws sation yl Aa , 
Hence 7, = 13207 > 2215 15. compression (or 


acting as assumed) 
To find the arn or force FP, from the 
moment center 0 involves 4 small amount of cal- 
culation, thus in general it is simpler to re- 
solve the unknown force into H and V components 
at a point on its lime of action such that one 


the 


of these components passes thru the moment 
the other component can 
Thus in 


center and the arm of 
usually de determined dy tnspecticn. 
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Fig. A2.25 the force F, 1s resolved into its 
component F5y and Fsy at point O'. Then taking 
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Moments about point 0 as before: 
IMg = 1400 x 30 - 20F,y = 0 
wnence, Faq = 2100 lb. and therefore 


P, = 2100 (21.6/30) = 2215 lb, as pre- 
viously obtained. 


The load F, can be found by taking moments 
about point m, the intersection of forces F, 
and F, (See Fig. A2.23). 


YMy = 1400 x 60 - 500 x 30 - 500 x 30 
- 30F, = 0 


whence, F, = 2800 1b. (Tension as assumed) 


To find force F., by using a moment equation, 
we take moments about point (r) the tnter- 
section of forces F, and Fs (See Fig. A2.26). 
To eliminate solving for the perpendicular 
distance from point (r) to line of action of 
Fa, we resolve F, into its H and V components 
at point O on its line of action as shown in 
Fig, A2.26. 


My = - 1400 x 30 + 500 x 60 + 60 Fay = 0 


whence, Fay = 12000/60 = 200 lb. 


Therefore F, = 200 x Ve. = 282 lb. com- 


pression 


A2.11 Method of Shears 


In Fig. A2.22 to find the stress in member 
F,.we cut the section 2-2 giving the free body 
for the left portion as shown in Fig. A2.27. 


The method of moments is not sufficient to 
solve for member F, because the intersection of 
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the other two unknowns F, and F, lies at infinl- 
ty. Thus for conditions where two of the 3 cut 
members are parallel we have a method of solving 
for the web member of the truss commonly re- 
ferred te as the methed of ars, or the sum- 
mation of all the forces normal to the two 
parallel unknown chord members must equal zero. 
Since the parallel chord members nave ne com- 
ponent in a direction normal to their line of 
action, they do not enter the above equation of 
equilibrium. 








| 5004 


Fig. A2. 27 
500 





Fig. A2, 28 


Referring to Fig. A2.27 
EV = 1400 - SOO - 1000 - F,(142 ) = 0 


whence F, = ~ 141 lb. (tension or opposite 
to that assumed in the Zigure. 


To find the stress in member F,, we cut 
section 33 in Fig. A2.22 and draw a free cody 
diagram of the left portion in Fig. A2.28. 

Since F, and F, are horizontal, the member F, 
must carry the shear on the truss on this section 
3-3, hence the name method of shears. 


ZV = 1400 - S00 ~ 1000+ F, = 0 


Whence F, = 100 1b. (compression as assumed) 
Note: The student should solve this example il- 
lustrating the methods or moments and shears 
using as a free body the portion of the truss to 
the right of the cut sections instead of the 
left portion as used in these {llustrative ex- 
amples. In order to solve for the stresses in 
the members of a truss most advantageously, one 
usually makes use of more than one cf the above 
three methods, as each nas its advantages for 
certain cases or members. It is important to 
realize that each is a method of sections and in 
a@ great many cases, such as trusses with paral- 
lel chords, the stresses can oractically be 
found mentally without writing down equations of 
equilibrium. The following statements in gen~ 
eral are true for parallel chord trusses: 


(1) The vertical component of the stress in 
the panel diagonal members equals the vertical 
Shear (algebraic sum of external forces to one 
side of the panel) on the panel, since the chord 
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members are horizontal and thus have zero verti- 
cal component. 


(2) The truss verticals in general resist 
the vertical component of the diagonals plus 
any external loads applied to the end joints of 
the vertical. 


(3) The load in the chord members is due 
to the horizontal components of the diagonal 
members and in general equals the summation of 
these horizontal components. 


To illustrate the simplicity of determining 
stresses in ttle members of a parallel chord 
truss, consider the cantilever truss of Fig. 
A2.29 with supporting reactions at points A and 
J. 





36" —f-— 36" — 
Fig. A2. 29 


First, compute the length triangles in 
each panel of the truss as shown by the dashed 
triangles tn each panel. The other triangles 
in each panel are referred to as load or index 
triangles and their sides are directly pro- 
portional to the length triangles. 


The shear load in each panel 1s first writ- 
ten on the vertical side of each index triangle. 
Thus, in panel EFGD, considering forces to the 
right of a vertical section cut thru the panel, 
the shear is 100 1b., which is recorded on the 
vertical side of the index triangle. 


For the second panel from the free end, the 
shear is 100 + 150 = 250 and for the third panel 
100 + 150 + 150 = 400 1b., and in like manner 
550 for fourth panel. 


The loads in the diagonals as well as their 
horizontal components are directly proportional 
to the lengths of the diagonal and horizontal 


side of the length triangles. ‘Thus the load in 
diagonal member DF = 100 (SO/30) = 167 and for 
member CG = 260 (46.8/30) = 390. The hori- 


zontal component of the load in DF = 100 (40/30) 
= 133 and for CG = 250 (36/30) = 200. These 
values are shown on the index triangles for 
each truss panel as shown tn Fig. A2.29. We 
start our analysis for the loads in the members 
of the truss by considering joint © first. 


Using IV = 0 gives EF = 0 by observation, 


Since no external vertical load exists at joint 
E. Similarly, by the same reasoning for =H = 0, 
lead in DE = 0. The load in the diagonal FD 
equals the value on the diagonal of the panel 
index triangle or 167 1b. It is tension by 
observation since the shear in the panel to the 
right is up and the vertical component of the 
diagonal FD must pull down for equilibrium. 


Considering Joint F. cH = - FG - =0, 
which means that the horizontal component of the 
load in the diagonal DF equals the load in FG, 
or is equal to the value of the horizontal side 
in the index triangle or - 1335 1b. It is nega~ 
tive because the horizontal component of DF 
pulls on Joint F and therefore FG mist push 
against the joint for equilibrium. 


Considering Joint D:- 


iV = DFy + D@ = 0. 
of index triangle) 
.'. DG = - 100 
cH = DE + DFy - DC = 0, but DE = O and DFy = 
133 (from index triangle) 

.. DC = 133 


But DFy = 100 (vertical side 


Considering Joint G:- 


ZH=-GH -GF -GCq = 0. But GF = - 133, and Gcy 
= 300 from index triangle in the second panel. 
Hence GH = = 433 lb. Proceeding in this manner, 
we obtain the stress {in all the members as shown 
in Fig. A2.29. All the equilibrium equations 
can be solved mentally and with the calculations 
being done on the Slide rule, all member loads 
can be written directly on the truss diagram. 


Observation of the results of Fig. A2.29 
show that the loads in the truss verticals equal 
the values of the vertical sides of the index 
load triangle, and the loads in the truss di- 
agonals equal the values of the index triangle 
diagonal side and in general the loads in the 
top and bottom horizontal truss members equal 
the summation of the values of the horizontal 
sides of the index triangles. 


The reactions at A and J are found when 
the above general procedure reaches joints A 
and J. As a check on the work the reactions 
should be determined treating the truss as a 
whole. 


Fig. A2.3C shows the solution for the 
stresses in the members of a simply supported 
Pratt Truss, symmetrically loaded. Since all 
panels have the same width and height, only one 
length triangle is drawn as shown. Due to 
symmetry, the index triangles are drawn for 
panels to only one side of the truss center 
line, First, the vertical shear in each panel 
is written on the vertical side of each index 
triangle. Due to the symmetry of the truss and 
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loading, we know that one hal? of 
loads at joints Us; and Ls is supported 2c 


action R, and 1/2 at reaction Ra, or shear in 





Length 
Triangle 


Fig. A2. 30 











La : - 4 
m2 L, 312 1, 499.5, jh. [Ee 
100 100 100 100 100 Ra 
Bs ¢ paneis @ 25" = 150" 
center panel = (100 + 50) 1/2 = 75. The verti- 
cal shear in panel UiUeLile equals 75 plus the 


external loads at U, and Le or a total of 225 
and similarly for the end panel shear = 225 + 

50 + 100 = 375. With these values known, the 
other two sides of the index triangles are di- 
rectly proportional to the sides of the length 
triangles for each panel, aid the results are as 
shown in Fig. A2.30. 





The general procedure from this point is to 
find the loads in the diagonals, then tn the 
verticals, and finally in the hort zontal chord 
members. 


The loads in the diagonals are equal to the 
values on the hypotenuse of the index triangles. 
The sense, whether tension or compression, is 
determined by inspection by cutting mental 
sections thru the truss and noting the direction 
of the external shear load which must be bal- 
anced by the vertical component of the diagon- 
als. 


The loads in the verticals are determined 
by the method of joints and the sequence of 
Joints is so selected that the stress in the 
vertical member 1s the only unknown in the 
equation ZV = 0 for the joint in question. 


Thus for joint Us, ZIV = 
or Usls = - 50, 


- 50 -U,L, = 0 


For joint U,, ZV = - 50 - U,Lsy - U.L, = 0, 
but Uslsy 5 75, the vertical component of UsLs 
from index triangle. .°. U,aL, = - 50-75 = 
~ 128. For joint L,, £V = - 100 + L,U, = 0, 
hence L,U, = 100. 


Since the norizontal chord members receive 
their loads at e joints due to horizontal 
components of the diagonal members of the truss, 
we can start at Lo and add up these horizontal 
components to obtain the chord stresses. 
Lol. = 312 (from index triangle). LiL. 
from ZH = 0 for joint L,. At joint U,, che 








horizon 
312 + 










which must de dala 


the value on the 
in “he 


The reacticn Ra 
Side of our 
om 


equals 
vertical incex Sriangte in 
panel, or 375. 
truss as 2 





This 


2 Ole a 





+ 


Ra- 


8 


if a truss 
reactions should 
which the index 
ing with the end panels, 


trd 3 
trian 


shear 


Since the panel 
is then readily calculated. 


A2.12 Aircraft Wing Structure. Truss Type with Fabric 


or Plastic Cover 


The metal covered cant 
vetter overall aerodynamic @ 
ficiens torsional rigt 
placed the externally 
speed commercial or or 

illustrated oy the air 
z2. The wing covering usually fabric and 
therefore a drag truss inside the wing 1s 
necessary to resist loads in the drag truss 
direction. Figs. A2.33 and 34 shows the zen- 
eral structural layout of such wings. The two 
spars or beams are metal or wood. Instead of 
using double wires in sach drag truss bey, 4 
single diagonal strut capable of taxing either 
tension or compressive loads could be used 
The external brace struts are stream Line 


tlever wing with its 
fftetency and suf- 


med has practically 
wing except for 





Te~ 


low 








ced 




















Fig. A2.32 Champion Traveler 











, Wing Tip (End) Bow 
Tip 
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Fa a Tip Fairing 






Fig. A2, 33 


Drag Wire 





Dragwire 
Fitting ‘Anti-Drag Wire 
Aijeron Rib 
Aileron Hinge 
i Drag Strut or 
Leading Compression Tube 
Edge ——*'! = 
: “| Forming or Plain Rib 
Trailing Edge 
Wing Hinge Butt Rib 
Fitting Beam or Spar 
MeTAL NOSE FAIRING 
COMPRESSION A18 
FORMING RIB On OR4@ STRUT 





Fig. A2. 34 


Example Problem 10. 
plane wing Structure 


Externally Braced Mono- 





Fig. A2.35 shows the structural dimenstonal 
diagram of an externally braced monoplane wing. 
The wing is fabric covered between wing beams, 
and thus a drag truss composed of struts and 
tie reds is necessary to provide strength and 
rigidity in the drag direction. The axial loads 
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in all members of the iift a ses will 
be determined. A simplified will be 
assumed, as the purpose of this problem is to 
give the student practice in solving statically 
determinate space truss structures. 


1 


ai 


ASSUMED AIR LCADING:- 

{1) A constant spanwise lift load of 45 
lb/in from nines to strut point and then taper- 
ing to 22.5 1b/in at the wing tip. 


(2) A forward uniform distributed drag 
load of 6 1b/in. 


The above airloads represent a nigh angle 
or attack condition. In this condition a for- 
ward load can be placed on the drag truss as 
illustrated in Fig. A2.36. Projecting the air 










Airstream Fig. A2. 36 
_e 


Drag Truss 






Center of 


Pressure Rear 


Beam 


1izt and drag forces on the drag truss direction, 
the forward projection due to the lift 1s great- 
er than the rearward projection due to the air 
drag, which di?ference in our example problem 
has been assumed as 6 lb/in. In a@ low angle of 
attack the load in the drag truss direction 
would act rearward. 


SOLUTION: 





The running Loads on the ont and rear 
beams will de calculated as the first step in 
the solution. For our flight cendition, the 
center of pressure of the airforces will te 
assumed as shown in Fiz. A2.37. 





134.1% = 24.217 3 
22.52" Fig, A2. 37 
The running load on ont beam will de 45 x 





24.2/36 = 30.26 1bd/ the remainder or 
45 - 30.26 = 14.74 lb/in gives the load on th 
rear beam. 
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To solve for loads in a truss system by 4 
method of joints, all loads must be transferred 
to the truss joints. The wing beams are sup- 
ported at one end by the fuselage and outboard 
by the two lift struts. Thus we calculate the 
reactions om each beam at the strut ard hinge 
points due to the rumning Lift Load on each 
peam. 


Front Beam 


w= 30. 26#/in. 





Taking moments about coint (2) 


114.5R, - 114.5 x 30.26 x 114.5/2 - 15.13 x 
70.5 x 149,75 - 15.13 x 35.25 x 138 = 0. 





hence 
Ra = 3770 lb. 
Take ZV = 0 where V direction is taken normal to 
beam 
aV = ~ Ra = 3770 + 20.26 x 114.5 + 
(30.26 z abst 326 
hence Ra = 1295 1b, 


(The student should always check results by 
taking moments about point (1) to see if IM, 
= 0) 


Rear Beam 
w= 14. 74#/in, w 
was 
(4) 
1h 10, 5-4 
R, Rs 


The rear beam has the same span dimensions but 
the loading is 14.74 lb/in. Hence beam re- 
actions R, and R, will be 14.74/20.265 = .4875 
times those for front beam. 


«4875 x 3770 = 1838 
24875 x 1295 631 


hence R, = 
Ry 


ib. 
ib. 





The next step in the solution is the 
solving for the axial loads in all the members. 
We will use the method of joints and consider 
the structure made up of three truss systems 
as illustrated at the top of the next column, 
namely, a front lift truss, a rear lift truss 
and a drag truss. The beams are common to doth 
iift and drag trusses. 


Table A2.i gives the V, D and S projections 
truss members as determined from 
given in Fig. A2.35. 


of the lift 


information The true 


4 R.B. 3 






Front Lift 
Truss 





member lengths L and the component ratios +. 
fcllow by simple calculation. 


Table A2.1 































(Frost Beam FB {| 5,99 114.34 114, 50] .0523 
Rear Beam | BR | ©.99 l 0 [114.34 114,50|.0523| 0 |. 9986 | 
Front Strut | Sp 137.99 [aa 128, 79] .4501|,08s4/, 8878 | 






Rear Strut | sp 114, 34{128.00/.4486| 0 


= 
S 
a 
é 





VY = vertical direction, 


| > . arag direction, 


La Vv24 p24 3? 





S = side direction, | 





We starc the solution of joints oy starting 
with joint {1). Free body sketcnes of joint (1) 
are sketchel below, All members are considered 
two-force rembers or having pins at each end, 
thus magni-vude ts the cnly unknown character- 
istic of cach member load. The drag truss nem- 
bers coming in to joint (1) ere replaced by a 
single reaction called D,. AZter D. is found, 
its influence in causing loads in drag truss 
members can then be found when the drag truss as 
a whole is treated. In the joint solution, the 
drag truss has been assumed parallel to drag 
direction which 1s not quire true from 





toe 





ig. 
A2.35, but the error on member loads is negli- 
gibie. 
JOINT 1 (Equations of Squiiibriun) 
feo 3770 
Be Oe 
s BopV 
F bes gf fs 
= 3770 x .9986 ~ .0523 FB - .4501 Sy = 0-(1) 
- 3770 x .0523 - 66 FB - .3675 Sp = G- (2) 
2D =- .08&4 Sp +Di = 90 +---------- (3) 


Solving equations 1, 2 and 3, we obtain 


FB = - 6513 1d. (compression) 
Sr = 9335 lb. (tension) 
Dy = 798 lb. (azt) 





64/in. 
PPP pr tp ar Pr a Pa 
[128.5 231 je2e [281.5 {254 
' 
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Joint (3) (Equations of equilibrium) points (2) and (4). In the design of the beam 


and fittings at this point, the effect of the 


$1838 1838 eee ee actual conditions of eccentricity should of 
RB. (3) / (2) pin (3)) course be considered. 
& RB 
R v-S plane ees V-D plane Combined Loads on Drag Truss 


aV = 1838 x .9986 - .0523 RB - .4486 Sp = 0 -(4) Adding the two load systems of Figs. AZ2.38 
25 = ~19838 x .0523 - .9986 RB -.8930 SR = 0 -{S) | and A2.39, the total drag truss loading is ob- 
mrF0D,+050----+--+------- -- - (6} | tained as shown in Fig. A2.40. The resulting 


member axial stresses are then solved for by the 


Solving equations 4, 5S and 6, we obtain method of index stresses (Art. A2.9). The 


RB = - 4189 lb. (compression) values are indicated on the truss diagram. It 
SR = 4579 lb. (tension) is customary to make one of the fittings attach— 
BZ =0 ing wing to fuselage incapabie of transferring 


drag reaction to fuselage, so that the entire 
drag reaction from wing panei on fuselage is 
definitely confined to one point. In this ex- 
ample point (2) has been assumed as point where 
drag is resisted. Those drag wires which would 
be in compression are assumed out of action. 


Fig. A2.38 shows the reactions of the lift 
struts on the drag truss at joints (1) and (3) 
as found above. 


(4) 4189 





(2) 8813 | og 
Fig. A2.38 


Drag Truss Panel Point Loads Due to Air Dreg 
Load. 








It was assumed that the air load components (2) -13,893  -11,933 -10,313 $573 -413 
in the drag direction were 6 lb./in. of wing 798 
acting forward. 1908 = Drag Reaction 
Fig. A2.40 


The distributed load of 6 lb./in. is re- 
placed oy concentrated loads at the panel points 
as shown in Fig. A2.3S. Zach panel point takes 
one half the distributed lead to the adjacent 
panel point, except for the two outboard panel 
points which are affected by the overhang tip 
portion. 


Fuselage Reactions 


AS a check on the work as well as to obtain 
reference loads on fuselage from wing structure, 
the fuselage reactions will be checked against 
the externally applied air loads. Table A2.2 
gives the calculations in table form. 

Thus the outboard panel point concentration 
of 254 1b. is determined by taking moments about 
(3) of the drag load outboard of (3) as follows: 


Table A2.2 


P= 70.5 x 6 x 35.25/58.5 = 254 1d. 


To simplify the drag truss sclution, the ¢res 
strut and drag wires in the inboard drag truss 
panel have been modified to intersect at ninge 














V component = (3770 + 1295 + 1838 + 631) 


| 

.9966 = 7623 1b. (error 3 1b.) 
i 1 1 

[— 39.5 ——— 37.5 —t— a7s—t 58.8 ——-t24 D component = -185 x 6 = 1110 1b. (error =0) 
: S component = -(3770 + 1295 + 1838 + 631} 


-0523 = 394 1b. (error 6 1b.) 


ft 





Fig. A2.39 
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The wing deams due to the distributed litt 
air loads acting upon them, are also subjected 
to bending loads in addition to the axi 
The wing beams thus act as deam-columns. T 
subdject of beam-colimn action {ts treated 
another chapter of this book. 







in 


If the wing {5 covered with metal skin 
instead of fabric, the drag truss can be omitted 
since the top and bottom skin act as webs of 2 
deam which has the front and rear beams as its 
flange members. The wing is then considered 2s 
a Dox beam Subjected to combined bending and 
axial loading. 


Example Problem 11. 
Wing. 


S-Section Exterr Braced 








Fig. AZ.41 shows a high wing externally 
braced wing structure. The wing outer panel nas 
been made {dentical to the wing panel of example 
problem 1. This outer panel attached to the cen 4 
ter panel by single pin fittings at points (2) 
and (4), Placing pins at these points make the 
structure statically determinate, whereas 1{f the 
beams were made continuous through ali 3 panels, 
the reactions of the lift and cabane struts on 
the wing beams would be statically indeterminate 
since we would have a 3-span continuous beam 
resting on settling supports due to strut de- 
formation. The fitting pin at points (2) and 
(4) can be made eccentric with the neutral axis 
of the beams, hence very little is gained by 
making beams continuous for the purpose of de- 
creasing the lateral beam bending moments. For 
assembly, stowage and shipping it is ccnventent 
to outld such a wing in 3 portions. Ira 
multiple bolt fitting 1s used as points (2) and 
(4) to obtain a continuous beam, not much ts 
gained because the design requirements of the 
various govermmental agencies specify that the 
wing beams must also be analyzed on the as- 
sumption that a multiple dolt fitting provides 
only 50 percent of the full continuity. 

2 


9 








eS 
(8)_{4) (3) 4 
36” 
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Outer Panel 
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(5)(6) | 


Fig. A2. 42 





TRUSS STRUCTURES, 


Lengths & Directional Components of Cabane Struts 
































5 rT 

Member [sve. v Di s|ioL | vai] pw | s/t 

Froat Cabane cp | 30 [30 27 | 41.59 | .721 | .240 | .648 

I il 

Diagonal Cabane| Cp | 30 | 30127}; 50.17] .597 |.597 | .538 
Strut | | 

[ Rear Cabane | cp | 23.5] 6,27! 40.42 | .731 | .1485| .668 
Strut | i L = 


ec 

‘ 

< 

®& |h- 
+ 

wil : 
® 

+ 

a 

i 





The air loacs on 
identical to those in 


the outer panel are taken 
example problem 1. Like- 
wise the dinedral and direction of the lift 
struts Sp and Sp nave been made she same as in 
axample problem i. Therefore the enalysis for 
the loads in the outer panel drag and litt trus 











trusses is identical to that in problem 1. The 
solution will te continued assuming the running 
lizt load on center panel of 45 lb./in. and a 


forward draz load of 6 1b./in. 
Solution of Center Panel 
Canter Rear Beam 


6924 (630 + 62) =692¥ 


we 14. 74#/in. 







(4) 


90° 


Fig. A2. 42 


Fig. A2.42 shows the lateral loads on the 
rear beam. The loads consist of the distr: 
air load and the vertical component of the 
ces 
pin point (4). From Table A2.2 of example prob- 
lem i, this resultant V reaction equals 630 + 

62 = 692 1d. 








for- 


exerted oy outer panel on center sanel at 


The vertical component of the cabane re~ 
action at Joint (8) equals one half the total 
beam load due to symmetry of loading or 65 x 


14.74 + 692 = 1650 1b. 


Solution of force system at Joint 3 


1650 aes 
CRB | Ds 
aa tp 
CR C 

BV = 1650 ~ .731 CR = 0 
whence 

Ca = 1850/,731 = 2260 lb. (tension) 

ZS = - CRB - 2260 x .668 = 0 
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whence 


CRB = - 1510 1b. (compression) 


ID =D, - 2260 x .1485 = 0 
whence 
D, = 336 ld. drag truss reaction 


Center Front Beam 





5684 (1294 - 726) = 5684 


w = 30. 26 #/in. 






(Ref., Table A2. 2) 





90 





¥ 
R, = 25354 
Fig. A2.43 


Ry, = 25358 


Fig. 42.43 shows the V loads on the center front 
beam and the resulting V component of the cabane 
reaction at joint (7). 


Sclution of force system at Joint 7 





2535 2535 
CEB |, : 
¢. 
es Plane C¥Fyp pianeCD 
ZV = 2535 - .721 Cp = .597 Cp = 0 
2S = - CFB - .648 Op ~ .536 Cp = 0 
2D = - .240 Cp + .597 Cp = 0 
Solving the three equations, we obtain 
CFB = ~ 2281 (compression) 
Cr 2 2635 
Cp = 1058 


Solution for Loads in Drag Truss Members 
Fig. A2.44 shows all the 

the center panel drag truss. 

actions from the outer vanel 


loads applied to 
The § and D re- 
at joints (2) and 





Panel point 336 
Drag Load 336 | 
for aia “ds 270 } 60 
* 95 | 
1157 }1si0 1510:) 1157 | 
—_ — 
(8) 
13937 13937 
| 228 2281 $ (2), 
1908 » ‘Re 1908 
2634¢ Fig. A2. 44 2634# 
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(4) are taken from Tedle A2.2 of problem 1. ‘The 
drag loac of 336 1b. at (8) is due to the rear 
cabane strut, as is likewise the beam axial load 
of - 1510 at (8). The axtal beam load of 

~ 2281 1b. at (7) 1s cue to reaction of frent 
cabane truss. The panel point loads dus to 
the given running drag load of 6 ib./in. acting 
forward. 


are 





The reaction which holds all these drag 
truss loads in equilibrium is supplied by the 
cabane truss at point (7) since the front and 
Giagonal cabane struts intersect to form a rigid 
triangle. Thus the drag reaction R equals one 
half the total drag loads or 2634 lb, 


Solving the truss for the loading of Pig. 
42.44 we obtain the member axial loads of Fig. 
A2.45,. 


1157 





Fig. A2, 45 


Loads in Cabane Struts Due to Drag Reaction at 
Point 7 


26344 
Cr 
V-D Plane | SD 
2D = ~ 2634 ~ .240 Cp + .397 Cp = 0 


IV = - .721 Cr - .897 Cp 2 0 
Solving for Cp and Cp, we cdtain 


Cp = 
cp 


- 2740 ib. (compression) 
3310 (tension) 


adding these loads to those previously calcu- 
lated for lift loads: 





AS 2 check on the work the 
actions will be 2c against 
loads. 






checu 
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Table 42.3 






Front Strut 
Cr I 


10 Rear Strut CR 
Dia. Strut Cp 






Tasi0 | 
2356 


33s 
=2610 


1650 
2610 





Front Lift strut 
3] 


8290 














Applied Air Loads 
V component = 7523 (outer panel) + 65 x 45 
= 10448 (check) 


- 1110 (outer panel) ~ 65 x 
6 = ~ 1500 (error 2 lb.) 


D component = 


Tne total side load on a vertical plane thru 
centerline of airplane should equal the S com- 
ponent of tne a ted loads. The applied side 
loads = - 394 lb. (see problem 1). The air load 
on center panel is vertical and thus nas zero $ 
component. 





From Table A2.3 for fuselage reactions 
fave 28 = 16178. From Fig. 42.45 the load in 
the front beam at g¢ of airplane equals - 17308 
and 563 for rear beam. The horizontal componen 
of the diagonal drag strut at joints 11 equals 
216 x 45/57.6 = 169 1b. 


Then total S components = 16178 - 17308 + 
568 + 169 = - 393 1b. which checks the side 
component of the applied air loads. 


Example Problem 12, Single Svar Truss Plus 
Torsional Truss System. 


In small wings or control surfaces, fabric 
is often used as the surface covering. Since 
the fabric cannot provide reliable torsional 
resistance, internal structure must be of such 
design as to provide torsional strength. A 
Single spar plus a special type of truss system 
is often used to give a satisfactory structure. 
Pig. A2.46 tllustrates such a type of structure, 
namely, a trussed single spar AEFN plus a tri- 
angular truss system between the spar and the 
trailing edge 0S. Fig. A2.46 (a, >, c) shows 
the three projections and dimensions. The air 
load on the surface covering of the structure 
is assumed to be 0.5 1b./in.* intensity at spar 
line and then varying linearly to zero at the 
trailing edge (See Fiz. d). 


The problem will be to determine the 2xtial 
loads in all the members of the structure. It 
will be assumed shat all members are 2 force 
members aS iS usually dene in finding the 
Primary loads in trussed structures. 
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TRUSS STRUCTURES. 


T panels @ 12" = 84" 


Fig. 46 Fig. 46¢ 
SOLUTION: 

The total air load on the structure equals 
the average intensity per square inch times she 
surface area or (0.5)(.5)(36 x 84) = 756 lb. In 
order to solve a truss system by a method of 
joints the distributed load must be replaced by 
an equivalent load system acting at the Joints 


of the structure. Referring to Fig. (4), the 
total air load on a strip i inch wide and 36 
inches long ts 36(0.5)/2 = 9 1b. and its c.g. 
or resultant location is 12 inches ?rom line Az. 
In Fig. 46a this resultant load of $ lb./in. ts 
imagined as acting on an imaginary beam located 





along the line 1-1. This running load applied 
along this line is now replaced dy an equivalent 
force system acting at joints OPQRSEDBCA. The 


results of this joint distribution are shown Dy 
tne joint loads in Fig. A2.46. To ‘llustrate 

how these joint loads were obtained, the caicu- 
lations for loads at foints ESDR will be given. 





Fig. A2.48 shows a portion of the 
to De considered. For a running load 9 
lp./in., along line 1-1, reactions will de 


Structure 





ANALYSIS AND DESIGN 
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¢ D 
be 24" ——— 12" 4 


Fig. A2. 48 


Simple beams resting at points 2, 3, 4, 5, etc. 
The distance between 2-3 is 8 inches. The total 
load on this distance is 8x 9572 1b. One 
half or 36 1b. goes to point (2) and the other 
half to point (3). The 36 lb. at (2) 1s then 
replaced by an equivalent force system at — and 
S or (36)/3 = 12 lb. to S and (36)(2/3) = 24 to 
E. The distance between points (3) and (4) is 

8 inches and the load is 8x 9 = 72 1b. One 
half of this or 36 goes to point (3) and this 
added to the previous 36 gives 72 lb. at (3). 
The load of 72 is then replaced by an equivalent 
force system at S and D, or (72)/3 = 24 lb. to 
S$ and (72)(2/3) = 48 to D. The 7inal load at S 
is therefore 24 + 12 = 36 lb. as shown in Fig. 

A 2.46. Due to symmetry of the triangle CRD, 
one half of the total load on the distance CD 
goes to points (4) and (5) or (24 x 9)/2 = 108 
1b. The distribution to D ts therefore (108) 
(2/3) = 72 and (108)/3 = 36 to R. Adding 72 

to the previous load of 48 at D gives a total 
load at D = 120 lb. as shown in Fig. A2.46. 

The 108 1b. at point (5) also gives (108)/3 = 

36 to R or a total of 72 1b. at R. The student 
should check the distribution to other joints 
as shown in Fig. A2.46. 


To check the equivalence of the derived 
joint load system with the original air load 
system, the magnitude and moments of each 
system must be the same. Adding up the total 
Joint loads as shewn in Fig. A2.46 gives a total 
or 756 1b. which checks the original air load. 
The moment of the total air load about an x 
axis at left end of structure equals 756 x 42 = 
31752 in. lb. The moment of the joint load 
system in Fig. 42.46 equals (66 x 12) + (72 x 
36) + (72 x 60) + (S56 x 84) + 144 (24 + 48) + 
(120 x 72) + (24 x 34) = 31752 in.lbd. ora 
check. The moment of the total air load about 
line AE equals 756 x 12 = 9072 in.1>. The 
moment of the distributed joint loads equals 
(6 + 66 + 72 + 72 + 6)36 = GO72 or a check. 


Calculation of Reactions 


The structure is supported by single pin 
fittings at points A, N and 0, with pin axes 
parallel to x axis. It will be assumed that 
the fitting at N takes off the spar load in 
2 direction. Fig. A&.46 shows the reactions 
Oy, Og, Ay, Ny,» Nz. To fine O; take moments 
about y axis along spar AEFN. 


IMy = (6 + 66 + 72 + 72 + 36)36 - 36 OZ =0 


whence Og = 252 1b. acting down as assumed. 


To find Oy take moments about z axis through 
point (A). 

IM, = 0+ 36 Oy = 0, Oy =0 

To find Ay take moments about x axis through 
point N. The moment of the air loads was pre- 
viously calculated as - 31752, hence, 

My = - 31752 + 9 Ay = 0, whence, Ay = 

3528 1b. 
To find Ny take ify =o 
aFy = 3528 - Ny = 0, hence Ny = 3528 lb. 


To find Nz take IFz = 0 


aFZ = - 252 + 756 - Nz = 0, hence Nz 
504 lb. 


The reactions are all recorded on Fig. 
A2.46. 


Solution of Truss Member Loads 


For simplicity, the load system on the 
structure will be considered separately as two 
load systems. One system will include only 
those loads acting along the line AE and the 
second load system will be remaining loads 
which act along line 0S. Since no bending 
moment can be resisted at joint 0, the external 
load along spar AE will be reacted at A and N 
entirely or in other words, the spare alone 
resists the loads on line AR. 


Fig. A2.49 shows a diagram of this spar 
with its joint external loading. The axial 
loads produced by this loading are written on 
the truss members. (The student should check 
these member loads.) 
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TRIANGULAR TRUSS SYSTEM 


The load system along the trailing edge 0S 
causes stresses in both the spar truss and the 
diagonal truss system. The support fitting at 
point O provides 2 reaction in the Z direction 
but no reacting moment about the x axis. Stnce 
the loads on the trailing edge lie on a y axis 
throuch 0, {t is obvious that all these loads 
flow to point 0. Since the bending strength of 





the trailing edge member is negligible, the 
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load of 36 lb, at Joint S in order to be trans- 
ferred to point 0 through the diagonal truss 
system must follow the path SDRCCBPAO. in like 
manner the load of 72 at R to reach O must take 
the path RCOBPAO, etc. 


Calculation of Loads in Diagonal Truss Members:- 


femme Te Te Te Tor] 


All Diagonal 2 +118 
Truss Members 


10.0 [oa] ow sea] am)» | | 


Consider Joint S 


- 314 











The triangular truss SEF cannot assist in 
transferring any portion of the 36 Lb. lead at 
S because the reaction of this truss at SF 
would put torsion on the spar and the spar has 
no appreciable torsional resistance. 


Considering Joint S 





as a free body and writing D 36 

the equilibrium equations: . > 
- 1 

OFy =-.943 DS -.943 Gs = 0 1z 


whence, DS = ~ GS 
oFz = 36 + .118 DS ~ .118 GS = 0 


Subt. DS = - GS and solving for GS, gives 
GS = 159 lb.(tension), DS = ~159 (compression) 


Consider Joint D 
Zz 
R 159 
2 STi 
Do 
Ty -—~ E 0 x 
E 
4 N "yD fs 
159 159 a 


Zz 


Let Ty and Tz be reactions of diagonal 
truss system on spar truss at Joint D. 


iFy = - 159 x .943 + .943 DR = 0, hence DR = 
159 1b. 
aFz = - 159 x .118 + 159 x .118 -T, =0 


the diagonal 
Shear load on 


whence Tz, = 0, which means 
truss produces no Z reaction or 
spar truss at D. 


aFy = - .314 x 159 - .314 x 159 -T, = 0 
whence Ty = - 100 Ib. 


If joint G ts investigated in the 
the results will show that Tz = 0 


same manner, 
and Ty = 100. 


The results at joint D shows 
diagonal truss system produces no 


that the rear 
Shear load 








reaction on the sp: 
force on the spar 
duces compression 
truss and tension 





bottom chord, 


Consider Joint R 


The load to be trans 
is equal to the 72 1b. at R 
S which comes to joint R from truss 


ferred to truss RCJR 
plus the 36 15. at 
DRG. 





Hence load in RC = (72 + 36)0.5 x (1/.118} 
= - 457 lb. 

Whence RJ = 457, CQ = 457 and JQ = - 
Joint Q 

Load to be transferred to truss QBL = 72 + 
72 + 36 = 180 lb. 

Hence load in @B = (180 x 0,5)(1/.118) = 
- 762. 

whence QL = 762, BP = 762, LP = ~ 762 
Joint P 

Load = 180 + 66 = 246 

Load in PA = (246 x 0.5)(1/.118) = = 1040 


Whence PN = 1040 
Consider Joint (A) as a free body. 
2Py = - 1040 x .943 + .960 AO = 0, AO 
1022 1b. 


In like manner, considering Joint N, gives NO 
= = 2022 lb. 


Couple Force Reactions on Spar 


As pointed out previously, the diagonal 
torsion truss produces a couple reaction on the 
spar in the y direction. The magnitude of the 
force of this couple equals the y component of 
the load in the diagonal truss members meeting 
at a spar joint. Let Ty equal sais reaction 
load on the spar. 


At Joint C:- 
Ty = - (457 + 457).314 = ~ 287 1b. 
Likewise at Joint J, Ty = 287 


At Joint 8:- 
Ty =- (762 + 762).314 = - 475 


Likewise at Joint L, Ty = 479 


At Joint A:- 
Ty =~ (1040 x .314) = - 


Likewise at Joint N, Ty = 326 
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These reactions of the torsion truss upon 
the spar truss are shown in Fig. AZ.50. The 
loads in the spar truss members due to this 
loading are written adjacent to each truss 
member. Adding these member loads to the loads 
in Fig. A2.49, we obtain the *{nal spar truss 
member loads as shown in Fig. A2.5l. 
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Fig. A2. 51 


If we add the reactions in Figs. A2.50 and 
AZ.51, we obtain 3528 and S04 which check the 
reactions obtained in Fig. A2.46. 


A2.13 Landing Gear Structure 


The airplane is both a landborne and air- 
borne vehicle, and thus a means of operating 
the airplane on the ground must be provided 
which means wheels and brakes. Furthermore, 
provision must be made to control the impact 
forces involved in landing or in taxiing over 
Tough ground. This requirement requires a 
Special energy absorption unit in the landing 
gear beyond that energy absorption provided by 
the tires. The landing gear thus includes a 
So-called shock strut commonly referred to as 
an oleo strut, which is a member composed of 
two telescoping cylinders. When the strut is 
compressed, oll inside the air tight cylinders 
ts forced through an orifice from one cylinder 
to the other and the energy due to the landing 
impact {ts absorbed by the work done in forcing 
this ofl through the ori?ice. The orifice can 
be so designed as “o provide practically 4 
uniform resistance over the displacement or 
ravel of the olec strut. 


An airplane can land safely with the air- 
plane in various attitudes at the instant of 
ground contact. Fig. A2.52 {llustrates 
three altitudes of the airplane that are 
Specified by the govermment aviation agencies 
for design of landing gear. In addition to 
these symmetrical unbraked loadings, special 
loadings, such as a braked condition, landing 
Qn one wheel condition, side load on wheel, etc.. 
are required. In other words, a landing gear 
can be subjected to a considerable number of 
different loadings under the various landing 
conditions that are encountered in the normal 
operation of an airplane. 


ens 








Ground Line 





Level Landing with Nose Wheel Just 
Clear of Ground 





Tail Down Landing 


Fig. A252 








Fig. A2.53 shows photographs of typical 
main gear units and Fig. A2.54 for nose wheel 
gear units. 


The successful design of landing gear for 
present day aircraft is no doubt one of the most 
difficult problems which is encountered in the 
structural layout and strength design of air~ 
craft. In general, the gear for aerodynamic 
efficiency must be retracted into the interior 
of the wing, nacelle or fuselage, thus a re- 
liable, safe retracting and lowering mechanism 
system is necessary. The wheels must be braked 
and the nose wheel made steerable. The landing 
gear is subjected to relatively large loads, 
whose magnitudes are several times the gross 
weight of the airplane and these large loads 
must be carried into the supporting wing or 
fuselage structure. Since the weight of land- 
ing gear may amount to around 6 percent of the 
weight of the airplane it is evident that high 
strength/wetght ratio is a paramount design 
requirement of ianding gear, as inefficient 
structural arrangement and conservative stress 
analysis can add many unnecessary pounds of 
weight to the airplane and thus decrease the 
pay or useful load. 


A2.14 Example Problems of Calculating Reactions and 
Loads on Members of Landing Gear Units 


In its simplest form, a landing gear could 
consist of a single oleo strut acting as a 
cantilever beam with its fixed end being the 
upper end which would be rigidly fastened to 
the supporting structure. The lower cylinder 
of the oleo strut carries an axle at its lower 
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McDonnell Aircraft 
(Military Airplane) 





Douglas DC-7 Air Transport 


Douglas DC-8 
Jet Airliner 


Fig. A2.53 Main Landing Gear Illustrations (One Side) 
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Beechcraft Twin Bonanza 


Navy F4-J 
North American Aviation Co, 





Douglas DC-7 Air Transport 
Fig, A2.54 Nose Wheel Gear Installations 
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end for attaching the wheel and tire. This 
cantilever beam iS subjected to bending in two 
directions, torsion and also axial loads. Since 
the gear is usually made retractable, it is 
difficult to design a single fitting unit at 
the upper end of the oleo strut that will 
resist this combination of forces and still 
permit movement for a simple retracting mechan- 
ism. Furthermore, it would be difficult to 
provide carry-through supporting wing or fuse- 
lage structure for such large concentrated 

load systems. 


Thus to decrease the magnitude of the 
vending moments and also the bending flexibility 
of the cantilever strut and also to simplify 
the retracting problem and the carry-through 
structural problem, it is customary to add one 
or two braces to the oleo strut. In general, 
effort 1s made to make the landing gear 
structure statically determinate by using 
specially designed fittings at member ends or 
at support points in order to establish the 
force characteristics of direction and point of 
application. 


Two example problem solutions will be pre- 
sented, one dealing with a gear with a single 
wheel and the other with a gear involving two 
wheels. 


Example Problem 13 


Fig. A2.55 shows the projections of the 
landing gear configuration on the VS and VD 
planes. Fig. A2.56 1s a space dimensional 
diagram. In landing gear analysis it is common 
to use V, D and § as reference axdés instead of 
the symbols Z, X and Y. This gear unit is 
assumed as representing one side of the main 
gear on a tricycle type of landing gear system. 
The loading assumed corresponds to a condition 
of nose wheel up or tail down. (See lower 
sketch of Fig. A2.52). The design load on the 
wheel {s vertical and its magnitude for this 
Problem ts 15000 lb. 


The gear unit is attached to the supporting 
structure at points F, H and G, Retraction o? 
the gear is obtained by rotating gear rearward 
and upward about axis through F and H. The 
fittings at P and H are designed to resist no 
bending moment hence reactions at F and H are 
unknown in magnitude and direction. Instead of 
using the reaction and an angle as unknowns, 
the resultant reaction is replaced by its V and 
D components as shown in Fig. A2.S6. The re~ 
action at G is unknown in magnitude only since 
the pin fitting at each end of member GC fixes 
the direction and line of action of the reaction 
at G. For convenience in calculations, the 
reaction G is replaced by its camponents Gy and 
Gp. For a side load on the landing gear, the 
reaction in the S direction is taken off at 
point F by a special designed unit. 
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SOLUTION 


The supporting reactions upon the zear at 
points F, H, and G will de calculated es a 
beginning step. There are six unknowns, namely 
Fs, Fy, Fp, Hy, Hp and G (See Fig. 42.56). With 
6 equations of static equilibrium available for 
@ space force system, the reactions can be found 
by statics. Referring to Fig. A2.5 





To find Fg take 38 = 0 


Fg + 0 = 0, hence Fg = 0 
To find reaction Gy take moments about an S 
axis through points F, H. 


iMg = S119 x 50 - 24 Gy = 0 


Whence, Gy = 6500 1b, with sense as assumed. 
(The wheel load of 15000 1b, has been resolved 
into V and D components as indicated in Fig. 
42.55). 


With Gy known, the reaction G equals (6500) 
(31.8/24) > 8610 1b. and similarly the compon- 
ent Gp = (6500)(21/24) = 5690 lb. 


fons 
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Ry=15000 xcos 12° = 14672 lb, 
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Fig. A2. 59 


To find Fy, take moments about a D exis 
through point H. 
My(p) = 16 Gy + 14672 x 8 - 22 Fy = 0 
= 16 x 6500 + 14672 x 8 - 22 Fy = 0 


Whence Fy = 10063 1b. with sense as as-~ 
sumed, 


To find Hp, take moments about V axis 
through F. 


Gp - 22 Hp + 3119 x 1420 
x 5680 - 22 Hp + 3ll9 x 14 


=Mp (vy) 


' 
A 





Qo 


Whence, Hp = 433 1b. 


find Fp, take 2D = 0 


S- Fp + Hp + Gp - 3119 = 0 
- Fp + 435 + 5690 ~ 3119 = 0 


Whence, Fp = 3004 1b. 





To find Hy take ZV = 0 


EV.3 - Py + Gy - Hy + 14672 = 0 
= - 10063 + 6500 - Hy + 14672 = 0 


Anence, Hy = 11109 ib. 


Fig, A2.57 summarizes the reactions as found. 
The results will be checked for equilibrium of 
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the structure as a whole by taking moments about 
D and V axes through point A. 


SMy(p) = - 10063 x 14 + 6500 x 8 + 11109 x 8 
= - 140882 + 52000 + 68882 = O(check) 
IMgcy) = 5690 x 8 - 433 x 8 - 3004 x 14 


45520 - 3464 - 42056 = 0 (check) 


The next step in the solution will be the 
calculation of the forces on the oleo strut 
unit. Fig. A2.58 shows a free body of the oleo-~ 
strut-axle unit. The brace members BI and CG 
are two force members due to the pin at each 
end, and thus magnitude is the only unknown re- 
action characteristic at points Band Cc. The 
fitting at point E between the oleo strut and 
the top cross member FH is designed in such a 
manner as to resist torsional moments about the 
oleo strut axis and to provide D, V and S$ force 
reactions but no moment reactions about D and $ 
axes. The unknowns are therefore BI, CG, Eg, 
Ey, Ep and Ty or a total of 6 and therefore 
statically determinate. The torsional moment 
Ty is represented in Fig. A2.58 by a vector 
with a double arrow. The vector direction 
represents the moment axis and the sense of 
rotation of the moment is given by the right 
hand rule, namely, with the thumb of the right 
hand pointing in the same direction as the 
arrows, the curled fingers give the sense of 
rotation, 


To find the resisting torsional moment Tp 
take moments about V axis through £. 
IMp(y) = - 3119 x @ + Tg 5 0, hence Ty 
= 24952 in.1b. 
To find CG take moments about S axis 
through &. 


IMg(g) = Sll9 x 50 - (24/31.8) CG x 3 - 
24 (21/31.8) CG = 0 


Whence, CG = 8610 lb. 
This checks the value previously obtained 


when the reaction at G was found to be @610. 
The D and V components of CG thus equal, 


CGp = 8610 (21/31.8) = 5690 lb. 
CGy = 8610 (24/31.8) = 6500 1b. 


To find load in brace strut BI, take moments 
about D axis through point a. 


SMg(p) = - 14672 x 8 + 3 (BI) 22/24.6 + 
24 (BI) 11/24.6 50 


Whence, BI = 8775 1b. 


and thus, Bly = (6775) (22/24.6) 
BIg = (8775) 


= 7840 1b. 
(11/24.6) = 3920 lb. 


To find Eg take IS = 0 


BS = Bg - 3920 = 0, hence Bg = 2920 
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To find Ep take 2D = 0 
2D = $690 ~ 3119 ~ Ep = 0, hence Ep = 2571 


To find Ey take IV = 0 


IV =~ By + 14672 - 7840 + 6500 = 0, hence 
Ey = 13332 lb. 

Fig. A2.59 shows a free body of the top 
member FH, The unknowns are Fy, Fp, Fg, Hy and 
Hp. The loads or reactions as found from the 
analysis of the olso strut unit are also re- 
corded on the figure. The equations of 
equilibrium for this free body are:- 


a3 = 0 = - 3920 + 3920 + Fg = 0, or Fg = 0 


IMp(p) = 22 Hy - 3920 x 2 - 7840 x 20 - 
13332 x6 =0 


Whence, Hy = 11110 lb. This check value 
obtained previously, and therefore 1s a check 
on our work, 

IMp(v) = 24982 ~ 2571 x 6 - 22 Hp 50 


whence, Hp = 433 1b. 


2V = ~ Fy + 13332 + 7840 - 11110 = 0 
whence, Fy = 10063 


8 


- Fp + 2571 + 433 = 0 
whence, Fp = 3004 lb. 


Thus working through the free bodies of 
the oleo strut and the top member FH, we come 
out with same reactions at F and H as obtained 
when finding these reactions by equilibrium 
equation for the entire landing gear. 


The strength design of the oleo strut unit 
and the top member FH could now be carried out 
because with 411 loads and reactions on each 
member known, axial, bending and torsional 
stresses could now be found. 


The loads on the brace struts CG and BI 
are axial, namely, 8610 1b. tension ana 8775 
1b. compression respectively, and thus need no 
further calculation to obtain design stresses. 


TORQUE LINK 


The oleo strut consists of two telescoping 
tubes and some means must be provided to trans-— 
mit torstonal moment between the two tubes and 
still permit the lower cylinder to move upward 
into the upper cylinder. The most common way 
of providing this torque transfer is to use a 
double-cantilever-nut cracker type of structure. 
Fig. A2.60 illustrates how such a torque length 
could be applied to the oleo strut in our 
problem. : 
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Torque 
Link 





4 
(3) xT Ore in. Ib, 
' 


ber ter 


The torque to be transferred in our probe 
lem is 24952 in.lbd. 


The reaction R, between the two units of 
the torque link at point (2), see Fig. 42.50, 
thus equals 24952/9 = 2773 lb. 


Tne reactions R, at the base of the link at 
point (3) = 2773 x 8.5/2.75 = 8560 1b, With 
these reactions known, the strength design of 
the link units and the connections could be 
made. 


The landing gear as illustrated in Fig. 
A2.61 1s representative of a main landing gear 
which could be attached to the under side of a 
wing and retract forward and upward about line 
AB into a space provided by the lower portion 
of the power plant nacelle structure. The oleo 
strut OF has a sliding attachment at EH, which 
prevents any vertical load to be taken by 
member AB at £. However, the fitting at E does 
transfer shear and torque reactions between the 
oleo strut and member AB. The brace struts 
GD, FD and CD are pinned at each end and wiil 
be assumed as 2 force members. 


An airplane ievel landing condition with 
unsymmetrical wheel loadiiug has been assumed as 
shown in Fig. A2.61. 


SOLUTION 


The gear is attached to supporting struc- 
ture at points A, Band C. The reactions at 
first, treating 
Fig. A2.62 


these points will be calculated 
the entire gear as a free body. 
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— La 2Ma(p) = - €0000 x 9 - 40000 x 29 - 66666 
| pre ete | x1ig+38By50 
a EC 3B Whence, By = 78070 1b. 
ie t . 
G 
To find Ay, take ZV = 0 
ZV = = 78070 + 60000 + 40000 + 66666 - Vy 
: =0 
Fig. A2. 61 Whence, Ay = 88596 lb. 
NS Toraue To find Bp take moments about V axis through 
Wheel | | wheel 2 point (A). 
Ma (yy = 57142 x 19 - 15000 x 9 ~ 10000 x 
15000 29 -38 Bp =0 
Wheel 1 whence, Bp = 17386 lb. 
éc068 40000 To find Ap take 2D = 0 
—10" =D = ~ 57142 + 15000 + 10000 + 17386 + 
Ap =0 : 
Ay whence Ap = 14756 lb. 
Le 29 To check the results take moments about V 
ss and D axes through point 0. 
ae IMo(y) = 5 x 10000 + 14756 x 19 - 17386 x 
1g = 0 (check) 
cp 2Mo(D) = 20000 x 10 - 88596 x 19 + 78070 x 
v 19 = 0 (check) 
D REACTIONS ON OLEO STRUT OE 
8 Fig. A2.63 shows a free body of the oleo- 
strut OE. The loads applied to the wheels at 
1 1 
TE 
: ie {re 4 
SOO aaa, 
Fig. A2. 62 ve DFy & | 
28" 4 | / 28" 
shows 4 space diagram with loads and reactions. 4 DGg—" —F~DFs 
The reactions at A, B and C have deen replaced a4 ) ; 4 


by their V and D components. 


To find reaction Cy take moments about an 
S axis through points AB. 


ee 
36" $ 





Fig. A2, 63 
2Mgp = - (15000 + 10000) 64 + 24 Cy = 0 
Whence Cy = 66666 lb. With sense as 25000 eo 
assumed in Fig. A2.é62. i 100, 000 tb, 200,000 "F490, 000 Ib. 
c ee { 50,00". 


The reaction at C must have 


g, 
a line of action along the line &. 





CD since member CD is pinned at 2 the axle centerlines nave been transferred to 
each end, thus the drag compon- 24D point (0}. Thus the total V load at (0) equals 
ent and the load in the strut 60000 + 40000 = 100000 and the total D load 

cD follow as a matter of geometry. Hence, equals 15000 + 10000 = 25000. The moment of 
Cp = 66666 (24/28) = 57142 lb. these forces about V and D axes through (0) are 
Cp = 66666 (36.93/28) = 87900 lb. tension Mo(yv) = (15000 - 10000) 10 = 50000 tn.1b. and 


| Mo(p) = (60000 - 40000) 10 = 200000 in.1b. 

To find By take moments about a drag axis These moments are indicated in Fig. A2.63 by 

through point (A). the vectors with double arrows. The sense of 
the moment ts determined by the right hand thumb 





A2. 30 





and finger rule. 


The fitting at point E is designed to 
resist a moment about V axis or 2 torsional 
moment on the olso strut. It also can provide 
shear reactions Eg and Ep but no bending 
resistance about 5 or D axes. 


The unknowns are the forces Eg, Ep, DF, 
DG and the moment Tr. 
To find Tm take moments about axis OE. 


IMog = - 50000 + Te = 
50000 in.1b. 


0, whence Tz = 


To find Eg take moments about D axis 
through point DB. 


IMp(p) = S005 2s 


= 0, whence 


To find force DFy take moments about D 
axis through point G. 


Mg(p) = 200000 - 100000 x 17 ~ 66666 x 
17 + 34 DFy = 0 
whence, DFy = 77451 1b. 


Then DFg = 77451 (17/28) 


47023 1b. : 
and DF = 77451 (32.72/28) 2a] “ay 
= 90503 1b. ay 


To find Day take ZV 30 


ZV = 100000 - 77451 + 66666 - DGy = 0, 
or DGy = 89215 


Then, DGg > 89215 (17/28) = 54164 lb. 
DG = 89215 (32.73/28) = 104190 1b. 
To find Ep take moments about S axis 
Vhrough point D. 
IMp(g) = - 25000 x 35 + 28 By = 0, 
Ep = 32143 lb. 


The results will be checked for static 
equilibrium of strut. Take moments about D 
axis through point (0). 


IMg(p) = 200000 + S4lé4 x 36 - 47023 x 
36 — 7143 x 64 = 200000 + 1sasec4 
~ 1692828 - 457150 = 0 (check) 
IMg(g) = 32143 x 64 ~ 57142 x 36 = O(check) 


REACTIONS ON TOP MEMBER AB 


Fig. A2.64 shows a free body of member AB 
with the known applied forces as found from 
the previous reactions on the oleo strut. 


The unknowns” are Ap, Bp, Ay and By. To 
find By take moments about D axis through A. 
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TRUSS STRUCTURES. 





4D 8p 
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r F 30000 | 
—-s Ot : B 
t 
32143 
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7143: a2 
eS 
Vv B 
t ce 54164 , 47023, 4F 
1 
| 


Fig. A2. 64 


> ais \ / TAS1 


™a(p) = R 89215 x 2 - 77451 x 36 - 38 By 
whence, By = 78070 lb. 


To find Ay take EV =0 


ZV = 89215 + 77451 - 78070 - Ay 
whence, Ay = 88596 1b, 


=0 


To find Bp take moments V axis througb 4. 


IMy(p) = 50000 + 32143 x 19 - 38 Bp = 0 
whence, By = 17366 





To find Ap take 2D = 


2D = 17386 - 32143 + Ap = 
14757 1b. 


0, or Ap = 


These four reactions check the reactions 
obtained originally when gear was treated as 4 
free body, thus giving a numerical check on the 
calculations. 


With the forces on each nart of the gear 
known, the parts could be designed for strength 
and rigidity. The oleo strut would need a 
torsion link as discussed in example problem 13 
and Fig. A2.60. 


A2.15 Problems 


{1) For the structures numbered 1 to 10 deter- 
‘ine whether structure is statically deter- 
minate with respect to external reactions 
and internal stresses. —~ 


0 20 
Pin Tigpe P34 
A D Pin | 
oe | 10 er 3 (3) 
aw (2) jo 10 A 


fh ge JAMS 


ASA Be 





(2) Find the horizontal and vertical components 
of the reactions on the structures {llus- 
tyated in Figs. 1I to 15. 


Z ce 
20] PM Jaa) Piso ty LP 600 
4 Be? ac in 


10-4 10 
U NBC 
PB: 
20% 1 (a3) 


2004 





(3) Find the axial loads in the members of the 
trussed structures shown in Figs. 16 to 18. 


10 20 10 500 
eae te (16) ase 
is + fy 
st aon (17) a 

10 ae [204.20 420 20 420 

= jroo 
30" xooo | 15” 
oy “ <= goo 110" 
2000 (18) 
j—20»— ists 


(4) Determine the axial loads in the members 
of the structure in Fig. 19. The members 


are pinned to supports at A, B and C. 
Je38 ae 25" ~4 eign. a9" J 
T P 4 
sv 40" 





Pin Reactions 


Lis at A, B, C 


100# 


boos Fig. 19 


(5) Fig. 20 shows a tri-pod frame for hoisting 
@ propeller for assembly on engine. Find 
the loads in the frame for a lead of 1000 
1b. on hoist. 















Front View 73 


Fig. 20 


(6) Fig. 21 shows the wing structure of an ex~ 
ternally braced monoplane. Determine the 
axial loads in all members of the lift and 
drag trusses for the following loads. 


Front beam lift load = 30 lb./in. (upward) 
Rear beam lift load = 24 1b./in. (upward) 
Wing drag load = 8 lb./in. acting art 
PLAN VIEW 
Wing Drag Truss 


Anti-Drag Wires 








= 5 Bays @ 30" — 
a — Drag truss? 


25 Ib/in. 





Fig. 22 shows a braced monoplane wing. For the 
given air loading, find axtal loads in lift and 
drag truss members. The drag reaction on drag 
truss is taken off at point A. 











A2. 32 
(8) 
8". AB 
ix 
e 20" ‘0° 
tis Div 
24" ies 
|. 43000 
Ib. 
Fig. 23 
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The fitting at 
peints A and B for 
the landing zear 
structure in Fig. 23 

rovides resistance 
to V, D and S re- 
actions and moments 
about D and V axes. 
Find the reactions at 
A and B and the Load 
in member CD for 
given wheel loading. 





TRUSS STRUCTURES, 


In the 
landing 
of Fiz. es, 
the brace 
members BC 
and BF are 
two force 


r 











aa 
sistance te 
Vv, Dand $ 
Treections Dut 





only moment 
resistance 
about VY axis. 
Find reactions at = and loads in members BF and 
BC under given wheel loading. 


15000 10000 Fig. 24 














Cessna Aircraft 
Nose Wheel Installation (Model 182) 





Douglas DC-8 Jet Airliner 
Main Landing Gear Unit ~ 





CHAPTER A3 
PROPERTIES OF SECTIONS - CENTROIDS 
MOMENTS OF INERTIA ETC. 


A3.1 Introduction 
tia, are constantly being used. Thus, a brief 
review of these terms is in order. 


A3.2 Centroids, Center of Gravity, The cen- 
troid of a line, area, volume, or mass is that 
point at which the whole line,area, volume, or 


mass may be conceived to be concentrated and have 


the same moment with respect to an axis as when 
distributed in its true or natural way. This 
general relationship can be expressed by the 
principle of moments, as follows: 





Lines:- XL = 2Lx, hence ¥ = Lx =/xdL 
L L 
Areas:~ Xa = Zax, hence ¥ =_Zax =/xdA 
A A 
Volumes:- ¥¥ = vx, nence x = 2Vx = /xdv 
v v 
Masses:~ XM = Zxm, hence % =_Zm =/xaM 
M M 


If a geometrical figure is symmetrical with re- 
spect to a line or plane, the centroid of the 
figure lies in the given line or plane. This is 
obvious from the fact that the moments of the 
parts of the figure on the opposite sides of the 
line or plane are numerically equal but of op- 
posite sign. If a figure {s symmetrical to two 
lines or planes, the centroid of the figure lies 
at the intersection of the two lines or the two 
planes, and likewise, if the figure has 3 planes 
of symmetry, the centroid lies at the intersec- 
tion of the 3 planes. 


A3.3 Moment of Inertia The term moment of in- 
ertia is applied in mechanics to a number of 
mathematical expressions which represents sec- 
ond moments of areas, volumes and masses, such 


as 
J yaa, J ray, Jr? ete. 


A3.4 Moment of Inertia of an Area AS applied 
to an area, the term moment of inertia mas no 
physical significance, but represents a quantity 
antering into a large number of engineering 
problems or calculations. However, it may be 
considered as a factor which indicates the in- 
fluence of tne area itself in determining the 
total rotating moment of uniformly varying for- 
cas applied over an area. 

Let Fig. AS.1 be any plane area referred to 
tree coordinate axes, ox, oy and 02; ox and oy 
being the plane of area. 

Let dA represent an elementary area, with 
coordinates x, y, and r as shown. 


In engineering calculations, 
two terms, center of gravity and moment of iner- 





Then 
Ix =/ yaa, ly =/xaaa, Iz =/ 530A 
where Iy, and Iz are moments of inertia of the 


Ty 
area about Ene axes xx, yy and 2z respectively. 





Fig. A3.1 


A3.5 Polar Moment of Inertia In Fig. Ad.1, the 
moment of inertia Iz =/r dA about the Z axis is 
referred to as the polar moment of inertia and 
can be defined as the moment of inertia of an 
area with respect to a point in its surface. 
Since r? = x%+ y® (Fig. A3.1) 

Iz =S(y* + x2) dA = ly + Ty or; the polar moment 
of inertia 1s equal to the Sum of the moments of 
inertia with respect to any two axes in the plane 
of the area, at right angles to each other and 
passing thru the point of intersection of the po- 
lar axis with the plane. 


A3.6 Radius of Gyration The radius of gyration 
of a solid is the distance from the inertia axis 
to that point in the solid at which, if its en- 
tire mass could be concentrated, its moment of 
inertia would remain the same. 


thus, fred =@*#M, where @ is the radius of 
gyration 
Since, J r4dM = I, then I =3M or Cx fL 
M 


By analogy, in the case of an area, 
1=@%* or @ =\/1 
A 


A3..7 Parallel Axis Theorem In Fig. A3.2 let ly 
be the moment of inertia of the area referred to 
the centroidal axis y-y, and let the moment of 
inertia about axis yiyi be required. yiy, is 
parallel to yy. Consider the elementary area dA 
with distance x + d from yayi. 


Then, ly, =f (a + x)*da 
= fxiaa + 2cefxaa + a San 


AZ.1 


Lf 
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TABLE 1 
Section Properties of Areas 





Fig. A3.2 





The first term,/x?da, represents the no~ 2 

ment of inertia of the body about its centroidal Cin = .289 d 
axis y-y and will be given the symbol I. The a 
second term is zero decause/xdA is zero since Area = bh 
yy: 1s the centroidal axis of the body. The « 
last term, d2/ da = Ad* or, area of body times ¥y =n/3 
the square of the distance between axes yy and 
YiNi- 


Thus in general, 

1=TI+aa?* 

This expression states that the amount of 
inertia of an area with respect to any axis in 
the plane of the area 1s equal to the moment of 
inertia of the area with respect to a parallel 
centroidal axis plus the product of the area and 
the square of the distance between the two axes. 


Parallel Axis Theorem For Masses. If instead of 
area the mass of the body is considered, the 


parallel axis can be written: 


1 = I + Md", where M refers to the mass of 
the body. 





A3.7a Muss Moments of Inertia The product of 
the mass of a particle and the square of its 

distance from a line or plane is referred to as 
the moment of inertia of the mass of the parti- 
cle with respect to the line or plane. Hence, 


I = ZMra. If the summation can be express- 
ed by a definite integral, the expression may be 
written I =/r* dM 





Tyo, = d% (b+ 4bb, +d,2) 


% (> + bi) 


Moments of Inertia of Airplanes, In both flying Area = t(bd +c) 
and landing conditions the airplane may be sub- = _j,a a 
jected to angular accelerations. To determine x =D + ct eq + at 


20D +c) 20D +e) 
Ney #1 [t(d-y) * by? -a(y-t) 4] 


the magnitude of the accelerations as well as 
the distribution and magnitude of the mass iner- 
tia resisting forces, the moment of inertia of 


3 
the airplane about the three coordinate axes is 
generally required in making a stress analysis ' eae x)% + dx*- o(x-t) 5 
of a particular airplane. 

The mass moments of inertia of the airplane van 20 = » where Ixy = abdedt 
about the coordinate X, Y and Z axes through the at ly arc 
center of gravity of the airplane can be expres- T,.=ly sin’S+ly 00878 + Iyy 
sed as follows: sin 2g 

Ty = Sny? + dw22 + ZAly la # Ix cosB+ ly sin? B-Iyy 

sin 2g 


Ty = Zwx? + Iwz* + Zdly 





Ig = Iwx? + Iwy* + S412 
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Elliptical 
Ring 







TABLE 1 - Continued 





Zee paiy Area = t(d + 2a) 
a y= 4/2 
Ty = bd? - a(a - 2t)* 
12 
ly = d(b+a)?~- 2a%c - Gabe 


Area = .215 a* 
tan 26 = (dt-t*) (b?-bdt) 



































x= ly X= .223 a 
+ 
raat t For I,_, and I,., see equa~ 
tions as given for angle. 
_ Area = xy 
ene ate Area A = 2dt, + at 3 
Fy = d3t, + .5t?a x=3x1 
A 4 
3 3 -a2 3° Parabolic a 
Iy = 2t.d° + at° - Ay Fifet yr .3y 
3 
Area = X1yi/4 
}-—x1—_+4 
: Area = nr? ‘ & t24x 
Circle 5 
2- <—2 T,-, = a0 s 
/ 4 yrén 
/ \ 7 
re 1, lene 2 St aes a — 
a TABLE 2 
C.-. * 5 Properties of Solids 
Pe 2 S 
Ring ee Area =n (To*- ry’) Solid Cire. Cyl, Wad sone (Pos Pedtus)) 
ames Ta =n (rots re) M= 3 (Total wt.) 
ie oO} 5 4 
1—— 5 <5 am 1 e _ — lL. = Mr? 
Qe oe a x wo = 
tg em [re + (L73)] 4 
Area = nr? 
Semi-circle e Vol. =n L{r,?- 7.4 
y= 4247 Tra. = M(r,7+ 73)/2 
oy SN tx = -1096 re Inna = M(ty?4 ry2+ L4/3)/4 
Cx = .2647r For thin hollow circ. cyl. 





rjoutside 
radius I,-, = Mr? 


Area =m (R?- r4) 


3 Rect. Prism ‘ Vol. abL, M = W 
Semi-circular Ring = -y = 4 (R34 Rr + 4) ,approx.j=2r. Ss 7 
Sn Re? T te sg I.. = M (a? + b*)/12 





‘ : 
2 T dap 
= x Ix=.1098(R*-r*)-.28dR2r¢ R-r)} i ; 4 Ij, = ML2/12 
<< ee R+r a, 3 ie teas 
ibis 1 : Igen0 = M/S 
ix(approx)=,.3t(r +R) ° when t 
: +4 2 r Solid Sphere vol. = (4nr9)/3 
2a" sme, Sphere L = 
- about axis 
Ellipse Area = nab mrs 
Ty = nae Thin Hollow sphere Yl- a 
| 5 i (ns -r,°) 
s ae 
A ? e x 3 Ti = radius of sphere I 


about dia. ~ 
aur, ? 
aS 
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Section 


Circular Arc 











Ring with Circular 


2a Re & 
x 
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TABLE 2 - Cont}nued 


TABLE 3 


CIRCULAR ARC 








= -rsina 7 a 
x5 7 » Mey SARS ret 
(a sin 2a) 

a a,sin 2a _sinta 
Imy Fret Gem) 
er i-cos a = 
yer HS), hea F 

ret 
Ler = 755 (a sin 2a) 





M= W = TASS per unit volume 
of body. 


ly emntRa?(R + (Sa 7/4)] 
lyy =1 mn*Ra® (4R*+ 3a*) 
2 


Section Properties of Lines 
(t 1s small in comparison to radius) 


sin a) 


=r*t (l-cos a) 
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= a sin 2a (l-cos a) % 
=r .- 5 6 
Iya, ret & zt } 
TABLE 4 
Centroids of Trapizoidal Areas 
rT 
a 
S it 
by <x b+ 
Ratio a Distance x Distance 7 
1.01 0.4992 0, $008 
1,02 0.4984 0.5016 
1.03 0.4976 0,5024 
1.04 0.4968 0, 5032 
1.05 0.4960 0.5040 
L106 0.4952 0.5048 
1.07 0.4944 0, 5056 
1,08 0.4936 0.5064 
1,09 0.4928 0, 5072 
1,10 0.4920 9, 5080 
xq 90,4912 0. 5088 
3.12 0.4905 0, 5095, 
1.13 0.4898 0.5102 
1.14 0.4890 0.5120 
0.4883 0.5117 
0,4877 0,$123 
0.4870 0.5130 
0, 4862 0.5138 
7. 4855 0.5145 
1.20 0.4849 0.5151 
1.22 0, 4835 0. 5165 
1.24 0.4822 0, 5178 





PANN NP EP Ee 


gepps 
SSSSSSSSSSSSSSSSSosasesay 


spe 


galaaee 


333 


x 
Q| 
S| 


7,50 


oe 
83 


10.00 








0, 4809 













0, 5191 


1.38 0.4733 
|__ti4g____|___oazgy a szzg_ 

1.45 0. 46! 0. 530° 

1,50 0.4667 0, 5333 

1.55 0.4641 0.5359 
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re 
My. 

where Ix, Ty, and Iz are generally referred to 

as the rolling, pitching and yawing moments of 

inertia of the airplane. 


w=weitght of the ttems in the airplane 

xX, y and Z equal the distances from the 
axes thru the center of gravity of the airplane 
and the weights w. The last term in each equa~ 
tion is the summation of the moments of inertia 
of the various items about their own X, Y and Z 
centroidal axes. 


If w is expressed in pounds and the distan. 
ces in inches, the moment of inertia is express-— 
ed in untts of pound-inches squared, which can 
be converted into slug feet squared by multiply 
ing by 1/32.16 x 144. 

Example Problem 1. Determine the gross weight 
center of gravity of the airplane shown in Fig. 
A3.3, The airplane weight has been broken down 
into‘the 10 items or weight groups, with their 
individual c.g. locations denoted by the symbol 
+, 

Solution. The airplane center of gravity will be 
located with respect to two rectangular axes. In 
this example, a vertical axis thru the center- 
line of the propeller will be selected as a ref- 
erence axis for horizontal distances, and the 
thrust line as a reference axis for vertical dis~ 


tances. The general expressions to be solved 
are:- 
x = Zwx = distance to airplane c.g. from 
iw ref, axis 2-2 
y= zwy = distance to airplane c.g. from 
aw ref. axis X-X 
Table 4 gives the necessary calculations, 
whenee 
X = 417180 = 133.3" att of & propeller 


















Fig. A3.3 





> Ref. line 
Z 


A3.5 





Horizontal 


Arta | Moment 
ar 


Vertical 


ara=y| Moment 
aly 




















Q 
37720 
145600 
94800 


Engine Group 
Fuselage Group 
Wing Group 


Hori, Tail 60 17760 
Vert, Tail 40 13400 
Tail Wheel 50 16400 


Front Land,Gear 
Pilot 33000 
10 Radio 240 24000 5 


Example Problem 2, Determine the moment of iner- 
tia about the horizontal centroidal axis for the 
area shown in Fig. Ad.4 


Solution. We first find the moment of inertia 
about a horizontal reference axis. In this so- 
lution, this arbitrary axis has been taken 4s 
axis x'x' thru the base as shown. Having this 
moment of inertia, a transfer to the centroidal 
axis can be made. Table S gives the detailed 
calculations for the moment of inertia about 
axis x'x'. For simplicity, the cross-section 
has been divided into the five parts, namely, A, 
B,C,D, and BE. 

Icx 1s moment of inertia about centroidal 
x axis of the particular part being considered. 
Distance from axis x'x' to centroidal horizontal 


34500 






Boog axon 





axis = y = ZAv = 17.97 = 2.91" 
ZA 6.182 


By parallel axis theorem, we transfer the 
moment of inertia from axis x'x' to centroidal 
axis xx. = 

Logg = Tyr yt - AY 2= 79.47 -6.18x 2.919 = 

27.2 in¢ 


Radius of ayration, P x =] /Iyq =| /27.2=2.1° 


A 


6.18 





x; 


bead 
Fig. A3.4 


Example Problem #3. 


Fig. A3.5 
Determine the moment of in- 
ertia of the stringer cross section shown in 
Fig. AS.5 about the horizontal centroidal axis. 


Solution. A horizontal reference axis x"x" is 
assumed 4s shown. The moment of inertia is 


first calculated about this axis and then 
See 


transferred to the centroidal axis xx. 
Table 6. 

























A3.6 CENTROIDS, CENTER OF GRAVITY, MOMENTS OF INERTIA 
Portion 3 + 3' (ref. Table 1) 
Table 5 
% y= .375+ 4 x (0841 + .0725 + .0625) =. .S75+ 
e on Toe 
alee Tex 7 é 
|| nm | SX |» moment of inertia of t +172 = .547" 
t ° n < < |portion abeut centroidal x 
al < x axis. | = approx. y=.375+2 ri = .375+.172=547" 
A 10,50 18,13{1/12 x .5 2 13 6.04 15.137 nu 
allo.so 18.17 Tos [ .1098(.0841 + .0625) + .04x .54- 
8 27,52 -283 x .0841 x .0625 x 98] = .C02375 
ic 20.75 204 
> 9.29 approx. Igy = .3x .04x .27 *= .002365 int 
pl = 0.01) 0.29 
0.21/2/12 x 2.x .753s 0.07 0.28 Problem #4. Determine the moment or inertia of 
t the flywheel in Fig. A3.5a about axis of rotaticn. 
| Sumé6, 182 {79.47 int 





Table 6 


ere[welo Do [lia few rene 
03428 











‘Seeks 06 ° 0 Ol. 

2 0654 | .706|.04617}. 0326) .00163 
3 + 3" |,0679|~,547)-.0371|.0203},00047S 02078 
(son [sas 


a a 









y = ZAv = .009 = .0465" 
ZA T1983 
Tre = Iyryt - AY? = .05787 - .1933 x 
(.0465)* = .05745 int 
Radius of gyration, = | (O5745 = .55" 
11985 


Detatled explanation of Table 6:- 
Portion 1 + 1' 





Iex = 1 bd? = /,04 x .75°) x 2 
iB 2 
"= ,00281 in*. 
Portion 2 (ref. table 1) 
ys .375 + as Ra+Rr+r? = .375 + 4 
3n R+r on 

4+ 547) = .375 +331 = .706" 
oF 





By approx. method see Table 1. 
y= .375+2 r= .375+2x (.52) = .706" 


n n 
Toy = -1098 x (R#+r*)t (R+r) - 283 Ri+rt 
Rer 
= .1098(,2916 + .25) x .04x1.04- 
2283 _X 42916 x .25 x .04 
1.04 


002475 ~ .000795 = .001682 in‘. 
=3 
Approx. I,y = -3tri® =.3x .04x,52 = .001688 ins. 








The material is aluminum alley casting (weight = 
«l lb. per cu. inch.) 





Sec. AA 

I 

| 

4 Si 
1" a" lor 

Tz Jl 
| 

ot 

la oH: 


Fig. A3.3a 


Solution: The spokes may be treated as slender 
round rods and the rim and hub as hollow cylind- 


ers. (Refer to Table 2) 
Rin, 
weight W = n(R*-r7)x3x.2 
= n(5*-47) .3=8.48 1d. 
I = .OW(R?+1r*) = .5x8.48 (57+4*) = 
173.7 lb, in*® 
Hub, 
Ws n(1*~ .5*)x3x 12.7078 
I= .5x.707 (17+ .5"}= .44 1b. in? 
Spokes, 
Length of spoke = 3" 
Weight of spoke = 3 x .25% x .1 = 
.58e# 


= WL7/12+0r*% .588 x 
37/12 + .588x 2.57 = 
4.10 lb. in 

=4x4.10 = 16.40 

16.40 + (44 + 173.7 = 190,54 

1p. in? 

I = 190.54/32.16 x 144 = .0411 slug ft? 


Example Problem #5. 


I of one spoke 


I for 4 
Total I of wheel = 


spokes 


Moment of Inertia of an 
Airplane, 


To calculate the moment of inertia of an 


airplane about the coordinate axes through the 
gross weight center of gravity, a break down of 
the airplane weignt and its distribution ts 
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necessary, which is available in the weight and 
balance estimate of the airplane. 


Table 6a shows the complete calculation of 
the moments of inertia of an airplane. This 
table is reproduced from N.A.O.A. Technical note 
#575, "Estimation of moments of inertia of air- 
planes from Destgn Data." 


Explanation of Table 


Fig. A3.5d shows the reference of planes 
and axes which were selected. After the moments 
of inertia nave been determined relative to 
thease axes the values about parallel axes 
through the center of gravity of the airplane 
are found by use of the parallel axis theorem. 


Column (1) of Table 6a gives breakdown of air— 
plane units or items. 

Column (2) gives the weight of each item. 
Columns (3), (4) and (5) give the distance of 
the c.g. of the items from the references planes 
or axes. 

Columns (6) and (7) give the first moments of 
the item weights about the Y' and X' reference 
axes. 

Columns (8), (9) and (10) give the moment of 
inertia of the item weights about the reference 
axes. 

Columns (11), (12) and (13) give the moments of 
inertia of each ttem about its own centroidel 
axis parallel to the reference axes. Such items 
as the fuselage skeleton, wing panels and engine 
nave relatively large values for their centroid- 
al moments of inertia. 


The last values in Columns (3) and (5) give 
the distances from the reference planes to the 
center of gravity of the airplane. 
= Wx 


Xe.g. Se = 817.024 (col. 6) =115.9 in. 
3025.5 (col. 2 
Ze.g. = IWZ= 414.848 (col. 7)=77.8 in. 
iw 0329.5 


The last values in columns (8), (9) and 
(10} were obtained by use of the parallel axis 
theorem, as follows:- 


tw xaabout c.g, of airplane = 97,991,595 ~ 5525.35 
x 115.9% = 26,691,595. 


Dwz 2? = 33,252,035 ~ 5325.5 x 77,8 = $92,035 


The third ?rom the last value in columns 
(11), (12) and (13) give the moments of inertia 
of the airplane about the x, y and Z axes 
through the c.g. o? airplane. The values are 
obtained as follows: 


Ly © DWx? + Iwz2 + ZALy = 26,691,595 + 999,025 + 
3,120,384 = 30,804,014 1b. ina 

Ig = Dny® + Ia? + Laly = 10,287,522 + 992,023 + 
2,899,470 = 14,179,027 lb. inz 

Ig = ly #+ Swze + LAly = 10,287,522 + 26,691,595 + 
5,157,186 = 42,136,303 1b. tn.” 


In order to determine the principal inertia 





A3.7 


axes, the product of inertia of the weight about 
the reference axes is necessary. Column (14} 
gives the values about the reference axes. To 
transfer the product of inertia to the ¢.g. axes 
of the airplane, we make use of the parallel 
axis theorem. Thus 


DwrZe yg, = DXZ(Rer, axes) 2NXZ = 48,857,569 - 
5325.3x 115.9x 77.8 = 839,253 1b. ins 


To reduce all values to slug ft? multiply 1 

1 32.17 
x—. 

144 


Hence Ly = 3061, ly = 6680, Iz =9096, Iyzg=181 


Having the inertia properties about the co- 
ordinate c.g. axes, the moments of inertia bout 
the principal axes are determined in a manner as 
explained for areas. (See A3.13). 


The angle @ between the X and Z axes and the 
principal axes is given by, 


tan 2 6= 2Ixyg = 2x 181 = .05998 hence #= 
Iz - lx §086-S061 
1° 43" 
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Item 
Senter section 
no: jeably 
Center section 
ete. 








panel nose 
panel dean 
panel ribs 
Allerons 





Horizontal tail 
Vertical tail 


Tuselage akele- 
ton 


W.a.C.4. cowling. 
Cabin and 
windshield 

Foot troughs 
Floor, rear 
Wing fillets 
Bottom cowling 
and side franes 
arresting door 
Tatlewoeel pan, 
etc. 

gide coor 
jaggage door 
Fabric and dope 
Tail cone 
Cowling, s 
tiona 1-3 


Chagsie {ee 








Retracting 
= 


Ly ato. 
Tail wheel 


ne 
Engine accea— 
acries 
Engine controls 
Propeller 
Starting syetes 
Lubricating sye- 
tem 
Fuel syeter 
Inet runent: 
Surface con~ 
trol 
Furniabings 








Brectricat 
equi prent 
Hoiet eling 
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Pilot 
Observer 
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Smoke candles 
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First aid 

Lite raft 
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Table 6a 
COMPUTATIONS OF MOMEJTS OF I¥ERTIA 





380 
105 


139 
172 


367 
353 


176 


60 


254 


70 


170 


146 


77 


210 
140 


284 
365 


243 
165 


3a5 
lio 
115 
110 


342 
3690 


3 
52 


1 
103 


128 


140.5. 


115.9 


EB la 


u 














24,757 
12,462 
3,960 








617,024 


(Table 6a From N.A.C.A. Tech. Kote #575) 











2,131,955 
2,995, 49 
1,844,317 
713,800 


928,938 
11, 731, 612) 
90, S86 


3 





9,726,484 


145,800 
3,139}028 


53,900 
57,800 


175,000 
1,417,514 
11,358 
418,950) 
373,034 
529, 200 


104,853 
$33,900 


347,833 
43,005 
838, 708 
1,111,688 
145; 200 
3,073,490 
348, 060 


1,809,171 
3,563,600 


1,242, 362 
244, 983 


1,849,869 
78,350 


67, 342, 573 








ar, 








wxz 

















33, 800 23 
141,180] 172,380 




















4ly 
261,229 - 
491,245 - 
202,164 33,680 
48,598 - 
17,602 
10,174 


69,304| 1,578,594 


5,186 5,184 
15,181! 57,861 
2,200 1,100 
18,940 15,470 


2,394 106, 400 


- 18,944 
- 24,500 
5 
100 - 
1,088 2288 
720 _ 
4,394 15,509 
320 * 
1,200 - 
- 23,240 
= ee = 


2,881,572} 2,890,404 


33,800 28,800 


3,675 





5,237 = 

308 = 
217,808| 229,980 
2,808,470 | 3,120, 384 
10,287, 542 j26, 491,508 
39: 3: 2,035 
14,179, » 804,014 
2,662 1 5,784 
a1.8} ) “ed 

x ty 





261, 229 
491,245 
235,844 

48,598 
184,514 
274,478 
176,008 

55,380 


176,378 
3a 


1,570,000 


5,184 
56,648 


1,100 


15,470 
108, 794, 


1,976 
18,544 
24) 300 

s 

200 
27,200 
720 
15,509 
120 
1,200 


23,240 


28 
253,958 
9,060 
89,300 
4al 
1,374 
25,666 
83,233 
254,362 
508,160 


864 
4,980, S08 





176,878 


5,157,186 


26,691,595 
237,543 
42,138,303 


; 7-922 
t ae 


th 





632,563 
1,412,228 
685, 388 
209,880 
713,898 
1,213,880 
798, 861 
334, 850 


3,091,083 
1,381,600 


4,478,384 


194,400 
985, 520 


61,600 
23,300 


260,000 
1,048,872 


10,472 


131,670 
152, 366 
283, 500 


23,260 


122,640 


1,383,028 
210, 783 


718, $36 
692,840 


8, 769, 360 
391,030 


86,208 


185,168 


70, 380 


31,090,714 
1,890,000 


27,766,975 
48,857,589 
48,018,3: 


rx 
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The principal moments of inertia are given by 
following equation. 


Iyp = Ig cos” B+ Izsin*d - Iyg sin 2 #. 
Art. A3.11) 


(see 


Typ = ly 
Iz = ly sin? d+1, cos? J+ I,, sin 2B 
Substituting 


Ip = 3061 x (0.9996? + 9096 x (0.0300)* - 181 x 
«0599 = 3056 


Izp = 3061 x (0.0300)? + 9096 x (0.9996 + 181 x 
.0599 = 9102 


Typ = 6680 


AS.7>__ Problems 


ree 


206 


ie 
£ 
bole 
— ie aT, 
Fig. A3.6 Fig. A3.7 
(1) Determine the moment of inertia about 
the horizontal centroidal axis for the beam 
section shown in Fig. Ad.6. 
(2) Por the section as shown in Fig. A3.7 
calculate the moment of inertia about the cen- 
troidal Z and X axes. 


pe 








(3) Determine the moment of inertia about 
the horizontal centroidal axis for the section 
shown in Fig. A3.8. 

(4) In the beam cross-section of Fig. Ad.9 
assume that the four corner members are the only 
effective material. Calculate the centroidal 
moments of inertia about the vertical and hort- 
zontal axes. 


A3.8 Preduct of Inertia 


In various engineering problems, particu- 
larly those involving the calculation of the 
moments of inertia of unsymmetrical sections, 
the expression tf xy dA ts used. This expression 
1s referred to as the product of inertia of the 
area with respect to the rectangular axes x and 
y. The term, product of inertia of an area, 





A3.9 
will be given the symbol Ixy, hence 

Ixy = f xyda 
{he unit, like that of moment of inertia, is ex- 
pressed as inches or feet to the 4th power. 
Since x and y may be either positive or negative, 


the term Ixy, may be zero or elther positive or 
negative. 


Product of Inertia of a Solid, The product of 
inertia of a solid is the sum of the products 
obtained by multiplying the weight of each small 
portion in which {t may be assumed to be divided 
by the product of its distances from two of the 
three coordinate planes through a given point. 


Thus with respect to planes X and Y 
Ixy = / xy WW 
Ixg = / x2 WW 
Tyz = f yz q 


A3.9 Product of Inertia for Axes of Symmetry. 


If an area is symmetrical about two rec- 
tangular axes, the product of inertia about these 
axes is zero. This follows from the fact that 
symmetrical axes are centroidal x and y axes, 

If an area is symmetrical about only one of 
two rectangular axes, the product of inertia, 
/xydA, 1s zero because for each product xydA for 
an element on one side of the axis of symmetry, 
there is an equal product of opposite sign for 
the corresponding element dA on the opposite side 
of the axis, thus making the expression /ydA 
equal to zero. 


43.10 Parallel Axis Theorem 


The theorem states that, “the product of 
inertia of an area with respect to any pair of 
co-planar rectangular axes 1s equal to the prod- 
uct of inertia of the area with respect to a pair 
of parallel centroidal axes plus the product of 
the area and the distances of the centroid of the 
total area from the given pair.of axes". Or, ex- 
pressed as an equation, 


Igy = I, 

This equation is readily derivable by re~ 
ferring to Fig. A3.10. YY and XX are centroidal 
axes for a given area. YY and XX are parallel 
axes passing through point 0. 


The product of inertia about axes YY and XX 


is Ixy = f(x + X)(y + ¥) da 
= feyon + 7 fake x fy a+ Ff xd 


The last two integrals are each equal to 
zero, since /ydA and /xda refer to centroidal 
axes. Hence, Iyy = /xydA + xy /dA, which can de 


written in the form of equation (2). 
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Fig. A3.10 


A3.11 Moments of Inertia with Respect of Inclined 
Axes 


Unsymmetrical beam sections are very com- 
mon in aircraft structure, because the airfoil 
shape {1s generally unsymmetrical. Thus, the 
general procedure with such sections is to first 
find the moment of inertia about some set of 
rectangular axes and then transfer to other in- 
clined axes. Thus, in Fig. A3.11 the moment of 
inertia of the area with respect to axis XX, 1s, 


Ix, =/¥,2 dA = /(y cos =x sin @)*da 

= cos» @/ y*dA+sin®¢/x*dA-2sing cos 
f xyda 

= ly cos* $+ Iy sin" 9 - 2 Iyysin® cos # (3) 


and likewise in a similar manner, the following 
equation can be derived: 


ly, =Iysin*@ + Ty cos*S + 2 Iyy sin % cos 
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By adding equations (3) and (4} 
> 





e@ obtain Iy,+ 


or the sum of the moments of inertia of an are: 
with respect to all pairs of rectangular axes, 
thru a common point of intersection, is constan 


@ 


ct 


A3.12 Location of Axes for which Product of Inertia 
is Zero, 


In Fig. Ad.11 


yy, =/xy, da = /(x cos B+ y sin B) (y cos B- 
x sin d)da 


=(cos*%-sin*® Z / xycA+cosgsin g / 
(y +x?) GA 


=Ixy cos 29+ 1 (Iy-Ty) sina 
2 


Therefore, Ixy, is zero when 


tan 2 9 = 2lyy 
Ty-ix 


A3.13 Principal axes. 


In problems involving unsymmetrical bending, 
the moment of an area is frequently used with re- 
spect tc a certain axis called the principal 
axis. A principal axis of en area {s an axis 
about which the moment of inertia of the area is 
either greater or less than for any other axis 
passing thru the centroid of the area, 

Axes for which the product of inertia 1s 
zero are principal axes. 

Since the product of inertia is zero about 
symmetrical axes, it follows that symmetrical 
axes are principal axes. 

The angle between a set of rectangular 
centroidal axes and the principal axes is given 
by equation (6). 


Example Problem 4. 


Determine the moment of tnertia of the ang- 
le as shown in Fig. A3.12 about the principal 
axes passing through the centroid. Solution: 
Reference axes X and Y are assumed as shown in 
Fig. A3.12 and the moment of inertia ts first 
calculated about these axes. Table 8 gives the 
calculations. The angle is divided into the 


two portions (1) and (2). 


























, 
Part € 
7 Ix Ty 
1 hx 2.s62)3— 0019 |} etxi.s? 2.070 | 0077 281 | 
iz @) 124 é ‘ saat 
3 xix2 2 3 9470 ; 
j2%4x2? = .167 1 x2x.25 ..0026 | . 94 . 020 





77858 | 2188 








7 iise 79547, 281 
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and 





of eac 
and Y centroid- 


moment of inert 
about their own 








al axes. 
Location of centroidal axes:~ 
y = Zay = .8719 = .767" 
ZA 875 
Xx = ZAx = .3435 = .392" 
tA «875 
‘transfer moment of inertia and product of iner- 
tia from reference X and ¥ axes to parallel 


centroidal axes:- 
Ty = Ty ~ AY? = 6955 - .875 x .7677 = .440 
Ty = ly ~ AX? = 291 - .875 x .3927= 157 
Tyy = ZAxy - ARF = 01162 - .375 x 767 x .392 = 
- .15 
Calculate angle between centroidal X and Y axes 


and princtpal axes through centroidal as fol- 
lows :~ 








tan 2 9=2 Ty =2(-.150_ =-.30_ =1.06 
Ty- fy +157--440 --285 
2 9=46° - 4o' $= 23° - 20! 


Calculate moments of inertia about centroidal 
principal axes as follows:- 


Typ = Ty cos* B+ Ty sin® g-2ixy sind cos d 


= 44x .916*+ .157x .39657 - 2(~.150) x 
.3965 x .916 = 504 int 


Typ = Ix sin* $+Ty cos* d+ 2Ixy sind cos 8 
= 44x .3965 + .157 x .51T67+ 2(-.150) x 
3965 x .918 = .092 in.* 
Thiele ; 


¥ 


y— 





Fig. A3.12 


Example Problem 6. 

Fig. AS.13 shows a typical distributed 
flange - 2 cell - wing beam section. The upper 
and lower surface ts stiffened by 2 and bulb 
angle sections. Determine the moment of inertia 
af the section about the principal axes. 
Solution: 

The properties of the cross-section depend 
upon the effective material which can develop 
resisting axial stresses. The question of ef- 
fective material {s taken up in later chapter. 
Table 9 shows the calculations for the moment of 
inertia about the assumed rectangular reference 
axes XX and YY (see Fig. AS.13). The cross- 





section has deen 
listed in colum 1. 
width of 30 thicknesses 





Ken down into 16 stringers 
For the top surface, a 


of the .032 skin is as- 


sumed to act with the stringers and a width of 


25 thicknesses of the .04 skin (see Col. 3). 
the lower surface, the skin nalf 
stringers is assumed acting with 
or the entire skin is effective. 


on 
way to adjacent 
each stringer, 

column 4 gives 


the combined area of each stringer unit and is 


considered as concentrated at 
the stringer and effective skin. 


the centroid of 
All distances, 


x and y, columns 5 and 8, have been scaled from 
a large drawing. 


x 


* 


¥ Vp ¥, 


032 Skin 




















Location of centroidal axes witn respect to ref. 
axes, - 





7 = Say =- 1.465 = - .396" 
ZA 3.70 
X=2AX = - 58.238 = - 15,74" 
oA 3.70 
T= 187.04-3.70x .366*= 166.5 ins 
Ty= 1348.36 - 3.70x 15.74 °= .431.7 ins 
Tyy = -15.35 - (3.70 x .396 x 15.74) = 36.41 In. 





2 $=16°-32.5', 


$= 8° -16.25' 


x cos” J+Iy sin® 6-2 Ixy sin cos 
186.46 x .9896* + 431.7x .1438* -2 
56.41 x .9896 x (~.1436)} = 181.2 In. 














2 Ixy sin o 
cos $= 186.46 x .143822 + 431.7 x .9695%+' 


2 
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=I, sine O+Ty cos* g+ 


~36.41 x ,9595 
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Table A3.12 


Properties of Extruded Aluminum 


Alloy Equal Leg angles. 
Alcoa Handbook) 





Dimensions 
wfyteiler 


Va 
Ve 
va 
va 
1/16 
va 
vs 
Ve 
3/32 
w16 
3/16 
3/16 
3/16 















5/8 
3/4 
3/4 
3/4 


9/32 
1/16 
3/32 
Vs 

1/16 
9/32 
1/8 

3/16 



















1-1/4 
1-1/4 
1-1/4 
11/4 
1-1/2 
1-1/2 









Area 
3q. in. 


ll 
. 089 
«132 
a Sth 
+122 
.178 
234 
339 
. 230 
.30 





36 


43 
56 
28 








9. 004 
0. 004 
9. 006 
0.008 
0.012 
Q. 016 
0.021 
0,029 
0,033 
0, 042 
0. 059 
0.074 
0. 058 





Axs XX or YY 


Table A3.13 
Properties of 
Tee-sections 


(Ref. 1938 
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Table A3, 14 
Properties of 
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SECTION PROPERTIES OF TYPICAL AIRCRAFT EXTRUDED SECTIONS 


















































































































































































































































































































































Sect. Dimensions | Are; Properties about X-x! Properties about _Y-¥ | 
j No, | « B | ¢ t ty t2 | R | in L_Axis ‘ Axis H 
f ! | | xx | Ox 7 tyy [ e@yy |e: 
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- - { 
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—_—+ T * T ea] 
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t 7 ~ - 
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wt } r t 7 7 T j ; 
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on ne aeons mene L 
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AS. 16. CENTROIDS 


A3.15 Problems 





Fig. A3. 15 


(1) For the section of Fig. A3.14 determine 
the moment of inertia about each of the princi- 
pal axes Xp and Zp. 

(2) Calculate the moment of inertia of the 
section in Fig. A3.15 about the principal axes. 


p— 8 | my 
-*- x 
oe ore ery 





Fig. A3. 16 Fig. A3.17 


(3) Fig. AS.16 illustrates a box type beam 
section with six longitudinal stringers. De- 
termine the moment of inertia of the beam sec- 
tion about the principal axes for the follow- 
ing assumptions:- 

(a) Assume the beam is bending upward 
putting the top portion in compression and the 
lower portion in tension. Therefore, neglect 
sheet on the top side since it has very little 
resistance to compressive stresses. The sheet 
on the bottom side is effective since it is in 
tension. For simplicity neglect the vertical 
webs in the calculations. 

(>) Reverse the conditions in (a) thus 
placing top side in tension and lower side in 
compression. 


(4) For the three stringer single cell box 
beam secticn in Fig. A3.17, calculate the mo- 
ments or inertia about the principal axes. As- 
sume all wed or wall material ineffective. 


of 


—e)lo 











CENTER OF GRAVITY, MOMENTS OF INERTIA 


(5) For 
calculate 
cipal axes assuming 
only effactive materia 








Fig. A3.19 





(6) F 
with a cut-out on the lower surface. 
the moments of inertia about the orin 
assuming the eight stringers are the 
tive material. 







De 








~ 
fs ee 
12" ~ 
I 
ces @ 6" = 
(7) Fig, A3.20 shows a 3 cell multiple 
flanre beam. The 7 flange members on the upper 





face of beams nave an area of .3 sq. in. each 
and those on the dotvom skin 0.2 sq. in. each. 
The bottom skin is .03 inches in thickness. 
Compute the moments of inertia about the 
principle axes assuming that 
and the bottom skin comprise + 
material. 





\—~— Cutout for door 


Fig. A3.21 





(3) Fig. A3.21 shows the cross-section of 
a small fuselage. The dasned line represents 
a cut-out in the structure cue to a 
sume each of the 13 stringers have an 2: 
Q.1 sq. in. Consider fuselage skin ine 
Calculate the moment or inertia of the 
section about the principal axes. 











CHAPTER A4 
GENERAL LOADS ON AIRCRAFT 


A4,1 Introduction. 

Before the structural design of an airplane 
can be made, the external loads acting on the 
airplane in flight, landing and take-off con- 
ditions mist be known. The complete determin- 
ation of the air loads on an airplane requires a 
thorough theoretical knowledge of aerodynamics, 
since modern aircraft fly in sub-sonic, trans- 
sonic and super-sonic speed ranges. Further- 
more, there 1s a wide range of wing configur- 
ations, such as the straight tapered wing, the 
swept wing and the delta wing, and many of 
these wings often include leading and trailing 
edge devices for promoting better lift or con- 
trol characteristics. The presence of power 
plant nacelle units, external fuel tanks, etc. 
are units that effect the airflow around the 
wing and thus effect the magnitude and distri- 
bution of the air forces on the wing. Likewise, 
the fuselage or airplane body itself influences 
the airflow over-the wing. The theoretical cal- 
culation of the airloads on the airplane is too 
large a subject to be covered in a structures 
book and it {1s customary in college aeronautical 
curricula to provide a separate course for this 
subject. 

In most airplane companies the loads on 
the airplane are determined by a group of en- 
gineers assigned to the Structures Analysis 
Section and this group is often referred to as 
the Aircraft Load Calculation group. While the 
work of this group is primarily based on the 
use of aerodynamics, it is that phase of aero- 
dynamics which is conserved with determining 
the magnitude and distribution of the air loads 
om the airplane so that the airplane structure 
can be properly designed to support these air 
forces safely and efficiently. The engineering 
department of an airplane company has a distinct 
or separate aerodynamics section, but in general 
their responsibility is the use of the subject 
of aerodynamics to insure or guarantee the per- 
formance, stability and control of the airplane. 

A basic general over-all kmowledge of the 
loads on aircraft is desirable in the study of 
aircraft structural theory, and hence this 
chapter attempts to give this information. In 
a later chapter dealing with wing design, this 
subject will be further expanded. 


A4&.# Limit ar Applied Loads. Design Loads, 

Because an airplane is designed to carry 
out a definite job, there result many types of 
aircraft relative to size, configuration and 
performance. For example, a commercial trans— 
port like the Douglas DC-8 is designed to doa 
job of transporting a cartain number of pass— 


engers safely, effictently and comfortably over 
various distances between airports, On the 
other hand the Air Force Fighter type of air- 
craft has a job of shooting down enemy aircraft 
or protecting slower friendly aircraft. To do 
this job efficiently requires a far different 
configuration as compared to the DC-8 transport. 
Furthermore the Fighter type airplane must be 
maneuvered far more sharply to do its required 
job as compared to the DC-8 in doing its re~ 
quired job. 

In general the magnitude of the air forces 
on an airplane depend on the velocity of the 
airplane and the rate at which this velocity is 
changed in magnitude and direction (acceleration). 
The magnitude of the flight acceleration factor 
may be governed by the capacity of the human 
body to withstand these acceleration inertia 
forces without injury which is the situation in 
a fighter type of airplane. On the other hand 
the maneuvering accelerations for the DC-8 are 
not dictated by what the human body can with~ 
stand, but are determined by what is necessary 
to safely transport passengers from one airport 
to another. 

Designing the airplane structure for loads 
greater than the airplanes suffers in the per- 
formance of its required job, obviously will add 
considerable weight to the airplane and decrease 
its performance or over-all efficiency relative 
to the job it is designed to do. 

To particularly insure safety in the air- 
transportation, along with uniformity and ef- 
ficiency of design, the government aeronautical 
agencies (civil and military) have definite re- 
quirements for the various types of aircraft 
relative to the magnitude of loads to be used in 
the structural design of aircraft. In referring 
in general to these specified aircraft loads two 
terms are used as follows:- 


Limit or Applied Loads. 

The terms limit and applied refer to the 
same loads with the civil agencies (C.A.A.) 
using the term limit and the military agencies 
using the term applied. 

Limit loads are the maximum loads antici- 
pated on the airplane during its lifetime of 
service. 

The airplane structure shall be capable cf 
supporting the limit loads without suffering 
detrimental permanent deformations. At all loads 
up to the limit loads the deformation of the 
Structure shall be such as not to interfere with 
the safe operation of the airplane. 


Ultimate or Design Loads. 
These two terms are used in general 








to mean 


A4.l 





A4.2 


the same thing. Ultimate or Design Loads are 
equal to the limit Loads multiplied by a factor 
of safety (F.S.) or 





Design Loads = Limtt or Applied Loads times F.S. 


In general the over-all factor of safety is 
1.5. The government requirements also specify 
that these design loads be carried by the 
structure without fatlure. 

Although aireraft are 
undergo greater loacs than the specified limit 
loads, @ certain amount of reserve strength 
against complete structural fatlure of a unit ts 
necessary in the design of practically any ma- 
chine or structure. This {s due to many factors 
such as:~ (1) The approximations involved in 
aerodynamic theory and also structural stress 
analysis theory; (2) Variation in physical 
properties of materials; (3) Variation in fab- 
rication and inspection standards. Possibly 
the most important reason for the factors of 
safety for airplanes is due to the fact that 
practically every airplane is limited to the 
maximum velocity it can be flown and the maxi- 
mum acceleration {t can be subjected to in 
flight or landing. Since these are under the 
control of the pilot it is possible in emerg- 
ency conditions that the limit loads may be 
slightly exceeded but with a reserve factor of 
safety against fatlure this exceeding of the 
limit load should not prove serious from an 
airplane safety standpoint, although it might 
cause permanent structural deformations that 
might require repair or replacements of small 
units or portions of the structure. 

Loads due to airplane gusts, are 
in that the gust velocity is assumed. 
though this gust velocity ts based on years of 
expertence in measuring and recording gust 
forces in flight all over the world, it is quite 
possible that during the lifetime of an air- 
plane, turbulent conditions near storm areas or 
over mountains or water areas might produce air 
gust velocities slightly greater than that 
Specified in the load requirements, thus the 
factor of safety insures safety against failure 
if this situation would arise. 


not supposed to 


arbitrary 
Al- 


The broad general category of external 
loads on conventional aircraft can be broken 
down inte such classifications as follows:- 


Due to Airplane Maneuvers. (under 
the control of ths pilot). 


Due to Air Gusts. 
control of pilot). 


(1) Afr Loads (not under 


Landing on Land. (wheel or 
ski type). 

(2) Landing Loads < Landing on water. 
Arresting. (Landing on Air- 


craft Carriers). 
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Thrust. 
Torque. 


(3) Power Plant Loads { 





uxiliary short per 
thrust units. 


(4) Take off Loads 


Hoisting Airplane. 

Towing Airplane. 

Beaching of Hull type Airplane 
Fuselage Pressurizing. 


(5} Special Loads 





(5) Wetght and Inertia Leads. 





In resolving external loads for stre: 
analysis purposes, it is convenient to have a 
set of reference axes. The reference axes 
XYZ passing through the center o7 avity of the 
airplane as illustrated in Fig. A4.0O are those 
normally used in stress analysis work as well 2s 
for aerodynamic calculations. er convenience 
the reference axes are often rererred to ancther 
origin other than the airclane o.c. 

















Fig. A4.0 


A4.4 Weight and Inertia Forces. 

The term weicht is that constant force, pro- 
portional to its mass, which tends to draw every 
physical body toward the center of the earth. 

An airplane in steady flight (uniform velocity) 
is acted upon by a system of forces in squilib- 
rium, namely, the weight of the airplane, ‘he air 
forces on the complete airplane, and the power 
plant forces. The pilot can change this bal- 
anced steady flight condition by changing the 
engine power or by operating ‘the surface controls 
to change the direction of the airplane velocity. 
These unbalanced forces thus cause the airplane 
to accelerate or de-accelerate. 


Inertia Forces For Motion of Pure Translation 
of Risid Bodies. 


IZ the unbalanced forces acting on a rigid 
body cause only a change in the magnitude of the 
velocity of the body, out not its direction, the 
motion is called transiation, and from basic 
Physics, the accelerating 7orce F = Ma, where M 
is the mass of the body or W/g. In Fig. A4.1 
the unbalanced force system F causes the rigid 
Dody to accelerate to the right. Fig. A4.2 shews 


the effect of this unbalanced force in producin 
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F = unbalanced Effective Force 











external force =I ma Ma 
m,a_- sa 
Motion 
_— j=) i=) =) Motion 
a|<] +] -[-| 7 
— 9 
~ Assume =| 
Friction qi 
tw Zero, Mp2 
Fig. A4.1 Fig. A4.2 


a force on each mass particle of mia, maa, etc., 
thus the total effective force is mma = Ma. If 
these effective forces are reversed they are re- 
ferred to as inertia forces. The external 
forces and the inertia forces therefore forma 
force system in equilibrium. 

Prom basic Physics, we have the following 
relationships for a motion of pure translation 
if the acceleration is constant:- 


VeVo Sat--- ee - ee ee ee ee -- (1) 
8 =Vot +#at"----+-----+------ (2) 
vy? evo" = fas -------------- (3) 


where, 


8s = distance moved in time t. 
Vo = initial velocity 
v = final velocity after time t. 


Inertia Forces on Rotating Rigid Bodies. 


A common airplane maneuver is a motion 
along a curved path in a plane parallel to the 
XZ plane of the airplane, and generally referred 
to as the pitching plane. A pull up from steady 
flight or a pull out from 4a dive causes an air- 
plane to follow a curved path. Fig. A4.3 shows 
an airplane following a curved path. If at 
point A the velocity is increasing along its 
path, the airplane is being subjected to two 
accelerations, nasely, a,, tangential to the 
curve at point A and equal in magnitude to 


Center of Curvature 
° 


Flight 
Path 





MF w*= Mv7/t 


Fig. A4.3 





a, = Fa, and a= Tw? an acceleration normal to 
0 


the flight path at A and directed toward the 
center of rotation (0). From Newton’s Law the 


effective forces due to these accelerations 
are:- 
Ft Mfw* 2 tvs ------------- (4) 
F. =Mfa ----+-- +--+ - 3 ee ee (5) 
where = angular velocity at the point A. 

a= angular acceleration at point A. 

Yr = radius of curvature of flight path 


at point A. 


The inertia forces are equal and opposite 
to these effective forces as indicated in Fig. 
A4.3. These inertia forces can then be con- 
Sidered as part of the total force system on the 
airplane which ts in equilibrium. 
the velocity of the airplane along the 


constant, then a, = zero and thus the 


force Fy, = 0, leaving only the normal 
inertia 


If the angular acceleration is constant, 
the following relationships hold. 


force F- 


@ = wot + 4at? 
: 209 


7 = 07 = 
where @ = angle of rotation in time t. 
® = initial angular velocity in rad/sec. 


w = angular velocity after time t. 


In Fig. A4.3 the moment T, of the inertia 
forces about the center of rotation (0) equais 
Mra(F)= Mra. The term Mr*is the mass moment 
of inertia of the airplane about point (0). 

Since an airplane has considerable pitching 
moment of inertia about its own center of gravity 
axis, it should be included. Thus by the 
parallel axis 


To = 19a + I, gt (9) 


where I, = Mr? and ty en moment of inertia of 


airplane about Y axis through c.g. of airplane. 


Inertia Forces For Pitching Rotation of Airplane 
about Y Axis Through c.g. airplane. 





In flight, an air gust may strike the hori- 
zontal tail producing a tail force which has 4 
moment about the airplane c.g. In some landing 
conditions the ground or water forces do not 
pass through the airplane c.g., thus producing 
a moment about the airplane c.g. These moments 
cause the airplane to rotate about the Y axis 
through the c.g. 

Therefore for this effect alone the center 
of rotation in Fig. A4.3 ts net at (o) but at 
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the c.g. of airplane, or F =o. Thus F, and Fy 


equal zero and thus the only inertia force for 
the pure rotation is I, _ a, (a couple} and 


thus the moment of this inertia couple about the 


C8 = TF log. 


AS explained before if the inertia forces 
are included with all other applied forces on 
the airplane, then the airplane is in static 
equilibrium and the problem is handled by the 
static equations for equilibrium. 


A4.5 Air Forces on Wing. 

The wing of an airplane carries the major 
portion of the air forces. In level steady 
flight the vertical upward force of the air on 
the wing, practically equals the weight of the 
airplane. The term airfoil is used when re- 
ferring to the shape of the cross-section of a 
wing. Figs. A4.4 and A4.5 tllustrate the air 
pressure intensity diagram due to an air- 











Angle of Attack 
= - 60 


Fig. A4.5 


= 120 
Fig. A4.4 


stream flowing around an airfoil shape for doth 
a positive and negative angle of attack. The 
shape and intensity of this diagram is in- 
fluenced by many factors, such as the shape of 
the airfoil itself, as the thickmess to chord 
Tatio, the camber of the top and bottom sur- 
faces etc. A normal wing is attached to a 
fuselage and it may support external power 
plants, wing tip tanks etc. Furthermore the 
normal wing is usually tapered in planform 
and thickness and may possess leading and 
trailing slots and flaps to produce high lift 
or control effects. The airflow around the 
wing is affected by such factors as listed 
above and thus wind tunnel tests are usually 
necessary to obtain a true picture of the air 
forces on a wing relative to their chordwise 
spanwise distribution. 


Resultant Air Force. Center of Pressure. 
Se eer 0k Fressure 
It 1s convenient when dealing with the 


balancing or equilibrium of the airplane as a 
whole, to deal with the resultant of the total 


air forecs on the wing. For example, consider 
the two air pressure intensity diagrams in Figs. 
A4.6 and A4.7. These distributed force systems 
can be replaced by their resultant (R), which 
of course must be known in magnitude, direction 
and location. The location is specified by a 
term called the center of pressure which is ‘th 
point where the resultant R intersects the air- 
foil chord line. As the angle of attack is 
changed the resultant air force changes in mag- 
nitude, direction and center of pressure 
location. 


ef FAR. 


Fig. A4.7 





Fig. A4.6 


Lift and Drag Components of Resultant Air Force. 


Instead of dealing with the resultant force 
R, it is convenient for both aerodynamic and 
stress analysis considerations to replace the 
resultant by its two components perpendicular 
and parallel to the airstream. ig. A4.8 il+ 
lustrates this resolution into lift and drag 
components. 





AERODYNAMIC 
f INTER 





FLUGHT DIRECTION 


FLIGHT DIRECTION 


Fig. A4.8 Fig. A4.9 


Aerodynamic Center (a.c.). Since an air~ 
plane flies at many different angles of attack, 
it means that the center of pressure changes for 
the many flight design conditions. It so hap~ 
Pens, that there is one point on the airfoil 
that the moment due to the Lift and Drag forces 
is constant for any angle of attack. This 
Point is called the aerodynamic center (a.c.) 
and its approximate location is at the 25 percent 
of chord measured from the leading edge. Thus 
the resultant R can be replaced by a lift and 
drag force at the aerodynamic center plus a wing 
moment Ma.c, aS illustrated tn Fig. A4.3. 


A4.6 Forces on Airplane in Flight. 

Fig. A4.10 illustrates in general the main 
forces on the airplane in an accelerated flight 
condition. 










Fig. A4.10 


engine thrust. 


Ts 

L = total wing lift plus fuselage lift. 

D = total airplane drag. 

Ma = moment of L and D with reference to wing 
a.c. (aerodynamic center) 

W = weight of airplane. 

qt = inertia force normal to flight path. 

Ty = imertia force parallel to flight path. 

lh = rotation inertia moment. 

EB = tail load normal to flight path. 


For a horizontal constant velocity flight 
condition, the inertia forces ly Ips and I, 


would be zero. For an accelerated flight con- 
dition involving translation but not angular 
acceleration about its own c.g. axis, the 
inertia moment th would be zero, but a and I, 


would have values. 


Equations of Equilibrium For Steady Flight. 
From Fig. A4.10 we can write: 


oF, = 0, D+ W sin OT cos B = 0 
mF, = 0, L-W cos rT sin B- E = 0 
BMY 52°0,) Maso Lao Db te Te ge -P tbe a0 


Equations of Equilibrium in Accelerated Flight. 





aP, =, D+Wsin@-TcosB-1,=0 

oF, = 0, L-~wWceos 9+TsinB-~1I,-Es0 

BM, 2-0) 00:Ma sha > Obi Rg cos: Bs Be tp t8 
Pe es. its up and toward tail. 

Signs 


Distances from c.g. to force ~ 


ap - Clockwise is positive. 
Plus is up and toward tail. 


A4.7 Load Factors, 
The term load factor normally given the 
symbol (n) can be defined as the numerical mul- 


* The bar through letter Z has no significance. 
ing without bar. 








Same mean- 
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tiplying factor by which the forces on the air- 

plane in steady flight are multiplied to obtain 

a static system of forces equivalent to the dy- 

namic force system acting during the accelera~ 

tion of the airplane. Fig. A4.11 illustrates 
Zz 


L, a total lift (Wing & Tail) 





T=D 


Fig. A4.11 


w 

steady horizontal flight. L repre- 
total airplane lift (wing plus tail). 
L=W. Now assume the airplane is ac- 
upward along the Z axis. Fig. A4.12 
additional inertia force Wa,/s acting 


or opposite to the direction of 


forces in 
sents the 
Therefore 
celerated 
shows the 


downward, 


acceleration. The total airplane lift L for the 
Zz 





T=D 


w 
Fig. A4.12 | 
® 
go 
unaccelerated condition in Fig. A4.11 must be 
multiplied by a load factor ny to produce static 


equilibrium in the 2 direction. 


wa, =o 


Thus, nb -W- = : 
Since L =W 
Hence n, =1+ 48 

- g 


An airplane can of course be accelerated along 
the X axis as well as the @ axis, Thus in 


Fig. A4.13 the magnitude of the engine thrust T 
ts greater than the airplane Drag D, which 
Rg 





Fig. A4. 13 T is greater than D 


|, 
g 
causes the airplane to accelerate forward. It is 


convenient to express the inertia force in the X 
direction in terms of the load factor ny and tne 
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a 

wed 7 7 
aw = ay (See Fig. Al4.13) 
uF, = 0, whence T-Dan Ww =o 
‘ _ T-D 
Hence n= 7 
Therefore the loads on the airplane can be dis- 
cussed in terms of load factors. i 








limit load factors are the maximum load 
that might occur curing the service of the par- 
ticular airplane. These loads as iiscussed in 
rt. A&.2 must de taken by the airplane struc- 
ture without appreciable permanent deformation. 
The design load factors are equal to the 

limit load factors multiplied by the factor of 
safety, and these design loads must be carried 
by the structure without rupture or collapse, or 
in other words, complete failure. 


A4.8 Design Flight Requirements for Airplane. 

The Civil and Military Aeronautics Author- 
ities {ssue requirements which specify tne 
design conditions for the various classification 
of airplanes. Generally speaking, any airplane 
flight altitude can be defined by stating the 
existing values of load factors (acceleration) 
and the airspeed (or more properly the dynamic 
pressure). 

The accelerations on airplane are pro- 
duced from two causes, namely, maneuvers and air 
gusts. The accelerations due to maneuvers are 
subject to the control of the pilot who can 
manipulate the controls so as not to exceed @ 
certain acceleration. In highly maneuverable 
military airplanes, an accelerometer is in- 
cluded in the cockpit instruments as a guide to 
limit the acceleration factor. For commercial 
airplanes the maneuver factors are made high 
enough to safely take care of any maneuvers that 
would be required in the necessary flight opera- 
tions of the particular type of airplane. These 
limiting maneuver factors are based on years of 
operating experience and have given satisfactory 
results from a safety standpoint without pen-- 
alizing the airplane from a weight design con- 
sideration. 

The acceleraticns due to the 2irplane 
striking an air cust are not under the control 
of the pilot since it depends on the direction 
and velocity of the air gust. From much ac- 
cumulated data obtained by instaliing accelero- 
meters in commercial and military aircraft and 
flying them in all types of weather and leca- 
tions, it has been found that a gust velocity of 
30 ft. per second appears sufficient. 

The speed or velocity of the airplane i 
wise effects the loads om the airplane. The 
higher the velocity the nigher the aerodynamic 
wing moment. Furthermore the gust acceler- 
ations increase with airplane velocity, thus it 
is customary to limit the particular airplane to 


the 
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A4.9 Gust Load Factors. 
When a sharp edge 
in a direction normal to the thrust line (X 
axis), a sudden changs taxes place in the wing 
angle of attack with no sudden change in 2irplan 








speed. Tne normal Porce coefficient (Cy ) can 
A 

be assumed to vary linearly with the angle of 

attack. Thus in Fig. {a), let point (3) repre- 

Sent the normal airplane force co efent ¢ 





necessary to maintain lavel flight w 
veloctty V and point (C) the value o 






caused a sudden change 


a sharp edged gust KU has 








da in the angle of attack without change in ¥V. 
The total increase in the airplane load in the Z 
direction can therefore be expressed 2y the 
ratio C, at B. 
be 
From Fig. (b) for small angles, Aa = KU/V 
and from Fig. (a), acy =m Aa, where m = the 
A 

slope of the airplane normal force curve (C, 

Zz 

a 


per radian). 

















Fig. b Fig. a 
The load factor increment jue to the gust 
KU can then be expressed 
KUm VS 
Rin) (20S). RS, - - (a) 
v 2w S75 W 

U = gust velocity in ft./sec. 

K's gust correction factor depending on 
wing loading (Curves for K are provided 
by Civil Aeronautics Authorities). 

Y = indicated air speed in miles per hour, 

S = wing area in sq. ?t. 

“= gross weight of airplane. 


* NACA Technical Note 2964 (June 1953), proposes that the 
alleviation factor K should be replaced by a gust factor, 
Kg = 0.88 Mg/(5.3 + Mg). In this expression Mg is the 
airplane mass ratio or mass parameter, 2 W/aecgs, in 
which c is the mean geometric chord in feet and g the ac- 
celeration due to gravity. 
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chang 
A 

in absolute units per degree, equation (A) re- 
duces to the following 


Therefore the gust load factor n when air- 
plane is flying in horizontal altitude equals 





44.10 Ilustration of Main Flight Conditions. 

Velocity-Load Factor Diagram. 

As indicated before the main design flight 
conditions for an airplane can be given dy 
stating the limiting values or the acceleration 
and speed and in addition the maximum velue of 
the applied gust velocity. As an illustration, 
the design loading requirements for a certain 
airplane coule be stated as follows: "The 
proposed airplane shall be designed for applied 
positive and negative accelerations of + 6.0g 
and -3.5g¢ respectively at all speeds from that 
corresponding to Chia up to 1.4 times the 


maximum level flight speed. Furthermore, the 
airplane shall withstand any applied loads due 
to 2 30 2t./sec. gust acting in any direction 
up to the restricted speed of 1.4 times the 
maximum level flight speed. A design factor of 
safety of 1.5 shall be used on these applied 
loads". 

In graphical form these design require~ 
ments can be represented by plotting load fac- 
tor and velocity to obtain a diagram which is 
generally referred to as the Velocity-accelera- 
tion diagram. The results of the 2bove speci- 
fication would be simtlar to that of Fig. Ad.i4. 
Thus, the lines AB and CD represent the re- 
stricted positive and negative maneuver load 
factors which are limited to speeds inside line 
BD which is taken as 1.4 times the maximum 
level flight speed in this illustration. These 
restricted maneuver lines are terminated at 
points A and C by their intersection with the 


maximum oF values of the airplane. At speeds 


between A and B, the pilot must be careful not 
to exceed the maneuver accelerations, since in 
general, it would be possible for him to man- 
tpulate the centrols to exceed these values. 
At speeds below A and C, there need be no care 
of the pilot as far as loads on the airplane 
are concerned since a maneuver producing C, 
MAX. 
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would give an accel: less than 
ited values given by lines AB and CD. 

The positive and negative gust accelera- 
tions due to a 3O ft./sec. gust normal to filznt 
path are shown on Fig. A4.14. In this example 
diagram, a positive gust is not critical within 
the restricted velocity of the airplane since 
the gust lines intersect the iine BD below the 
line AB. For a negative gust, the cust load 
factor becomes critical at velocities between F 
and 0 with a maximum acceleration as given by 
point £. 

For airplanes which have a relatively low 
required maneuver factor the zust accelerations 
may de critical for both positive and negative 
accelerations. xamination of the sust equation 
indicates that the most lightly loaded condition 
(smallest gross weight) produces the highest 
gust load factor, thus involving only partial 
pay load, fuel, etc. 

On the diagram, the points A and 8 corre- 
spond in general to what is referred to as nigh 
angle of attack (H,A,A,) and low angle of attack 
(L.A.A.) respectively, and points C and D the 
inverted (H.A.A.) and (L.A.A.+ conditions re- 
spectively. 

Generally speaking, if the airplane is de- 
Signed for the air loads produced by the veloc~ 
ity and acceleration conditions at points A, 8, 
E, F, and C, it should be safe from a structural 
strength standpoint if flown within the specified 
limits regarding velocity and acceleration. 

Basically, the flight condition require- 
ments of the Civil Aeronautics Authority, Army, 
and Navy are based on consideretion of specified 
velocities and accelerations and a consideration 
of gusts, thus a student understanding the basic 
discussion above should have no difficulty un- 
derstanding the design requirements of these 
three government agencies. 

For stress analysis purposes, all speeds 
are expressed as indicated air speeds. The 
"indicated" air speed is defined as the speed 
which would be indicated by a perfect air-speed 
indicator, that is, one that would indicate 
true air speed at sea level under standard at- 
mospheric conditions. The relation between the 
actual air speed V, and the indicated air speed 





he lim~ 


¥, ts given by the equation 


where 


V, = indicated airspeed 


V, = actual airspeed 


standard air density at sea level 


DvD OD 
° 
a a 


gensity of air in which V, is attained 


tH 
“hs 
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n = Acceleration in Terme of 











ie Fig. A4. 14 
A4.11 Special Flight Design Conditions, 
There are many other flight conditions 

‘which may be critical for certain portions of 
the wing or fuselage structure. Most airplanes 
are equipped with flaps, to decrease the land~ 
ing speed and such flaps are lowered at speeds 
at least twice that of the minimm landing 
speed. Since the flapped airfoil has different 
values for the magnitude and location of the 
airfoil characteristics, the wing structure 
must be checked for all possible flap conditions 
within the specified requirement relative to 
maximum speed at which the flaps may be oper- 
ated. Generally speaking, the flap conditions 
will effect only the wing portion inboard of the 
flap and it is usually only critical for the 
rear beam web or shear wall and for the top and 
bottom walls of the torsion box. This is due to 
the fact that the deflection flap moves ‘the 
center of pressure considerably aft thus pro- 
ducing more shear load on the rear shear wall as 
well as torsional moment on the conventional 
cantilever box metal beam. 

The airplane must likewise be investigated 
for aileron conditions. Operation of the ailer- 
ems produce a different air lcad on each side 
of the airplane wing which produces an angular 
rolling acceleration of the airplane. Further- 
more, the deflected ailerons change the mag~- 
nitude and location of the airfoil character~ 
istics, thus calculations must be carried out to 
determine whether the loads in the aileron con- 
ditions are more critical than those for the 
normal flight conditions. 

For angular acceleration resulting from 
pitching moments due to air gusts on the tail, 
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the loads on the wing should be checked for 
cases where the engines are attached to the 
and are located Zorward of the leading edge. 

In cases where the landing gear is attache 
to wing or when the uel and engines are carrie 
th and on the wing, the loads produced on the 
wing structure in a landing condition may de 
critical for some portions of the wing structure 
inboard of landing gear and engine attachment 
points. 





A4.12 Example Problems Involving Accelerated Motion of 

Rigid Airplane. 

AS previously explained, it is general 
practice to place the airplane under accelerated 
conditions of motion into a condition of static 
equilibrium by adding the inertia forces to the 
applied force system acting on the airplane. It 
ts usually assumed that the airplane is a rigid 
body. Several example problems will be pre- 
sented to illustrate this general procedure. 


Example Problem 1 
Fig. Ad.15 illustrates an airplane landing 

on a Navy aircraft carrier and being arrested by 
a cable pull T on the airplane arresting nook. 

If the airplane weight is 12,000 lbs. and the 
airplane {s given a constant acceleration of 3.5¢ 
(112.7 tt/sec?), find the hook pull T, the wheel 
reaction 2, and the distance (d) between the line 
of action of the hook pull and the airplane c.g. 
If the landing velocity {s 60 M.P.H. what is the 
stopping distance. 


W = 12000 lb. 








Fig. A4.15 


Solution: - 


On contact of the airplane with the arrest- 
ing cable, the airplane is decelerated to the 
right relative to Fig. 44.15. The motion is pure 
translation horizontally. The inertia force is 


Wa, (12000 
& g 
The inertia force acts opposite to the direction 
of acceleration, hence to the left as shown in 
Fig. A4.15, 

The unknown forces T and R can now be solved 
for by using the static equations of equilibrium. 


Ma = } 3.5g = 42000 lb. 


IF, = 42000 + T cos 10° = 0 
hence, T = 42700 lb. 
SF, = -12000 + R - 42700 x sin 10° = 0 


2 
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neues. R = 19420 lb. 


To find the distance (d) take moments about c.g. 


of airplane, 


Mee = 19420 x 24 - 42700 d = 0 


hence, 4210.9 in. 


Landing velocity Vo = 60 M.P.H. = 88 ft/sec. 
v* = Vo* = 2as 


Subt: - 
0° = 887 = 2(-112.7) s 


hence stopping distance s = 34.4 ft. 


Example Problem 2 

An airplane equipped with float is cata- 
pulted into the air from a Navy Cruiser as il- 
lustrated in Fig, A4.16. Tne catapulting force 
P gives the airplane a constant horizontal ac- 
celeration of 3¢(96.6 ft/sec*), The gross 
weight of airplane 9000 lb. and the catapult 
track is 35 ft. long. Find the catapulting 
force P and the reactions Ri and Ra from the 
catapult car. The engine thrust {s 900 lb. 
What is airplane velocity at end of track run? 





Fig. A4. 16 


Solution: - 


The forces will be determined just after 
the beginning of the catapult run, where the 
car velocity {s small, and thus the lift on the 
airplane wing and the airplane drag can be 
heglected. 


Horizontal inertia force acting toward the air~- 
Plane tail equals, 
(2000) 


Ma = 
g 


3.0g = 27000 lb. 

From statics: - 

2P,, = -900 - P + 27000 = o, hence P = 26100 lb. 
To find R, take moments about point A; 


a1, = 9000 x S5 + 27000 x 78 - 900 x 83 ~ GSR. 
= 0 


hence, Ra = 29800 lb. (up) 


oF = 29800 - 9000 + Ri = 0 


hence, 2, = ~ 20800 Ib. (acting down) 


The velocity at end of catapult track can 
be found from the following equation 


Vv" - Vv," = as 
V0 =2x 96.6 x 35 
V = 82 ft/sec. = 56 M.P.H. 


Example Problem 3 

Assume that the transport airplane as il- 
lustrated in Fig. A4.17 has just touched down in 
landing and that a braking force of 35000 lb. on 
the rear wheels is being applied to bring the 
airplane to rest. The landing horizontal veloc- 
ity is 85 M.P:H. (125 ft/sec). Neglecting air 
forces on the airplane and assuming the propeller 
forces are zero, what are the ground reactions 
R, and Ra. What is the landing run distance with 
the constant braking force? 

beg 


W = 100, 000 Ib, 





Ri 


Ra Fig. A4.17 
Solution: - 


The airplane is being decelerated horizon- 
tally hence the inertia force through the air- 
plane c.g. acts toward the front of the airplane, 
Since the braking force is given we can solve 
for the deceleration factor by the equilibrium 
equation, 


BFy = 35000 ~ Ma, = 0 


hence, Ma. = 35000 
x 
or W 
() ay = 35000 
whence 
= (38000, 7 2 
x = (iggooo) 22-2 = 11.27 ft/sec 


To find landing run (s), 
v7 ~V,7=2 ays 


0 ~ 8° = 2 (-11.27) 3 
hence, 
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To find Re take moments about point (A) 
mM, = 100,000 x 21 - 35000 x 9 + GB Re = 0 
Ra = 47000 1d. (2 wheels) 
IF, = 47000 - 100,000 + Ri = 0 
Ri = 53000 lb. 


Example Problem 4 


The airplane in Fig. A4.18 weighs 14,000 1b 


It is flying horizontally at a velocity of S500 
M.P.H. (732 ft/sec) when the pilot pulls it up- 
ward into a curved path with a radius of curva~ 
ture of 2500 ft. Assume the engine thrust and 
airplane drag equal, opposite and colinear with 
gach other (not shown on Fig. A4.18). 


Find: - 
(a) Acceleration of airplane in Z di- 
rection 
(>) Wing Lift (L} and Tail (T) forces 
(c) Airplane Load factor. 





Fig. A4. 18 


Solution: ~ 


a 


=v. 7 
Acceleration a_ = —= 3500 





8 T 
or 214,5/32.2 = 6.67¢ (upward). 


The inertia force normal to the flight path 


and acting down equals 
Ma, = ee) 6.67g = 93700 lb. 


Placing this force on the airplane through the 
c.g. promotes static equilibrimm, hence to find 
tail load T takes moments about wing aerody- 
namic center (c.p.) 


mM.» = - (14000 + 93700) 8 + 210T = 0 


peace T = 4100 1b. (down) 


To find Wing Lift (L) use 


a = = 4100 - 14000 - 93700 +L=0 


L = 111800 lb. 


= 214.5 tt/sec* 


A 
Airplane Load Factor = Airplane Litt 


= 11800 - 4100 _ 5 5 
14000 

Example Problem 5 

Assume the airplane as used in example 
problem 4 is in the same attitude as used in 
that example problem. Now the airplane is 
further maneuvered dy the pilot suddenly push- 
ing the control stick forward so as to give 
the airplane a pitching acceleration of 
4 rad/sec?, 


(a) Pind the inertia forces and the tail load T, 
assuming the lift force on the wing does not 
change. 


(bo) Find the forces on the jet engine which 
weighs 1500 lb. and whose ¢.g. location is 


shown in Fig. A4.19. 
Assume moment of inertia ly (pitching) of the 


airplane equals 300,000 1b. sec?, in. 


93700 tb. 


111, 800 Ib, 
4p 210° 


eg Sagi 


ch 





ort 


14000 


Fig. Ad. 19 


Solution: - 


Fig. A4.19 shows a free body of the air- 
plane with the lift and inertia forces as found 
in Problem 4. 

The additional inertia force due to the 
angular acceleration a = 4 rad/sec*. equals, 


Ta = 300000 x 4 = 1,200,000 in. 1b. 
which acts clockwise or counter to the direction 
of angular acceleration. 
The airplane is now in static equilibrium 
and to find the tail load T take moments about 
airplane c.g. 


mM, g = 1,200,000 - 111800 x 8 ~ 218 T =0 


T = 1400 lb, 


To find Ma. take, 


2F, = 111800 - 14000 + 1400 - Ma, =0 


Ma. = 99200 lb. 
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hence, g=27.1¢@ ft/sec”. 





The c.g. of the engine is 50 inches aft of the 
airplane c.g. as shown in fig. A4.19. The 
force on the engine will be its own weight of 
1500 1b., and the inertia forces due to a, and 
a. 


Inertia force due to a, equals, 


ta, + (=) 7.1g = 10630 1b. 


Inertia force due to angular acceleration a 
equals, 


= 1500. 2 : 
Mra = ana X 50 x 4 = 778 lb. (down) 


Then the resultant force on the engine equals 
1500 + 10630 + 778 = 12908 1b. (down) 


Note if the engine had been forward of the air- 
plane c.g., the inertia force of 778 lb. would 
act upward instead of downward. 

In calculating the inertia force on a 
certain airplane item due to angular acceler- 
ation, the equation F = Mra assumes that the 
particular {tem nad negligible mass moment of 
inertia about {ts own centroidal Y axis. In 
the case of a large item this centroidal mass 
moment of inertia may be appreciable and should 
be included in the ly of airplane. 


Then to find the inertia force for such 
an item the equation F = Mra should be modified 
to be 

F = (I 


a)/r where 


c.g. 


r = distance or arm from airplane ¢.g. to c.g. 
of item. 


1, zg = mass moment of inertia of item about 
“S* airplane c.g. equals I, + Mr* 

where I, 1S mass moment of inertia of 

item about its own centroidal Y axis. 


F = inertia force in lbs. normal to radius r. 


Example Problem 6 

Fig. A4.20 shows a large transport air- 
plane whose gross weight is 100,000 ib. The 
airplane pitching mass moment of inertia 
ly = 40,000,000 lb. sec”. in. 


The airplane is making a level landing 
with nose wheel slightly off ground. The re- 
action on the rear wheels is 319,000 1b. in- 
clined at such an angle to give a drag com- 
ponent of 100,000 1b. and a vertical component 
of 300,000 1b. 
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Find: 
(a) Tne inertia forces on the air- 
plane. 


(>) The resultant load on the pilot 
whose weight {s 180 lb. and whose 
location 1s shown in Fig. A4.20. 





319000 1b. 


Fig. A4. 20 


Solution: - 


The wing lift will be neglected in this 
example problem. 

The inertia forces on the airplane are 
forces Ma, and Ma, and the couple I 


To find May take, 


c.g. 


BF, = 100,000 - Ma, = 0 


x 
or 
Ma, = 100,000 1d. 
hence, 
_ 100,000 _ /100,000\ , _ 
ee (353600) g- le 


To find Ma. take, 


37° 


af, = 300,000 ~ 100,000 - Ma 
Ma, = 200,000 1b. 
hence 
_ 200,000 _ 200,008 ) 
so Ste ( $5e¢000 g=2gt 


To find the inertia couple I, 


a, take moments 
about airplane c.g., " 


g 


mM, g = - 100,000 x 120 - 300,000 x 84 


Tyg, 7 97200,000 1b. 


= 37,200,000 _ 
40,000,000 ~ 


hence angular acceleration a = 


0.93 rad/sec*. 
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Calculations of resultant load on pilot: - 





= = 2.0¢ 
ied =2 
ip Se a, 21g 
T e a c.g. air- 
za 0.93 plane 
\ = 180° Fig. A4. 21 


Fig. A4.21 shows the airplane c.g. accelerations 
The forces on the pilot consist of the 
Pilots weight of 180 lb. and the various inertia 

forces as indicated in the figure. 


Ma, = e) lg = 180* 
Ma, = ) 2.08 = 360* 


The inertia force due to the angular ac~ 
celeration a acts normal to the radius arm 
between the airplane c.g. and the pilot. For 
convenience this normal force will be replaced 
by its = and x components. 





= Mio = 180 - 
FL = Mia = gy x 40 x 0.93 = 17 1D, 
y 2M 180 = 
Fy ota = ge ex 372 x 0.95 = 161 1b. 


Total force in x direction on pilot equals 
180 ~ 17 = 163 1b. 

Total force in = direction = 
360 + 180 - 161 = 379 lb. 


Hence Resultant force R, equals 


v 379" + 163" = 410* 


A4.13 Effect of Airplane Not Being a Rigid Body. 

Toe example problems of Art. A4.12 as- 
sume that the airplane is a rigid body (suffers 
no structural deformation}. On the basis of 
this assumption the applied loads on the air- 
plane in either flight or landing conditions 
are placed in equilibrium with the inertia 
forces which occur due to the acceleration of 
the airplane. It is obvious that an airplane 
structure like any other structure ts not a 
Tigid body, particularly a cantilever wing which 
undergoes rather large bending deflections in 
both flight and landing conditions. Figure 
A4.21 shows a composite photograph taken of a 
test wing for the Boeing B-47 airplane. The 
Maximum upward and downward deflections shown 


are for design loads, which in general are 1.5 
times the applied loads. It would not be correct 
to say-that the wing deflections under the ap- 
plied loads for these two High Angle of attack 
conditions would be 2/3 the deflections shown in 
the photograph since under the design loads a 
considerable portion of the wing would de stressed 
beyond the elastic limit of the material or into 
the plastic range where the stiffness modulus is 


UNOEFLECTED 
POSITION 





Fig. A4. 21 


considerably less than the modulus of elasti- 
city, hence the deflections under the applied 
loads would be somewhat less than 2/3 those 
shown in the photograph. This photograph thus 
indicates very strikingly that a wing structure 
is far from being a rigid body. - 


Static loads are loads which are gradually 
applied and cause no appreciable shock or vi-~ 
bration of structure. On high speed aircraft, 
air gusts, flight maneuvers and landing re+ 
actions are applied quite rapidly and thus can 
be classed as dynamic loads. Therefore when 
these dynamic loads strike a flexible (non- 
rigid) airplane cantilever wing, a rather large 
wing deflection is produced and the wing tends 
to vibrate. This vibration therefore causes 
additional accelerations of the mass units of 
the wing which means additional inertia forces 
on the wing. Furthermore if the time rate of 
application of the external applied forces 
approaches the natural bending frequencies of 
the wing, the vibration excited can produce 
large additional wing stresses. 
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Up until World War II practically all air- 
planes were assumed as rigid bodies for struc- 
tural design purposes. During the war failure 
of aircraft occured under load conditions which 
the conventional design procedure based on rigid 
body analysis, indicated satisfactory or safe 
stresses. The failures were no doubt due to 
dynamic overstress because the airplane is not 
a rigid body. 

Furthermore, airplane design progress has 
resulted in thin wings and relatively large 
wing spans, and in many cases these wings carry 
concentrated masses, such as, power plants, 
bombs, Wing tip fuel tanks etc,. Thus the 
flexibility of. wings have increased which means 
the natural bending frequencies have decreased. 
This fact together with the fact that airplane 
speeds have greatly increased and thus cause 
air gust loads to be applied more rapidly, or 
the loading is becoming more dynamic in char- 
acter and thus the overall load effect on the 
wing structure 1s appreciable and cannot be 
neglected in the strength design of the wing. 


General Dynamic Effect of Air Forces on 
Wing Loads. 


_. The critical airloads on an airplane are 
caused by maneuvering the airplane by the pilot 
or in striking a transverse air gust. A trans- 
port airplane does not have to be designed for 
sharp maneuvers producing high airplane accel~ 
erations in its job of transporting passengers, 
thus the time of applying the maneuver loads is 
considerably more than a fighter type airplane 
pulling up sharply from high speeds. 

Fig. A4&.22 shows the result of a pull-up 
maneuver on the Douglas D.C.3 airplane at 180 
M.P.H. relative to load factor versus time of 
application of load. As indicated the peak 
load of load factor 3.25 was obtained at the 
end of one second of time. 


Fig. A4.22 





Load Factor 
orn we 


5 1615 2 
Pull-up of DC-3 Airplane at 180 mph. 


The author estimates the natural trequency of 
the D.cC.3 wing to be around 10 to 15 cycles per 
second, thus a loading time of 1 second against 
a time of 1/10 or 1/15 for half a wing deflec- 
tion cycle indicates that dynamic overstress 
Should not be appreciable. In general, it can 
be said that dynamic over-stress under maneu- 
vering loads on transport airplanes is not es 
great as from other conditions such as air 
gusts or landing... 


Dynamic Effect ‘of Air Gusts. 


The higher the air gust velocity and the 
higher the airplane velocity, the less the time 


for applying the load on the wing when striking 
the air gust. 

NACA Technical Note 2424 reports the flight 
test results on a twin-engine Martin transport 
airplane. Strain gages were placed at various 
points on the wing structure, and strains were 
read, for various gust conditions for which the 
normal airplane accelerations were also recorded. 
Then slow pull-up maneuvers were run to give 
similar airplane normal accelerations. The wing 
had a natural frequency of 3.93 cps and the air- 
plane speed was 250 M.P.H. Two of the con~ 
clusions given in this report are: - (1) The 
bending strains per unit normal acceleration 
under air gusts were approximately 20 percent 
higher than those of slow pull-ups for all mea- 
suring positions and flight conditions of the 
tests, and (2) The dynamic component of the wing 
bending strains appeared to be due primarily to 
excitation of the fundamental wing bending mode. 

These results thus indicate that air gusts 
apply a air load more rapidly to a wing than a 
maneuver load giving the same airplane normal 
acceleration for a commercial transport type of 
airplane, and thus the dynamic strain effect on 
the wing is more pronounced for gust conditions. 

Figs. A4.23, 24 and 25 show results of dy- 
namic effect of air gusts on a large wing as de- 
termined by Bisplinghoff*. The results in these 
figures show that dynamic effects tend to con- 
siderably imcrease wing forces on some portions 
of the wing and decrease it on other portions, 


Fig. A4. 23 
Comparative Shear 
Distribution 


——— Dynamic Analysis 
——- Rigid Airplane 
Analysis 









Fig. Ad. 24 


Comparative Bending 
Moment Distribution 
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Fig. Ad. 25 
Comparative Distri- 
bution of Torque 
Abou. Elastic Axis. 


ing Tip 


= General Data:- 
Wing Span = 189 ft. 
Gross Wt. = 184000 Ib. 
Airlane Vel. =260 mph. 
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Fraction of Semi-Span 


* Report on an Investigation on Stresses in Aircraft Struc- 
tures under Dynamic Loading. M.I.T. Publication. 
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It has also been found that landing loads 
applied through the conventional landing gear or 
by water pressure on a flying boat are applied 
rapid enough to be classed 4s dynamic loads and 
such loads applied to wings of large span pro~ 
duce dynamic stresses which cannot ce neglected 
in the safe design of such structures. 


A4,14 General Conclusions on Influence of Dynamic 

Loading on Structural Design of Airplane. 

The advent of the turbo-jet and the rocket 
type engines has opened up a range of possible 
airplane airspeeds hardly dreamed of only a few 
years ago, and already trans-sonic and super~ 
sonic speed airplanes are a common development. 
From an aerodynamic standpoint such speeds have 
dictated a thin airfoil section which has thus 
promoted a high density wing. Thus for air- 
planes with appreciable wing spans like Mili- 
tary bombers and near future jet commercial 
transports, which usually carry large concen- 
trated masses on the wing such as engines, fuel 
tanks etc., the assumption that the airplane is 
a rigid bedy is not sufficiently accurate enough 
because the dynamic stresses are appreciable. 

The calculation of the dynamic Loading on 
the wing requires that the mass and stiffness 
distribution of the wing structure be known. 
Since these factors are not known when the 
structural design of a wing is started, the 
general procedure in design would be to first 
base the design on the assumption that the wing 
is a rigid body plus correction factors based on 
past design experience or available research in- 
formation to approximately take care of the in- 
fluence of the elastic wing on the airplane 
aerodynamic characteristics and the build up 
dynamic inertia forces. With the wing thus in- 
itially designed by this procedure, it then can 
be checked by a complete dynamic analysis and 
modified as the results dictate and then re- 
calculated for the modified elastic wing. This 
procedure is now practical because of the avail- 
ability of high speed computors, 


A4.15 PROBLEMS. 


(1). The airplane tn Fig. A4.26 is being 
launched from the deck of an aircraft carrier dy 
the cable pull T which gives the airplane a for- 
ward acceleration of 3.25g. The gross weight of 
the airplane is 15,000 lb. 


(a) Find the tension load T in the launching’! 
cable, and the wheel reactions R. and 
Rae 


{b) If the flying speed is 75 M.P.H., what 
launching distance is required and the 
launching time t? 


(2). Assume the airplane of Fig. A4.26 is 
landing at 75 M.P.H. om a runway and brakes are 
applied to the rear wheels equal to ,4 of th 
vertical rear wheel reaction. what is the nori- 
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W = 15000 lb. 


\ a 
eae Fig. A4. 26 
zontal deceleration and the stopping distance 
for the airplane? 


(3). The flying patrel boat in Fig. A4.27 
makes 2 water landing with the resultant bottom 
water pressure of 250,000 1b. as shown in the 
figure. Assume lift and tail loads as shown. 
The pitching moment of inertia of the airplane 
is 10 million 1b. sec.? in. Determine the air- 
plane pitching acceleration. what is the total 
load on the crew member who weighs 200 lb. and 
is located tn a seat at the rear end of the 
hull? 


Fig. Ad. 27 1000 lb. 


25000 lb. 





W = 50000 


Ss 
= 30° 
$ 


(4), The jet-plane in Fig. 44.28 is diving at 
a speed or 600 M.P.H. when pilot starts 4 8g 
pull-out. Weight of airplane is 16,000 lb. 
Assume that engine thrust and total airplane 
drag are equal, opposite and colinear. 


(a) Find radius of flight path at start of 
pull-out. 


(b) 
(c) 


Find inertia force in Z direction. 
Find lift L and tail load T. 


Fig. A4. 28 








. CHAPTER A3 
BEAMS - SHEAR AND MOMENTS 


AS.1 Introduction. 

In general, a structural member that sup-~ 
ports loads perpendicular to its longitudional 
axis is referred to as a beam. The structure of 
aircraft provides excellent examples of beam 
units, such as the wing and fuselage. Very 
seldom do bending forces act alone on a major 
aircraft structural unit, but are accompanied by 
axial and torsional forces. However, the bend- 
ing forces and the resulting beam stresses due 
to bending of the beam are usually of primary 
importance in the design of the beam structure. 


A5.2 Statically Determinate and Statically Indeterminate 

Beams. 

A beam can be considered as subjected to 
known applied loads and unknown supporting re- 
actions. If the distribution of the applied 
known loads to the supporting reactions can de 
determined from the conditions of static equil-~ 
{brium alone, namely, the summation of forces 
and moments equal zero, then the beam is con- 
sidered as a statically determinate beam. How- 
ever, if the distribution of the known applied 
loads to the supporting beam reactions is in- 
fluenced by the behavior of the beam material 
during the loading, then the supporting reactions} 
cannot be found by the statical equilibrium 
equations alone, and the beam is classified as a 
statically indeterminate beam. To solve such 4 
beam, other conditions of fact based on the 
beam deformations must be used in combination 
with the static equilibrium equations. 


AS.3 Shear and Bending Moment. 

A given beam is subjected to a certain ap~ 
plied known loading. The beam reactions to hold 
the deam in static equilibrium are then calcu- 
lated by the necessary equations of static equi- 
librium, namely: - 


mV = 0, or the algebraic summation of all verti- 
cal forces equal zero. 
tH = 0, or the algebraic summation of all hort- 
zontal forces equal zero. 
= 0, or the algebraic summation of all the 


moments equal zero. 


With the entire beam in static equilibrium, 
it follows that every portion of She beam must 
likewise be in static equilibrium. Now consider 
the beam in Fig. AS.1. The known applied load 
of P = 100 lb. ts held in equilibrium by the two 
reactions of 25 and 75 lbs. as shown and are 
calculated from simple statics. (Beam weight is 
neglected in this problem). Now consider the 
beam as cut at section a-a and consider the 
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P = 100 lb. 





Vj=25 tb. 


a Fig. A5.3 
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My= 625" Ib, 





Fig. A5.4 
right side portion as a free body in equilibrium 


Fig. A5.5 


as shown in Pig. AS.2. For static equilibrium, 
&V, 2H and IM must equal zero for all forces and 


Moments acting on this beam portion. Consider- 
ing ZV = 0 in Fig. A5.3: - 
BV=75- 1002-25 1b, ------ (1) 


thus, under the forces shown, the force system 
is unbalanced in the V direction, and therefore 
an internal resisting force Vy equal to 25 lb. 
must have existed on section a-a to produce 
equilibrium of forces in the V direction. 
AS.3 shows the resisting shear force, Vy > 
25 lb, which must exist for equilibrium. 
Considering IM = 0 in Fig. A5.3, take 
moments about some point 0 on section a-a, 


Fig. 


Mo = - 75 x 15 + 100 x 5 = ~ 625 in.1b{2) 


or an unbalanced moment of - 625 tends to ro- 
tate the portion of the beam about section a-a, 
A counteracting resisting moment M = 625 must 
exist on section a-a to provide equiltorium. 
Fig. AS.4 shows the free body with the Vy and 
My acting. 

Now ZH must equal zero, The external 
forces as well as the internal resisting shear 
Vy have no horizontal components. Therefore, 
the internal forces producing the resisting 
moment My must be such as to have no horizontal 
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unbalanced force, which means that the resisting 
moment My in the form of a couple, as shown in 
Fig. AS.S, or My = Cd or Td and T must equal C 
to make ZH =O. 

The tendency of the loads and reactions 
acting on a beam to shear or move one portion of 
a beam up or down relative to the adjacent por- 
tion of the beam is called the External Vertical 
Shear, or commonly referred to as the beam Vert- 
ical Shear and is represented by the term V. 

From equation (1), the Vertical Shear at 
any section of a beam can be defined as the al- 
gebraic sum of all the forces and reactions 
acting to one side of the section at which the 
Shear is desired. If the portion of the beam to 
the left of the section tends to move up rela- 
tive to the right portion, the sign of the 
Vertical Shear is taken as positive shear and 
negative if the tendency is opposite. Or in 
other words, if the algebraic sum of the forces 
1s up on the left or down on the right side, 
then the Vertical Shear is positive, and nega- 
tive for down on the left and up on the right, 

From equation (2), the Bending Moment at 
any section of a beam can be defined as the al- 
gebraic sum of the moments of ail the forces 
acting to either side of the section about the 
Section, If this bending moment tends to pro- 
duce compression (shortening) of the upper fib- 





ers and tension (stretching) of the lower’ fibers” 


of the beam, the bending moment is classed as a 
positive bending moment, and negative for the 
reverse condition. 


A5.4 Shear. and Moment Diagrams. 

In aircraft design, a large proportion of 
the beams are tapered in depth and section, and 
also carry 2 variable distributed load. Thus, 
to design or check the various sections of such 
beams, it is necessary to have a complete pic- 
ture as to the value of the vertical shear and 
bending moment at all sections along the beam. 
If these values are plotted as ordinates froma 
base line, the resulting curves are referred to 
as Shear and Moment diagrams. A few example 
Shear and Moment diagrams will be plotted, to 
refresn the students knowledge regarding these 
diagrams. 


Example Problem 1. 

Draw a shear and bending moment diagram for 
the beam shown in Fig. AS.S. Neglect the weight 
of the beam. 

In general, the first step is to determine 
the reactions. 

To find Rp, take moments about point A. 
my = - 4 x 500 + 1000 x 5 + 300 x 13 - 1Rg = 0 

hence Rg = 690 lb. 

ZV = = 500 + Ra - 1000 - 300 + 690 = 0 
hence Ra = 1110 lb. 


500 ib. 1000 lb. 
al 






Ryl= 690 tb. 


Fig. A5.6 


Calculations for Shear Diagram: - 

We start at the left end of the beam. 
Considering a section just to the right of the 
500 1b. load, or section 1-1, and considering 
the portion to the left of the section, the 
Vertical Shear at l-l = IV =~500 (negative, 
down on left.) : 





~ 500 Ib. = 500 Ib. Asbo lbs 
Fig. AS. 7 (Shear Diagram) 


1050 in. lb. 







-900 in. Ib. 


-2000 in. Ib. 


Fig. AS. 8 (Bending Moment Diagram) 


Next, consider section 2-2, just to left of 
reaction Rag. 


ZV = ~ 500, or same as at section 1-1. 


Next, consider section 3-3, just to right of 
Ra. 


BV = - 500 + 1110 = 610 (positive, up on 
left side of section). 


Next, consider section 4-4, just to left of 
1000 load. 


ZV = - SOO + 1110 = 610 (same as at 
section 3-3). : 
Section 5-5, to right of 1000 load: 

EV = = 500 + 1110 - 1000 = - 390 (dom 
on left). t 


Check this shear at section 5-5 by using the 
portion of the beam to the right of 5-5 as a 
free body. 

2V = + 300 + 690 = 390, which checks 
(sign of shear is minus, because ZV is up on 
Tight). Section 6-6, use the portion to right 
as a free body: 


ZV = ~ 300 + 690 = 390 (minus shear). 
Section 7-7: ‘ 
IV = - 300 (positive shear, down on right) 
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Section 6-3: 
2V = - 300 (positive shear). 


Fig. AS.7 shows the plotted values on the shear 
diagram. 


Calculation of the Moment Diagram. 
Start at section 1-1, and consider the 
forces to the left only: 


m=-500x0=0 


Since sections 2-2 and 3-3 are only a differen- 
tial distance apart, assume a section just above 
Ra and consider the forces on the left side only: 


IM = - 500 x 4 = - 2000 in. lb. (Negative 
moment, because of tension in the top fibers). 
Consider the section under the 1000 in. 1b. load? 


IM to left = ~ 500 x 9 + 1110 x 5 = 1050 in. 
lb. (positive moment, compressing the top 
fibers). 


Check by considering the forces to the right: 
IM right = 300 x 8 - 690 x 5 = = 1050 in.1b. 
Next, consider a section over Rp: 


OM right = 300 x 3 = 900 in. lb. (Negative 
moment, tension in top fibers). 


At Section 8-8: 
mM right = 300x050 
Fig. AS.8 shows the plotted values. 


From the above results it may be noticed 
that hen the bending moment is obtained from 
the forces that lie to the left of any section, 
the bending moment is positive when it is clock- 
wise. If obtained from the forces to the right, 
it 1s positive, when counter-clockwise. The 
student should sketch in the approximate shape 
of the deflected structure and determine the 
signs from whether tension or compression exists 
in the upper and lower fibers. 


Example Problem 2 

Calculate and draw the shear and moment 
diagrams for the beam and loading as shown in 
Fig. AS.9. 

First, determine the reactions, Ra and Rg: - 


UMg = 36 x 10 x 18 + 120 x 9 = SERB = OL 
hence Rg = 210 1b. 


BV = - 120 - 36 x 10 + 210 + Ry = OL 
hence Rg = 270 lb. 


Shear Diagram: - 

The vertical shear just to the right of the 
reaction at A is equal to 270 up, or positive. 
This is plotted as line AE in Fig. AS.10. The 
vertical shear at section C just to the left of 
the load and considering the forces to the left 
of the section = 270 - 9 x 10 = 180 1b. uD, or 
positive. The vertical shear for any section 
between A and C at a distance x from A is: 





Vy = 270 - 10x, and nence, the shear de- 
creases at aconstant rate of 10 lb./in. from 270 
at A to 180 at Cc. 

The vertical shear at section D, just to 
the right of load is, 


Vp = BVyery = 270 - 10 x 9 - 120 = 60 up, 
or positive. 


Lo eatee 


w= 10 lb. /in. 


c’D 
A B 
33 4 
RR A=270 


Fig. A5.9 


Rp=210 
270 lb. 


-210 Lb. 





Moment Diagram 


The vertical shear between points D and B, when 
X is the distance of any section between D and 
B from A: 


Vpg = 270 - 120 = 10x (1) 


At point B, x = 36: 


hence Vg = 270 - 120 - 10 x 36 = - 210 lb., 
which checks the reaction Rg. 

Since the Vertical Shear decreases at a 
rate of 10 lb/in. from D to B, 1t will be 6” 
from D to a point where the shear is zero, since 
the shear at D ts 60 lb. 

This point could also be located by equa- 
ting equation (1) to zero and solving for x as 
follows: 


0 = 270 - 120 - 10x, or x = 220 = 15" tram 


10 
A. 

If the shear diagram has passed through 
zero under the concentrated load, then the 
method of equating the shear equation to zero 
and solving for x could not be used, thus in 
general, it is best to draw a shear diagram to 
find when shear is zero. Fig. AS.10 shows the 
pletted shear diagram. 


Moment Diagram: - 

At section A just to the right of reaction 
Ra the bending moment, considering the forces to 
the left, is zero, since the arm of Ry 1S Zero. 

The bending moment at any section between 
A and C, at a distance x from the left reaction 
Ry, is, 

2 


Me = Rye = 


In equation (2}, x can not de greater than 


9. 





AS, 4 


The equation for the bending moment between 
D and B (x greater than 9) is 


2 





My = Rx - P (x-9) = s fal aa ete eee (3) 
= 270 x ~ 120 (x9) - MES 
= 1080 + 150 x - 5x* ---+------- (4) 


At section C, x = 9", substitute in equation (4) 


M, = 1080 + 150 x 9 ~ S x 9* = 2025 in.lb. 
(positive, compression in top fibers). 


15"; 
= 1980 + 150 x 15 - 5 x 154 = 2205 


Thus, by substituting in equation (2) and 
(4) the moment diagram as plotted in Fig. AS.11 
is obtained, 


At the point of zero shear, x = 


AS.5 Section of Maximum Bending Moment. 

The general expression for the bending mo- 
ment on the beam of example problem 2 is from 
equation (3): 


My = Ryx = P (x-9) = 


Now, the value of x that will make Ma 
maximum or minimum is the value that will make 
the first derivative of M, with respect to x 
equal to zero, or 


Therefore, the value of x that will make My 4 
maximum or minimum may de found from the equation 


Ra ~ P-wxe = 0 


But, observation of this equation indicates 
that the term Ra - P - wx is the shear for the 
section at a distance x from the left reaction. 
Therefore, where the shear 1s zero, the bending 
moment is max Thus, the shear diagram 
which shows where the shear is zero is a con- 
venient medium for locating the points of maxi- 
mum bending moment. 





A5.68 Relation Between Shear and Bending Moment. 
Equation (5) can also de written ¢- v; 
since the right hand portion of equation (5) is 
equal to the shear. 
Hence, dM = Vax -------+------.-- 
Which means that the difference dM between 
the bending moments at two sections that are a 
distance dx apart, is equal to the area Vax 
under the shear curve between the two sections. 
Thus, for two sections x, and Xa, 
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Ma Xa 
aM = 
Mi 


Vdx 
Xa 


Thus, the area of the shear diagram between any 
two points equals the change in Dending moment 
Detween these two points, 

To illustrate this relationship, consider 
the shear diagram in example problem 2 (Fig. 
A5.10). The change in bending moment detween 
the left reaction Ry and the load is equal to 








the area of the shear diagram between these two 
points, or 
270 7150 x 9 5 2025 in.1b. Since the bending 
moment at the left support is zero, this change 
therefore equals the true moment at a section 
under the load P. 

Adding to this the area of the small tri- 


angle between point D and the point of zero 
shear, or 50 x 6 = 180, we obtain 2205 in.1b. 


as the maximum moment. This can be checked by 
taking the area of she shear diagram between 
the point of zero shear and point 3 = 


20 x 21 = 2205 in. Ib, 


Example Problem 3. 

Fig. AS5.12 tllustrates a landing gear oleo 
strut ADEO braced dy struts BD and CE. A land- 
ing ground load of 15000 1b. is applied through 
the wheel axle as shown. Let it be required to 
find the axial load in all members and the shear 
and bending moment diagram for the oleo strut, 


Ve fr 15.0 -h5.724y, 
Hg +—*e- Ha Ae 






Fig. AS.12 


1 


Pins at Points B, 
C, E. No Vertical 
Resistance at Point 
A. | 


15000 Ib. ! 


pica ole 


ror 


SOLUTION: - 


To find V, take moments about point B, 
aM 


4g = - 15000 x 0.5 x 42 + 15000 x 0.866 x 5.77 
+ 20.77 Ve = 0, 
hence, V, = 11550 1b. 


The axial load in member CE therefore equals 
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45.5 





11550/cos 30° or 13330 lb. .. Hy = 11550x15/26 
= 6660 


To find Ha take moments about point 2, 


Mp = 11550 x 15 - 6660 x 10 - 15000 x 0.5 x 22 
+ low, = 0. 
hence, Ha = 13340 lb. 


To find Vg take iFy = 0, 


aFy = 15000 cos 30° + 11550 - Vg = 0. 

hence, Vg = 24550 1b. 

The axial load in member 3D therefore equals 
24550/cos 30° = 28360 lb. (compression). The 
reaction Hp therefore equals 28360 x sin 30 = 
14180 lb. ms 

Fig. AS.13 shows the oleo strut as a free 
body with the reactions at A, D and E as calcu~ 
lated. Fig. AS.13 also shows the axial load, 
vertical shear and bending moment diagrams. 

The bending moments due to applied loads 
without regard to bending’deformation of the 
beam are usually referred to as the primary 
bending moments. If a member carries axial 
loads additional bending moments will be pro- 
duced due to the axial loads times the lateral 
deflection of the beam, and these bei ling mo- 
ments are usually referred to as secondary bend~ 
ing moments. (Arts. A23-30 covers tne calcula- 
tion of secondary moments). 


13340 
6660 | 
13000 > 11550 _D—Zapev A 
16 —.— 16 ~ 10 
7 aa te 1 
B00 seo 1480 
7 Axial Load 
13000 Ib. Diagram 
=>=Compression 
13340 
Shear 
Diagram 
~840 
-7500 Ib. 
Bending 
Moment 
Diagram 
Fig. AS. 13 r tenon -133440 in. Ib. 


Example Problem 4. 

Fig. AS.14 shows a beam loaded with both 
transverse and longitudional loads. This beam 
loading is typical of interior beams in the air- 
Plane fuselage which support all kinds of ?ixed 
equipment. The reactions for the beam are at 
points A and B. Required: - Shear and bending 
moment diagrams. 














Fig. A5. 14 


SOLUTION: - 


Calculations of reactions at A and B: - 
To find Vp take moments about point A, 


My = - 500 x 7 - 500 x 6 + 1000 x 20 + 1000 x 
sin 45° x 10 + 1000 cos 45° x 2 - 22 Vg = 0. 
hence, Vg = 999.3 1b. (up). 


To find Vy take EV = 0, 
2V = 999.3 - 1000 - 1000 sin 45° - 500 + Wy = 0. 
hence, V, = 1207.8 lb. (up). 


To find Hg take ZH = 0, 
=H = - 500 + 1000 cos 45° - Hp = 0, hence 
Hg = 207.1. 


With the exception of the 1000 lb. load at 45°, 
all loads are applied to brackets which in 
turn are fastened to the beam. Therefore the 
next step is to find the reaction of the loaded 
brackets at the beam centerline support points. 
The load at E and the reaction Hp at B will be 
also referred to beam centerline. 

Fig. AS.15 (a,b,c,d) show the cantilever 
brackets as free bodies. The reactions at the 
base of these cantilevers will be determined. 
These reactions reversed will then be the applied 
loads to the beam at points C, D, F and E. 


s 
= 
000 y 
a ot 4 
E Er 
VF=1000 Vg=2071 
Fig.c Fig.d 
Fig. A5.15 
For bracket at C, to find Ho take ZH = 0, 
or obviously Hp = S00 1b. In like manner use 
ZY = 0 to find Va = 5CO lb. To find Mg take 
moments about point C. IMc = - 500 x 2+ 500 x 


8 - Mc = 0, hence Mo = 3000 in. lb. The student 


should check the reactions at the base of the 
cantilever brackets at D and F (See Fig. b,c). 
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The load of 1000 at 45° and applied at point =” 
will be referred to point & the centerline of 
beam. Fig. d shows the reaction at E due to the 
load at £'. The reaction at B should also be 
referred to the beam centerline. Fig. A5.16 
shows the beam with the applied loads at points 
C0 EB’ F and B’. Figs. A5.17, 18 and 19 show 
the axial load, vertical shear and bending mo- 
ment diagrams under the beam loading of Fig. 
AS.16. 


500 707.1 


1000 





Fig. A5. 16 


-707.1_ Axial Load Dia. 


-§00 lb. 
-207.1 





107. 8 Ib. 
0,7 Shear Dia. 
Fig. AS. 18 
~999.3 
5788. 7 
Bending 
3000, Moment Dia. 


-207.1 
Fig. A5. 19 


The shear diagram is determined in the same 
manner as explained before. The applied exter- 
nal couples do not enter into the vertical shear 
calculations. The bending moment diagram can be 
calculated by taking the algebraic sum of all 
couples and moments of all forces lying to the 
one side of a particular section. If it 1s de~ 
sired tq use the area of the shear diagram to 
obtain the bending moments, it is necessary to 
add the couple moments to the shear areas to ob- 
tain the true bending moment. For example, the 
bending moment just to the left of point E will 
be equal in magnitude to the area of the shear 
diagram between C and E plus the sum of all ap- 
plied couple moments between C and E but not in- 
cluding that at E. 

To illustrate the calculations are: ~ 
(- 500 x 5) + (707.8 x 10) = 4578 in. lb. (from 
area of shear diagram). 

{3000 - 4000) = - 1000 in. 1b. (from sum of 
couple moments). 

Thus bending moment at E 
3578 in. lb. lef 


The bending moment at Eright Will equal that at 
Elert Plus the couple moment at £ or 3578 + 707 
= 4285 in. lb. 


The student should realize that when couple 
moments are applied to a beam it is possible to 


7 = 4578 - 1000 = 





have maximum peak moments without the Vertical 
Shear passing through zero. To illustrate 
this fact, consider the beam of Fig. AS.20, 
namely, a simple supported beam with an ex- 
ternally applied couple moment of 10 in. 15. 
magnitude at point C the center point of the 
beam. The shear and bending moment diagrams 
are as indicated and a maximum bending moment 
occurs at C but the shear diagram does not pass 
through zero. 


Mc=10"# 


a 
SS 

or R 
"Rel iH Ral 


-i¢ ____) Shear Dia. 
oe 


Bending 


Fig. A5.20 Moment Dia. 


A 5g 


A couple is two equal and opposite forces 
not in the same straight line. Let it be as~ 
sumed that the 10 in. 1b. couple is made up of 
forces equal to 100 1b. each and an arm detween 
them of 0.1 inch as tllustrated in Fig. AS.21. 


100, 100 


1 1b. 
1 
sy Shear Dia. 
99 


Fig. A5. 21 

The shear diagram is as shown in Fig. A5.21 and 
now passes through zero under each of the couple 
forces. Thus if we assume the couple moment has 
a dx arm the shear to the right of C is one lb, 
and then changes to some unknown negative value 
and then back to one lb. positive as the dist- 
ance dx is covered in going to the left. Thus 
the shear goes to zero twice in the region of 
point Cc. 


A5.7 Moment Diagrams as Made up of Parts. 

In calculating the deflection of statically 
determinate beams (See Chapter A7) and solving 
statically indeterminate structures (See Chapter 
A8), the area under the bending moment curve is 
required, thus it is often conventent to treat 
each load and reaction as a separate acting 
force and draw the moment diagram for each force. 
The true bending moment at a particular point 
will then equal the algebraic summation of the 
ordinates of all the various moment curves at 
this particular point or adding the vartous 
separate moment diagrams will give the true 
bending moment diagram. Figs. A5.22 and AS.23 
illustrate the drawing of the bending moment 
diagram in parts. In these examples, we start 
from the left end and proceed to the right end 
and draw the moment curve for each force as 
though the beam was a cantilever with the fixed 
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w- 
ew a pe Pe10# 
bse 5" “Es | w=10 Ib/in, 
i fan 10" _ 
Pe———— 15 ai i 
R,=100 lb. Rg=100 eaueee Ra=48 
pue 10.8. TThsoo |= SSP tn 
in. Ib. 
Due to =o Due to R = 1620 
Pp, 
Due to Pa —="500 Due to w a 500 
=0wx4, 
10 
500 
<> 20 Ls." 
Final Moment Dia. Final Moment Curve 
Fig. AS. 22 Fig. A5. 23 


support at the right end. The final bending 
moment curve for the true given beam then equals 
the sum of these separate diagrams as {llustra- 
ted in the figures. 


STATIC MOMENT CURVES IN SOLVING STATICALLY 
INDETERMINATE STRUCTURES 


The usual procedure in solving a statically 
indeterminate structure is to first make the 
structure statically determinate by removing the 
necessary redundant or unknown reactions and 
then calculating the deflection of this assumed 
statically determinate structure as one step in 
the overall solution of the problem (See Chapter 
A8). In the solution of such structures it is 
likewise convenient to treat the bending moment 
diagram as made up of parts. To illustrate, 
Pig. 45.24 shows a loaded rectangular frame 
fixed at points A and 8B. The reactions at both 
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points A and B are unknown in magnitude, di- 
rection and location, or each reaction has 3 un- 
kmown elements or a total of 6 unknowns for the 
two reactions. With 3 static equilibrium 
equations available, the structure is statically 
indeterminate to the third degree. ig. A5.25 
illustrates one manner in which the structure 
can be made statically determinate, by freeing 
the end A to make a bent cantilever beam fixed 


. rection of the reaction at A 





at B and thus leaving only 3 unknown elements 
of the reaction at 3. Fig. AS.25 shows the 
bending moment curves for each load acting sep~ 
arately on this cantilever frame. Fig. A5.26 
Shows the true bending moment as the summation 
of the various moment curves of Fig. AS.2S. 

As another solution of this fixed ended 
frame, one could assume the statically deter~ 
minate modification as a frame pinned at A and 
pinned with rollers at B as illustrated in Fig. 
A5.27, This assumed stricture {s statically 
determinate because there P,=10 
are only 3 unknown elements, 
namely the magnitude and di- 


and the magnitude of the re- 
action at B. For conven- 
tence the reaction at A is 
resolved into two magnitudes 
as H and Y components. The 
reactions V,, H, and Vp can 
then be found by statics and 
the results are shown on Fig. AS.27. Fig. AS.28 
shows the bending moment diagram on this frame 
due to each load or reaction acting separately, 
starting at A and going clockwise to B. Fig. 
AS.29 shows the true bending moment diagram as 
the summation of the separate diagrams, 
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Fig. A5. 27 
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A5.8 Forces at a Section in Terms of Forces at a 
Previous Station. 
STRAIGHT BEAMS 
Aircraft structures present many beams 
which carry a varying distributed load. Mini- 
mum structural weight is of paramount importance 
in aircraft structural design thus it 1s de- 
sirable to have the complete bending moment 
diagram for the structure so that each portion 
of the structure can be proportioned effic- 
tently. To decrease the amount of numerical 
work required in obtaining the complete shear 
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and bending moment diagrams it usually saves 

time to exoress the shear and moment at a given 
station in terms of the shear and moment at a 
previous station plus the effect of any loads 
lying between these two stations. To illustrate, 
Fig. AS.30 shows a cantilever beam carrying a 
considerable number of transverse loads F of dif- 
ferent magnitudes. Fig. A5.31 shows a free body 
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ade 
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of the beam portion between stations 1 and 2. 
The Vertical Shear V, at station 1 equals the 
summation of the forces to the left of station 1 
and M, the bending moment at station 1 equals 
the algebraic sum of the moments of all forces 
lying to left of station 1 about station l. 

Now considering station 2: - The Vertical 
Shear V, = Vi + Fire, or stated in words, the 
Shear V, equals the Shear at the previous sta- 
tion 1 plus the algebraic sum of all forces F 
lying between stations 1 and 2. Again consider- 
ing Fig. AS.31, the bending moment M, at station 
2 can be written, M, = Mi + Vid + Pi-ga, or 
stated in words, the bending moment M, at sta- 
tion 2 {s equal to the bending moment M, at a 
previous station 1, plus the Shear V at the 
previous station. 1 times the arm d, the dist- 
ance between stations 1 and 2 plus the moments 
of all forces lying between stations 1 and 2 
about station 2. 


AS.9 Equations for Curved Beams. 

Many structural beams carry both longitud- 
tonal and transverse loads and also the beams 
may be made of straight elements to form a frame 
or all beam elements may be curved to forma 
curved frame or ring. For example the airplane 
fuselage ring is a curved beam subjected to 
forces of varying magnitude and direction along 
its boundary due to the action of the fuselage 
skin forces on the frame. Since the complete 
bending moment diagram is usually desirable, it 
is desirable to minimize the amount of numerical 
work in obtaining the complete shear and bending 
moment values. Fig. A5.32 shows a curved beam 
loaded with a number of different vertical loads 
F and horizontal loads Q. Fig. AS.33 shows the 
beam portion 1-2 cut out as a free body. H, 
represents the resultant horizontal force at 
station 1 and equals the algebraic summation of 
all the Q forces to the left of station 1. V, 
represents the resultant vertical force at 
station 1 and equals the sum of all F forces to 
left of station 1, and M, equals the bending 
moment about point (1) on station 1 due to the 





moments of all forces iying to the left of 
point 1. 





Then from Fig. AS.23 we can write for the 
resultant forces and moment at point (2) at 
station 2: '- 

Ve =Vi + Ping 

Ha = Ay + Qina 

My, = M, + Vid - Hin + Fya - Qinab 


Having the resultant forces and moments for a 
given point on a given station, it 1s usually 
necessary in finding beam stresses to resolve 
the forces into components normal and parallel 
to the beam cross-section and also transfer 
their location to a point on the neutral axis 
of the beam cross-section. 

For example Fig. AS.24 shows the resultant 


ae 


Mo=M, -Ne 


Fig. AS. 34 Fig. A5. 35 Fig. AS. 36 


forces and moment at point 1 of a beam cross- 
section. They can be resolved into a normal 
force N and @ shear for S plus a moment M, as 
shown in Fig. A5.35 where, 


N=Hcosa+vV sina 


S=Vcosa-H sing 

later on when the beam section is being de- 
Signed it may be found that the neutral axis 
lies at point O instead of point l. Fig. 
A5.36 shows the forces and moments referred to 
point 0, with M, being equal to M, - Ne. 
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45.10 Torsional Moments. 

The loads which cause only bending of a 
beam are located so that their line of action 
passes through the flexural axis of the beam. 
Quite often, the loading on a beam does not act 
through the flexural axis of the beam and thus 
the beam undergoes both bending and twisting. 
The moments which cause the twisting action are 
usually raferred to as torsional moments. The 
airplane wing 1s an excellent example of a beam 
structure that is subjected to combined bending 
and torsion. Since the center of pressure of 
the airfoil forces changes with angle of attack, 
and since there are many flight conditions it is 
impossible to eliminate torsional moments under 
all conditions of flight and landing. For the 
fuselage, the Vertical tail surfaces is norm- 
ally located above the fuselage and thus a load 
on this tail unit causes combined bending and 
twisting of the fuselage. 

Fig. AS.34 illustrates a cantilever tube 
being subjected to a load P acting at point A on 
a fitting attached to the tube end. The flex- 


2p 





Fig. AS. 34 


Fig. AS. 35 


ural axis coincides with the tube centerline, or 
axis lel. Fig. AS.35 shows the load P being 
moved to the point (0) on the tube axis 1-1, 
however the original force P had a moment about 
(0) equal to Pr, thus the moment Pr must be 
added to the load P acting at (0) if the force 
system at point (0) is to be equivalent to the 
original force P at point A. The force P acting 
through (0) causes bending without twist and the 
moment Pr causes twisting only. 

Por the resolution of moments into various 
Tesultant planes of action, the student should 
refer to any textbook on statics. 


45.11 Shears.and Moments on Wing. 

Arts. A4.5 and A4.6 of Chapter A4 discusses 
the airloads on the wing and the equilibrium of 
the airplane as a whole in flight. As explain- 
ed, it ig customary to replace the distributed 
air forces on an airfoil by two resultant 
forces, namely, lift and drag forces acting 
through the aerodynamic center of the airfoil 
plus a wing moment. The airflow around a wing 
is not uniform in the spanwise direction, thus 
the airfoil force coefficients Cy, Cp and Cy 
vary spanwise along the wing. Fig. A5.36 shows 
a typical spanwise variation of the Cy and Cp 
force coefficients in terms of a uniform span- 
wise variation C, and Cp. 

Any particular type of airplane is designed 
to carry out a certain job or duty and to do 
that job requires a certain maximum airplane 
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Fig. A5.36 


SPANWISE DISTRIBUTION 
of 
LIFT AND DRAG COEFFICIENTS 


(In terms of uniform distribution) 


velocity with the maneuvering limited to certain 
maximum accelerations. These limiting acceler- 
ations are usually specified with reference to 
the X Y Z axes of the airplane. Since the di- 
rections of the lift and drag forces change with 
angle of attack it ts simpler and convenient in 
stress analysis to resolve all forces with ref- 
erence to the X Y Z axes which remain fixed in 
direction relative to the airplane. 

As a time saving element in wing stress 
analysis, it is customary to make unit load an- 
alysis for wing shears and moments. The wing 
shears and moments for any design condition 
then follows as a matter of simple proportion 
and addition. For example it 1s customary: - 


(1) To assume a total arbitrary unit load act- 
ing on the wing in the Z direction through 
the aerodynamic section of the airfoil 
section and distributed spanwise according 
to that of the Cy, or lift coefficient. 


(2) A similar total load as in (1) but acting 
in the X direction. 


(3) To assume 2 total unit wing load acting in 
the Z direction through the aerodynamic 
center and distributed spanwise according 
to that of the Cp or drag coefficient. 


(4) Same as (3) but acting in the X direction. 


(5) To assume a2 unit total wing moment and 
distributed spanwise according to that of 
the Cog ¢ moment coefficient. 


The above unit load conditions are for con- 
ditions of acceleration in translation of the 
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airplane as a rigid body. Unit load analyses 
are also made for angular accelerations of the 
airplane which can also occur in flight and 
landing maneuvers. 

The subject of the calculation of loads on 
the airplane is far too large to cover ina 
structures book. This subject is usually cover- 
ed in a separate course in most aeronautical 
curricula after a student has had initial 
courses in aerodynamics and structures. To il- 
lustrate the type of problem that is encountered 
in the calculation of the applied loads on the 
airplane, simplified problems concerning the 
wing and fuselage wiil be given. 


A5.12 Example Problem of Calculating Wing Shears and 

Moments for One Unit Load Condition. 

Pig. AS.37 shows the half wing planform of 
a cantilever wing. Fig. AS.38 shows a wing 
section at station 0. The reference Y axis has 
been taken as the 40 percent chord line which 
happens to be a straight line in this particular 
wing layout. 
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The total wing area is 17760 sq. in. For 
convenience a total unit distributed load of 
17760 lbs. will be assumed acting on the half 
wing and acting upward in the Z direction and 
through the airfoil aerodynamic center. The 
Spanwise distribution of this load will be ac- 
cording to the (Cy) lift coefficient spanwise 
distribution. For simplicity in this example 
it will be assumed constant. 

Table A5.1 shows the calculations in table 
form for determining the (V,) the wing shear in 
the Z2 direction, the bending moment My or mo- 
ment about the X axis and My the moment about 
the Y axis for a number of stations between the 
wing tip station 240 and the centerline station 
a. 


Column 1 of the table shows the number of 
Stations selected. Column 2 shows the LA, 


ratio or the spanwise variation o7 the lift 
coefficient C, in terms of a uniform distribu- 
tion €,. In this example we have taken this 
ratio as unity since we nave no wind tunnel or 
aerodynamic calculations for this wing relative 
to the spanwise distribution of the lift force 
coefficient. In an actual problem involving an 
airplane a curve such as that given in Fig. 
AS.36 would be available and the values to 
place in Column 3 of Table AS.1 would be read 
from such a curve, Column (2) gives the wing 
chord length at each station. Colum (4) 
gives the wing running ioad per inch of span 
at each station point. Since a total unit 

load of 17760 1b. was assumed acting on the 
half wing and since the wing area is 17760 sq. 
in., the running load per inch at any station 
equals the wing chord length at that station. 
In order to find shears and moments at the 
various station points, the distributed load is 
now broken down into concentrated loads which 
are equal to the distributed load on a strip 
and this concentrated strip load is taken as 
acting through the center of gravity of this 
distributed strip load. Colums 5, 6, and 7 
show the calculations for determining the 

{APz) strip loads. Colum 8 shows the lo- 
cation of the APz load which is at the centroid 
of a tropizcidal distributed load whose end 
values are given in Colum (4). In determin- 
ing these centroid locations 1t is convenient 
to use Table A3.4 of Chapter Ad. 

The values of the shear Vz and the mo- 
ment My at each station are calculated by the 
method explained in Art. AS.8,. Columns 9, 10, 
1l and 12 of Table AS.1 give the calculations. 
For example, the value of My > 9884 in Col- 
um (12) for station 220 equals 2436, the My 
moment at the previous station in Column (12) 
plus 4908 in Column (10) which is the shear 
at the previous station (230) times the dist- 
ance 10 inches plus the moment 2540 in Column 
(9) due to the strip load between stations 
230 and 220, which gives 4 total of 9884 the 
value in Colum (12). 

The strip loads AP, act through the 
aerodynamic center (a.c.) of each airfoil strip. 
Column (13) and (14) give the x arms which is 
the distance from the a.c. to the reference Y 
axis. (See Fig. AS.38). Colum 15 gives the 
My moment for each strip load and Colum 16 
the My moment at the various stations which 
equals the summation of the strip moments as 
ome progresses from station 240 to zero. 

Fig. A5.3S shows the results at station 
(O} as taken from Table AS.1. 
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AS.11 
TABLE A5.1 
CALCULATION OF WING SHEAR V, AND WING MOMENTS AND My 
DUE TO TOTAL UNIT DISTRIBUTED HALF WING LOAD OF 17760 LBs’, 
ACTING UPWARD IN Z DIRECTION AND APPLIED AT AERODYNAMIC 
CENTERS OF WING SECTIONS. (See Figs. A5.37, 38 for Wing Layout} 
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When the time comes to design the structura. 
make-up of a cross-section to withstand these 
applied shears and moments, the structural de- 
signer may wish to refer the forces to another 
Y axis as for example one that passes through 
the shear center of the given section. This 
transfer of a force system with reference to an- 
other set of axes presents no difficulty. 


SHEARS AND MOMENTS CN AIRPLANE BODY 


A5,13 Introduction. 

The body of an airplane acts essentially as 
@ beam and in some conditions of flight or land- 
ing as a beam column which may be also subjected 
to twisting or torsional forces. Thus to design 
an airplane body requires a complete picture of 
the shearing, bending, twisting and axial forces 
which may be encountered in flight or landing. 
In the load analysis for wings, the direct air 


forces are the major forces. For the body load 
analysis the direct air pressures are secondary, 
the major forces being of a concentrated nature 
in the form of loads or reactions from units 
attached to the body, as the power plant, wine, 
landing gear, tail, etc. In addition, since the 
body usually serves as the load carrying medium, 
important forces are produced on the body in re- 
sisting the inertia forces of the weight of the 
interior equipment, installations, pay load etc, 

As in the case of the wing, a large part 
of the load analysis can be made without much 
consideration as to the structural analysis of 
the body. The load analysis of an airplane body 
involves a large amount of calculation, and 
thus the treatment in this chapter must be of a 
Simplified nature, and is presented chiefly fcr 
the purpose of showing the student in general 
how the problem of load analysis for an air- 
Plane body is approached. 
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AS.14 Design Conditions and Design Weights. 

The airplane body must be designed to with- 
stand all loads ?rom specified #light conditions 
for both maneuver and sust conditions. Since 
accelerations due to air gusts vary inversely 
as the airplane weight, it customary to analyze 
or check the body for a iight load condition for 
flight conditions. in general, the desig 
weights are specified by the government agen- 
cites. For landing conditions, hcwever, the 
normal gross weight is used since it would be 
more critical than a lightly loaded condition. 

The general design conditions which are 
usually investigated in the design of the body 
are as follows: 


Flight Conditions: 


HAA. (High angle of attack) 
LAA. (Low angle of attack) 
I.L-A.A. {Inverted low angle of attack) 
I.H.A.A. (Inverted high angle of attack) 


The above conditions generally assume only 
ranslational acceleration. In addition, it is 
Sometimes specified that the forces due to a 
certain angular acceleration of the airplane 
about the airplane c.g. must be considered. 

The body is usually required to witastand 
special tail loads both symmetrical and unsym- 
metrical which may be produced by air gusts, 
engine forces, etc. Also, the body should be 
checked for forces due to unsymmetrical air 
loads on the wing. 


Landing Conditions: 


In general, the body is investigated Zor the 
following landing conditions. The detailed re- 
quirements for each condition are given in the 
government specifications for both military and 
commercial airplanes. 


Landplanes: Level landing. 

Level landing with side load. 

Three point landing. 

Three point landing with 
ground loop. 

Nose over or turn over 
condition. 

arresting. (Usually for only 
Navy Carrier based air- 
planes). 


Boats: 

Step landing with and without 
angular acceleration. 

Bow landing. 

Stern landing. 

Two wave landing. 

Beaching conditions. 

Catapulting conditions (Navy 
airplanes). 


Seaplanes or 


Special Conditions or Forces: 
Towing of airplane. 
Body supercharging. 
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AS.15 Body Weight and Baiance Distribution. 

The resisting inertia forces due to the 
dead weight of the body and its contents plays 
an important part in the load analysis for the 
airplane body. ‘when the initial aerodynamic 
and general layout and arrangement of the air- 
plane is made, it is necegsary that a complete 
weight and balance estimate of the airplane de 
made. This estimate is usually made by an en- 
gineer from the weight control section of the 
engineering department who has had experience 
in estimatinz she weight and distribution of 
airplane units. This estimate which 1s pre- 
sented in report form gives the weights and 
{c.g.) locations of all major airplane units 
or installations as well as for many of the 
minor units which make up these major airplane 
assemblies or installations. This weight and 
balance report forms the oasis for the dead 
weight inertia load analysis which forms an 
important part in the load analysis of the air- 
plane body. The use of this weizht and balance 
estimate will de illustrated in the example 
problem to follow later. 












A5.16 Load Analysis. Unit Analysis. 

Due to the many design conditions such as 
those listed in Art. A5.14, the general pro~ 
cedure in the load analysis of an airplane body 
is to dase it on a series of unit analyses. 
The loads for any particular design condition 
then fcllows as a certain combination of the 
unit results with the proper multiplying fac- 
tors. A simplified example problem follows 
which illustrates this unit metnod of approach. 


A5.17 Example Problem Iiustrating the Calculation of 

Shears and Moments on Fuselage C e to Unit 

Load Conditions. 

Pig. A5.40 and AS.41 shows a layout of the 
airplane body tobe used in this example pr~b- 
lem. It happens to be the body of an actuas 
airplane and the wing used in the previous ex~- 
ample problem was the wing that went with the 
airplane. 
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Table A5.2 gives the Weight and Salance 
estimate for the total airplane. This table is 
usually formulated by the Weight and Balance 
Section of the engineering department and it is 
necessary to nave this information before the 
airplane load analysis can be made. 





r 





j TABLE 5.2 
if AIRPLANE WEIGHT AND BALANCE i 
Vert. (Z) arms measured from thrust line 
Reference ) (+ ia up) 
Axis Horiz. (x) arms measured from 2 axis 5” 




















forward prop. ¢ (+ is aft) : 
- 

{ | Horiz. | Bortz. | Vert.| Vert. 

ae Name Wt,| Arm | Moment | Arm | Mom. 

- 9) (X) im) | wx (2) | owe 
1 | Power Plant Ti1oo | 19 20900 | 0 0 
2 | Fuselage Group | 350 | 113.5 | 39700 1 350 
3. | Wing Group 750 | 91 72780 | -18 | -19800 
4} Tad Group 110 | 287 31580] 2 | 2640 
los | Surface Controis as | 127 1ogo0 | -14 | - 1190 
8 | Electrical System | 130 | 61 930 | 4 520 
7 | Chassis Front | 235 | 70 | 16450 | -52 | -12200 
a | Tall Wheel Group | 35 | 306 10700 | -i0 }- 380 
9 | Furnishings 220 | 116 28520 | s J 1100 
10 | Radio 125 | 101 22600 | 10 | 1280 
Weight empty +| 3150 258900 21380 

11 + Pulot 200 | 181 30200 | 800 
12) Student } 200 | 800 | 
13 | Fuel System 1 760 } =20500 | 
Grose weight «| 4300 ~40280 


Calculation of C.G, locations: 
| Grose wt, x = 376500/4300 * 98.5” aft of Ref. Axis 
2 * ~40280/4300 * 9.4" delow thrust line 








SOLUTION: 
WEIGHT AND BALANCE OF BODY ITEMS. 
WEIGHT DISTRIBUTION. 


Table AS.3 gives the weight and balance 
calculations for all items attached to fuselage 
or carried in the fuselage, except the wing and 
items attached to the wing as the front landing 
gear and the fuel. 

In order to obtain a close approximation to 
the true shears and moments on the fuselage due 
to the dead weight inertia loads, it is neces- 
sary to distribute the weights of the various 
items as given in Table AS5.3. Fig. AS.42 shows 
a side view of the airplane with the center of 
gravity locations of the weight items of Table 
A5.3 indicated by the (+) signs. In the various 
design conditions, the direction of the weight 
inertia forces changes, thus it is convenient 
and customary to resolve the inertia forces into 
X and Z components. Thus, in Fig. 45.43, the 
weights as given in Table 45.3 are assumed act- 
ing in the Z direction through their {e.g.}) lo- 
cations. The loads as shown would not give a 
true picture as to the shears and moments along 
the fuselage, thus these loads should v.e dis- 
tributed in a manner which should simulate th 
actual weight distribution. in most weight and 
valance reports, the weight items are broken 
down into considerable more detail than that 
shown in Table AS.3, which makes the weight dis- 
tribution more evident. The person making the 
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TABLE A5.3 


WEIGHT AND BALANCE OF AIRPLANE LESS WING GROUP 
AND INSTALLATIONS IN AND ON WING 








z equal arm from thrust line. + la up, 


Ret. Axes: \ is distance from z Ref. Axis 5" forward af 
propeller. 


+ lm aft. 



















Powerplant group 
Fuselage group 
Tail group 
Surface controls 
Flectrical system 
‘Tail Wheel group 
Furnishings 
Radio 

Weight empty « 


WL. Empty 













Uselul Load 











Empty X= 99700. 1e.7 zs <0 = 2.00" 


219700 , 96. 9 


With useful load F + “Ea 


5920 . 2 gan 
Zz. 3553 2, 32! 





weight distribution should study the inboard 
profile drawing of the airplane which shows the 
general arrangement of all the installations and 
equipment. Furthermore, he should study the 
overall structural arrangement as to its possi- 
ble influence on fuselage weight distribution. 
The whole process involves considerable common 
sense if a good approximation to the waignt dis- 
tribution 1s to be obtained. Fortunately the 
large dead weight loads, such as the power 
plant, tail, etc. are definitely located, thus 
small errors in the distribution of the minor 
distributed weights does not change the over- 
all shears and moments an appreciable amount. 

In order to obtain reasonable accuracy, the 
fuselage or body is divided into a series of 
stations or sections. In Fig. AS.42, the sec- 
tions selected are designed as stations which 
represent the distance from the Z reference 
axis. he general problem is to distribute the 
concentrated loads as shown in Fig. AS.43 into 
an equivalent system acting at the various 
fuselage station points. 

Obviously, if a weight item from Table AS.3, 
represents a concentrated load such as a pilot, 
student, radio, etc., the weight can ve dis- 
tributed to adjacent station points inversely 
as the distance of the weight (c.g.) from these 
adjacent stations. However, for a weight item 
such as the fuselage structure (Item 2 of Table 
AS.3) whose c.g. location causes it to fall be- 
tween stations 80 and 120 of Fig. AS.43, it 
would obviously be wrong to distribute this 
weizht only to the two adjacent stations since 
the weight of 350= is for the entire fuselage. 
This weight item of 3505 shoul* thus de dis- 
tributed to all station points. The controlling 


requirement on this distribution is that the 
moment of the distributed system about the ref- 
erence axes must equal the moment of the orig- 
Fig. AS.44 


inal weight about the same axes. 
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WEIGHT DISTRIBUTION TO FUSELAGE STATIONS 
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Fig. A5.46. Weight items from Table A5.3 acting in X direction. 
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i Fig. A5.47. Vertical distribution of fuselage dead weight. 
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Fig. A5.48. Fuselage weight referred to X axis plus couples. 
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Fig. A5,45, Final weight distribution to station points. 





Fig. A5.49. Final weight distribution in X direction referred 
to X axis plus proper couples. 
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shows how the dead weight of 350# was distribu- 
ted to the various station points considering 
the weights to be acting in the Z direction. 

Table AS.4 shows the results of this sta- 
tion point weight distribution for the weight 
items of Table AS.3. The values in the hori- 
zontal rows opposite each weight item shows the 
distribution to the various fuselage stations. 
The summation of the weights in each vertical 
column at each station point as given in the 
third horizontal row from the bottom of the 
table gives the final station point weight. 
These weights are shown in Fig. AS.45 for 
weights acting in the Z direction. The moment 
of each total-station load about the Z axis is 
given in the second horizontal row from the 
bottom of Table 45.4. The summation of the 
moments itn this row must equal the total wx 
moments of Table A5.3 or 219700"#. This check 
is shown in the last vertical column of Table 
AS.4. 

The distributed system must also be distri- 
buted in the 2 or vertical direction in such a 
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manner as to have the same resultant c.g. lo- 
cation as the original weight system which ts 
{llustrated in Fig. A5.46. Pig. AS.47 illus- 
trates how the fuselage weight distributed 
system as shown in Fig. A5.44 1s distributed 
in the vertical direction at the various 
station points so that the moment of this sys- 
tem about the X axis is equal to that of the 
original fuselage weight of 350#. For con- 
venience, these distributed fuselage weights 
can be transferred to the X axis plus a moment 
as shown in Fig. AS.48, 

Table AS.4 shows the vertical distribution 
of the various items at the various station 
points. The bottom horizontal row gives the 
moment about the X axes of the loads at each 
station point, which equals the individual 
loads times their Z distances. The summation 
of the values in this horizontal row must equal 
the total wz moment of Table AS.3. This check 
is shown at the bottom of the last vertical 
colum. Fig. A5.49 shows the results as given 
in Table AS.4 for the weight distribution in 
the X direction. 


TABLE AS.4 


PANEL POINT WEIGHT DISTRIBUTION 
{Monocoque Type of Fuselage) 


fe) = Ge eee ee 
¥ pee ey Pei ery 


Spee ata ee 
a oo Post 0] 


Borizoatal Moment =" wx~ 9620) 
Vertical Moment =i wz" 13/ 





682 








[34200 1 


[eae Te 220] 





1 274] 


x = distance of station from z reference axia which is 5" forward of propeller. 


x 3 distance above of below thrust lina or x axis. 


A5.18 Unit Analysis for Fuseiage Shears and Moments. 

Since there are many flight and landing 
conditions, considerable time can de saved if a 
unit analysis is made fcr the fuselage Shears, 
axial and bending forces. The design values in 
general then follow as a summation of the values 
in the unit analysis times a proper multiplica- 
tion factor. 

The loads on the Suse lace in general con- 
sists of tail loads, engine loads, wing re- 
actions, landing gear reactions if attached to 
fuselage and inertia forces due to the airplane 
acceleration which may be due to doth transla- 
tional and angular acceleration of the airplane. 
For simplicity, these loads can be resolved into 
components parallei to the Z and X axes. 

To illustrate the unit analysis procedure, 
a unit analysis for our example problem will be 





carried out for the following unit conditions: 


(1) Unit acceleration or load factor in Z 
direction and acting up. 


(2) Unit acceleration or load factor in X 
direction and acting forward. 


(3) Unit tatl load normal to X axis acting 
down. 


Unit analyses are also usually carried out 
for engine thrust and engine torque, side load 
on ‘ail and angular acceleration, but to keep 
the example calculations from becoming too 
lengthy only the above 3 unit conditions will 
be carried out in detail. The others will be 
discussed in detail in later paragraphs. 


Solution for Unit Load Factor in Z Direction, 


Fig. A5.50 shows the dead weight loads 
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acting in the Z direction as taken from Table 
AS.4 or Fig, AS.45. The wing ts attached to the 
fuselage at stations 73 2nd 116 as shown 
A5.50. The fittings at these points are assumed 
as designed to cause all the crag or reaction in 
the X direction to be taken entirely at the 
front fitting on station 73. 

To place the fuselage in equil 
wing reaction will be calculated: 








torium, the 


u 


SFy = 90, Ry + O=C, hence Ry 


116 Rp - 73 Re 
from Table AS.3) 


™Msration o = 219700 ~ 
(Note: 218700 
IF, = - 2555 + Rp + Ry 


Solving equations 
Rp: 


Rp = 1780 lb., Ra = 775 1b. 


Table AS.S5 gives the calculations for the 
fuselage shears and dending moments at the var- 
fous station points, 
170-200 


230 260 230 as 


5080 120 
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\ 1 ! 
| { 
' 


NN 





Fig. A5.50 
STA. 73 STA, 116 
Solution for Unit Load Factor in X Direction. 


Fig. AS.S1 shows the panel point dead 
weight distribution for loads acting in the X 
direction and aft, as taken from Tabie 45.4 or 
Fig. AS.40, To place the fuselage in equili- 
brium the wing reactions at points (A) and (B) 
will be calculated, 


aFx = 2555 - Ry = 0, hence Ry = 2555 1d. (forward) 


Take moments about point (A) 
IM, * 2555 x 17 + 5920 - 43 Rp = 


hence Rp = 1147.8 {up) 


(5920 equals the sum of the couples from Table 
AS.4. 


IF, = 1147.8 - Rp = 0, 
hence Rp = 1147.8 1b. (down) 


Table A5.6 gives the calculations for the shears 
moments and axial loads for the loading of Fig. 
A5.51. 
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| TABLE A5.5 


{ FUSELAGE SHEARS AND MOMENTS FOR ONE 


LOAD FACTOR IN Z DIRECTION 
(Dead Weight Acting Down) 
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Reaction; = I w i between | = VAx | M* 
w | (lbs.) ] stations | n. Ibs. )| {ins Ibs. ) | 
- 2 22 | 9 o | 
2% — . , 
290 * Phe oor '. 30 | - 350 
30 : 
| 260 * a 1” - 4200 | - 4750 | 
30 — 
oe ; > #890 | - 9580 | 
— 39 $b 
| - 5130 | -14710 
30 + = 
| - Tato | -22120 
30 -——_________— 
| -27900 | -s0020 
4} 
~ 3368 | -53888 
36 { 7 
|= 6912 | -60800 
7———_—_}— 
| - 3493 | -sazg0 
23 —}__} 
-29463 | -34827 
39 —}—___ + 
34827 0 















positive shear. 


moment. 
(1) + refers to aft side of station. 


* 

















- refers to forward side of station. 
M = M at previous Station in col. 6 plus AM in col. 5. 








(3) Up on left and down on right side of a section is 


(6) Tension in upper fuselage portion is negative bending 
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| TABLE 5.4 ! 
i 
FUSELAGE SHEARS, MOMENTS & AXIAL LOADS FOR 
ONE LOAD FACTOR IN X DIRECTION | 
i Inertua Loads Acting Aft = 
fej ee 4 T 5 8 4 
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Col. forward side of station 
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Solution for Unit Horizontal Tail Load Acting Down. 


The fuselage shears and moments will be 
computed for a unit tail load of 100 1b. on the 
tail acting in the 2 direction, with balancing 
reactions at the wing attachment points. The 
center of pressure on the horizontal tail is at 
station 277.5. Fig. AS.52 shows the fuselage 
loading. To find wing reactions at (A) and (B): 


IM, = 100 x (277.5 - 73) ~ 43 Rg = 0, 
hence Rg = 475.64 (up) 
IF, * - 100 + 475.6 - Rp = 0, 
hence Rp = 375.64 (down) 
Table AS.7 gives the detailed calculations 


for the shears and moments at the various sta- 
tion points. 


200 230 260 
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Rp=375. 6 
STA. 73 


Fig. AS. 52 








TABLE AS.7 


FUSELAGE SHEARS & MOMENTS FOR UNIT 
HORIZONTAL TAIL LOAD IN Z DIRECTION 
(Load Acting Down) 








1 2 3 4 3 6 
AX = dist. AM | Moment 
Ss between = v4 x|in, Ibs. 
stations 
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(Col. 6) = M = M at previous station in Col. 6 plus 
QM in Col. 5, 








CALCULATION OF APPLIED FUSELAGE SHEARS, 
MCMENTS AND AXIAL LOADS FOR A SPECIFIC 
FLIGHT CONDITION. 


Using the results in Tables AS.S, AS.6, and 
» the applied shears and moments for a given 
flight condition follow as a matter of propor- 
tion and addition. To illustrate, the applied 
values for one ?light condition will be civen. 

It will be assumed that the aerodynamic 
calculations for this airplane for the (H.A.A.) 
igh angle of attack condition zave the follow- 
ing results, which the student will have to 
accept without «nowledge of how they were 
obtained. 












AS.18 
Applied load factor in Z direction = - 6.0 

down 
Applied load factor in X direction = 1.233 a’t. 


Applied tail load = 120 1b. up. 


Thus with the load factors in the Z and X 
directions and the tail load mown, Table 45.3 
can be filled in as illustrated. In 2 similar 
manner the values for other flight conditions 
can be found, the only difference being a new 
set of multiplying factors since the applied 
loads would be different. 





TABLE AS.a 


APPLIED FUSELAGE SHEARS, MOMENTS & AXIAL LOADS FOR 
FLIGHT CONDITION 1. (H.A.A.) 
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i Col. 2 - 4 x value 
| 333 


coluron 3 of Table AS. 5. 
a im column $ of Taple A5.8. 
. 4 - -1.10 values ia column 3 af Table AS.7. 
Col. 4 = cotun (1) + column (2) + column (3), 
8 - 6s values in columa 6 of Taple AS.5. 
333 x values in column 9 of Table 5.6. 
x values to columa 6 of Table AS.7. 
1. 9 - columns (6) + (7) + (8), 
Col10 - 1.333 x values in columa (4) of Table AS.6. 
















A5.19 Example of Fuselage Shears and Moments for 

Landing Conditions. 

Fig. AS.53 illustrates the airplane in a 
level landing condition. ‘The ground reaction is 
assumed to pass the center of landing gear wheel 
and c.g. of airplane. The fuselage shears, mo- 
ments and axial loads are required when the 
vertical ultimate load factor is 7. (Gross 
weight = 4300#). 


SOLUTION: 


The vertical or Z component of the ground 
reaction R is specified as 7 load factors which 
equals 7 x 4300 = 30100#. One half of this is 
acting on each wheel. 

The horizontal or xX component of R is 30100 
tan 23° = 425 x 30100 = 12800% and acting aft. 

The horizontal load factor on airplane 
equals 12800/4300 = 2.98, 
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The resistance to these X and Z components 
of the grcund reaction 2 is provided by the in- 
ertia forces of the airplane in the X and Z di-+ 
rections. 

Tables AS.5 and AS.6 show the fuselage 
Shears, moments and axial loads for inert‘a 
loads due to one load factor in the Z and x 


directions respectively. Thus to obtain the 
fuselage forces for this given landing condition, 
it is only necessary to multiply the values in 
these two tadles by the proper factor and add 
the results. 

Thus fuselage forces due to vertical load 
factor of 7 would equal 7 times the values in 
colums (3) of Table A5.5 to obtain shear and 7 
times colum 6 to obtain bending moment. 

Likewise the forces due to the 2.98 load 
factor in X direction would equal (-2.98) times 
the values in columns (4), (S) and (9) of 
Table AS.6 to obtain axial loads, shears and 
bending moments respectively. 

The final or true forces woulé be the 
algebraic sum of these results. 


Landing with Angular acceleration 


In @ level landing condition, it 1s some- 
times specified that the norizontai component 
of the ground reaction must be a certain pro- 
portion of the vertical component, which causes 
the line of action of the ground reaction 2 in 
Pig. A5.53 to not pass through the e.g. or the 
airplane, which creates an external pitchin 
Moment on the airplane. This moment is us- 
ually balanced by the inertia forces due to 
the angular acceleration produced by the un- 
balanced moment about the c.g. The shears and 
moments on the fuselage due to this external 
moment could be found as explained in art. 
A5.20. 


AS. 20 Inertia Loads Due to Angular Acceleration. 


In some of the flying conditions, it is 
Sometimes specified that the airplane must be 
subjected to an angular acceleration as well as 
translational acceleration. This angular ac- 


celeration of the airplane produces ‘nertia 
forces which must be calculated tf the air— 
plane is to be treated as a body in static 









equilibrium. In some cases, a tail load due to 
a gust on the tail is specified which produces a 
moment about the airplane c.g. which produces 
angular acceleration. or the airplane. In cer= 
tain landing conditions, the ground forces do 
not pass through the airplane c.g. thus pro- 

ducing a moment about the c.g. which for stress 
analysis purposes is balanced by inertia forces. 


Moment of Inertia of Airplane 


The calculation of the moment of inertia of 
an airplane about the center of gravity axes 
was explained on page AG.5 of Chapter AS. A 
detailed example solution was given in detail in 
Table 6A of Chapter AS. The general equations 
for the moments of inertia of the airplane about 
the reference axes are: 


ly = 2 wx + 2 wz +2 Aly 
ly =dwy +fw2 +24 ly 
Ig tlw +iwe +Z2Alz 


The last term in each of the above equa- 
tions represents the moment of inertia of each 
weight item about its own centroidal axes par- 
allel to the reference axes. 


A5,21 Solution for Inertia Loads Due to Unit 100,000 In. 

Lbs. Pitching Moment. 

Jo illustrate the general procedure of de- 
sermining the balancing inertia loads when the 
airplane is subjected to an unbalanced moment 
about the c.g., am analysis will be made for a 
unit 100,000 in. 1b. moment. Table A5.9 gives 
the necessary calculations. 


From Kinetics: 
Pitching angular acceleration a = + 


(rad/sec.*) 
where 


My = unbalanced external pitching moment 
about c.g. of airplane. 


ty = pitching moment of inertia of air- 
plane about airplane c.g. = Zwr* 
The tangential inertia force F zor a mass 
w/g due to an angular acceleration a equals, 


w My 
Fesra, buba => 
z , Ty & 
hence 
XM, 


Fe th r, Where r is the distance from 


the weight w to the airplane c.g. 
It is convenient to treat the inertia force 


F as resolved into two components F,, and Fy. 
hence, 
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Fz = My w Xp-- Sse oe eee (1) 
ly 
Fy 8 Weng -- +s - ante (2) 
y 
From Table 45.9, ly = 16097600 
My was assumed as 100,000 
hence 
~ _100000 2 
Fz = tece7e00 % Xe = -00621 WX, 
. 
Fy = .00621 W 2 


where Z, and X, are the z and x distances of 
weight w to the airplane c.g. 

Colums No. 9 and 10 of Table AS.9 gives 
the values of these inertia components. Fig. 
AS.S4 shows these inertia loads applied to the 
fuselage. The reactions at wing attachment 
points should be computed and then a table of 
fuselage shears, moments and axial loads should 
pe made up. This unit table could then be used 
for all conditions involving angular acceler- 
ation of the airplane. 

It should be realized that the inertia 
resisting loads in Table AS.9 are only approxi- 
mately, since the moment of inertia neglects 
the centroidal moment of inertia of the big 
items, such as the power plant, wing, etc. The 
example is only for the purposepof illustrating 
the general procedure of determining the inertia 
resisting loads due to angular acceleration. 
The same general procedure can be followed in 
considering unbalanced external moments about 
the Z and X axes, commonly referred to as yaw- 
ing and rolling moments. 





TABLE AS.9 


BALANCING INERTIA FORCES FOR UNIT 100,000 IN. LB, MOMENT 
ABOUT ¥ AXIS THROUGH AIRPLANE C.G. (PITCHING MOMENT) 
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AS. 22 Problems 


(I) Draw the shear, bending moment and axial 
load diagrams for loaded structures in 


Pigs. 55 to 60g. 
2#/in. 
Win, 
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pet 4 i 
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(Il) Draw bending moment diagram for structures 
AS.61, abc. 


and loading in Fig. 
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Ill. Fig. A5.é2 
lever wing. 
distrib loacd on the surface equal co 
50 ib./sq.it. write expressions ¢ 





and bending mement on wing and 
at 25, 100, 150 and 2CO inches 









50" 
ate 
30" Fig. AS. 62 
| Sao" 
ix 
y Fig. A5.63 
| {8 
so" 3 Planform ~ 
3 
| 2 ~ Leading Edge so" 


——y ref. axis 








Relative Span- 
wise Distribution 


ore 


Fig. AS.63 shows plan form of 2 cantilever wing. 
The total distributed air load normal to surface 
is 10000 lb. The relative spanwise distribution 
is shown. Take center of pressure at 24 percent 
of chord from leading edge. Divice wing into 
10 inch width strips and calculate Vg, My and 
My, amc plot curves for same. 





IV. Fig. AS,64 shows an externelly braced 
monoplane wing. Take an average wing lift 
load of 90 1b./sq.ft. normal to wing with 
center of pressure at 27 percent o7 the 
chord from leading edge of wing and calcu~ 
late anc draw the front and rear deam pri- 
mary shears and bending moment diagrams. 





Rear Strut 





Front Strut 
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BENDING MOMENTS - BEAM - COLUMN ACTION 


AS, 23 Introduction 


A beam-column is a member subjected to 
transverse loads or end moments plus axial loads. 
The transverse loading, or 9nd moments, produces 
bending moments which, in turn, produce lateral 
bending deflection of the member. The axial 
loads produce secondary bending moments due to 
the axial load times this lateral deflection. 
Compressive axial loads tend to increase the 
primary transverse bending moments, where as 
tensile axial loads tend to decrease then. 

Beam-column members are quite common in 
airplane structures, For example, the beams of 
externally braced wing and tail surfaces are 
typical examples, the air loads producing trans- 
verse beam loads and the struts introducing ax- 
fal beam loads. In landing gears, one member is 
usually subjected to large bending and axial 
loads. In tubular fuselage trusses, Jateral 
loads due to installations supported on members 
between truss Joints produce beam-column action. 

In general, beam column members in airplane 
structures are comparatively long and slender 
compared to those in buildings and bridges; 
thus, the secondary bending moments due to the 
axial loads are frequently of considerable pro- 
portion and need to be considered in the design 
of the members. 

This chapter deals briefly on the theory 
of single span beam-column members. A summary 
of equations and design tables is included to-~ 
gether with examples of their use. The informa- 
tion in this chapter is used frequently in other 
chapters where practical analysis and design of 
beam~column members is considered. For a com- 
pleted and comprehensive treatment of beam-col- 
umn theory and derivation of equations, see 
Niles and Newell-"Airplane Structures", 


A5.24 General Action of a Member Subjected to 
Combined Axial and Transverse Loads. 


Sub-figure a of Fig. AS.é5 shows a member 
subjected to transverse loads W end axial com- 
pressive loads P. The transverse loads W pro- 
duce a primary bending distribution on the memb- 
er as shown in Fig. b. This bending will pro- 
duce 4 transverse deflection curve as illustrat- 
ed in Fig. The end loads P now produce 2n 
additional secondary bending moment due to the 
end load P times the deflection 6 , or the bend- 
ing moment diagram of Fig. d. This first sec~ 
ondary moment distribution produces the addi- 
tional lateral deflection curve of Fig. e and 
the end load P will egain produce further bend- 
ing moments due to this deflection. If the ax- 


ce 


deflections will gradually converge and the memb- 
er will reach a state of equilibrium. These 
secondary bending moments could be found by suc- 
cessive steps by the various deflection princi- 
ples given in Chapter A7. However, for prismatic 
beams this convergency can be expressed as a 
mathematical series and thus save much time over 
the above successive step method. For members of 
variable moment of inertia, the secondary moments 
will usually have to be found by successive steps. 

If the end loads P are tension, they will 
tend to decrease the primary moments; thus, in 
general, the case of axial compression is more 
{important in practical design, since buckling 
and instability enter into the problem. 


A5.25 Equations for a Compressive Axially Loaded 
Strut with Uniformly Distributed Side Load. 


Fig. AS.66 shows a prismatic beam of length 
L subjected to a concentric canpressive load P 
and a uniformly transverse distributed load W, 
with the beam supported laterally at each end, 
and with end restraining moments M, and Ma. It 
is assumed that the general conditions for the 
beam theory hold, namely; that-plane sections 
remain plane after bending; that stress is pro- 
portional to strain in both tension and compres- 
sion. 

At any point a distance x from the beam end, 
the moment expression is, 


(Ma - Mi) 
L 


M=M+ x Py 


Wax, WK 
22 


From applied mechanics, we know that 


Hat Ss therefore, differentiating equa- 
tion (A5.1) twice with respect to x gives 
ae + = M=we-e--- 2 ----e (a5.2) 
W Fig. AS. 65 
p— —— p (a) 
wea oy Ely 
Poopecccccdsey Rte), tet sts “hing Load 


eI Bending) ae 
Meme! = Pee <h 2. P 
Poepesss ay (e} } 


DeFlecthn due test Secondary Moment 


For simplification, =V#; hence 
which, substituted in (A5.2), gives 


Fig. A5: 66 
A 
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let 3 as 


a? 





fal load its not too large, these successive 
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The solution of this differential equation gives. 


x x 3 ee 
= = +wj? - - -- (45.3) 
j qd . 
where C, and C, are constants of integration and 
sin x and cos x are the limits of an infinite 


j J 
series of variable x. When x = 0, M=M, and 
7 


MsC, sin > +C, cos 


J 
when x = L, M = Ma, therefore: 








ce - wi? Mi - wi* 
. sin L tan Lb 
j J 
= - wi? - (Mi. - wJ*) cos L 
J 
gin L 
3 
and Cg = M, - WJ 
Let D, = Mi. - wj? and D, = M, - wj*. Then, 


substituting in equation (AS5.3), 
De ~ Di cos L 


Me sur sin x + D, cos x + wj2 (A5.4) 
= J 
J 


To find the location of the maximum moment, dif- 
ferentiate equation (A5.3) and equate to zero. 


MW. 9 = St oog F _ S* gin E 
a7? 5 008 5 j sin F 
whence 
L 
Da-Di cos 7 
tan 32% = —___d Ce ee oe (45.5) 
- Di sin = 


J 


The value of x mst fall within x = 0 to x=L, 
otherwise M, or M, is the maximm value. 

The value of the maximum span moment can be 
found by substituting the value from equation 
(AS.S) in (A5.4), which gives 


M = D +wj?--------- {AS.6) 
cos x 


J 
The moment M at any point x along the span can 
also be written: 


M=D, (tan 





X - sin x} cos z+ mst - (A5.7) 
J J J 

where xq refers to the value of x where the span 
moment is maximm, or equation (A5.5). Since 1% 
is customary to locate the point of maximm span 
bending moment and its value before investigat- 
ing other span points, the value of tan X is 

J 


Known from equation (A5.S) and thus is available 
to use in equation (A5.7) for finding moments at 
other points along the span. 

If the equation for the beam deflection is 
desired, 1¢ can be found by substituting the 
Value of M from equation (A5.3) in equation 
(AS.1), which gives: 





BEAM -- COLUMNS 








The slope of the elastic curve at any point 
is given by the first derivative of equation 


(A5.7a) 
aif Ma=M wh Cregg XS oie ip 
125 ( Brie - soos F+ 5 an) (As. 


A5.26 Formulas for Other Single Span Loadings 


wL 





on 
cw 


In investigating other transverse loadings 
for a single span carrying axial compression, it 
is found that the expression for bending moment 
in the span always takes the form: 


M =C, sin 3 + Ca cos ; + t(w) - - = (A5.9) 
where f(w) is a term which does not include the 
axial load P or the end moments M, and Mz. The 
expressions for f(w), C. and Cg depend on the 
type of the transverse load. 

fable AS.I gives the value of these 3 
terms for types of transverse loading on a single - 
span which are frequently encountered in airplane 
structures. The Table also gives equations for 
the point of maximum bending moment and its mag- 
nitude. 

Table AS.II is a table of sines, 
and tangents for L/j in radians which 
convenient to use than the usual type of trigo- 
nometric tables, This table ts based on values 
given in Appendix I of Air Corps Information 
Circular #493. The 4 difference have been added 
to facilitate rapid use of the tables. 

For single span beams, the critical value 
of L/j is nj that is, 1f the axial compressive 
load is such that the term L/j =n, the center 
region of the beam will tend to deflect until the 
combined stresses equal the failing stress of the 
material. 


cosines, 
is more 


A5.27 Moments for Combinations of the Various Load 
Systems as Civen in Tabie A5.1, Margins of 
Safety. Accuracy of Caicuiations. 


The principle of superposition does not ap- 
ply to 4 beam-column, because the sum of the 
bending momenta due to the transverse loads and 
the axial loads acting separately are not the 
same as the moments when they act simultaneously. 
In combining several transverse load systems 
with their accompanying axial loads, the principle 
of superposition can be said to apply if each 
transverse loading is used with the ‘total axial 
lead for the systems which are being combined. 
Jhnus, in Tadle AS.I, to find the moments for 


several combined loadings, add the values of ¢,, 
Ce and f(w) for the several loadings and use 





ANALYSIS AND DESIGN OF FLIGHT VEHICLE STRUCTURES 


Loading 


Equal End Moments. No 
4 Side Load M2 
P 


ex | 
Unequal End Moments. No 
M 1 Side Load Mg 


lS Sp 
| 


Uniform Side Load. No 
End Moments w#/in. 


f 
P Sea 
[a 
Uniform Side Load Plus 
End Moments 


Ms fUETTTEEEETT TD M2 
“eet” 
wr L 


Concentrated Side Load. No 
End Moments 


P oe iP 
po 1__4 


t 


Triangular Loading. No 
End Moments + 
ec win. 
PB P 
pe X— L 


Triangular Loading. No End 
a, Moments 


we/ in TUT reo 
: 
x 
1 
Couple Loading (Clockwise) 
oan 





earn ad —ACoustet 


fie poo 





wor W is positive when upward. 








Table A5.1 


Values of Terms Cj, Cg, and f(w) in Equation 


M= Cy sin x + C2 cos _x+ {(w) 


] 


i 


Single Span - Axial Compression - Uniform Section 


Cy 


My, tan_L. 
23 


Mg - M, cos L 
aes ee 


sin L 
3 


wi? (cos L-1) 


sin L 
d 
D2 - Dy cos L/j 
sin LF; 
where 


Dy = M1 - wi? 
D2* M2- wi2 


x<a, - Wj sinb 
sink 

} 
x>a, + Wj sina 





x<a, - mcos b 


sin LL 
i 
x>a, -mcosa 


—— 
tan L 


7 


Ce 


My 


My 


Dy 


m cos a 





M is positive when it tends to cause compression on the upper 
fibers of the beam at the section being considered. 


Eq. for Point of Max 


Bending Moment 

x7L 
2 

Tan x= Mz - Mj cos L. 

j = 

My sin_L 

J 
=| ae 


Tan x= D2 - Dy cos L 


2 ] —aame 
wi pe 1 sin 
] 


Tan x/j oh 
2 


° (See Note A) 





Reference: ACIC #493; Niles, Airplane Design; Newell and Niles 


Airplane Structures 


For Table of many other loadings, see NACA T.M. 985. 





Eq. for Max. Span 
Bending Moment 





Mmax= Mi | 
3 

Mmax =_M1 
x 
yy 


a 19) 
= wi4{1 - sec_L) 
Mnax Sf 


M, = Dr 2 
max wrx’ wi 


d 


Mmax ® (c Beit 


To obtain Maximum Moment, compute 
moment at 3 or 4 points in span. Draw a smooth 


2 (NOTE A) 
witx 
curve thru plotted results. 
wj2(1-x) | (See Note A) 
L 
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NATURAL SINES, COSINES, AND TANGENTS F ANGLES IN RADIANS 
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TABLE AS. 


NATURAL SINES, COSINES, AND TANGENTS OF ANGLES IN RADIANS 
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NATURAL SINES, COSINES, AND TANGENTS OF ANGLES IN RADIANS. 
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TABLE A5.0 


NATURAL SINES, COSINES, AND TANGENTS OF ANGLES IM RADIANS 
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3.18 =9.03840_ 0.999260 [0.03843 
0.0099 | 0.00043 77 | 8, 01002 | 
3.19 -9, 04839 -9. 99883 9.04845 3 
0, 00999 0.00083 0.01003 
3.20 ~-0.05838 -0.99830 0,05848 
0.00998 0.00064 {_ 0. 01004 
-G. 06836 -G. 99766 0.06852 
9, 00997 9. 00073 9.01005 
3.22 -0. 07833 0.07857 
6. 00996 0, 00084 9.01007 
3.23 -9. 08329 -0.99609 0.08864 
0. 00996 0. 00093 0, 01009 
3.24 -0.09825 -0.99516 9.09873 
Q,00995 G.00103 0,01010 
-0.10820 
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these values in the general expression for M as 
given at the top of the Table. 

In a beam-column member, the bending mom- 
ents do not vary directly as the load is increa. 
ed. Thus, the student should realize that marg- 
ins of safety based on direct proportion of mom- 
ents to loads are incorrect and lie on the un- 
safe side. 

It ts recommended that four significant 
figures be used in computations, making use of 
the so-called precise equations, since the re- 
sults 1n many cases involve small differences 
between large numbers. 


A5.28 Example Problems 


Example Problem #1 

Fig. A5.67 illustrates a typical upper, 
outer panel wing beam of a biplane. Let it be 
required to determine the maximum negative 
bending moment between points (1) and (2), gen- 
erally referred to as the maximum span moment. 
To obtain the true bending moments on the bean, 
the axial beam load as well as the end moments 
at (1) and (2) are necessary since they influ- 
ence the deflection of the beam. 


Solution:~ 
To obtain the horizontal component Ty of 
the lift strut load, we take moments about the 


ron | ae 
ws 20#/in. | 






1500#*Reaction 
from Strut to 
Lower Wing 


y Fig. A5.67 


4421 
3315" 





Fig. AS. 68 
hinge point at the left end. 


BM, = - 2000 x 50 - 540 x 116 
- 1500 x 100 + 70.75 Ty = 0 
hence 
Ty = 44208 


The axial compressive load induced by the lift 
strut at point (2) then equals - 4420¢. 

Taking ZH = 0 for the load system of Fig. 
AS.67 gives P = - Ty = 4420#. The end moment on 
the beam at (1) equals the end load times the 
eccentricity of the hinge from the neutral axis 





of the beam, or 4420 x .75 positive be- 

cause it produces compression in the top fibers. 

The moment at (2) due to the cantilever overhang 

equals (20+10}) 36 x 16 = S640"#. 3 
2 

shows the beam vortion between points (1) and (2) 

as a free body. 

From Art. AS.25, we have the following pre- 
cise equations for a beam carrying a transverse 
uniform distributed load with end compressive 
loads. 





Fig. Ad 








tan =p. -D, cos & se ete ere (A) 
J J 
D, sin L 
J 
and 
2 
Mw wy Hehe eee (B) 


Evaluating terms for substitution in these equa- 
tions, we obtain, 


M, = 3315"# 
M, = 8640"# 
4420# compression 


10 in* given and assumed constant 
throughout the span. 











J = V2941 = 54.23 

wj*= 20 x 2941 = 58820 

D. = M, - wj* = 3315 - 58820 = - S5505 

De = Ma - wjJ* = 8640 - 58820 = - 50180 

L . 100 _ 

3 7 eeag = 1-844 ; 
From Table AS.II sin L = .96290 and cos 3 = ,26981 
Substituting in equation (A) 

x Li 
tan 5 = Da ~ Da cos 5 
D, sin ; 
= - 50180 ~ (~55505 x -:26981) _ -65156 _ 1 pi99 
-55505 x .96290 * =63441 a 
; = tan’ 1.2192 = .38383 


Hence, x = .88383 x 54.23 = 48", which equals the 
distance from the left end of the beam to the 
point of maximum span moment. 





Mux = as + wf, cos = = .63419 trom Table 
j ! AS.II 
Hence 
Mux =5 =, + 58820 = - 28,700" 


To obtain an idea as to the magnitude of the 
secondary bending moment, that is, the moment due 
to the axial load times the lateral beam deflec- 
tion, the primary bending moment at a point 48" 









from the left end will be computed. 
My, = 3315 + 48 x 20x 24- 940 x 48 = ~18765"# 


Thus the secondary bending moment equals 
- 28700+ 18765 = - 9935"# which is a large per- 
centage of the primary moment. The transverse 
deflection of the beam at the point of max. span 
moment then equals - 9935 = 2.25 imches upward. 

- 4420 

Bending Moment at any Point Along Span 

Let the moment at a point LO” from point 
(2) be required. In this case, x = 100 - 10=90 


m= difitan = . sin oe cos | sw)" (Ref. Eq. 
7 AS.7) 
> ea eee e x _ 
3 * 54.28 = 1.6596, sin 5 «9960S 
cos ; = - .08867 
tan 3 =1,2192 = value for x at the point of 
maximum bending moment 
Hence, 


M =~ 85805 [(1.2192 x .99605) +-.06867 ] + 
58820 = - 3664"F 


Example Problem #2 

Fig. Ao.69 shows a simplified landing gear 
structure carrying a vertical load of 12000# on 
the axle. Member ABC 1s continuous thru B and 
pinned atc. Letit berequired to determine tne 
bending moment at the midpoint of member BC and 
its lateral deflection due to the 12000# verti- 
cal design load. 








Fig. A5. 69 


Line of action of DB goes through E 


Solution:- 

Solving for reactions at C by statics, we 
obtain the axial load in BC = -20000. The 
bending moment at B due to 3" eccentricity of 
the wheel load = 3 x 12000 = 36000"#. 

Fig. AdS.70 shows a free body ef portion BC 
of member ABC. From Table a5.1 

M=C, sin ES 


J 


+ C, cos 3 + t(w} 
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Substituting values of C, and C. and f(w) from 
Table A5.I in the above equations: 
(Ms-M. cos L/j) sin x/J 


Me +Mi cos x/j 


sin L/J 
21/2 = 083 Steel Tube 36,000 
20, 0006 ”'20,000# 
Sa 
Ls 41, 762 
® ® 
Fig. AS. 70 


But, Mi = 0 in our problem, hence, 


M = Masin x/J 
sin L/3 


_./BI _ fe9x10°x .46 
Jy Fe —swo 


20000 
_ 41.762 
L/3 = 35 7a6 
xX = L/2 = 20.881 
.88: 
x/i = Bag * 
Substituting in the above equations for M 


my = 36000 x_.72827 . 
99892 
This compares with a primary moment of 
36000/2 = 18000"#. The deflection at the mid- 
point of BC = 26066 - 18000 = .403 in. 
000 
The maximum moment ts given by the equation: 


M nj 
= =i 
4 sink and it occurs at x= (See 
3 Table AS.1) 


=ee7 = 25.826 


=1,.617 = - - sin L/} = .99892 





.8085 - - ~ sin x/Jj = .72327 
x 


26066"# 


AS.29 Stresses Above Proportional Limit Stress of 
Material. 


The equations as presented in this chapter 
assume that & 1s constant or in other words the 
stresses are within the elastic range. In air- 
craft structural design the applied or limit 
loads must be taken without suffering permanent 
deformation, hence £ is constant under such 
loads. However the aircraft structure must 
take the design loads which equal the limit 
loads times a factor of safety (usually 1.5) 
without failure. In many cases structural 
failure will occur under stresses in the plastic 
range where the material stiffness is less and 
not constant. 


A good approximation for an effective 
modulus 5’ is obtained as follows:- 


(1) Compute Fe = P/A for the given number. 
c 


(2) With this value of Fg enter the basic 
column curve diagram for the given material (for 
end fixity ¢ = 1) and find value of L'/o cor- 
responding to the stress Fy. 
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(3) Using these values of L'/p and Fy, 
compute 


gt = FefLt\ 
# =H(5) 

_ /ptr\s/s 
(4) men 3 = (Ft) 


Basic column curves for various materiels 
are given in another chapter of this book. 


A5.30 Problems 








500# 
rae 3s" —+l w230#/in. 
60004 ook +t tt ttt 18000 
= 7 OOOH 
[_ 59___ a 
3004 
Fig. AS. 72 Fig. AS. 72 


(1) Fig. A5.71 shows a 1-1/2 - .065 steel 
tube subjected to both end and lateral loads. 
Determine the maximum bending moment on the 
tube. Compare the result with the bending 
moment due to the side load only. £ = 29 x 10° 
psi. I of tube = .075 in.* Compute lateral 
deflection at point of maximum bending moment. 


(2) The beam column member in Fig. AS.72 is 
made of 24ST aluminum alloy. Calculate and 
plot a curve of the bending moments on the 


member. Also plot bending moment due to 
lateral loads only. £210.53 x 10o* psi. I= 
5.0 in.* 





(3) Determine the maximum bending moment 
for the wood wing beam and loading of Fig. 
A5.73. I of beam section = 17 in.* E=1.3 x 


10%. 
bese =e a 40" 7 
= 26#/in. 


oe erie ft 









“Beam 


Fig. A5.73 
20008 


8" 96" we 56" 
et 10#/in. al 


, coor ttre Cl 
hide 200" i 


Fig. AS. 74 
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(4) Determine the bending moment at the 
centerline of the beam-columns shown in Fig. 
A5.74. Assume ZI = 64,000,000 1b. in. sq. 


go4! ™ 


pant 
Yrs200% 





Fig. AS. 75 


(5) For the beam-column in Fig. A5.75 
calculate the bending moment of the centerline 
of the member. Assume E = 1,300,300 psi. and 
T= 10 int 


10#/in, 
Leet | pn 


Le sq" ape — 597 =} 
= pe pl 
5008 
Fig. A5. 76 
(6) For the beam-column loading in Fig. 





50004 
18000''# 





5000# 
9000~ 


AS.76, calculate bending moment 2t center 
point of beam. Take £ = 1,200,000 psi and 
= 10 ins 


A5.31 Beam-Coiumns in Continuous Structures, 


The secondary moments in a particular 
member due to beam=column-action also effect or 
influence the deflections in adjacent members 
of a continuous structure. This rather involved 
problem can be handled quite simply and rapidly 
by the moment distribution method as explained 
and illustrated tn arts. All.12 to 15 of 
Chapter All. 





CHAPTER A6 
TORSION. - STRESSES AND DEFLECTIONS 


A6.1 Introduction. 

Problems involving torsion are common in 
aircraft structures. The metal covered airplane 
wing and fuselage are basically thin-walled 
tubular structures and are subjected to large 
torsional moments in certain flight and landing 
conditions. The various mechanical control sys- 
tems in an airplane often contain units of 
vartous cross-sectional shapes which are sub- 
jected to torsional forces under operating con~ 
ditions, hence a knowledge of torsional stresses 
and distortions of members 1s necessary in air- 
craft structural design. 


A6.2. Torsion of Members with Circular Cross Sections. 

The following conditions are assumed in the 
derivation of the equations for torsional 
stresses and distortions: - 


(1) The member ts a circular, solid or hollow 
round cylinder. 


(2) Sections remain circular after application 
or torque. 


(3) Diameters remain straight after twisting of 
section. 


(4) Material 1s homogeneous, isotropic and 
elastic. 


(5) The applied loads lie in a plane or planes 
perpendicular to the axis of the shaft or 
cylinder. |p 





Fig. Aé.1 shows a straight cylindrical bar 
subjected to two equal out opposite torsional 
couples. The dar twists and each section is 
subjected to a shearing stress. Assuming the 
lert end as stationary relative to the rest of 
the bar a line AB on the surface will move to 
AB' under these shearing stresses and this ro- 
tation at any section will be proportional to 
the distance from the 2ixed support. It is as- 


A6.1 





sumed that any radial line undergoes angular 
displacement only, or OB remains straight when 
moving to OB’. 

The unit shearing strain in a distance L 
equals, 


Let G equal modulus of rigidity of the 
material and let tT equal the unit shearing 
stress at the extreme fiber on the cross-sec- 
tion. 


Hence, t= e€ G = —=— -------- (1) 


In Fig. A6.2 let T, equal the unit shear- 
ing stress on a circular strip dA at a distance 
p from Qo. Then 


~prog_poeG 
tT = =op- 


re 


s/o 


The moment of the shearing stress on the 
circular strip dA about 0 the axis of the bar 
is equal to, 


aM = t, dk = 


7 
oes and thus the total in- 


ternal torsional resisting moment is, 


a 
x = { Goteda 
int. 
Por equilibrium, the internal resisting 
moment equals the external torsional moment Cy 
and since G6/L is a constant, we can write, 


r 
Go G 
amine, = [ones = Seis eho Ses (2) 
° 


where J = polar moment of inertia of the shaft 
cross section and equals twice the moment of in- 
ertia about a diameter. 


G 
From equation (1} e si 
Hence, T = ed ore ea esa SiS (3) 
r 
ge TDi Se oe Bh eae oe ee eel, 
or eae aay aS SS (4) 
also from equation (2), solving for the twist 9, 
- TL 
PSS eg SRE SSE EET (5) 


(@ is measured in radians). 
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A6,3 Transmission of Power by a Cylindrical Shaft. 
The work done by a twisting couple 
moving through am angular displacement { 
to the product of the magnitude of the oc 
and the angular disslacement 
angular displacen 
dons equals 27 7. Ter 
pounds and N is the angular velocity in reve 
tions per minutes, then the horsepower trens- 
mitted by a rotating shaft may be written, 








where 396000 represents inch pounds of work of 
one horsepower for ne minute. Equation (6 
may be written: 


H.P. x 396000 _ 63025 H.P. 


EXAMPLE PRCBLEMS. 


Problem 1. 

Fig. A6.3 shows a conventional control 
stick-torque tube operating unit. For a side 
load of 150 lbs. on stick grip, determine the 
shearing stress on aileron torque tube and the 
angle of twist between points A and B. 


SOLUTION: 


Torsional moment on tube AB due to side 
stick force of iSO# = 150 x 26 = 3900 in. lb. 
The resistance to this torque is provided by the 
1504 











| 24 ST Al Alloy 
‘ontrol Stick (.G = 3,800,000 psi 


26" 


28" 


= 





{l x.058 Tube 
24 St. Al Al 

Fig. A6.3 
aileron operating system attacned to aileron 
horn and the horn pull equals 3900/11 = 356 lb. 
The polar moment of inertia of a 14 - 0.058 
round tube equals 0.1368 in*. 


Maximum Shearing stress = t - Tr/J = 
(3900 x 0.75)/0.1368 = 21400 psi. 


The angular twist of the tube between 
points A and B equals 





Bearing ) Bearing 


Th. 3900 x 28 
GI ~ 3,800,000 x 0.1366 


or 12 degrees. 


o= = 0.21 radians 





TORSION 







nearing stress” in the 
aileron is as indica 

Oo compute the ai 

en horn section 







ae 







Pressure 
istribution 4 4 





SOLUTION: 


The airload on the surface tends to rotate 
the aileron around the terque tube, Sut move- 
ment is prevented or created by a control rod 
attached to the torque tube over the center 
supporting bracket. 

The total load 
inch wide = 40( 

Let w equal 
of ailsron span at 


on a strip of aileron one 
x 17h = 4.16 lb. 

intensity of loading per inch 
the. leading edge point of the 











aileron surface, (see pressure cram in 
Fig. A6.4). 
Tnen 3 + (0.5 w)l2 = 4.16 
hence w = 9,463 1b. 
The total load P, forward of the center- 


line of torque tube = 0.463 x 3 = 1.389 1b. and 
P, the load on aileron portion aft o? hinge line 
= 0.463 x 0.5 x l2 = 2.778 lb. 
Py Pl 
ee i 
Ww “ 4° 
43" 12" 








The torsional moment per running inch or 
torque tude: = - 1.389 x 1.5 + 2.778 x 43 9.0 
in, 1b. Hence, the maximum torque, which occurs 
at the center of the aileron, equals 3.0 x 29 = 
261 in. 1b. 

- Ir ~ 261 x 0.625 _ 
T(max.) = > = “oroga7g > 2450 pst. 


(J = 9.06678 in*.)} 


Since the tube section is constant and the torque 
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varies directly as the distance from the end of 
the ailerons, the angle cf twist 9 can be com- 
puted by using the average torque as acting on 
antire length of the tube to one side of horn or 
a distant L = 29", ence 


TL 261 x 29 2 
Om INT OO7.3 = 0.86 
Gd 2 x 3800000 x 0.06678 degrees 
A6.4 Torsion of Members with Non-Circular Cross- 
Sections. 


The formulas derived in Art. 46.2 cannot be 
used for non-circular shapes since the assump- 
tions made do not mold. In a circular shaft 
subjected to pure torsion, the shearing stress 
distribution is as indicated in Fig. A6.5, 
namely, The maximum shearing stress is located 
at the most remote fiber from the centerline 
axis of the bar and is perpendicular to the 
radians to the stressed point. At a given dist- 
ance from the axis of rotation the shear stress 





Cc max. 
= 
ey 
Lane ot 
Fig. A6.5 = pao 
eo) 
Fig. A6.6 Fig. A6.7 





max. 


1s constant in both directions as illustrated in 
Fig. A6.5, which means that ends of segments of 
the bar as it twists remain parallel to each 
other or in other words the bar sections do not 
warp out of their plane when the bar twists. 

If the conditions of Fig. A6.5 are applied 
to the rectangular bar of Fig. A6.6, the most 
stressed fibers will be at the corners and the 
stress will be directed as shown. The stress 
would then have a component normal to the sur- 
face as well as along “he surface and this ts 
not true. The theory of elasticity shows that 
the maximum shear stress occurs at the center- 
line of the long sides as illustrated in Fig. 
A6.6 and that the stress at the corners 18 zero. 
Thus when 2 rectangular bar twists, the shear 
stresses are not constant at the same distances 
from the axis of rotation and thus the ends of 
segments cut through the bar would not remain 
parallel to each other when the bar twists or in 
other words, warping of the section out of ‘ts 
plane takes place. Fig. A6.7 illustrates this 
action in a twisted rectangular bar. The ends 
of the bar are warped or suffer distortion 
normal to the original unstressed plane of the 
bar ends. 

Further discussion and a summary of equa- 
tions for determining the shear stresses and 





twists of non-circular cross-sections is given 
in Art. 46.6. 


A6.5 Elastic Membrane Analogy. 
wreck. 


The ‘shape of a warped cross~section of a 
non-circular cross-section in torsion is 
needed in the analysis by the theory of elas~ 
ticity, and as a result only a few shapes such 
as rectangles, ablipses, triangles, etc., have 
been solved by the theoretical approach. How- 
ever, a close approximation can be made ex~ 
perimentally for almost any shape of cross- 
section by the use of the membrane analogy. 

It wag pointed out by Prandtl that the 
equation of torsion of a bar and the equation 
for the deflection of a membrane subjected to 
uniform pressure have the same form. Thus if 
an elastic membrane is stretched over an open- 
ing which has the same shape as the cross- 
section of the bar being considered and then if 
the membrane is deflected by subjecting it to a 
slight difference of pressure on the two sides, 
the resulting deflected shape of the membrane 
provides certain quantities which can be mea- 
sured experimentally and then used in the 
theoretical equations. However, possibly the 
main advantage of the membrane theory is, that 
it provides a method of visualizing to a 
considerable degree of accuracy how the stress 
conditions vary over a complicated cross-section 
of a bar in torsion. 

The membrane analogy provides the follow- 
ing relationships between the deflected mem- 
brane and the twisted bar. 


(1) Lines of equal deflection on the membrane 
(contour lines) correspond to shearing 
stress lines of the twisted bar. 


(2) The tangent to a contour line at any point 
on the membrane surface gives the direction 
of the resultant shear stress at the corre- 
sponding point on the cross-section of the 
bar being twisted. 


(3) The maximum slope of the deflected membrane 
at any point, with respect to the edge 
support plane is equal in magnitude to the 
shear stress at the corresponding point on 
the cross-section of the twisted bar. 


Tne applied torsion on the twisted bar is 
proportional to twice the volume included 
between the deflected membrane and 4 plane 
through the supporting edges. 


(4 


To illustrate, consider a bar with a 
rectangular cross-section as indicated in Fig. 
A6.@. Over an opening of the same shape we 
stretch a thin membrane and deflect it normal 
to the cross-section oy a small uniform pres- 
sure. Zqual deflection contour lines for tnis 
deflected membrane will take the shape as il- 
lustrated in Fig. A6.9. These contour lines 
which correspond to direction of shearing 
stress in the twisted bar are nearly circular 
near the center region of the bar, but tend 
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to take the shape of the 
boundary is approached. 
tion through the contour lines or the deflected 
membrane along the lines 1-1, 2-2 and 3-3 of Fig. 
A6.9. It is obvious that the slopes of the de- 
flected surface along line 1-1 will be greater 
than along lines 2-2 or 3-3. From this we can 
conclude that the shear stress at any point on 
line 1-1 will be greater than the shear stress 
for corresponding points on lines 2-2 and 3-3. 
The maximum slope and therefore the maximum 


bar Doundary as the 
Fig. A6.Sa shows a sec- 





Fig. A6.8 
Slope: S}ope Slope 
> ee eae 


1. 
ai 
Fig. A6.9a 


stress will occur at the ends of line 1~l. The 
slope of the deflected membrane will be zero at 
the center of the membrane and at the four 
corners, and thus the shear stress at these 
points will be zero. 


A6.6 Torsion af Open Sections Composed of Thin Plates. 
Members having cross-sections made up of 
narrow or thin rectangular elements are some- 
times used in aircraft structures to carry tor- 
sional loads such as the angle, channel, and Tee 
Shapes, 
cat wo-F OF & bar of rectangular cross-section of 
width b and thickness t a mathematical elasticity 
analysis gives the following equations for maxi- 
mum shearing stress and the angle of twist per 
unit length. 


TMax = a wort ct rere ee eee (6) 
- f 
8 "TET radians -+~-------- (7) 


Values of a and $ are given in Table A6.1. 





TABLE A6.1 


CONSTANTS a AND 6 





{a [0.208 [0.291] 0. 2391 0. 24810. 2560. 267 [0.283] 6. 299 fo. 307| 0. 313] 0. 333 
@ [o-14t [6-16 0.214] 0. 229] 0. 490. 2650. 18]. 299}0. 307] 0. sa} 0,33 | 








From Table 46.1 it is noticed that for 
large values of b/t, the values of the con- 
stants {s 1/3, and thus for such narrow rec- 
tangles, equations (6) and (7) reduce to, 





= roar (8) 
WAX "HEF Tocco sc cote 8 

~3T 8} 
9 =i See SS Sa hae ea ees (93 


Although equations (8) and (9) have been 
derived for a narrow rectangular shape, they 
can be applied to an approximate analysis or 
shapes made up of thin rectangular members 
such as illustrated in Fig. A6.10. The more 
generous the fillet or corner radius, the 
smaller the stress concentration at these 
ctions and therefore the more accuracy of these 
approximate formulas. Thus for 2 section made 
up of a continuous plate such as tllustrated in 

Spd 


art 
ad fet = Pre 
LIL ty 
Fig. a 


— 
b can be taken as centerline length for above type 
of sections 


p—da—y, = 
* 3 -nPe ete 
7 : Eta eal 7 

2 b 

es : 2 


a 


jun- 


~dt 


(L 


“ 
Fig. A6. 10 


Fig. (a) of Fig. A6.10, the width b can be taken 
as the total length or the cross-section. For 
sections such as the tee and # section in Fig. 
A6.10, the polar moment of inertia J can be 
taken as £ bt°/,. Thus for the tee section of 








Fig. A6.10: 
ge 3 
a” Fe ots 
‘ 37 
@ (o,t? + b.t3) 
For the maximum shearing stress on leg bi 
eft: _3Tti 3Tt. 
To. OF be Pe F bates ~ 7 7 7 C19) 
and for the plate b,, 
~f ta = ST ts } 
"ai? sos Data se Data (22) 
If t, +t, =t, then 
3T = 
OS Gitt(bach bel. setae Re Pee (12) 
we ESN) eve he ey Sr Se (13) 
t*(d1 * da) 
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EXAMPLE PROBLEM SHOWING TORSIONAL STIFFNESS OF 
LOSED THIN WALLED TUBE COMPARED 
~~ TO OPEN OR SLOTTED TUBE. 


Fig. A6.lla shows a 1 inch diameter tube 
with .035 wall thickness, and Fig. A6é.11b shows 
the same tube but with a cut in the wall making 
it an open section. 


For the round tube Ji = 0.02474 in*. 


a 
For open tube J, = ; x 3.14 x .035 = 0.000045 


oe 


be3. 4" 


Fig, A6. tla Fig. A6.11b 
Let @1 equal twist of closed tube and 6, 
equal twist of open tube. The twist, will then 


be inversely proportional to J since 9 oan 


Therefore the closed tube is Ji/Ja = 0.02474/ 
0.000045 = 550 times as stiff as the open tube. 
This result shows why open sections are not ef- 
ficient torsional members relative to 
torsional deflection. 


TABLE AG.3 
FORMULAS FOR TORSIONAL DEFLECTION AND STRESS 


@ = GG ¢ twiet in radians per inch of length. 
T = Torsional Moment (in. 1b. ). 

G = Modulus of Rigidity, 

K (inf) From Table. 








FORMULA FOR 
SECTION, > SHEAR STRESS 
SOLID ELLIPITICAL 
SECTION, ig 
é a 3 MAX = (at ends 
2b ae + ba abe 
of minor axis), 
a 
aS 
SOLID SQUARE. 


T 
‘TMAX = 0. 208ad (at 


7 4 
be ae midpoint af each side). 


Lt 


SOLID RECTANGLE. 





F- | Ke af? = aaeBa - | tMax » TGa5 8b) 
a midpoint of longside. 
. 4 
cower | 





| som TRIANGLE. 
MAX = 4 


« 
4 
Ly | oo 
at midpoint of side, 


fee 








For an extensive list of formuias for many shapes both solid and hollow, 
refer to book, "Formulas For Stress and Strain” by Roark, 1954 Edition. 








A6.7 Torsion of Solid Non-Circular Shapes and Thick- 

Walled Tubular Shapes. 

Table Aé.3 summarizes the formulas for 
torsional deflection and stress for a few 
shapes. These formulas are based on the as~ 
sumption that the cross-sections are free to 
warp (no end restraints). Material is homo- 
geneous and stresses are within the elastic 
range. 


A6.8 Torsion of Thin-Wailed Closed Sections. 

The structure of aircraft wings, fuselages 
and control surfaces are essentially thin-walled 
tubes of one or more cells. Flight and landing 
loads often produce torsional forces on these 
major structural units, thus the determination 
of the torsional stress and deformation of such 
structures plays an important part in aircraft 
structural analysis and design. 

Fig. A6.12 shows a portion of a thin- 
walled cylindrical tube which is under a pure 
torsional moment. There are no end restraints 
on the tube or in other words the tube ends and 
tube cross-sections are free to warp out of 
their plane. 





Tp q constant 
Fig. A6.12 Fig. A6. 13 
Let qg be the shear force intensity at point 


a on the cross-section and qy that at point 
Db). 

Now consider the segment a a vb of the tube 
wall as shown in Fig. A6.12 as a free body. The 
applied shear force intensity along the segment 
edges paraliel to the y axis will be given the 
values Gay and dy as shown in Pig. A6.12. For 


a plate in pure shear the shearing stress at a 
point in one plane equals the stress in a plane 
at right angles to the first plane, hence 
qa = Say and dy = dys 

Since the tube sections are free to warp 
there can be no longitudional stresses on the 
tube wall. Considering the equilibrium of the 
segment -in the Y direction, 


By = 0 = dal - AyL = 9, hence Yay = Uy and 
therefore q, = dp or in other words the shear 


force intensity around the tube wall is con- 
stant. The shear stress at any point t = q/t. 
If the wall thickness t changes the shear stress 





AG, 6 





changes but the shear force q does not change, 
or 


Tata = THtp = constant. 


The product tt is generally referred to as 
the shear rlow and is given the symbol q. The 
name shear flow possibly came from the fact that 
the equation tt = constant, resembles the equa- 
tion of continuity of fluid flow qS = constant 
where q is the flow velocity and S the tube 
cross-sectional area. 

We will now take moments of the shear flow 
q on the tube cross-section about some point (0). 
In Fig. A6.13 the force dF on the wall element 


ds = qds. Its arm from the assumed moment cen~ 
ter (0) is h. Thus the moment of dF about (0) 
is aqdsh. However, ds times h 1s twice the area 


of the shaded triangle in Fig. A6.13. 
Hence the torsional moment dT of the force 
on the element ds equals, 


a? = qhds = 2qdA 


and thus for the total torque for the entire 
shear flow around the tube wall equals, 


al 2qdA and since q is constant 

A 

T=HqQ2h -----------e ~---- (14) 
or 

a2#g ---- eee ---- ee ~--- (15 


where A is the enclosed area of the mean periph- 
ery of the tube wall. 

The shear stress + at any point on the tube 
wall ts equal to q, the shear force per inch of 
wall divided by the area of this one inch length 
or lx tor 


TUBE TWIST 


Consider a small element cut from the tube 
wall and treated as a free body in Fig. A6.14, 
with ds in the plane of the tube cross-section 
and @ unit length parallel to the tube axis. 
Under the shearing strains the plate element 


ht 
+ ers, ie LH 
ds + i wo a 
+ 4 2a 
Ss 42>>~, 
Fig. A6. 14 Fig. A6. 15 


deforms as illustrated in Fig. 46.15, that ts, 
the face a~a moves with respect to face 2-24 
distance 6, The force on edge a-a equals q ds 
and it moves through a distance 6. 





TORSION 


ey 


Tre elastic strain energy dU stored in this 
element therefore equals, 


qdés 5 
z 


qu = 


However the shear strain 6 can 


ete, 5y =i 
S Sq tq but a =a 
ma 
os a 
hence QU > aay ds 
pa 
or Us fara she integral § 
is the line integral around the periphery of 
the tube. From Chapter A7 from Castigliano’s 
theorem, 

- ws. T : 
eaF $ tag oS Se Se SS a (17) 
Since all values except t are constant, equa- 
tion (17) can be written, 

T G8. fod Soeews-siele eidlese 1a) 

on ae 3 me 
and since T = 2 qA, then 2lso, 

ds ma 

e= ws { PERE RRR S ope SORA aS, (ig) 


where © is angle of twist in radians per unit 
length of one inch cf tube. For a tube length 


of L \ 
L 
o-d¢fS------ ap Eivd bees (20) 


A6.9 Expression for Torsional Moment in Terms of 
Internal Shear Flow Systems for Multiple Cell 
Closed Sections. 


Fig. A6é.16 shows the internal shear flow 
pattern for a 2-cell thin-walled tube, when 
the tube is subjected to an external torque. 
diy Ga and qg, represent the shear load per inch 
on the three different portions of the cell 
walls. 

For equilibrium of shear forces at ‘he 
junction point of the interior web with the out- 
side wall, we know that 





Choose any moment axis such as point (o). 
Referring back to Fig. A6.13, we found that the 
moment of a constant shear force q acting along 
a wall length ds about a point (o} was equal in 
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magnitude to twice the area of the geometrical 
Shape formed by radii from the moment center to 
the ends of the wall element ds times the shear 
flow q. 

Let T, ~ moment of shear flow about point 
(o). Then from Fig. A6.16, 


Ta = 2q. (Ar + Aap) + 2qehog - 2dsAap 
= 2qiAi + 2qiAay + 2dadag ~ 2dsday ~ - - - (22) 


But from equation (21), qs = 4. - qa. 
Substituting the value of qs in (22) 


Te = 2q:Ai + 2qsday + 2Gedog ~ 2GiAay + 2daday 


But Aa = Aaa + Aap 
Hence, T, = 2q,A, + 2q,4, - -—------- (23) 


where Al = area of cell (1) and A = area of 
cell (2). Therefore, the moment of the internal 
Shear system of a multiple cell tube carrying 
pure torsional shear stresses is equal to the 
sum of twice the fuctoged area of each cell 
times the shear load per inch which exists in 
the outside wall of that cell. (Note: The web 
mn is referred to as an inside wall of either 
cell). 


46.10 Distribution of Torsional Shear Stresses in 2 
Multiple-Cell Thin-Walled Closed Section. 


Angle of Twist. 


cel © 





Fig. A6.17 


Fig. A6.17 shows in general the internal 
Shear flow pattern on a 3-ceil tube produced by 
a purse torque load on the tube. The cells are 
numbered (1), (2) and (3), and the area outside 
the tube is designated as cell (0). Thus, to 
designate the outside wall of cell (1), we re~ 
fer to it as lying between cells i-O; for the 
outside wall of cell 2, as 2-43 and for the web 
between cells (1) and (2) as 1-2, etc. 

di = Shear load per inch = t,t, in the out- 

Side wall of cell (1}, where +t, equals the unit 
stress and t, = wall thickness. Likewise, 
Ga * Tata and qs = Tsts = Shear load per inch in 
outside walls of cells (2) and (3) respectively. 
For equilibrium of shear forces at the Junction 
points of interior webs with the outside walls, 
we have (qi ~- q,) equal to the shear load per 
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inch in the web 1-2 and (q, ~ q,) for web 2-3. 
For equilibrium, the torsional moment o. 

the internal shear system must equal the ex- 

ternal torque on the tube at this particular 

section. Thus, from the conclusions of article 

A6.9, we can write: 

T = 2q,A. + 2qaA, + 2q3A4, ------ = 


For elastic continuity, the twist of each cell 
must be equal, or ® = 9, = Os. 


From equation (19), the angular twist of a cell 
is 


=~ g os 
8 ZAG too 
=afds 
290 = RPE tert t cr ccc cee (25) 
Thus, for sach cell of a multiple cell struc- 
ture an expression 3 } s can de written and 


equated to the constant value 200. Let aig, 
represent a line integral f s for cell wall 


1-0, and aia, Guo, Say and Aso the line in- 
tegrals i for the other outside wall and 
interior web portions of the 3-cell tube. Let 
clockwise direction of wall shear stresses in 
any cell be positive in sign. Now, substituting 
in Equation (25), we have: 


colt (1) [a ais + (Qi = da) as. = 260 (26) 


cell (2) = [ (ae -Gi)aia + Wadac + (da - as )aes| 


cell (3) = [ta - Qa)aas + ast] = 260 - (28) 
3 


Equations (24, 26, 27 and 28) are suffictent to 
determine the true values of qu, Qa, ds and 6, 

Thus, to determine the torsional stress 
istribution in a multiple cell structure, we 
write equation (25) for each cell anc these 
equations together with the general torque 
equation, Similar to equation (24), provides 
suffictent conditions for the solution of the 
Shear stresses and the angie of twist. 


A6.11 Stress Distribution and Angle of Twist for 2-Cell 
Thin-Wall Closed Section. 


For a two cell tude, the equations can be 
simplified to give the values of Gi» 42 and 9 
directly. For tubes with more than two cells, 
the equations become too complicated, and thus 
the equations should be solved simultaneously. 
Equations for two-cell tube (Fig. 46.18): - 
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(aaoAr + Arad 
+ ai2A* + aoiAa® 


ek 








Fig. A6.18 
= ok Gorka + Arad AN ees 
WZ (aoe + aya? + aI 7 (30) 
a aaoAa® + AraA™ + Aida ToL 
ae [geets" FGiadao + Aacdos (32) 
fete rs, Sec, Sarl ee en, Re 
OF ey rr rrr e (32) 


where A = A, + Ag. 


A6.12 Example Problems of Torsional Stresses in 
Multiple-Celi-Thin-Walled Tubes. 


Exampie 1 - Torsional Stresses in Un-symmetrical Two- 
Cell-Tube. 


Fig. A6.19 shows a typical 2-cell tubular 
section as formed by a conventional airfoil 
shape, and having one interior web. An external 
applied torque T of 83450 in. 1b. is assumed 
acting as shown. The internal shear resisting 
pattern is required. 


Calculation of Cell Constants 


Cell areas: - A, = 105.8 sq. in. 
Ag = 387.4 sq. in. 
A = 493.2 sq. in. 
Line integrals a = § $8 te 
~ 26.9 _ - 1-42 
Gio = “agg = 10753 Gia 5 “Op = SSS 
ee ee 


Solution by equating angular twist of each cell. 
General equation 2G = 34 s. Clockwise 
flow of q is positive. 


Call 1 Subt. in general equation 


i 
200 = ray [as x 1075 + (-a, + a.) ass] = 


~ 13.23 q. + 3.165 qa 





TORSION 





Ee 


200 = 367.4 


[- (da - Gi) 335 - 1738 a| : 


-865 qi - 5.24 Qa 
Equating (33) and (34) 
- 14.195 qi + 8.505 qa =O ----- --- (35) 


The summation of the external and internal re- 
sisting torque must equal zero. 


_oagn 1 = 25. 25" 


: 0407/ Enron \ 
Torque Y 
83450" 


V2 cen @ 
L= 25.30" 









Fig. A6.19 


83450 ~ 2 x 105.8 q. - 2 x 387.4 qa = 0 - (36) 


Solving equations (35) and (36), qi = S5.8#/in. 
and qd, = $2.5#/in. ince results come out 
positive, the assumed direction of counter- 
clockwise was correct for qy and qs or true 
signs are q. = - 55.6 and qa = - 92.5. 


Gia = ~ 55.6 + 92.5-2 36.9#/in. (as viewed 
from Cell 1). 


Fig. A6.20 shows the resulting shear pat- 
tern. The angular twist of the complete cell 
can be found by substituting values of qi and 
Qa in either equations (33) or (34), since twist 
of each cell must be the same and equal to 
twist of tube as a whole. 


36. 94/in. 





92, 5#/in. 





SOLUTION BY SUBSTITUTING IN EQUATIONS (29) & (30) 


i: BgoA, + Bid 2 
«=3 fem + aah ae te 
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1735 _x 105.8 + 335 x 453.2 
1735 x 105.3 


= 000665 T = .000665 x 83450 = 55.5#/in. 


da = AroAg + ar2d oa hee 
7 Becki + ai2d* + aioAa® | * 


nie 


1075 _ x 387.4 + 335 x 493.2 
1735 x 105.8* + 335 x 493.2% + 1075 x 387.47 


= .CO1107 T = .001107 x 83450 = 92.5¢#/in. 


Example Probiem 2. 


Determine the torsional shear stresses in 
the symmetrical 2 cell section of Fig. A6.21 
when subjected to a torque T. Neglect any re- 
sistance of stringers in resisting torsional 


moment. 
Fig. A6. 21 
ie 
03" 03" 


SOLUTION: 





Calculation of Sa 
terms 


A, = 100 A, = 100 Buhcen a” ane 
A =A, + Ag = 200 
Line tntegrals a = 


as ; 
S 
a, = 20 +22 5 056.7 
10 


ara = tor = 333.3 





eo = + = = 916.7 


Solution of Equations from Article A6.li: - 


=i Bagh, + Aiad ? 
9: = 3 |aeoda? + @iaA™ + diode 


ast 916.7 x 100 + 333.3 x 200 . 
* “2916.7 x 1007 + Ba3.c x 2007+ 666.7 x 100% 
= .002540 T 
a, =i Qroda + Arad T 
2" 2 [aecda™ + Aisha? + Aaida® 
al 866.7 x 100 + 333.3 x 200 t 
2[ 916.7 x 100* + 333.3 x 2007 + 866.7 x 1007 


Tr 
+ 335 x 493.27 + 1075 x ara] 2 
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= ,002456 T 


gee feasaa® + areA? + ards? ] 


ST 
@xoGi.2a * Aiadaa + Asodio 


4 [916.7 x 100% + 333.3 x 200% + 866.7 x 1007 
866.7 x 333.3 + 333.3 x 916.7 + 916.7 x 866.7 


= 89.76 


= aoe = otis 


eget 
UG ~ x 68.76 ¢ 





{rad.) per unit 
length of cell. 


A6.13 Example 3 - Three-Cell-Tube, 

Fig. A6.22 shows a thin-walled tubular 
section composed of three cells. The internal 
Shear flow pattern will be determined in re- 
sisting the external torque of 100,000" as 
shown. 


a 5" ale 10" —ad, tov — 
: 03! 5 





Qa == =a 
.025 to" 
04 
03 03 
Fig. AG. 22 


SOLUTION: 


Calculation of cell constants 
Cell areas: ~ 





A, 2 39.3 Aq = 100 As = 100 
Line integrals a = ‘¢ 7 
mx 10 _ - 10. 
Aro = 30s = 629 Gia = GE = 200 
aot 22667 ans ADs 


Equating the external torque to the internal re- 


sisting torque: - 


tt 
° 


2qidi + 2qeda + 2qeds + T 
Substituting: 
78.6 q, + 200 qq + 200 qs - 100,000 = 0 ~- (37) 


ariting the expression for the angular twist 
of each cell: - 


Cell (1) 
266 == [asa + (ai - a) ass] 
a 
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TORSION 





Substituting: 


290 ==. 


393 [29 di + 200 qa ~ 200 a] - - - (33) 


Cell (2) 


2Ge = E[@ = a3) aia + dedac + (42 - Gs} ass] 


Substituting: 

age = sp 200 de - 200 qi + 667 Qa + 333 Gy - 
333 as] wcrc rr em reer er eee (39) 
Cell (3) 





[ (a - 4a) Bas * astso] 


Substituting: 
206 = hq [955 as - SeS aa + 927 a5] ~~ - (40) 


Solving equations (37) to (40), we obtain, 


da = 143.4#/in. 

Qa = 234.1#/in. 

Qs = 208.8#/in. 

Qa ~ di = 90.7#/in. 

Ge - qs > 25.3#/in. 
234-1#/in. 208. 8¥/in. 





Fig. A6. 23 


208. 8#/in. 


Fig. A6.23 shows the resulting internal 
shear flow pattern, The angle of twist, if de~ 
sired, can be found by substituting values of 
shear flows in any of the equations (38} to (40). 


A6.14 Torsional Shear Flow in Multiple Cell Beams by 

Method of * Successive Corrections. 

The trend in airplane wing structural de- 
sign particularly in high speed airplanes is 
toward multiple cell arrangement as illustrated 
in Fig. A6.24, namely a wing cross-section 
made up of a relatively large number of cells. 


= a Ps tO a 


Fig. AG. 24 


With one unknown shear Zlow q for each cell, 
the solution by the previous equations becomes 
quite laborious. 

The method of successive approximations 
provides a simple, rapid method Zor finding the 
shear flow in multiple ceils wnder pure torsion. 


EXPLANATION OF SUCCESSIVE CORRECTION METHCD. 


Consider a two celi tube as shown in Fig, 
a. To begin with assume each cell as acting 
independently, and 
subject cell (2) to 
such a shear flow q, 
as to make G0, = 1. 

From equation 
(19) we can write, 

- 4 ds 
org hS 
Now assume G@ = 1, 
then 





Since practically all cellular aircraft 
beams have wall and wed panels of constant 
thickness for each particular unit, the term 
§ s for simplicity will be written Bt where 


L equals the length of a wall or web panel and 
t its thickness. Thus we can write, 


Therefore assuming G6, = 1 fer cell (1) of 
Fig. a, we can write from equation (41): - 





* Based on Paper, "Numerical Transformation Procedures 
for Shear Flow Calculations" by S. U. Benscoter, 
Journal, institute of Aeronautical Sciences, Aug. 1946. 
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= 0.212 1b./in. 





Fig. ¢ 


In a similar manner assume cell (2) sub- 


jected to a shear flow qe to make GG2 =1, Then 
RAs 2x 39.3 
daz=5k IW, 157 = BS = 0.10S#/in. 
t 205 203 


Fig. c shows the results. 

Now assume the two cells are joined to- 
gether with the interior web (1-2) as a common 
part of both cells. 
See Fig. d. The tn-~ 
terior. web is now 
subjected to a re- 
sultant shear flow 
of di = da = (.212 - 
+109) = .l03#/in, 
Obviously this change 
of shear flow on the 
interior web will cause 
the cell twist to be different for each cell in- 
stead of the same when the cells were considered 
acting separately. To verify this conclusion 
the twist measured dy the term GO will be com- 
puted for each cell. 





Fig. d 








1 L 
Cell (1 GO, =s- 2S q—s 
Q), n= oR, 24s 
= i 25.7 10]. 
“Fx 8 [22 Ss; ae 3] i 
= 0.875 
c ecu L 
ell (2), G6, = Si lay 
: 





2, 15.7 107. 
* 2x 30.3 [208 xe - (.212 - .109) 3) = 


= 0.4375 


Since 9, must equal 2, {f the cross-section 
{is not to distort from its original shape, it is 
evident that the above shear Slows are not the 
true ones wren the two cells act together as a 
unit. 

Now consider cell {1) in Fig. d. In bring- 
ing up and attaching cell (2) the common web 





(1-2) 1s subjected to a shear flow q, = - .109# 
/in. (counterclockwise with respect to cell (1) 
and therefore negative), in addition to the 
shear flow q, = .212 of cell (1). The negative 
shear flow q, = - .109 on web 1-2 decreases the 
twist of cell (1) as calculated above with the 
resulting value for G6. = 0.875 instead of 1.0 
as started with. 

Thus in order to make GO, = 1 again, we 
will have to add a constant shear flow qi to 
cell (1) which will cancel the negative twist 
due to q, acting on wed (1-2). Since we are 
considering only cell (1) we can compare cell 
wall strains instead of cell twist since in 
equation (41), the term 2A 1s constant. 

Thus adding a constant shear flow qi to 
cancel influences of qa on web 1-2, we can write: 


? 4) ms (= = 
a (s e) ceil (1) = da 4) web 1-2 79 
hence 


(4) wen 1-2 
ah =a, |e) + aa) 
2) cell (1) 


Substituting values in equation (42) 


10 
05 200 
G = 4a lose s = gq da = +287 Oy 
004 ~ 705) 


Thus to make GQ, equal to 1 we must correct 
the shear flow in cell (1) by adding a constant 
shear flow equal to .237 times the shear flow qa 
in cell (2) which equals .237 x .109 = .025@#/in. 
Since this shear flow is in terms of the shear 
flow qa of the adjacent cell it will be referred 
to as a correction carry over shear flow, and 
will consist of a carry over correction factor 
times qa. 

Thus the carry over factor from cell (2) to 
cell (1) may de written as 


iG) wed (1-2) 


C.O.F. , = which equals 
2 £0\.1) Ge cell (1) 


-237 as found above in substitution in equation 
(42). 

Now consider ceil (2) in Fig. d. In 
bringing up and attaching cell (1), the common 
wed (. ) is subjected to a shear flow of q, = 
~ 0.212%/in. (counterclockwise as viewed from 
cell 2 and Sherefore negative}. This additional 
shear flow changes G6, twist cf cell (2) toa 
relative value of C.4375 instead of 1.0 (see 
previous G&, calculations). Therefore to make 





G8, equal to 1.0 again, 2 corrective constant 
shear flow q, must Se added to cell (2) to 
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TORSION 





cancel the twist effect of q, = 0.212 on web 
(2-1). Therefore we can write, 


Substituting in equation (43): - 


3 f200\ _ 
qa, 3) = 
Thus the carry over factor from cell (1) to 


cell (2) in terms of q. to make GO, = 1 again can 
be written 


+277 q, = .277 x .212 = .0587#/in. 


= () wed (2-1) _ 200 


C.0.F. = 
(1 to 2) z cell (2) 


~y 





Fig. e shows the constant shear flow qi, and 
qi that were added to make GQ = 1 for each cell. 
However these cor- 
rective shear flows 
were added assuming 
the cells were again 
independent of each 
other or did not 
have the common wed 
(1-2). Thus in 
bringing the celis 
together again the interior web is subjected to 
be resultant shear flow of qi, ~ qi. In other 
words if we were to add the shear flows of Fig. e 
to those of Fig. d, we would not have GQ, and Ge, 
equal to 1. The resulting values would be closer 
to 1.0 than were found for the shear flow system 
of Fig. d. 

Considering Fig. e, we will now add a second 
set of corrective shear flows q{ and q} to cells 
(1) and (2) respectively to make GO, and Go, =1 
for cells acting independently. 

Considering cell (1), and proceeding with 
same reasoning as before, 


at ce) cell (1) - ah (3 wed 1-2 = 0 


Hence 


@'a =. 0587 








az = = ,0587 x .237 = .0139%/in. 
or 

es ) dint 

az (C.0.F.} 2tol times qj} 237 xX 0587 


= .0139 


Considering Cell (2) 


oF.) = .0258 x .227 = 

nA Eo .00727#/in. 

Fig. f shows the resulting second set cf 
corrective constant shear flows for each cell. 
Since our corrective 
shear flows are 
rapidly getting 
smaller, the con- 
tinuation of the 
process depends on 
the degree of ac- 
curacy we wish for 
the final results. 
Suppose we add one 
more set of cor- 
rective constant shear flows qT and q7, 





Using 
the carry over correction factors previously 
found we obtain, 


q™ = .237 x .00717 = .0017#/in. 


-277 x .0139 = .0OS8S#/in. 


az = 
Fig. g shows the results. 


Tne final or re- 
sulting cell shear 
flows then equal the 
original shear flows 
plus all corrective 
cell shear flows, or 


qy = 00385 





——=— 


% (t4nai) 7 4H * 


qi + qt 
(tinal) = ¢e * Ge * 
Pig. h shows 
the final results. 
To check the 
final twist of each 
cell the value Go 
will be computed for 
each cell using the 
q values in Fig. h. 


Cell (1) 








L 25.7 10 
Go, = rr +2534 X “On * 0747 x2 )- 997 


G0, eae ser x 8ef — 0747 x 48)- .997 


A6.15 Use of Operations Table to Organize Solution by 
Successive Corrections. 


Operations Table 1 arranges the calculations 
so that the steps dealing with the corrective 
shear flows can be carried cut rapidly and with 
a@ minimm of thought. 
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OPERATIONS TABLE 1 




















Explanation of Table 1 


Line 1 gives the carry over factors for 
each cell, computed as explained before. Line 2 
gives the necessary constant shear flow q in 
each cell to give unit rate of twist to each 
cell acting independently. (G@=1). Line 3 
gives the first set of constant corrective shear 
flows to add to each csll. The corrective q re- 
ferred to as the carry over q or C.0.q in the 
table consists of the q in the adjacent cell 
times the C.0. factor of that cell. 

Thus .237 x .109 = .0258 is carry over from 
cell (2) to cell (1) and .277 x .212 = .0587 ts 
carry over from ceil (1) to cell (2). 

Line 4 gives the second set of corrective 
carry over shear flows, namely .277 x .0258 = 
+00717 to cell (2) and .237 x .0587 = .0139 to 
cell (1). Line 5 repeats the corrective carry 
over process once more. Line 6 gives the final 
q values which equal the original q plus all 
carry over q values. 


Example Problem 1 (2 cells) 


etermine the internal shear flow system 
for the two cell tube in Fig. A6.25 when sub- 
jected to a torque of 20,000 in. lbs. 


j__. to" sf. — 10" —| 





Fig, AG. 25 
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Explanation of solution as given in Table (2): 


Line 1 gives the values of the carry over 
factors. The values are calculated as follows: 


C.0. factor cell {1} to cell (2): 





‘LY = 20 
2 (3) cell2 e+ oo 
(2) wed 2-1 


c.0. 





(2-1) = 2 (4) cant 


Line 2 gives the shear flow q in each cell, 
when it is assumed each cell is acting separ- 
ately and is subjected to a unit rate of twist 
or ag =l. : 

The calculations for the q values are as 
follows: - 


For cell (1) 


ae z G) cell 1 


For cell (2) 


2Aa = 
z @) cell 2 


2x 100 . 4 
ao, 30 


05 (O.L 


a 


A, and Ag equal cell area of cells (1) and (2) 
Tespectively. L = length of wall element and t 
its corresponding thickness. 


In order not to start out with decimal values 
of q, the values above will arbitrarily be 
multiplied by 100 to make q: = 25#/in. and 

Ga = 40#/in, Since we want only relative 
values of terms this is permissible. These 
values are shown in line 2 of Table (2). The 
corrective carry over process proper is started 
in line 3 of table (2). In cell (1) the amount 
carried over of qi = 25 to call (2) equals the 
c.0. factor times 25 or 0.4 x 25 = 10 which is 
written along the vertical line under cell (2). 
Likewise in cell (2) the amount of de = 40 that 
is carried over to cell (1) equals the C.0. 
factor times qa or .25 x 40 = 10, which is 
written along the vertical line under cell (1). 

The second set of corrective carry over 
constant shear flows are given in line 4 of 
Table (2), thus, .4 of the q. = 10 = 4.0 is 
carried over to cell (2) and .25 x value of 
Qi = 10 = 2.5 is carried over to cell (1), Line 
5 repeats the process namely 0.4 x 2.5 = 1 to 
cell (2) and .26 x 4= 1.0 to cell (1). 

This process of carrying over values of q 
is continued until the values are smail or 
negligible. Line & gives the final q values in 
each cell as the summation of the assumed q 
value plus all carry over values of q. Thus in 
cell (1) q = 38.85#/in. and for cell (2) 
q=55.5. Line 9 gives the torque that these 


values of cell shear flow can produce. 
T = 2aq 
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85 = 7770 in. ibd. 
5 = 11100 in. lb. 


Line 10 gives the sum o? the above two values 
which equals 18870 in. lb. 

The original requirement of the problem was 
the shear flow system for a torque of 20,000"#. 
Therefore the required q values follow by direct 
proportion, whence 


For cell (1) T= 2x 100 x 38. 
For cell (2) T= 2x 100 x 55. 


_ 20000 . 

a2 = TBa70 * 38.85 = 41.2#/in. 
_ 20000, -- | 

qa = Taa9q ¥ 55-5 = 58.9#/1n. 


These values are shown in line il of Table 
2. Check on twist of cells under final q values. 

The relative total strain around gach cell 
boundary is given by the term = z at for the 
cell. 

Thus for cell (1) 


oie (36 eahinad ls 
~ Tod [1.2 () Pate S82) 33 


ele 


zq 


le 


= 212 


For cell (2), 


l Lei 10 30 
mils "0 [ (0.9 ~ 41.2) =e + 58.9 x By 


= 212 


Thus both cells have the same twist. 


In the above calculations q, and qq act 
clockwise in each call, hence the shear flow on 
the interior common web is the difference of the 
two q values. 


Example Problem 2. Three cells 

The three cell structure in Fig. 46.26 is 
subjected to an external torque of - 100,000 in. 
1b. Determine the internal resisting shear flow 
pattern. 





Fig. A6. 26 
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1 
Cell 1 Cell 2 Cell 3 
= hs 


288 | 














.284 
25.30 18.45 16.70 
pe Son ea 
1.87 0,494, 1,51 = = 2.53] 























Explanation of solution as given in Table 3: + 
) 
A, = 144 
= 1140 


Cell (1 


cell (2) cell (3) 
A, = 96 Ag = 56.5 
BE = 1040 2 $= 1055 


Shear flow q for GO = 1 for each cell acting in- 
dependently: - 


Cell (1) 


Cell (2) 


Call (3) 


q 








= 2h. , 288 
Sor tae .283 
t 
Pha fo. 192) 5 ese 
SL” 1080 -1845 
t 
2, 113 _ 
a = 
L > toss = °207 
te 


To avoid small mumbers these values of q 
are multiplied by 100 and entered on line 2 of 


the table. 


Calculation of carry factors as 


given in line 1 of Table 3. 
Cell (1) to (2) 


c.0. 


(1-2) 


Cell (2) 


c.0. 


(2-1) 


cell (2) 


c.0. 


(2-3) 








re 
me 


Ltrs = 42 
z ¢) cell1 “40 


to (3) 


G ; 
Z £) wed 2-3 = 300 . sei 


L\ ej, 2. 1050 
z &) cei 3 
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Cell (3) to (2) 


t 

a4 4@ wed 2-3 _ 300 _ eee 

1.0. pgigy 2 es, 
(3-2) 2(£) cet 2 1040 


The balance of the solution or procedure in 
Table 3 is the same as explained for Problem 1 
in Table (2). It should be noticed that cell 
(2) deine between two cells receives carry over 
q values from both adjacent cells and these two 
values are added together before being distribu- 
ted or carried over again to adjacent cells. 

For example consider iine 3 in Table (3) and 
esll (2). The q value 5.82 representing .23 x 
25.3 ts brought over from cell (1) and the q 
value 3,C8 = .238 x 10.70 from cell (3). These 
two values are added together or 5.82 + 3.08 = 
8.90. The carry over q to cell (1) is then .21 
x 6.90 = 1.87 and to cell (3) is .284 x 8.90 = 
2.53. 

In line 8, the final q in cell (2) equals 
the original q of 18.45 plus all carry over q 
values from each adjacent cell. 

Line 10 in Table (3) shows the total torque 
developed by the resultant internel shear flow 
is 17435"#. Since the problem was to find the 
shear flow system for a torque of - 100,000 in. 
ib., the values of q in line 8 must de multipli- 
ed by the factor 100,000/17435. 

Line 11 shows the final q values, 


Example Problem 3. Four cells. 

etermine the internal shear flow system 
for the four cell structure in Fig. 46.27 when 
subjected to a torsional moment of - 100,000 in. 
1b. 






(1600) 


(500) (625) 
Celki Cell 2 Cell 3 Celi4 
Fig. A6. 27 
OPERATIONS TABLE 4 
Cell 1 Cell 2 Cell 3 cell 4 



































In Fig. 46.27 the values in the rectangles 
represent the cell areas. The values in ( ) 
represent the L/t values for the particular wall 
or web, After studying example problems 1 and 2 
one should have no trouble checking the values 
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as given in Table 4. Line 10 shows the cor- 
rection of q values to develop a resisting 
torque of 100,000"#. The multiplying factor is 
100 ,000/80630. 


A6.16 Torsion of Thin-Wailed Cylinder Having Closed 

Type Stiffeners. 

The airplane thin-walled structure usually 
contains lonvitudinal stiffeners spaced around 
the outer walls as illustrated in Figs. A6é.2e8 
and A6.29. 


Fig. A6, 28 





Open Type Stiffener Closed Type Stiffener 


For the open type stiffener as illustrated in 
Fig. A6.28, the torsional rigidity of the in- 
dividual stiffeners as compared to the torsional 
rigidity of the thin-walled cell is so small 

to be negligible. However a closed type 
stiffener is essentially a small sized tube and 
its stiffness 1s much greater than an open 
section of similar size. Thus a cell with 
closed type stiffeners attached to its outer 
walls could be handled as a multiple cell struc~ 
ture, with each st.ffener acting as a cell with 
@ common wall with the outside surrounding cell. 
Since in general the stiffness provided by the 
stiffeners is comparatively small compared to 
the over-all cell, the approximate simplified 
procedure as given in NACA T.N. 542 by Kuhn can 
be used to usually give sufficient accuracy. In 
this approximate method, the thin-walled tube 
and closed stiffeners are converted or trans- 
formed into a single thin-walled tube by modi- 
fying the closed stiffeners by either one of the 
following procedures: - 


(1) Replace each closed stiffener by a doubler 
plate having an effective thickness 
te=ts7s/d, and calculate J ds/t with these 
doubler plates in place. The enclosed area 
of the torsion tube still remains (A) or 
the same. See Fig. A6.30. 





"| 
we = scien 


- Transformation 
Transformation by Procedure (2) 
by Procedure (1) hK— gq —s 
—— tsk = 
eg aes 

t s 

tertsKttst g : 

Fig. A6. 30 tety, tae 2 

Fig. a6, 31 st'sKa@ 
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(2) Replace the skin over each stiffener oy a 
"liner" in the stiffener having a thickness 
te = tgx d/s. (See Fig. A6.31.) The en- 
closed area (A) of the cell now equals the 
original area less that area cross-latched 
in Fig. A6.31. 


Procedure (1) slightly overestimates and 
procedure (2) slightly underestimates the stiff- 
ness effect of the stiffeners. 

The corner members of a stiffened cell are 
usually open or solid sections and thus their 
torsional resistance can be simply added to the 
torsional stiffness of the thin-walled over-all 
cell. 


AG.17 Effect of End Restraint on Members Carrying 

Torsion. 

The equations derived in the previous part 
of this chapter assumed that cross-sections 
throughout the length of the torsion members 
were free to warp out of their plane and thus 
there could be no stresses normal to the cross- 
Sections. In actual practical structures re- 
straint against this free warping of sections 
is however often present. Por example, the 
airplane cantilever wing from its attachment to 
4 rather rigid fuselage structure is restrained 
against warping at the wing-fuselage attachment 
point. Another example of restraint is a heavy 
wing balkhead such ag those carrying a landing 
gear or power plant reaction. The flanges of 
these heavy balkheads often possess considerable 
lateral bending stiffness, hence they tend to 
prevent warping of the wing cross-section, 

Since only torsional forces are being considered 
here as being applied to the member, the stress~ 
88 produced normal to the cross-section of the 
member namely, tension and compression must add 
up zero for equilibrium. Thus the applied tor- 
que is carried by pure torsion action of the 
member and part by the longitudional stresses 
normal to the member cross-sections. The per- 
centage of the total torque carried oy each 
action depends on the dimensions and shape of 
the cross-section and the length of the member, 

Fig. A6.32 tllustrates the distortion of an 
open section, namely, a channel Section subdject~ 
ed to a pure torsional force T at its free end 
and fixed at the other or Supporting end. Near 
the fixed end the applied torque is practically 
all resisted by the lateral bending of the top 
and bottom legs of the channel acting as short 
cantilever beams, thus forming the couple with x 
forces as {liustrated tn the Figure. Near the 
free end of the member, these top and bottom 
legs are now very long cantilever beams and thus 
their bending rigidity {s small and thus the 
pure torsional rigidity of the section in this 
region is greater than the bending rigidity of 
the channel legs. 


TORSION 







Partly lateral shear 
and partly torsionai shear 


Torsional shearZ 


Fig. A6. 32 


A6.18 Example Problem lustrating Effect of End , 

Restraint on a Member in Torsion. 

Fig. A6.33 shows an I-bean Subjected to a 
torsional moment T at its free end. The preb- 
tem will be to determine what Proportion of the 
torque T is taken by she flanges in bending and 
what proportion by pure Shear, at two different 
sections, namely 10 inches and 40 inches from 
the fixed end of the I-beam. 





Fig. AG. 33 Fig. A6. 34 Fig. A6. 35 
Fig. A6.34 shows the torque dividing into two 
Parts, namely the couple force F-F formed by 
bending of the flanges of the i-beam and the 
Pure Shearing stress system on “he cross- 
Section. Fig. A6.35 shows the twisting of the 
Section through a distance 5. 


The solution will consist tn computing the 
angle of twist 9 under the two stress con- 
ditions and equating them. 

Let Tg be the proportion of the total 
torque T carried dy the flanges in bending 
forming the couple F-F in Fig. A6.34. From 
Fig. A6.35, the angle of twist can be written 


pypea 
» Joo 
wir 
He 





H 
cura 
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RES 





Note: Tne deflection of a cantilever deem with 
a load F at its and equals FL°/3EI, and I tae 
moment of tnertia of a rectangle about its cen- 
ter axis = to°/l2. 
hence eB sete? ? 

i pet a? “8 


Now let Tt de the portion o2 the total torque 
carried by the member in pure torsion. The ap- 
proximate solution for open sections seneoaet of 
rectangular elements as given in Art. Ag. 
equation (12) will de used, 


3 Tt L 
8 = GE(o + Oy) 
Equating 6p to Sy , we can write 
Tg _ ZB En? db? 
2 = 
Te 8L7Gt* (2b + by) 


lu 


Substituting va 


es when L = 10 inches. 



















The shaft rotates at constant speed. 
ference in be2t pull on two sices of a4 pulley 
are shovm.on the figure. Calculate tne maxima 
torsional shearing stress in the 1-3 
shaft between pulleys (1) and (2) 4 
(2) and (3). 


(2) A 1/2 HP. motor operating at 10CO RP 
rotates a 3/4-.035 aluminum alloy torque tube 
3O inches long which drives the gear mechanism 

Zor De wing flap. Determine the 

mum torsional stress in the torque shart 
full power and RPM. ind the angular 
o2 shaft in the SO inch length. Polar 
inertia of tube = .0l in. Modulus of r 
G = 3&C0,000 psi. 


The diz— 
















acing a 


T=60,000 in. 1b. 


CN 





2 
TL 3x 10.8 x lox 3.4.x 1.78 . 
Te @ x lO? x 3.7 x 10° x 0.14(2 x 1.75 + 3.3) 
= 9.65 
total torsional 7 
| (3) In the cellular se 
ee (ee she tersiona 
reant. | cne external torque 
wall thickness are giver 
the tude 1s 100 in. long 
lf we consider the section 40 inc from deflection. Material ts 
the fixed end, then L = 40 inches. ae ir 40* | 3eC0,000 pst.) 
is placed in the above sudstitution instead of {4) In Fig. A6.36 remove the intertor .035 
107 the results for Ts/Tz would de 0.602 and web and compute torsional shear Zlow and de- 
the parcent of the torque carried by the flenges flections. 
in bending would be 36 as compared to 30.5 per- 
cent at L = 10 inches fon support. Thus in T = 100,000 in. ib. 
general the effect of the end restraint decreases! 
Tapidiy with increasing value of L. 
ine effect of end restraint on thin wallec 
tubes with lLongitudicnal stiffeners ts a sore 
involved prob and cannot be nandled in such 
asinplified manner. This problem is censia t 
in other Chapters. 
A6.18 Problems. 
+ 
1 
= 4 Fig. A6. 37 
fe 12 ie a at 
3208 (5) In the 3-cell structure of Fig. A6.57 
Fig. A6.36 determine the tnt ermal resisting shear Plow cue 
to axterzal torque of 100,000 in. lb. Fora 
{1} In Fig. A6.36 pulley (1) ts the driving | length of 100 inches calculate twist of cellular 


Pulley and (2) and (3) are tne driven pulleys, 


structure 12 G is assumed 3,200,000 psi. 


Th 


a 
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(6) Remove the .05 interior web of Fig. h— 1414" 5 
A6.37 and calculate shear flow and twist. : 


(7) Remove both intericr webs of Fig. 
A6.37 and calculate shear flow and twist. 





(8) Each of the cellular structures in 
Fig. A6.38 is subjected to a torsional moment 
of 120,000 in.lbs. Using the method of 
successive approximation calculate resisting 
Shear flow pattern. 


| I 


All interior webs = .05 thickness 
Top skin . 084" thickness 
Bottom skin . 064" thickness 


Fig. A6. 38 























The big helicopters of the future will be used in many important industrial and military opera- 
tions. The helicopter presents many challenging problems for the structures engineer. 


(Sketches from United Aircraft Corp. Publication “BEE-HIVE", Jan. 1958. Sikorsky Helicopters) 








CHAPTER A7 
DEFLECTIONS OF STRUCTURES 


ALFRED F. 


AT7.1 Introduction. 
Calculations of structural deflections are 
important for two reasons: - 


(1} A knowledge of the load-deformation 
characteristics of the airplane is of primary 
importance in studies of the influence of 
structural flexibility upon airplane perform- 
ance. 


(2) Calculations of deflections are neces- 
sary in solving for the internal load distri- 
putions of complex redundant structures. 


The elastic deflection of a structure 
under load is the cumulati.? result of the 
strain deformation of the individual elements 
composing the structure. As such, one method 
of solution for the t7tal deflection might in- 
volve a vectorial addition of these individual 
sontrioution' The involved geometry of most 
practical structures makes such an approach 
pronibitively difficult. 

For complex structures the more popular 
techniques are analytical rather than vectorial. 
They deal directly with quantities which are not 
themselves deflections but from which deflec- 
tions may be obtained by suitable Operations. 
The methods employed nerein for deflection cal- 
culations are analytical in nature. 











AT. 2 Work and Strain Energy. 

Work as defined in mechanics is the prod- 
uct of fcrce times distance. If the force 
varies over the distance then the work is com- 
puted by the integral calculus. Thus the work 
done by a varying force P deforming a body 
an amount 6 1s 

Work = ie Pd6 and is represented 
by the area under the load deformation (P-5) 
curve as shown in Fig. A7.1. 

IZ the ceformed dedy 
the energy stored in the bo 
reccvered, the dody unloading ai 
P-6 curve Zollowec for increasi 
energy is called the elastic 
deformation (hereafter Tt 


orevity) and is denoted by ‘he 
us pas. 


elastic (as are most dodies dealt with in 
structural analysis) then the load-deformation 


in 














The symbol U. 


Should the body De linearly 





(1) Design Specialist, Convair-Astronautics 


AT. 


SCHMITT” 


A 
Work? >, Pj A Oi 
it 
in the limit as 
46-0 


Work (op a6 





Ad; —4 5 
Fig. AT.1 


curve is a straight line whose equation ts 
P = k6 and the strain energy is readily com~ 
puted to be 

at a 


Ue ue or, equally, U = a 
AT.3 Strain Energy Expressions for Various Loadings, 
STRAIN ENERGY OF TENSION 
load S acting at the end of 2 


A tensile 
length L, cross sectional area 


uniform bar of 
A and elastic modulus — causes a deformation 


6 = lyse, Hence S = = 6 and 
axl gagr ate OF seek heal) oe ete 
us fsd6=T 5 (1) 


Equations (1) and (2) are equivaient ex- 
pressions for the strain energy in a uniform bar, 
the former expressing U in terms of the de- 
formation and the latter expressing U in terns 
cf toad, The second form of expression is more 
convenient for general usage and succeeding 
strain energy formulas will be put in this form. 

For a tensile bar having non-uniform prop- 
erties (varying AE}, or for which the axial lead 
S varies, the strain energy [s ccmputed dy the 
calculus. Thus the energy in a differential 
element of length dx is given by eq. (2) as 











37dx 


dU = where S and AE 





are average values over the length of element. 


1 








AT.2 


The total ener: 
suming over tr 


2 dar is obtained oy 
moof the bar. 


Dt 
Os 
bs 





Oo = 


Example Problem 1 
A linearly tapered aluminum dar is under 





an axial load of 15CO lbs, as showr. ‘n Fig. AT.2.) 
Find U. 
Ao 
A(x) = A,(1-4) 
40" x 80 
Ags 2 in* 
+ is00# Fig. AT.2 
Solution: 


From statics, the internal load S$ = -1500* 


at every section. 


7 = Stax _ {7° ccasoodeax 
9° 
¢ PAR Je aa = )10 x 10° 


( vex/ho 
7 introduced 
ie a for conven- 
2 1390) a: 4.5 ln 2 inch lbs. ienes) 
io 


Note that although P was 4 negative (com~ 
pressive) load the strain energy remained 
positive. 


Example Problem 2 
Find U in a uniform bar under a running 


load 
= a 
Q = do cos 5 (Fig. A7.3). 
ros 
( Lb» 40° 
( 2 
4 4 Aa 2 in 
: ted9 E = 10x10° pet 
a(x) | ge 25 1b/in 
x 
Fig. A7.3 
Solution: 


The equation for S (x) was found by statics, 


= fl _ fl 7 Tx 
Six) =f qdx = Ge SOS ar ax 
aL ie 2L mx 
= do = sin = qo 2h (1 ~sin Z 


Substitution into eq. 
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uniform beam Ser the action 


of a pure couple un: es an angular rotation 
proportional to the SaapleL Thus, from elemen- 


tary strength of matertais : 
M~\ 
oe 


re 
alae 








w— L 
where the constant ZI, the product of elastic 
modulus by section moment of tnertia, is called 


the "bending stiffness". 
Since the rotation 9 butlds up linearly 
with M the strain energy stored ts 


Me 


ple 


For a Deam having non-uniform properties 
(varying EI) and/or for which M varies along 
the beam, the strain energy is computed by the 
calculus. From eq. (4) the strain energy ina 
deam element of differential length is 


3 
qu = 3 r° 


Hence summing over the complete beam to get the 
total strain energy one nas 


_ _ 1 > Max 
Us/a=s/ or 


Example Problem 3 
For, the dDeam of Fig. A7.4 derive the strain 
energy expression 2s a function of Mo. 


Me 


i El = constant 
ae 


Fig. A7.4 


Solution: 


The bending moment diagram (Fig. A7~4a) was 
found and an analytic exprassion written for MM 
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Then 





Example Problem 4 
Determine the strain energy of flexure of 
the beam of Fig. A7.5. Neglect shear strain 


energy. 
= = Constant Po 
poslig.s wile Spinal 
Fig. A7.5 
Solution: 


The bending moment diagram was drawn ?irst 
(Fig. A7.5a) and analytic expressions were 
written fcr M. 


M(X)? Py X 


o<x~k 


[x 


Fig. AT. 5a 


Inspection of the diagram revealed that 
the energy of flexure in the right nalf of the 
beam must be identical with that of the left 


half. Hence 
L 
{ /2¢p x)aax 


° 


g 
u 
tw 

0 

3) |- 


I 


ePLEL? 
24 xt 


STRAIN ENERGY OF TORSION 


A uniform circular shaft carrying a torque 
T experiences a total twist in a length L pro- 
portional to the torque. Thus from elementary 
strength of materiais 








where the constant GJ, the product of the elastic 
modulus in shear by the cross section polar mom- 
ent of inertia, is called the "torsional stirf- 
ness", 

Since the twist > duilds up linearly with 
T the strain energy stored is 


For a shaft of non-uniform properties and 
varying loading one has 


In passing it is worth remarking that one 
often encounters the group symbol "GU" in use 
for the torsional stiffness of a non-circular 
shaft or beam such as an aircraft wing. In 
such a4 case the torsional stiffness has not been 
computed literally as G x J, but rather 4S de- 
fined by 9q. (6), viz. the ratio of torque to 
rate of twist. 


example Problem 5 

~~ For a certain flight condition the torque 
on an airplane wing due to aerodynamic loading 
{s given as shown graphically in Fig. A7.6. The 
variation of torsional stiffness GJ is given in 


like manner. Find the strain energy stored. 






1.0 = 


Fig. A7.6 


Qo © 
Y=0 YoL 
Root Tip 
Solution: 


A numerical integration of eq. (8) was 
performed using Simpson’s rule. The work is 
shown in tabular form tn table A7.1. 

Values of T and GJ Zor selected wing 
stations were taken from the graphs provided 
and were entered in the table. For convenience 
in handling the numerical work all the variables 
were treated in non-dimensional form, eq. (8) 
being changed as follows 




















AT.4 DEFLECTIONS OF STRUCTURES 
where i strain energy in a deam under the action of 2 
T transverse shear loading V(ibs)*. For this 
purpose ¥ = 7x dy x ¢ and t x dy is called a, 
GJ = G5/GIR the Seam cross sectional area. H 





The subscript R denotes "reot" valu 
The coefficients for Simpson’s rule appearing in 
column (6) were taken from the expression for 





odd n 

r= (fo + 48, + 2f,+4f,+---- 
is ts 5. 

Tee gine: Pine gta) 























Therefore the strain energy was 


+994 


LTR? 
us sR 
* ada * 


STRAIN ENERGY OF SHEAR 


A rectangular slement "dx" by "dy" of 
thickness "t" into the page under the action of 
uniform shear stress t (psi) is shown in Fig. 
A7.6a. 


From elementary strength 
of materials the angle of 
shear strain’ ts pro- 
portional to the shear 
stress T as 





Ve = where G is the 


material elastic modulus 
in shear. For the dis- 
Placements as shown in 
the sketch only the down 
load on the left hand side does any work. (In 
general all four sides move, out if the motion 
is referred to axes lying along two adjacent 
Sides of the element, as was done here, the de- 
rivation is simplified). This load is equal to 
wx dy x t and moves an amount3x dx. Then 


au = } <8t dx ay 


Fig. A7.6a 


Eq. (9) may be used to compute the shear 


du 


Vidx 
Zag ° and 


therefore the elastic strain energy of shear for 
tne entire beam is given by 





Sxample Problem 6 
Determine the strain energy of Shear in 
the Deam of Example Problem 4, 
Solution: 
The shear load diagram was drawn first. 
L dh Pp 
2. 0 —}*o 
PE eee yy te 
Po 


L/s 
ee 
° 
Po*L 
* oe 
Eq. (9) may be used to compute the shear 
strain energy in a thin sheet. The element 


ax x dy is visualized as but one of many tn the 
Sheet and the total energy 1s obtained by 


Po 
V (x) 
Then 


Us stp x ex 





Summing. Thus 
aay [o( See ey se ee eS Ste ee ) 
u=5 SJ z --- = (11) 


Here a dcuble integration is required, the 
Summation being carried out in both directions 
over the sheet. In dealing with thin sheet the 
use of the shear flow a= tt is often convenient 


so that eq. (11) rewrites 
1 q*dx dy 
ue3 f{{SSS ----..------ (11a) 


A very important special case occurs when a 
homogenous sheet of constant thickness is 


analyzed assuming q is constant everywhere. In 
this case one has 

aa 160734 2 ee eee ore 
US ae] gee Se kee (22) 


where S = ff dxdy is the surface area of the 
sheet. 





* The sketch is visualized as a side view of an element of 
length dx taken from a beam of total height dy. 
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ear strain energy stored ina 
cantilever Dox beam of uniform rectangular 
eross section under the action of torque T. 
(Fig. A7.8). 


4 L 
c t ee 
Tp» 4 
/ 
Fig. A7.8 
Solution: 


The shear flow was assumed given by 
Bredt’s formula (Ref. Chapter A-6) 


pl ales 
* Bpe , 


congtant around the met of any section. 
Then 


ery 


aw ae 
US 2 soe = aaprere Sb lore) 


= TL(b+c) 
4G 707 


THE TOTAL ELASTIC STRAIN 
ENERGY OF A STRUCTURE 


The strain energy by its definition is 
always a positive quantity. I< also isa 
scalar quantity (one having magnitude but not 
direction) and aence the total energy of a 
composite structure, having a vartety of ele- 
ments under various loadings, is readily found 
as a simple sun. 











= (Sax , (Max , ( Tedx 
Srop = | SAE J EI 260 

vadx q*axcy \ 
+ | ae * I Seo Po es LS (13) 


The integral symbols and common use of exer 
an an index of integration should not be taken 
too literally. It is probably Dest to read 
these terms as "the sum of so and so over the 
structure” rasher than "the integral of", for 
quite often the terms are formed as simple 
sums without resort to the calculus. Tne cal- 
culus is only used as an aid in some applica- 
tions. 

It is seldom that ali the terms of eq. 
(13) need de amployed in 2 calculation. Many 
of the loadings, if actually present, may be of 
a localized or of a secondary nature and their 
energy contribution may be neglected. 








AT.5 


AT.4 The Theorems of Virtual Worx and Minimum 

Potential Energy. 

An important relationship between load and 
deformation stems directly from the definitions 
of work and strain energy. Consider Fig. a7.9(a). 





aU=PA6d 
Limit A6 + O, 
dU = Pd6 
asa om 
Fig. A7.9a 

Thus 
au 
“sp 2.622 -2- ees - ee eee ee er 4a 
a7? (14) 
In words, 


"The rate of change of strain energy with 

respect to deflection is aqual to the associated 
a", 

Eq. (14) and the above quotation are stata- 
ments of the Theorem of Virtual Nork. The 
reader may find this theorem stated quite dir- 
ferently in the literature on rigid body me~ 
chanics but should be able to satisfy himsel? 
that the expressions are nevertheless compatible. 

A useful restatement of the above theorem 
is obtained by rewriting eq. (14) as 








au - Pad = 0 


It is next argued that {f the change in dis~ 
placement 46 is sufficiently small the load P 
remains sensibly constant and hence 


du = 4(P6) = 
a(U-P6) = 0 


The quantity U - P6 is called the total 
potential or the system and eq. (15), resembling 
as it does the mathematical condition for the 
minimum value of a function, is said to be 2 
statement of the Theorem of Minimum Potential. 
From the i ee tt 1S clear that the 
is a restatement of 












Ke 
in Structural analysis the most important 


uses of these theorems are made in problems con- 
cerning buckling instability and other non- 
linearities. No applications will be made at 


this point. 


A7.5 The Theorem of Complementary Energy and 
Castigliano's Theorem. 


again in the case of an elastic body, ex- 
amination of the area above the load-deformation 
curve shows that increments in this area (called 
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the complementary energy,U*), are related to the 
load and deformation by (see Fig. A7.5(b). 





This is the Theorem of Complementary Energy. 
Now for the linéarfy élastic body a very 
important theorem follows since (Fig. A7.9c) 


aU = du" 30 that 





Fig. A7.9e 


Peo Sieierererate, ove ge 


~- +--+ + 027) 


In words, 

"The rate of change of 
respect to Toad is equal to 
deflection”. 

Eq. 
ments of Castigliano’s Theorem. 

For a body under the Simultaneous action of 
Several loads the theorem is written so as to 
apply individually to each load and tts associ- 
ated deflection, thus*: 


strain energy with 
the associated 


au 


ap, 


=6 


The partial derivative Sign in eq. (17a) 
indicates that the increment 1n strain energy is 
due to 4 small change in the Particular load P > 
all other loads held constant. a 

Note that by "load" and "deflection" may 
be meant: 


Associated 
had nerlaction 


-_ 


“The proof of the theorem for the case of multiple loads is 
generally formulated more rigorously, appeal toa simple 
diagram such as Fig. A?.9c being less effective. See, 
for example, “Theory of Elasticity" by S. Timoshenko, 
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17) and the above Quotation are state- 












Translation (inches) 
Rotation (radians } 
Rotation (radians) 
Volume (in*) 

area (in?) 


Force (lbs. ) 
Moment (in. lbs.) 
Torque (in. lds.) 
Pressure (1ds/in7) 
Shear Flow (1ds/in) 


Any generalizations of the meanings of 
"force" and "deflection" are possible only so 
jong as the units are such that their product 
yields the units of strain energy (in. ibs), 

Once again for emphasis it is repeated that, 
while the complementary nature of eqs. (14) and 
(17) are clearly evident, the use of eq. (17) 
(Castigliano’s Theorem) ts restrictede to linearly 
elastic structures. A orief example will serve 
for illustration of the Possible pitfalls. 

The strain energy stored in an initially 
straight uniform colum under an axial load P 
when deflected into a hal? sine wave is 


y = Pou? 
NEL 
P ¥ = Yo sin BX; M = py 
Lin 
5 y Consider Flexural Energy Only 
Madx P*YaL 
us (Yee = Pavan 


5 21f(ay¥ a, . Yan? 
5 I) dx = 3 
. = P96Le 

x Fig. A7. 10 0 RET 

where 6 is the end shortenin cue to bowing. 

Because the deflections grow rapidly as P ap- 

proaches the critical (buckling) load the 

Problem is non-linear, ‘The details of the - 

calculation of U are given with Fig. A7.10, 

Now according to the Theorem of Virtual 
Work (eq. 14) 


her 
but 

qu _ PL? 

d6 ~ n™EI 
Therefore 

pp? 

El ~ 
or 

— WEI 
E L 


(Euler formula for uniform column). The 
correct result, 

Application of Castigiiano’s Theorem. 
eq. (17), leads to the erroneous result: 


wy 


SB fo) 
qU _ 2POL? _ 
aP ner 


—_— 
=* See Art. A17.6, Chapter A-17 for detailed 
derivation of this equation. 
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ATT 





WEI 


Pear (incorrect ) 


Moral: Do not use Castigliano’s theorem for 
fon-linear problems. 

Fortunately the above restriction upon the 
use of Castigliano’s theorem 1s not a very 
severe one, the majority of every day structural 
problems being linear. Castigliano’s theorem 
is quite useful in performing deflection calcu- 
lations and a variety of applications will be 
made in the following sections, 


A1.6 Calculations of Structural Deflections by Use of 

Castigliano's Theorem. 

As the examples of Art. A7.3 have tllus- 
trated,the strain energy of a structure can be 
expressed as a function of the external loadings 
provided the internal load or stress distribdu= 
tion is calculable. Having the strain energy so 
expressed the deflections at points of load ap- 
plication can be determined with the aid of eq. 
(17), Castigliano’s Theorem. 

In the examples to follow the deflections 
of a variety of statically determinate struc- 
tures are computed. Methods of handling redun- 
dant structures are considered in subsequent 
articles. 


Example Problem 8 
Find the vertical deflection at the point 
of load application of the crane of Fig. A7.11. 
Cross sectional areas are given on each 
member. The stranded cables have effective 
modulii of 13.5 x 10° psi. £& = 29,000,000 for 
other members. c 





Fig. A7.11 


Solution: 


The strain energy considered here was that 
due to axial lozding in each of the four mem- 
bers. The load distribution was obtained from 
statics and the energy calculation was made in 
tabular form as follows: 


TABLE A7.2 














Then 6 
2U = 43.26 x 107 P* LB IT 
6p = = 43.26 x 107° P tt 
P* a> =e . 
Note that in this probiem the only use made of 


the calculus was in the differentiation. A 
simple sum was used to form U, as per eq. (2). 


Example Problem 9 
Derive Bredt’s formula for the rate of 
twist of a hollow, closed, thin-walled tube: 


I 98 Ref. chap. as. 


S= mat 


The strain energy is stored in shear ac- 


cording to ne aii qtdxay 


This 1s the only energy stored, secondary ef-~ 
fects neglected. Over a given cross section q 
is a constant and is given by Bredt’s equation 


qs = » Where A is the enclosed area of the tube 
(Ref. Chap. A.5). 


Solution: 


Since the twist per unit length was desired 
the strain energy per unit length only was 
written. Thus, assuming y in the axial direction, 
no integration was made with respect to y. The 
integration in the remaining direction was to be 
carried out around the perimeter of the tube and 
so the index was changed from "x" to the more ap~ 
propriate "s". Hence (compare with Example Prob. 7) 


v- BF ante 


The symbol § means the integration is carried out 
around the tube perimeter. Therefore 


_du_ 7 {4s 
orm taaht - 


USE OF FICTITIOUS LOADS 


In the following example the desired ceflec~ 
tion is at the free end of the bar where no load 
is applied. A fictitious load will be added for 
purposes of the calculation. The rate of change 
of strain energy with respect to this fictitious 
load will be found after which the load will be 
Set equal to zero. This tachnique gives the de~ 
sired result in as much as the deflection is 
equal to the rate of change of strain energy 
with respect to the load and such a rate exists 
even though the load itself be zero. 


Example Problem 10 
Compute the axial motion of the free end of 
the tapered bar of Fig. A7.12. 
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erally are easier to evaluate. 





= A= 1-%) q@ = 40#/in. 
constant Aol au) Ao = 4 in.? Example Problem ll 
L = 40 in. id the deflection at point B of the beam 





E 10 x 10 psi 


of Fig. A7.i3. 


} Fie ATA2 El constant 
x ‘ig. . 


Solution: 





After addition of the 7ictitious end load 
+. ekarice es + 
R the axial load from statics was found to de Solutian: 
- es 
S(x) = R+q (L - x) A fictitious load P: was added at point B 


t 4 ns ii was 4 nm two 
Hence, since loadings other than tenstie are or | 28d the bending moment ctagram was drawn 1 





a secondary nature perts. ; 
L ga 
ied | s?dx 2PL ma?2X, BX OcXeL/3 
2), Mp 8 
4 2PL PY P.L PY } 
“jf Gest-ofe Ex bey bea Mage Ap ete tye ocyen/a 
73), “—_—_,- IPL 

2 ME (Lat) Mp, ae SE RE. FR, OPA IE ocaety3 + 


Fig. A7. 13a 


Then neglecting the energy of shear as bein 
small* 


b/g 





_—_— 
Served that the steps to follow, in which U was USS 251 
to be differentiated with respect to PB and the 


Before evaluating the integrals it was ob- 1 | 
3 


[ + Pi) SJ ex 


° 








subsequent setting of R = o would drop out both byz rs 
the first and last terms. Hence only the second 1 “Tp Py 
term was evaluated. * ST [Feu - SY) += (L + SY) | ay 
° 
2 
vex + BF) ina) +x L/z 2 
° geaks. (P_+ 2P.) (L = 28) | as 
251 a) BE oe . 
Then ° . 
‘ Differentiation under the integral sign with 
6 = WU. ebtg (1 - In 2) respect to Pi gave 
dR” Agk b/s 
ou 1 x 
DIFFERENTIATION UNDER THE INTEGRAL SIGN 6 = oe | [cee * Pg ox 
An important labor savings may be had in : 
the calculation of deflections by Castigliano’s 1 U/g 
thecrem. aa iD. 2 Pere (L + 3y) 
In the strain energy integrals arising in SI (Fea Sy) + tL sv) 5 dy 
° 


2 : Pa zs) | 2h = 38) a 


this class of problems, the load Pos with respec L/g 
to which the deflection is to be found, acts as 


an independent parameter in the integral. Pro- 

vided certain requirements for continuity of the ©: 

£ - 

choca erebiee et race eet ania nie an * For beams of usual high length - to - depth ratios the shear 
By ems isrentiation AL Te— strain energy is small compared to the energy of flexure. 

spect to P may be carried out before the inte- Neglecting the shear energy is equivaient to neglecting the 








gration is made. The resulting integrals gen- shear deflection contribution. (see p. A7.14) 
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The fictitious load P,, having,served its pur- 
pose, was set equal to zero defore completing 
the work, 


3B EI’ 9 


° 


eck ae (Mares 


+ 


P “/3 
ar}, (2L - 3y)(L + 3y) ey 


bile 


L 
Leap f/3, _ saya 
‘SH J (L = 3a)? de 


I Si), 


6, 2 


_7 PL 
B 486 a1 


Example Problem 12 
Tig. A7.14 shows a 
cantilever round rod of 
diameter D formed in a 
quarter circle and acted 
upon by a torque To. 
Find the vertical move- 
ment of the free end. 





Fig. A7.14 


Solution: 


Pig. A7.14a shows 
the vector resolution of 


" Plan View 
the applied torque T, on 
beam elements. 1, (@) = | » 
Tocos @ and the moment Ti 
M(@) =To sin 9. AD- Za 
plication of a fictitious + 
vertical Load“p (down) at To 
the point of.desired de- 
flection gave the loadings Fig. AT. 14a 


shown in Fig. A7.14b. 





The total loadings 
were 


M=Mita=(To-PR)sin 6 Plan View 


T=T.+Ta= Tocos @ + PR 


(1 - cos 9) eK a 
A NRT 
Tnus 
Fig. AT. 14b 
1 ve 
aes eae a 
Usa), (To - PR)* sin? 9 Rd 9 





Ws 
1 2 a 
+ a \ [T.cos 9 + PR(L - cos 9)]* Ra 9 


° 

(Note use of "RdO” for the length of a dif- 
ferential beam element instead of "dx"). Dif- 
ferentiating under the integral sign 


ny; 
aU S| (Zp = PRIR? (°F gina 9 ao 
P EI 7 
a (T/2 
+ & j (Tocos 9 + PR(1 - cos 9)](1 - cos 6) de. 
° 


Putting P, the fictitious load equal to zero and 
integrating gave 





See 98> SE (Se? - a) 


Since J = 2I and G = "/2.6 the deflection was 
negative (UP). 





AT,7 Calculation of Structural Deflections by the Method of Dummy-Unit Loads (Method of Virtual Loads). 
The strict application of the calculus to Castigliano’s theorem as in art. A7.6, leads toa 


number of cumbersome techniques ill-suited to the 


solution of large complex structures. A more 


flexible approach, readily adapted to improved "book Keeping” techniques is the Method of Dummy- 
Unit Loads developed independently by J. Cc. Maxwell (1864) and 0. 2. Monr (1874). 





That the equations for the Method of Dummy-Unit Loads may be derived in a number of ways is 
attested to by the great variety of names applied to 
below are two derivations of the equations stemming * 





this nethod in the literature 9 . Presented 
om diZferent viewpoints. One derivation ob- 


tains the equations by 2 reinterpretation of the symbols of Castigliano’s theorem ~ essentially an 


appeal to the concepts of strain energy. 
mechanics. Based as they ar 
course, yield the same result. 





The other derivation uses she principles of rigid oody 
upon a common set or consistent assumptions, all the methods must, of 


Derivation of Equations for the Method of Dummy-Unit Loads 
Virtual Loads) 


I - From Castigliano’s Theorem 


Beginning with the general expressicn for 
strain energy, eq. (13) 


— 


II - From the 2r e of Virtual Work 








when a system 92 forces whose resultant is 
zero (a system in equilibrium) is displaced a 


® variously called the Maxweil-Mohr Method, Method of Virtual Velocities, Method of Virtual Work, Method of Auxilliary 


Loads, Dummy Loads, Method of Work, etc. 








A710 
1 Cont'd, 








al [stx , 1 (Mtde | 1 fT? dah sed 
v= 3 [SS +3) +3 ar * Bucs 
differentiate under the integral sign with 
respect to PY to obtain 
as om 
= | Sop; rs irae ih a eI Bee ate. 
AE EI 


Consider the symbols 


as om oT 
Oe Or, Se ee SS far oe enear ee aoe etc, 
’ , > 
Py oP, oP, 


Each of these is the "rate of change of so 
-and-so with respect to Py” or "how much so- 
and-so changes when P; changes a unit amount" OR 
RQUALLY, "the so-and-so loading for a unit load 
Py", 

Thus, to compute these partial derivative 
terms one need only compute the internal load~ 
ings due to a unit load (the virtual load) ap- 
plied at the point of desired deflection. For 
example, the term aM yp could be computed in 

ts 


either of the two ways shown in Fig. A7.15a. 


RATE METHOD UNIT METHOD 
2] x 
4 tp, 4 Li 
Fig. A7. 15a 
M > Pyx m = dummy loading 
aM 


| 
ro 
e 


Likewise, 284 p,, where P, 1s a load (real 
or fictitious) applied at joint c of Fig. A7.15b. 
is given by the loadings for the unit load ap- 
plied as shown. 

In practice the use of the unit load ts 
most convenient. Using the notation 





as = 3M =9T 
dp? 2553p t Pap 
Pe aP, oP, 
2WV 528g 
¥-5 oP, 7a oP, 
for the unit loadings, the deflection equation 
becomes 
_ ¢ Sudx Mmdx Ttdx 
ef “{ a5 *} BI J Gd 
Vvdx qq dxdy 
AG = Che oa > eo (18) 
=1.0 =1.0 
A 





Ct 


1.5eRa Fig. A7.15b 


"a" loads due to a unit (virtual) load. 
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I Cont'd. 


small amount without disturbing the equilibriu 
balance, the work done is zero - obviously, 
since zero resultant force moving through a 
distance does zero work. 


Consider now the set of equilibrium forces 
applied te the truss of Fig. A7.15(b). The set 
may be divided into two parts: the "external 
system", consisting of the unit load applisd at 
the point whose deflection is cesired anc the 
two reactions fixing the line of reference, and 
the "internal system" consisting of the axial 
loads acting on the truss members to produce 
equilibrium. These latter are denoted by the 
symbol "u". This set o2 ferces is considered 
small enough so as not to.affect the actual be- 
havior of the structure during subsequent ap- 
plication of a real set of major loads. This 
unit load set is present solely for mathematical 
reasons and is called a "virtual loading” or 
"dummy loading", 





Assume now that the structure undergoes 4 
deformation due to application of a set of real 
loads, the virtual leads "going along for the 
Tide". Sach member of the structure suffers a 
deformation denoted by 4® . The virtual load~ 
ing system, deing in equilibgium (zero resultant) 
by hypothesis, does work ("virtual work") equal 
to zero. Or, considering the subdivision of the 
virtual loading system, the work done by the 
external virtual load must equal that absorbed 
by the internal virtual loads. The work dene by 
the external virtual forces is equal to one 
pound times the deflection at joint C, the re- 
actions Ri and Ra not moving. That ts 


External Virtual Work = nd x 6 . 


The internal virtual work is the sum over the 
structure of the products of thd member virtual 
loads u by the member distortions 4. That is, 


Internal Virtual Work = 2 ued . 
Then equating these works, 
x 8, sZueda. 


If the deformations 4 are the result of 
elastic strains due to real member loads S then 


42 SL/ 5 for each member and one has 
=rysl 
8 ziu iz 


The argument given above may be extended 
Quickly to include the internal virtual work of 
virtual bending moments (m), torsion loads (t), 
shear loads (v), and shear fiows (3) doing work 
during deformations due to real moments (M), 
torques (T), shear loads {V), and shear flows 





(q). The general expression becomes 
_ f Sudx Mmdx | ¢ Ttex 
8° [Wa + fe I: ad 
Vax a @ dxdy 
m+ ffs ----- (18) 





© Note that the deformations are not restricted to those due 
to elastic strains only. They may be the resuit of elastic 
or inelastic strains, tem 
ment corrections, 


perature strains or misalign- 
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In applying eq. (19) the labor of a deflec- 
tion calculation divides conveniently into 
several steps: 


1. Calculation of the real (actual) load 
distribution (S,M,T, etc.) 


ii. Calculation of the unit (virtual) load 
distribution (u,m,t, ste.) due to a unit 
(virtual) load applied at the point of desired 
deflection and reacted at the reference point(s). 


iii. Calculation of flexibilities, 


Jn 


» otc. 


> 
Gy 
rg 
Be 


iv. Summation and/or Integration. 


Here again note the general nature of the 
terms "load" and "deflection". (See p. A7.6) 

The following examples apply the method of 
dummy-unit loads to the determination of ab- 
solute and relative deflections, both rotation 
and translation. 


Example Problem 13 
The pin-jointed truss of Fig. 47.16 is 
acted upon by the external loading system shown. 
The member loads are given on the figure. Mem~ 

ber properties are given in Table A7.3. Find 
the vertical movement of joint G and the hort- 
zontal movement of joint H. 

. 10004 


1000#  1000# 


A 140,500}B 2250 4c 2250 |p 





so" 30” 
2000# 20004 


Fig. AT. 16 
Solution: 


Only the energy of axial loadings in the 
members was considered. Unit (virtual) loads 
were applied successively at joints G and H as 
shown in Figs. A7.16a and A7.16b. All S and u 
loadings were entered in Table A7.3 and the 


sudx 
AE 
/SE terms for the members 


= y Sub 
orig 





calculation for 5 = f was carried out dy 


forming the sum of ub 


the truss, 1.e. 
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"uy" loads 


"ug" loads 


Fig. A7. 16a 


Fig. AT. 18b 








[ox [oo] som [iso [awe] e fe] a | 


Z = 286.4 2 3-58.72 





Answers: 6, = 0.286" 


SvER 


oH, = -,0587" (the negative sign means 
OR 

the joint moves to the LEFT since the unit load 
was drawn to the RIGHT in Fig. A7.16b). 


Example Problem 14 
For the truss of Fig. A7.16 find the fol~ 
lowing relative displacements of joints: 


c) the movement of joint ¢ in the direction 
or a diagonal line joining ¢ and F. 


ad) the movement of joint G relative to a line 
joining points F and H. 


Relative deflections are determined by 
applying unit {virtual} loads at the points 
where the deflections are desired and by suppert— 
ing such unit load systems at the reference 
points of the motion. Thus, for solution to 
part (c) a unit load system was applied as 
shown in Fig. A7.16c and Zor the solution of 
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part (d) the system of unit loads of Fig. A7.1éd 
was used. Table A7.4 completes the solution, 
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the real loads and member ?lexibilities 


(&) being the same as for exemple problem 1%. 





"ug" loads 


Fig. AT. 16c 


TABLE A7.4 


+. 375 =.375 


"u," loads 


Fig. A716 d 























Therefore the movement of joint c towards 
joint F was 6 = .06587 inches and the motion of 
joint G relative to a line between F and H was 
6 = -.0194 inches, the negative sign indicating 


an upward movement. 


Example Problem 15 








For the truss of Fig. A7.16 determine 
e) the absolute rotation of member DG 


tf) the rotation of member BG relative to 


member CG. 


£ =65.87 f =-19.36 


Rotations, both absolute and relati ve are 
determined by applying unit ( 
to the member or porticn of st 














retation is desired. The unit couple ist- 
ed by reactions placed on the line of nee 
for the rotation. Thus Figs. 47.1lé6e 1é6f 
show the unit (virtual) lcadings for 2) 
and (f) respectively. Table Av. the 
calculation, the real loads and nember oe 1oil~ 
aties (sz) being the same as for example 
problem is. 
1/508 4/308 R=1/40# 
Re1/40# 025.025 .025MD __o B05 C8 
Y 0 0 
— = 
= +.025 -.028 GN1/ G =1/ 404 
R=1/40# 1/50# 50K” Rel 
“ue! loads "ug" loads 
Fig. A7. 16e Fig. AT. 16£ 


TABLE At.5" 





























Therefore the absolute rotation of member 
DG was 85g = .00473 radians and the rotation of 


BG relative to CG was 9. an = -C0053 radians. 
3G - CG 
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Example Problem 16 





¢ for 


the FLg 17 carrying a 
concentrated load P at its end. Also find slope 
or elastic curve at co. 
Solution: 
_ ¢ Mmdx 
56 =f EL 
With origin at B 
M=- Px (Fig. 47.17) : 
For virtual loading (Fig. A7.172) 
m= 0, for x¢b 
m=-l (x - bd), for xd 


Hence Mmdx = - Px(-x + D)dx = 


L 
‘ oF 
Whence 6 = at I 


Re 
* Spr 


(x? 


SL°D 


If b = zero, then 53 = 


- bx)dx 


[u - 3L2> + 
2 


PL? /SEI 


(Px? - Pbx)dx 


[s- 
| 


De 
2 


" 
Ero 
sf 





a ¢c a 
Fig. 7.17 
ee 
aes, a 
z 
A c 
en Or anne Fig. AT. 17a 
vit 
A S B 
Tt Fig. A7.17b 
souple 
Mmdx 
& zi “ET 
For virtual loading see Fig. 47.17> 
m=0, xtb, m=- 1, X>b 
dence Mmdx = ¢Px}(-1) ax = Px cx 
: Mimdx 
“4 na 2) 





If d= 0, a, = 57 


Example Problem 17 
For the uniformly loeded 








of Fig. A7.18, find the defle 
pais tive vo the line joining 
the elastic curve of the beam. 


sentative of a practical probi 
in thet AB might represent 2 





cantilever beam 
ction of point BD 
point s C anc = on 
is is repre- 
lem in aeronautics, 
rear ning beam and 
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points C, D, a, the attachment coints of an 
aileron or 2 flap. The wing beam deflection 
pends the aileron or flap structure by applying 
a load at D thru aileron supporting oracket. To 
know this force the deflection of the wing beam 
at D relative to line CE must be known. 


Solution: 
Origin at B: - 


= -%s 
=30x-3= 15% 


w = 30 Lbs/in 


to ait 


Ww 








Go" ae 50" oe 30" wl 20%H 
Fig, AT. 18 
Ee 
f= *. 70% 
¥ DB & 
Fig. AT. 18: 
ig. a Aged Rye 
m=0, x< 20 
m = -.5 (x-20) ==.5x + 10, when x = 20 to SO 
m= St (x - 20) +1 (x -50) = .5x~-40, when 
= 50 to 80 
Mmdx 
Sp (ce) EL 
l 50 L 80 
= af, 15 x? (-.5x + 10)dx + af is x? 
“320 “150 
(,5x - 40) dx 
_i[azsxt, 60x'| °°, 2 | 7.5xt _ 600x = 
EI 4 3 20 ET 4 3 0 
10* 
== [- 11.72 + 6.25 + .300 - .400 + 


76.8 ~ 102.4 ~ 11.72 + 25.0] 


17.9 x 10° 

ET 
Therefore deflection of point D relative to line 
joining CE is down because result comes out nega- 
tive and therefore opposite to direction of vir- 
tual load. 





Rel s ' 
R=l/L unit RsV/L 
couple 
Fig. AT. 20 





(2) 


fa) 
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Find the horizontal deflection of point Cc 
for the frame and loading of Fig. A7.19. Also 
angular deflection of C with respect to line CD. 


Solution: 
Fig. b shows the static moment curve for 
the given loading and Fig. c the moment diagram 


for the virtual loading of a unit horizontal 
load applied at C and resisted at D. 


whe 








= f Mmdx . : 5 WEE = 
aia) Sree oe Br nprie hase 
hence 
wh _ wx a wy 
oc = L(t - hax = —~S)e S 
4 6./ EI 
a gr oO 
- 2 mw 
2 al 


To find angular deflection at C apply a unit 
imaginary couple at C with reactions at C and D. 
Fig. A7.20 shows the virtual m diagram. 


@ =f’ Mer. 2 (M5) Eo. b 
“Jj, EI ee e/ SI] 
L 
Mux? _ wr = d fuel xt 
2L 2b BI 16 iL = 
° 
i wie 
= 24 ET 


Linear Deflection of Beama Due to Shear by Virtual Work. 


Generally speaking, shear deflections in 
beams are small compared to those due to bending 
except for comparatively short beams and there- 
fore are usually neglected in deflection calcu- 
lations, A close approximation is sometimes 
made by using 2 modulus of elasticity slightly 
less than that for bending and using the bending 
deflection equations. 

The expression for shear deflection of a 
beam is derived from the same reasoning as in 
previous derivations. The virtual work equa- 
tion for the hypothetical unit load system for a 
shear detrusion dy (Fig. A7.21) considering only 
dx elastic is 1 x 6=vdy where v is shear on 
section due to unit hypothetical load at point 
0, and dy is the shear detrusion of the element 
dx due to any given load system or any other 
cause. 


moet dy 






Fig. A7.21 i 





*Sometimes "G", instead. See p. ATL4 
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dy = 3 ax and ¥=—4, wnere A = cross sectional 
x Bes? 


area of beam at section and 2, = mcdulus of 
rigidity} and assuming that the shearing stress 
y 
: is uniform over the cross-section. 
Therefore 1 x 6 = ae + Then the total deflec- 
as 

tion for the shear slips of all elements of the 
beam equals 

L 

8 total = I Wox ------- (2) 
Es 
° 


where V is the Shear at any section due to given 
loads. v = shear at any section due to unit 
hypothetical load at the point where the deflec- 
tion is wanted and acting in the desired direction 
of the deflection. The reactions to the hypo- 
thetical unit load fix the line of reference for 
the deflection. 

A ts the cross-sectional area and Z, the 


modulus of rigidity. Equation (a) is slizhtly 
in error as the shearing stress is not uniZorn 
over the cross-section, e.g. being varabolic for 
a rectangular section. However, the average 
shearing stress gives close results. 

For a untform load of w per unit length, the 
center deflection on a simply supported beam is: - 


L 
L 
Vvdx & WO 
Scenter = 2 |2 GE = 2 (wl 0). Bay = 
AEs 





Por vending deflection for a stmply supported 
beam uniformly loaded the center deflection is 





5 wut Bes 
384 EI 
Hence 
wL* 
aE n\e _ 
Sw = 24 (F)", using Bg = .42, 
3e45T. r = radius of gyration. 
For I beams and channels r is approximately 5 d 


and for rectangular sections r = “e » (a = depth) 


In aircraft structures a ratio of a is 


seldom greater than 3 . 


Thus the shearing deflection in percent of 
the bending deflection equals 4.1% fora : ratio 
of & for I-beam sections and 1.4 percent for 
rectangular sections. 
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Example Problem 19 


50° 100% 
Unit 
tot ot} Load t 
A A 


Fig. A7.22 


Pind the vertical deflection of free end A 
due to shear deformation for beam of Fig. A7.22 
assuming shearing stress uniform over cross- 
section, and AES constant. 





Vax 
=f AES 
Vo= 100# for x = 0 to 10 
V = 150 for x = 10 to 20 
v=l1 for x = 0 to 20 
hence 
‘ 1 10 1 20 
A > ine 100-1 dx + = f 150-1 dx 
ABs [; AEs Jig 
10 - 20 
1, 1 2500 
= 100x | + z=—-| 150x 2 
sf, [tom] + mefeo] = 
0 10 


Method of Virtual Work Applied to Torsion of Cylindrical Bars. 


. The angle of twist of a circular shaft due 
to a torsional moment may be found by similar 
reasoning aS used in previous articles for find- 
ing deflection due to bending or shear forces. 
The resulting expressions are: - 


“| 


In equation (A), for translation deflections, 
T = twisting moment at any section due to 
applied twisting forces. 
t = torsional moment at any section cue to 
a virtual unit 1 1b. force applied at 
the point where deflection is wanted 
and applied in the direction of the 
desired displacement. (in 1lbs/lb) 
E, = shearing modulus of elasticity for the 
material. (also "G") 
poler moment of inertia of the circular 
cross-section. 


In equation (B), for rotational deflections, 

Q = angle in twist at any section due to 
the applied twisting moments in planes 
perpendicular to the shaft axis. 

Angle in radians. 


Jez 


“Now apply a unit lé 





t = torsional moment at any section due to 
a@ unit virtual couple acting at section 
where angle of twist is desired and 
acting in the plane of the desired de- 
flection. (inch lbs/inch lb) 


Exampie Problem 


Example Problem 20 

Fig. A7.23 shows a cantilever landing gear 
strut-axle unit ABC lying in XY plane. A load 
of 1000# {s applied to axle at point A normal to 
XY plane. Find the deflection of point A normal 
to XY plane. Assume strut and axle are tubular 
and of constant section. 


Solution: 


The loading shown causes both bending and 
twisting of the strut axle unit. First find 
bending and torsional moments on axle and strut 
due to 1000# load. 





c 
' 
1 
' 
{ lw 
pe 
BUA 
Fig. AT. 24 
5 = (Max , Tax 
7 sl zd 
Member AB M = 1000 x, (for x = 0 to 3) 
T=0 
Member BC Mpg = 3000 sin 20° + 1000 x, 
(for x = 0 to 36) 
Tgc = 3000 cos 20° constant 


between B and C. 


force at A normal to xy 
plane as shown in Fig. A7.24 and find bending 


and torsional moments due to this i# force. 
Member AB 

m=l.x =x, (for x = 0 to 3) 

t+ 20 
Member BC 

m=3 sin 20° +1. x (for x = 0 to 36) 


t = 3 cos 20° constant between B and Cc. 
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Subt. 








ET 


3 


1000 x + x weal {1000 x + 1026) 


eh 


36 
(2820) (2.82) dx 
fe] 


(x + 1.086) ] ax + 


2 
Egd 


2 


3, 1026 x ~ + 1050 


(1692500) + 





Note: A practical landing gear strut would in- 
volve a tapered or reinforced section involving 
a variable I and J and the integration would 
have to be done graphically or numerically. 


Example Problem 21 

For the thin-web aluminum beam of Fig. 
A7.25 determine the deflection at point G under 
the loading shown. Stringer section areas are 
given on the figure, 


A=.15 BO-As.15C -4s.15 D 









aE 


a a 1800# 
20" 





E20 1 20" = 


Fig. AT. 25 


Solution: 


It was assumed that the webs did not buckle 


and carried shear only. Fig. A7.26 is an ex- 
Ploded view of the beam showing the internal 
real loads carried as determined by. statics? 





3.0P__ . 184P 
5 | 
a 
s 
PY | 
oF 
. O41 0 
a: OR 2, 184P 
Fig. A7.26 


—— 
* The equations of statics for tapered beam webs are 


derived in Art, Al5.18, Ch. A-15. 
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The shear flows shown on <he (nearly) horizontal 
edges of the wed panels are average values. 
A7.27 is an exploded view of the beam showing 
the unit (virtual) leads. 


2 





Virtual loading. Fig. A7. 27 


Since both axial loads and shear flows 
were considered, the form of deflection 
equation used was 


bg = Sudx | qq dxdy 
AS Gt 


Integrations in the flanges were made 
assuming linear load variations. Such an in- 
tegration carried out over a uniform flange of 
length L whose real load varies from S, to Sy 


and whose virtual load varies from u, to uy 
ylelds 

Ly = (Ses ae 

> An AE 5 


The integrations in the trapezoidal sheet 
panels were made using the shear flows on the 
(nearly) horizontal sides as average values, 
assumed constant over the panel. With this 
day Aay dx: > 8 
Gav Gay OXY . Gay day ae 

Gt 


where S is the panel area. 


simplification JJ 




















The calculation was completed in Table 
A7.6. 
f Tee 
ay ~~ foe Teli toa 7 ow 1 «aay 
AOE og MIB soe aie eo cya rt core we fSe Le 
aa oor | 2iser] nant coe en] ni; ae ie vase 
Tx rms teeta @ cm ml an ane wa? 
ee ee) > a 
TF uae CRIM Peele) enna ine haa wa 





aap 


“Etta PYL Bt BOLO 
7 


DTH. ane 136 Rowe F 


=a Fi a 78 


a 
7 ara 2 
a 2 ee ate ° 
2 o 'o.3, 9 ~9 a 


le x {Lalolanaie aid 
| sagerone « MavG) Raven $1! davagy Ze t0 





LasBE-r tomer Pt sega i303] ace i tte 


[ae-r-ce ost e | oes i301 24 1 


coeulome) a i! a 
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. (2-8 + 13.4) Px 10° = 


.147 (1800) 107° in = .265 in. 
AT.8& Deflections Due to Thermal Strains. 

AS noted in the "virtual work derivation” 
of the dummy-unit load deflection equations, the 
real internal strains of the structure may be 
due to any cause including thermal effects. 
Hence, provided the temperature distribution and 
thermal properties of a structure are mown, the 
dummy-unit load method provides a ready means 
for computing thermal deflections. 


Example Problem 22 

Find the axial movement at the free 
a uniform bar due to heat application to the 
fixed end, resulting in the steacy state tem- 
perature distribution shown in Fig. 47.28. As- 
sume material properties are not functions of 
temperature. 


end of 


temperature above 
ambient tempera- 
ture 

= an empirical con- 
stant depending 
upon thermal prop- 
erties and rate of 
heat addition. 





Fig. A7. 28 


Solution: 


The thermal coefficient of expansion of the 
rod material was a, Hence a rod element of 
length dx experienced a thermal deformation 
S2a-T + dx, Application of a unit load at 
the bar end gave u = 1. Therefore 





Example Problem 23 

Tre idea ed two-flange cantilever beam 
of Fig. A7.25a undergoes rapid neating of the 
upper flange to a temperature T, unizorm span- 
wise, above that of the lower flange. Deter- 
mine the resulting displacement of the free end. 








RE AT.LT 
T 
a pend=fota 
‘ 
ye b | v 
, L 
oO 
i at te 
a b 


Fig. AT. 29 


Solution: 


The axial deformation of a differential 
element of the upper flange (subscript U) was 
assumed given by dy = aT dx where a was the 


material thermal coefficient of expansion. 
The lower flange, having received no heating 
underwent no expansion. 

Inasmuch as a thermal expansion is uniform in all 
directions no shear strain can occur on a material element. 
Hence no shear strain occurs in the web. The apparent 
anomaly here - that web elements appear to undergo shear 


deformations = ae (Fig. AT. 29b) - is explained as 
follows: The temperature varies linearly over the beam 
depth. The various horizontal beam "fibers" thus undergo 
axial deformations which vary linearly also in the manner 
of Fig. AT. 29b giving the apparent shear deformation. No 
virtual work is done during this web deformation since no 
axial virtual stresses are carried in the web. 

with the addition of a unit (virtual) 
load to the free end, the virtual loadings ob- 
tained in the flanges were: 


y -beXee 
op ee 


Then she deflection equation was 





o= [ys [use| t-ota-[o 


Example Problem 24 

The -irst step in computing the thermal 
stresses in a closed ring (3 times indeterminate) 
involves cutting the ring to make 1t statically 
determinate and finding the relative movement of 
the two cut faces. 

Fig. A7.30a shows a uniform circular ring 
whose inside surface is heatgd to a temperature 
T above the outside surface. The temperature is 
constant around the circumference and 1s assumed 
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to vary linearly over the depth of the cross 
Section, Find the relative movement of the cut 
surfaces shown in Fig. A7.30b. 





Fig. A7.30 
Solution: 


An element of the beam of length Rdd is 
shown in Fig. A7.30c. Due to the linear tem- 
perature variation an angular change dO = 
fat d) occurred in the element. The change in 
length of the midline (centroid) of the section 


Rat 


was 4 = =z db. Unit redundant loads were ap- 


plied at: Ge cut surface as shown in Fig. A7.30b 
giving the following unit loadings around the 
ring. 


From unit redundant couple (X) 
(m positive if it tends to open 


zl 
a the ring). 


uy, (= axial load) = 0 (positive of tensile) 


From unit redundant axial (horizontal) load (¥) 


m, = -R (1 - cos $) 
uy, = cos 
y b 
From unit redundant shear (vertical) load (3) 
m, = -R sin } 
u, = - sin > 


The deflection equation by the dummy~unit load 


method is 
furarfa-ao 


a fos [PR Ral ag 


an 
Rat 
6y = fos 988 a ad + 


b= 


Then 


“fe ) R(l-cos 4) 2 ad 


=. at R®aT (negative indicating movement to 
h the right) 





OF STRUCTURES 


) Rel 


i Rat 
8, =| (-sia $) SS ag + Ga sin ag =o 
° ° 


Remarks: 

In the three elementary examples given 
above no stresses were developed inasmuch as the 
idealizations yielded statically determinate 
structures which, with no loads applied, can 
nave no stresses. Indeterminate structures are 
treated in Chapter A.3d. 


AT.9 Matrix Methods in Deflection Calcuiations. 

Introduction. There {Ss much to recommend the use of 
matrix methods for the handling of the quantity 
of data arising in the solutions of stress and 
deflection calculations of complex structures: 
The data is presented in a form suitable for use 
in the routine calculatory procedures of high 
speed digital computers; a flexibility of opera- 
tion is present which permits the solution of ad- 
ditional related problems by 4 simple expansion 
of the program; The notation itsel? suggests new 
and improved methods doth of theoretical ap- 
proach and work division. 

The methods and notations employed here and 
later are essentially those presented by Wehle 
and Lansing® in adapting the Method of Dumny~ 
Unit Loads to matrix notation. Other appropriate 
references are iisted in the bibliography. 


BASIS OF METHOD 


Assume the structure to be analyzed has been 
idealized into a truss-like assembly of rods, 
bars, tubes and panels (sheets) upon which are 
acting the external loads applied as concentrated 
loads Py or Pp, each with a different numerical 


fa) 


Fig. AT7.31. Idealization into an 
assembly of bars and panels. 





For the reader not familiar with the elementary arithmetic 
rules of matrix operations employed here, a short aypen- 
dix has been included. 


9L. B. Wehle Jr. and Warner Lansing, A Method for Re- 
ducing the Analysis of Complex Redundant Structures to a 
Routine Procedure, Journ. of Aero. Sciences, 19, October 
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subscript. Thus the system of Fig. A7.3la is 
idealized into that of Fig. A7.31>. 

With the above idealization an improved 
scheme may be employed to systematize the com- 
putation of deflection calculations. The ?ol- 
lowing steps summarize the procedure which is 
discussed in detail in succeeding sections. 


I. A set of internal generalized forces, 
denoted by ay or a3 i, j are different numeri- 
cal subscripts), 13 used to describe the inter- 
nal stress distribution. The q’s may represent 
axial loads, moments, shears, etc. In con- 
junction with a set of member flexibility coer~ 
ficients, a4, the q’s are employed to express 
the strain energy U. aij gives athe displacement 
of point A Per unit force at point j.* 


II. Equilibrium conditions are used to 
relate the internal generalized forces Qi» Qj to 
the external applied loads, Py or Py. With this 
relationship the strain energy expression ob- 
tained in I, above is then transformed to give 
U as a function of the P’s, 


Ill. Castigliano’s Theorem ts used to 
compute deflections. 





: CHOLCE OF GENERALIZED FORCES 


Consider for example the problem of writing 
the strain energy (of flexure) of the stepped 
cantilever beam of Fig. A7.32a, assuming ex- 
ternal loads are to be applied as transverse 
point loads at A and B. The set of internal 
generalized forces of Fig. A7.32b will com- 
pletely determine the bending moment distribu~ 
tion in the beam elements and hence the strain 
energy. Set (b) then is a satisfactory choice 
of generalized forces, 

It should be pointed out that set (b) is 
not a unique set. Other satisfactory choices 
(not an exhaustive display) are show in Figs. 
A7.32c, d and e, The final selection may de 
“made for convenience or personal taste. 

Note that only as many generalized forces 
are used per element as are required to deter- 
mine the significant loadings in that element. 


(c—) == 
3 Ge AL (ce) 


Ela A El, 3B 


Lae ba ha) 
qa dig Go 9 
oe ooo ee 
as {b) (a) 
M=aqix O<x<L, qs qa a 
tc)  —} 
M= qs + qay O<y<Le (e) 


Fig. A7.32, Some possible choices 
of generalized forces. 


* ("Relative displacements in the individual member") 
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THE STRAIN ENERGY 


It is next desired to write the strain 
energy as a function of the q’s. Continuing the 
illustrative example, write 


2} BE *2| fh 


° 


L L 
veg [Uae | ey 
: 


a ee * ay 
BI, 2", “ET, 
e 


1 
rexdea| 


Observe that each of the integral terms in 
the above expression is a property of the struc-— 
tural element (variation of EI) and of the nature 
of the associated generalized force (exponent on 
variable), Introducing the notation 





Lis ies. 
a..z] £& Ot | EW 
a Ba 
‘ - 
ei ae fhe 
as Ele 33 Ela 
° : 


the strain energy becomes 


USF ata.+ bata +2xb as as ds 
1 
+34, ---------------- (19) 


Equation (19) is an expression for U which 
could have been written immediately from physi-~ 
cal considerations. Zach coefficient ayy is the 
displacement at point 1 per unit change in force 
at point j. This identity is easily seen by 
applying Castigliano’s Theorem to eq. (19). 

With this interpretation the first term in eq. 
(19), representing the strain energy in the 
outer beam portion, is written by analogy to 

1 S*L 
eq. (2) of Art. A7.3 ( *3E/)- 
ing three terms, representing the energy stored 
in the inner beam segment by qa and qs, are like- 
wise readily written, with proper account taken 
for the cross influence of one force upon an- 
other (the "das da ds” term). 


The remain- 








Note that 
a 
a, eFu . Mu F4,,-------- (20) 
J daydaz dqydar 
Hence 
Ss za,, (Maxwell’s Reciprocal Theorem) 
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The general form of strain energy express- 
ion is (expanding eq. (19) by induction) 


2U = 4d: Gi. + Q2d2 dia t+---- - + 43 Gy On 
i 
; 
*QaG: Gar * dada Vag *# > - > ete i 
1 
I 
*QsG2 G91 + UsGa Gana *#- - - ~~ eee He 1 
: 
CA Ok SARS eS east se ates, : 
\ : 
4 io 
i 
! t 
S.GNGae Gy Sk St Ses Sas eatin + Gy dy Any 


In matrix notation this equation is written 
(see appendix) 


Qa 





or, more concisely, 
velar} [13] 1954 . 


the matrit: a man; if 
In the Xx [ 13 y not most) of 


the elements are zero. In the specific example, 


eq. (21) would be written 

2u = La:aaas_| Qi. 0 0 Qa 
° Gaz Gus qa 
° Qsa Iss Qs 


The problem of computing and tabulating 
various a,,’s is considered in detail later. _ 


RELATING THE INTERNAL GENERALIZED 
FORCES TO THE EXTERNAL APPLIED LOADS 


For the statically determinate structures 
considered in this chapter the internal forces 
are related to the external loads by use of the 
equations of static equilibrium. A set of 
linear equations results. Thus, in the specific 
example considered, if P, and P, are the ex- 
ternal loads applied as in Fig. A7.cef, then dy 
statics (refer to Fig. A7.32b) 
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qa = Pa 
qa = Pi + Pa 
qa = Pi La a 2 
ed fe 
————— 
La 4 Li 4 2 
Fig. A7.32f 
In matrix notation 
a 1 Q 
Py 
May =]L 1 
Pa 
ds ln 0 


(21) Symbolically these relationships are written 


fa} [aa]fm onan even eee 


The matrix [25] is called the “unit load 
distribution” inasmuch as any one column of 


[orn] » say the nth column, gives the values of 


the generalized forces (the q’s) for a unit 
value of load Py, all other external loads 
zero. 

THE STRAIN ENERGY IN TERMS OF APPLIED LOACS ~ 


If eq. (22) and its transpose are used to sub- 
stitute for the q,’s in eq. (21) one gets 
1 


a ell] 


In the notation here 1 and j are used_inter- 
chanyeably as are mand n. Also [Gmi] is the 
transpose of [Sim] , t.e. interchange of sub- 


scripts denotes transposition (see appendix). 


If the matrix triple product in eq. (23) is 
formed and defined as 
fim] fa] Bs] a] +--+ e 


then 





= [Fa [Am] }Pa} 


Eq. (85) expresses the strain energy as a 
function of the external applied loads. 
In the specific example being used 


Qi. 09 0 10 

al eG 
Ed areas 9 Gas Gas it 
© Qsa dss li 9 


DEFLECTIONS BY CASTIGLIANG’S THEOREM 


Application of Castigliano’s theorem to 
eq. (25), 


aoe | Fal [ian | {I SNF ah ena a (25) 
yields 

(22s ig ls tp 

HE} bal-Dba] faleveoeo> 


The steps in passing to eq. (26) may de 
demonstrated readily by writing out eq. (25) 
for, say, 2 set of three loads (m, n = 1,2,3), 
differentiating successively with respect to 
BR, Pa and Ps and then re-collecting in matrix 
forn. 


The matrix [on | gives the deflection at 


the external points "m" for unit values of the 
loads PL and is therefore, by definition, the 


matrix of influence coefficients. 


COMPARISON WITH DUMMY-UNIT LOADS EQUATIONS 
(26) out as 


tea}= [ac] Brad [Em] traf ---- em 


and compare the expression with a typical term 
from the dummy-unit load method equations, say 


It is instructive to write eq. 


528 aS + In the matadx equation (26a) the 


is the unit (virtual) matrix correspond- 


ing to the symbol "u" in the simple sum. The 


‘ 
are the member flexibilities correspond- 


re) {pt 
ing to =: The matrix product Pia] 7 oBy 
gives the member load distributions due to the 
real applied loads, hence these are the "S" 
leads. Finally the operation of matrix aulti- 
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ror 


plication itself yields a summation to complete 
the calculation. 

From this last discussion it {s clear that 
eq. (26a) also may be derived by formulating the 
Dummy-Unit Load equations (Art. A7.7) in matrix 
notation. 

To illustrate the application of the matrix 
methods presented thus far, a drief and element- 
ary example is worked with those tools already 
developed. 


Example Problem 25 

C Determine the influence coefficient matrix 
for transverse forces to be applied to the uni- 
form cantilever of Fig. A7.33 at the three points 
indicated. 


9 2 6 


Pyarats 


oo) 


—1 as 
qa 
<= > 
de 
qa 


Fig. AT. 33 


a 


Solution: 


The choice and numbering of generalized 
forces are shown on the figure. These forces 
were placed so that praviously derived express- 
fons for the a’s could be used. The following 
member flexibility coefficients were computed. 
Note that the only non-zero coefficients of 
mixed subscripts (1 not equal to J) are those 
for loads common to an element. 


Ly 
: 2 
a. =| SE = tgp = Gee = Oe 


° 


This expression was adopted from that de- 
veloped for a transverse shear force on a canti- 
lever beam segment in the preceding illustrative 
example. 


L /3 L 
SEI 


o 
Ke 





ss = Tos= 


ta] 
Hl 


This expression is for a couple on the end 
ef a cantilever segment (of length L/3). 


Ly 
3 
. a 
aseas=| se 


EL igkel 





This expression is for the cross influence 
of 2 couple and a smear load on a cantilever 
segment. Collecting in matrix form, 
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(on) 
es 
6L 
1 
[ula ee 
1 
° 
1 
9 Se 


The unit load matrix [1m | was computed by 


successively applying unit leads at points 1, 2 
and 3 and computing the values of the q’s by 


statics. 
FO 20 
1 1 o 
[¢m]=]'%s o 0 
i vl; ot 
2l/z L /3 0 


Note that the first column of [10 | gives the 


values of the q’s obtained for a unit load at 
point "1" with no other loads applied. The 
second colum gives the q’s for a unit load at 
point "2" only, and so forth. 


Pinally, 
Hoo 0 oli oo 
27 
11/31 4vglo+ 2 0 offi 1 0 
re i 27 &L 
[Aan] gazjo 2 9 2 Hod 3 0 olf/s0 o 
0001 0 lu 
00 0ge//1 11 
2 Afizn yy 
0° CO gpme “30 
Multiplying (see appendix), 
S54 28 8 
ie ee - 
[Amn |= sager 28 16 5 
8 5 


Should the deflections be desired at the 
three points one forms 


a 54 28 8 Py 
Le 

6a >= aber [28 16 5 Pa 

5s 8 5 2 Py 


as per eq. (26). 


The matrix [Aan |} is seen to be symmetric 


about the main diagonal as it must be: 

Maxnell’s reciprocal theorem A, = A 
\ mn 

eq. (20)). 


?rom 


ao (see 


AT.10 Member Flexibility Coefficients; 
Compilation of a Library. 


Several member flexibility coefficients are 
derived below for various members and loadings. 
A more comprehensive listing is available in vhe 
paper by Wehle and Lansing referenced earlier. 


BARS 


The energy in a uniform bar under varying 
axial force (Fig. A7.34) is 


L 


q.-4 a 

fed ot 
[, + x| ax a! gj 
ID ae, + 








Then referring to eq. (20), Fig. A7,34 
2 (0-4) 
~%Y .L[--) a 
911 * 3q? 2 7 
4 ° 
= (= - 
SAE “aay 
and, 
3* : 
2 SU Lule yx 
91 dq,3q AE E ( f)a 
wo" ° 
- 7 
ae 254) 


An equally likely choice of generalized 
forces for the above case is Shown in Fig. 
A7.34a. The strain energy is (x measured from 








| free end) 
1 Lu 2 a 
aff] 
: Fig. AT. 34a 
L 
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In the case of tapered members the 
coefficients are determined by evaluating in- 
tegrals of the form 


_ 2 (beceax 
“IS a) ay 
e ° 
Such a quadrature can always be made in these 
problems. For the linearly tapered bar the 
results may be obtained as functions of the end 
area ratios. Thus, Wehle and Lansing give 


ait *aer: bas 


4 SS ; 


L 
Ay fat 14° ae: $3 
Fig. A7.34b L 
O34:'= AE O35 





The energy in the uniform beam o7 


Fig. 
A7.34d 1s given oy 








An alternate choice of generalized forces 
for the beam of Fig. A7,.34d is shown in Fig. 
AT .24e, 
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ee 
i Eel 


Fig. AT. 34e 


Us sr [aos *] ax 


and from which 


aqi = 





NOTE: The coeff- 


a | icients for bars and 
beams are directly 
analogous (compare 
several 


O44 = 4s, = Se 


cases) so 

L? that for tapered 
93) = say beams one uses the 
results for tapered 
bars with EI in place 
of AE. 





SHEAR PANELS 


For the rectangular shear panel with 4 
uniform shear flow q, on all edges (Fig. A7.34f) 


aa? ah ee 
Uzses i P 
26t 1 Pb 
S$ = surface area 4d Is 
3 == 
1 ree 


Fig. AT. 34f 
The trapezoidal shear 
panel (Fig. A7.34g) is treated approximately by 
using the average shear flow on the non-parallel 
sides as though it were constant throughout the 


sheet. Thus 

qi? ay (a¥- dL 
U = oat 4 2 iT 

S = surface area hy 

-5 ora phe 
SL = Ge Fee 

Since by statics Qy = 

Fig. AT. 34g 


Hy 
4 one could use 9, a8 
an alternate choice of generalized force and 


5°) &- 


TORSION BAR 
A uniform shaft under torque 4, has strain 
energy 
2 
=r: Then aii =. 


AT.11 Application of Matrix Methods to Various 

Structures. 
Example Problem 26 

The tubular steel truss of Fig. A7.35 is to 
be analyzed for vertical deflections at points = 
and F under several load conditions in which 
vertical loads are to De applied to all joints 
excepting A and D. The cross sectional areas of 
tube members are given on the figure. 

Set up the matrix form of expression for the 
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20" ge 20" cH Constant Axial 
T Load: ay=4y 
ise —— > 


25" a dah 


mye ye Hye 





ecg? S44 


~« L/AE 
Fig. A7.35 Fig. A7.35a 


deflections at points — and 


vy 


Solution: 


The member flexibility coefficient for a 
uniform bar under constant axial load ts 
U/ag Fig. A7.36a gives the numbering scheme 
applied to the members and the q’s (these being 
one and the same, since q is constant in a given 
member). Fig. A7.36b shows the numbering scheme 
adopted for the external loading points. 


P, P 
1 2 oa ee 
4 13 
Ps 
8 tp, 
Fig. AT. 36a Fig. AT. 36b 


. 


Member flexibility coefficients were col- 
lected in matrix form as 


eoaa0ao 80 
eoaanan ooo 


° 
9 
Q 
9 
Q 
0 
° 
° 


In the case of a pin jointed truss, where 
only a single generalized force is required to 
describe the strain energy per member, the 
matrix of member flexibility coefficients is a 
diagonal matrix as above. 

Unit load distributions were obtained by 
placing unit loads successively at external 
loading points 1, 2, 3 and 4 (Fig. A7.36b). 
The results were collected in matrix form as 








3| 0 -1.0 c 0 | 
.,] | 4) 0 1.25 | 0 1.28 | 
s| 0 “1.03 | 0 | -1.03 
6[-1.0 | -.78] 0 | -.75 | 
7/ 1.13 | .848 | 1.13 | .848 | 
g|-.s2s | -.165 | -.825 | -1.85 

















g +20 0.40 -20 0.40 





Then the matrix triple product 


P=} b=] Fs] fe] 


was formed giving, per eq. (26), 


fs, 440 369 257 3389/1}? 
da 1 | 389 «927 HZ 789) | Pa 
&,; =les7 282 287 252 |} Ps 


&, 389 7S¥ RG PL 
inches 


The results here give the deflections of 
all four points. Since only the deflections of 
points 3 and 4 were desired the first two rows 


ot [Asn | may be dropped out. The same result 


could have been achieved by leaving out the 


first two rows of [es | (= transpose of f=) 


The matrix form of equation above ‘is usefu 
in organizing the computation of deflections for 
a number of different loading conditions. Thus, 
should there be several different sets of ex- 
ternal loads P|, corresponding to various load- 


ing conditions, each set 1s placed in column 
form giving the loads as the rectangular matrix 


> 
EE , k different numerical subscripts for the 


load conditions. The matrix product 
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Deflections at points 1, 2, 3 and 4 of the 


truss of Fig. A7.35 are desired for the follow~ 


ing loading conditions: 





(see Fig. 


Solution: 
The matrix product formed per eq. (26b) was 
set up as 
440 389 257 389] | 2500 -1200 1800 
y 389 927 252 7891 | 2000 - 800 1470 
8 ce 
[eae =z | 257 252. 257 252 800 -2100 -1200 


389 789 252 -1750 ~1100 


ixample Problem 28 

ror the landing gear unit of Sxemple Prob- 
lem 20, Fig. A7.23 find the matrix of influence 
coefficients relating deflections due to lift 
and drag Loads acting 2t point A and torque 
about the axle 4~B. 


Solution: 


The structure was divided into 
and the set of internal generalized forces ap- 
plied as shown in Sig, A7.37a. (Torques and 
moments are shown vectorially by R.H. rules). 
Axial stresses were neglected in C-B. 


iN LE 


elements 





Sy Cc 
wee “a 
ce A-B 
ieee 7 ls P 


t —< 


— 
BA ae AB ; Os 


Fig. A7.37a Fig. A7.37b 
The following member flexibility coefficients 
were determined 





LS L 
dia =@s3 = AB >» Gaa = AB 
SEI GJ 
L? L 
Gan = Faq = BC > Gr_ = BC 
SEI GJ 
L? L 
Ayn = Gea = BC » Gen = S54 = BC 
2EL EI 
Collected in matrix form (noting that 
- EL 
Sd -3) 








@QIanranKe 


were obtained 


The unit load distributions [rm 


by applying unit external applied loads, numbered 
and directed as in Fig. A7.37b. 





At this point the engineer may consider the 
: 


problem as solved, for the remaining computation 
is a routine cperation: 

[:=| ? | [es] [é:2| 
Example Problem 29 





él re- 


Tre deam of example problem is to be 
solved by the matrix methods oresented nerein. 
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Influence coefficients for points F, G and H 
are to be found. 
Solution: 

Fig. A7.38 shows the choice and numbering 


of generalized forces. 


(coeff's 
we coll'td 

fr. two 

members) 


, " 
ee 93397 23g 
oS 


(KW 


—— — 
——  _, as o 


Fig. A7.38 


No forces were shown applied to the lower flange 
elements as these were known to be equal to 
those of the upper flange due to symmetry. 
Entries were made for a,, in matrix form as be- 


tJ 
low, tries for as, and de, were quadrupled as 


these occur in two identical members each on top 
and bottom. 
doubled. 

formulae.) 


Entries for Gsa, Geo and Geo were 
(See Art. A7.10 for coefficient 





Unit load values were obtained as in Pig. 
A7.27, considered to be external loading num- 
ber "two", Similar diagrams were drawn for unit 
loads at points "one" (H) and "three" (Flop Pig 


A 7-25) 


ooranpr an we 





The matrix triple preduct 


EIS 


completes the calculation. 


Example Problem 30 

Deflections of statically indeterminate 
structures often may be computed successfully 
dy the methods of this chapter provided that 
some auxiliary means is employed to obtain an 
approximation to the true ‘nternal force dis- 
tribution. The exact internal force distribu- 
tion is not necessarily required in making de- 
flection calculations inasmuch as such a calcu- 
lation amounts to an integration over the 
structure - an operation which tends to average 
out any errors. Thus one may use the engineering 
theory of bending (E.T.B.), experimental data, 
previous experience, etc. to obtain reasonable 
estimates of the internal force distribution for 
unit loadings. 

In the following problem the matrix of in~ 
fluence coefficients is determined for a single 
cell, three~bay box beam (3 times indeterminate) 
by using the 5.7.3, 

Fig. A7.39a shows an idealized doubly 
Symmetric single cell cantilever box beam naving 
three bays. Determine the matrix of influence 
coefficients for the six point net indicated. 





Stringer Areas 
Constant = . 33 in # 





Fig. A7. 39a 


Solution: 


Fig. A7.39b is an exploded view of the beam 
showing the placement and numbering of the in- 
ternal generalized forces. Note that only th 
upper side of the Deam was numbered, the lower 
Side being identical by symmetry. 


Member flexibility coefficients were com- 
puted by the formulas of Art. A7.10 and entered 
in matrix form as below. Note that all entries 
for which there were corresponding lcads on the 
lower surface of the deam were doubled. By 
this means the total strain energy of the beam 
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Fig. A7.39b 


Nas accounted for. Note also that entries for 
Gees Gass Goo ANd Gi,... were re-doubled as 
each of these q’s act on two (identical) mem- 
bers. 











Note: VOID SPACES INDICATE ZEROS. 


Unit load distributions were obtained for 
successive applications of unit loads to points 
one through six (Pig. A7.39a). The internal 
forces predicted by the £©.T.B, for a load 
through the shear center (center of beam, due to 
symmetry) were superposed on the uniform shear 


=. 375 


0125 +0875 
2.567 2.67 
2,67 2.87 

20425 +0023 


.020 | --920 
+0083 | 0423 





flow ( = 2) due to the torque developed in 
transferring the load to one side. 


The matrix triple product 


Fa)- RIE 


completes the solution. 


AT7.12 Deflections and Angular Change of the Elastic Curve 
of Simple Beams by the "Method of Elastic Weights" 
(Mohr's Method). 


In the calculation of structural deflec- 
tions there occur many steps involving simple 
integral properties of elementary functions. 
The Method of Elastic Weights (and the Area 
Moment Method to follow in Art. A7.14) owes its 
popularity in large measure to the fact that it 
enables the analyst to write down many of these 
integral properties almost by inspection, rely~ 
ing as it does upon the analyst’s familiarity 
with the properties of simple geometric figures. 

For finding the deflection of a point on a 
simply supported beam relative to a line joining 
the supports, the Method of Elastic Weights 
States: 


The deflection at point A on the elastic 
curve of a simple beam is equal to the bending 


zs 


moment at A due to the gr diagram acting as a 
distributed beam load. 
Spelled out in steps: 
i - The # diagram is drawn just as it 
occurs due to the applied beam load 


1i + This diagram is visualized as being 
‘he loading on a second beam (the conjugate 
beam) supported at the points of reference for 
the deflection desired 


iii - The bending moment in this conjugate 
beam is found at the station where the deflec- 
tion of the original beam was desired. This 
bending moment is equal to the desired 
deflection. 


To prove the theorem, consider the dumy- 
unit load (virtual work) equation 


* Mdx 


6 Oum-dOem1 55 . 





This expression equates the external virtual 
work done Dy a unit load, applied at a point de~ 
Tlecting an amount 6, to the internal virtual 
work on a beam element experiencing an angular 
change ¢d 9 = as - The sum (integral) of such 


expressions throughout a beam gives the total 













AT. 28 DEFLECTIONS 
deflection at the point ( eq. 18). we now 
show that the deflectt pression, usins the 
above equation, is tne @ as the benci 
moment expression fer a simple beam Toaded by 
an "elastic weight" bits a 

In Fig. A7-40, the loading of (a) produces 


the real moments of (Dd). Consider the deflec- 
tions of points 3 and C due to the angular 
change Bs in a deam element at A* (Fig. A?-40c). 
P, Pa 
= A B = 
BELLY 
be ary 4 
(a) 
Yai tagas 
4 bax 
(b) 
Max 
El A 
{e) 
: 


(d) mp, moment diagram for unit 
load acting downward at point B 


3 
Tel 


(e) mg,. unit load at point C 


Max 
{Er 

3 Max () 1 Mdx 

4 EI 45 
Fig. A7.40 


For a unit load at point b, Fig. d shows the m 


diagram. The value of mat the midpoint of dx 
(point a) = L/8. Hence 

by = MOE L 5 Mex 

D* ET ° 6° SEI 


For deflection of point c, draw m diagram for 4 





unit load at C (see Fig. e). Value of = on ele- 
ment dx = L 
16 
pane _ Max L _ Midx 
oS 16 get 


“For simplicity the points A, B and C were placed at the one- 
quarter span points. The reader may satisfy himseif with 


the general character of the proof by substituting x4, Xp and 
X¢ for the point iocations and then following through the 
argument once again. 





OF STRUCTURES 


rt 





consider Mcx as a load on a 


EI 
dDeam anc determin 
bd and c cue to Mdx ac 


rig. simply 


supported 
at points 


c 





Mp 





PI pol 


Me = 


451 





These values of 





beam bend moments 40 
points > and c are identical to tne deflections 
at b and c oy the virtual work equations. The 
moment diagram m for a unit load at > and c 
(Figs. d and e) ts numerically precisely the same 
as the influence line for moment at points b 
and c. 

Therefore deflections of a Simple beam can 
be determined by considering the M curve as an 

&I 
imaginary beam loading. The dending moment at 
any point due to this M loading equals the de- 
aI 

the team under 








flection of the given loads 





Likewise it is easily oraved that the angu- 
lar_change at any section of 2 simply supported 
beam is equal to the shear at “that section due to 
the M diagram acting 3s a Seam oad. 


4 


A7.13 Example Problems 





example Prodiem 3 Fine the vertical 
deflection and slope of points 2 and b for beam 


and loading shown in Fig. A7.41. The lower Fig. 
shows the moment diagram for load P acting at 
center of 4 simple beam. 


EI Constant 


Fig. AT. iL 





Deflection at point a 
ent due to M diagram as a 
(See lower Fig. of Fig. A7. 


equals Dending mom- 
load divided by 31. 











8 - (BP L pe L) i. a ps 

a 16° 4 I2} SI 76a = 

ae be Bee 

vb \ié ° 2 6 /EI ~ 48 £1 

The angular change of any point equals the 
shear due to M/EI diagram as a load. 

ple PLE _ og PL? 

za =(E - "& )--23 
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He) 1 _ 4 (Slope ts horizont- 

“6 / sr 7 al or no change 
from original dci- 
rection of dean 
axis.) 

5 2. Datermine the deflection 

or loaded uniformly as shown in 

Fig. A7.42. The bending moment exvression for 

a uniform loac M = wlx - wx® or parabolic as 


2 2 
42a. The deflection at mid- 
bending moment due to M dia- 


shown in Fig. A7. 
point equals the 
gram as a load. 


L 
wu ¥o 
2 2 
Fig. AT. 42 
M Diagram 


ii 





awoe lLyts 
34 wh 4 wL® = Area & wL? 
Fig. A7. 422 
fila”, bee eg BLN be 
Scenter -(% WLS 3 - WLe .g 5) iI” 
5 wit 
34 ET 
2 1 1 
dcenter (% WLS ~ 3a a3) Prael 9 
3 
+ 1 wl 
Lope at st = the react -S==— 
Slope supports @ reaction = 55 $F 


Example Probiem 33. 

Fig. A’.43 shows the plan view of one-nalf 
of a cantilever wing. The atleron 1s supported 
on brackets at points D, E and F with self-altgn-| 
ing bearings. The brackets are attached to the 
wing rear beam at points A, B,and C. when the 
wing bends under the atr load the aileron must 
likewise bend since it is connected to wing at 
three points. In the design of the aileron beam 
and simtlarly for cases of wihg flaps this de- 

lection produces critical bending moments. As- 
suming that the running load distribited to the 
rear beam as the wing dends as a unit is as shown 
in the Fig., find the deflection of point 3 with 
respect to straight line Joining points A and Cc, 
which will be the deflection of © with respect to| 
line joining D and F if bracket deflection is 
neglected. The moment of inertia of the rear 
beam between A and C varies as indicated in 

the Table A7.6 





Front Beam: 





Plan View 1/2 Wing 


a0" 
Air Load 2sw/in. [ | 


y 


15#/in. 


4 Load on Rear Beam 


Fig. A7.43 


Solution:- Due to the beam variable moment of in- 
ertia the deam length between A and C will be 
divided into 10 equal strips of 10 inches each. 
The bending moment M at the midpoint of each will 
be calculated. The elastic weight for each strip 
will equal Mds, where ds = 10" and I the moment 

i 


of Inertia at midpoint of the strip. These elas-~ 
tic loads are then considered at loads on an tm- 
aginary beam of length AC and simply supported at 
Aand C. The bending moment on this imaginary 
deam at point B will equal the deflection of B 
with respect to Line joining AC. 

The bending moment at Cc => 15x 70x 15 + 
10 x 15 x 10 = 8250"# 

The shear load at C = (15 +25) x 30 = 600# 

2 

Bending moment expression between points C 
and A equals, M = 8250 + 600x + 12.5x®, where 
x = 0 to 100. 

Table A7.6 gives the detailed calculations 
for the strip elastic loads. The I values as- 
sumed are typical values for a aluminum alloy 
beam carrying the given load. The modulus of 
elasticity £ = 10 x 106 ts constant and thus can 
be omitted until the final caiculations. The 
figure below the table shows the elastic loads 
on the imaginary beam. 























Table A7.6 
Strip | ds te I [ | Elastic 
No. in, moment at mid- | load 
i at mid- | point Mds 
i point : i T 
: 1 i to 1 lise | 5.3 21000 
i 2 | io 20063 | 6.5 30900 
i 3 | 10 | 3063 | 78 | 41450 
| 4 | lo | 44580 | as | $2300 
i 3} 20 50580! 9.5 63850 
6 10 79050 | «12.0 63940 
7 10 | 100080 «=| = 16.0 62530 
; 3 10 123850 | «20.0 1 g1770 
j 3 10 149550 24.0 62320 =| 
10; 10, 1781s0 28.0 sa600_ 
QO. "OG. (9. gaQa90 2 
eo 2eags 2 Oo 3 
o oe We aun ¢ So 
0 Qa N wo mo Na ot 
wo co eo oO om ND 
A c 
610 10 10105'S5 101010108 
226570 3 299080 





AT. 30 


Bending moment at point B due to above elastic 
loading = 7,100,000 .*. deflection at B relative 
to line aC = 7,100,000 «71 inch 

£=10,000, COO 


Example Problem 34 

Fig. A7.43a shows a section of a cantilev- 
er wing sea plane. The wing beams are attached 
to the hull at points A and B. Due to wing 
loads the wing will deflect vertically relative 
to attachment points AB. Thus installations 
such as piping, controls, etc., must be so lo- 
cated as not to interfere with the wing deflec- 
tions between A and B. For illustrative pur- 
poses 4 simplified loading has been assumed 
as shown in the figure. EI nas been assumed as 
constant whereas the practical case would in- 
volve variable I. For the given loading deter~ 
mine the deflection of point C with respect to 
the support points A and 8. Also determine the 





vertical deflection of the tip points D and E. 


e 
3S 
BS 


Fig. AT. 43a 








EI Constant E 


Moment Diagram 
3/ ae 
p———— 


Fig. AT. 43b 









Fig. AT. 43¢ 


500 


127 


Fig. AT. 43d 


193, 420 


Solution:- Fig. A7.43b shows the bending moment 
diagram for the given wing loading. To find the 
deflection of C normal to line joining AB we 

treat the moment diagram as a load on a imaginary 
beam of length AB and simply supported at A and B| 
(See Fig. A7.43c.) The deflection of ¢ 1s equal 


numerically to the bending moment on this ficti- 
cious beam. 
Hence EI6, = 25920 x 40 = 25920 x 20 
518000 
6g = SSS 
or d¢ ET 


Ta find the tip deflection, we place the elastic 
loads (area of moment diagram) on an imaginary 
beam simply supported at the tip D and = (See 
Fig. A7.43d). The bending moment on this imagi- 
nary beam at points A or B will equal numerically 
the deflection of these points with respect to 
the tip points D and E and since points A and B 
actually do not move this deflection will be the 





movement of the tip points with respect to the 
beam support points. 

Bending moment at A = 192420 x 700 - 40000 x 
433 - 127500 x 124 = 102200000. *. Stip = 
102,200,000 

EL 7 
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AT. 14 Deflections of Beams by Moment Area Method* 


For certain types of beam problems the meth- 
od of moment areas has advantages and this meth- 
od is frequently used in routine analysis. 
Angular Change Principle. Fig. A7.44 shows 
cantilever beam. Let it de required to detar- 
mine the angular change of the elastic line be- 
tween the poitntsAand B due to any given loading. 
From the equation of virtual work, we have 


a 





Deflected 


Fig. AT. 44 


3 7 Mdx where m is the moment at any 

fg OBI * section, distant x from 8 due 
to unit hypothetical couple 

applied at B. But m = unity 


at all points between B and A. 


Therefore ag af Max 

B ET 
{*Moment area first developed by Prof. C. E, Greene and 
published in 1874.) 


ab 








ANALYSIS AND DESIGN 


Referring to Fig. A7.44, this expression repre- 
sents the area of the M diagram between points 
gr 

Band A. Thus the first principle:- "The 

ghange in slope of the elastic line of a beam 

Between any -wo points A and B is numerically 

equal to tne area of the M diagram between 
EL 











these two points.” 


Deflection Principle 
In Fig. A7.44 determine the deflection of 

point B normal to tangent of elastic curve at A. 
In Fig. A7.44 this deflection would be vertical 
since tangent to elastic line at A is horizontal. 

Mdx 
Br ™ 
where m is the moment at any section A distance 
x from B due to a unit hypothetical vertical 


From virtual work expression 6g = 


load acting at B. Hence m = 1.x = x for any 
point between B and A. 
Hence 
A Mdx . 
53 =[p =r os Tais 


exoression represents the lst moment of the 
M diagram about a vertical thru B. Thus the 


deflection principle of the moment area method 
can de stated as follows:- "The deflection of a 
point A on the elastic line of a beam in bending 
normal to tne tangent of whe elastic line at a 
Doint | 1s equal mumericaliy to the statical mo- 
tient of the M area detween points "A" and “B" 
EL 
about point A". 


Illustrative Probiems 

Example Problem 35. Determine the slope 
and vertical deflection at the free end B of the 
cantilever beam shown in Fig. A7.4S. SI is con- 








stant. 
Pp 
A Is 
a i 
—— 
Fig. A7.45 
:V, 7 M Diagram 
PL? 2 i 
7 =L-——4 
Solution:- The moment diagram for given load is 


triangular as shown in Fig. A7.45. Since the 
beam 1s fixed at A, the elastic line at A is 
horizontal or slope is zero. Therefore true 
slope at B equals angular change between A and B 
which equals area of moment diagram vetween A 
and B divided by EI. 

Hence pL2 

~ ZBL 

The vertical deflection at B is equal to the ist 
moment of the moment diagram about point B di- 
vided by BI, since tangent to elastic curve at A 
tg horizontal due to 2ixed support. 


ag = (-PL. L/2) # = 


OF FLIGHT VEHICLE STRUCTURES 








AT.31 


Hence pL3 


p22 ,)\1 

on (- 5. 54) a - Se 
Example Problem 36 

Fig. A7.46 illustrates the same simplified 
wing and loading as used in example problem 34. 
Find the deflection of point C normal to line 
joining the support points A and B. Also find 
the deflection of the tip points D and 5 relative 
to support points A and B. 


8 
3 3 
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1000 


2 
3 
B 






Fig. AT. 46 
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Solution:- 

Due to symmetry of loading, the tangent to 
the deflected elastic line at the center line of 
airplene is horizontal. Therefore, we will find 
the deflection of points A or B away from the 
horizontal tangent of the deflected beam at point 
CG which 1s equivalent to vertical deflection of 
c with respect to line AB. 

Thus to find vertical deflection of A with 
respect to horizontal tangent at Cc take moments 
of the M diagram as a load between points A and 


EI 
Cc about point A. 
Whence 
(area) (arm) 
On _ 2 (650+ 646 ) = 
Toco (tangent at C) = gy (sos sis 40x 20 


= (§18400) = deflection of C normal to AB. 


To find the vertical deflection of the tip point 
D with respect to line AB, first find deflection 
of D with respect to horizontal tangent at C and 
subtract deflection of a with respect to tangent 
at Cc. 


oD. (re t 2) = 
Tou0 (respect to tangent at C) 

127500 x 576 + 25920 x 720) = 
(See Fig. A7.46 for 


(40000 x 267 + 


h 


7 


iT (102700, 0G0) 
areas and arms of M/SI dia- 


gram). Subtracting the deflection of A with re- 
spect to C as found above we obtain 

OR. (r ik 2 
500 (respect to line AB) iT (102,700,000 
518400) = (102,180,000) 
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A7,15 Beam Fixed End Moments by Method of Area 
Moments 

From the two principles of area monents 2s 
given in art. A7.14, it is evident that the de- 
flection and slope of the elastic curve depend 
on the amount of bending moment area and its lo- 
cation or its center of sravity. 

Fig. A7.47 shows a beam fixed at the encs 
and carrying a single load P as shown. The dend 
ing Moment shown in (c) can be considered 2s 
made up of two parts, namely that for a lead P 
acting on @ simply supported beam which gives 
the triangular diagram with value Pa (L-a)/L 
for the moment at the load point, and secondly 
a trapezoidal moment diagram of negative sign 
with values of Ma, and Mp and of such magnitude 
as to make the slope of the beam elastic curve 
zero or horizontal at the support points A and 
B, since the beam is considered fixed at A and By 

The end moments Ma and Mp are statically 
indeterminate, however, with the use of the two 
moment area principles they are eastly determin- 








ed. In Fig. b the slope of elastic curve ata 
and B 1s zero or horizontal, thus the change in 
slope between A and B is zero. By the lst 
}P 
oa 
A 71 El Constant af 
G (a) 
2 
A 
lastic Curve 
Fig. A7.47 





principle of area moments, this means that the 
algebraic sum of the moment areas between A and 
B equal zero. Hence in Fig. c 


(My My) Ly (Pa (L-a) ob Lg 
2 L "6B 
In Fig. > the deflection of B away from a tang- 
ent to elastic curve at A is zero, and also de- 
flection of A away from tangent to elastic curve 
at B is zero. 
Thus by moment area principle, the moment 
of the moment diagrams of Fig. C about points A, 
or B is zero. 


Taking moments about point A:- 


Bi, = Pa *(L-a) .25+Pq (Loa) *x(a + L-a)+Myb xb, 
2b 3 2u 3 2 $3 
Mplng b=0-~-------------- (B) 
23 


Solving equations A and 8 for Mg and Mg 
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Ma = - Pab? and Mp = - Pta*/L* where >= (L-a} 
L* 

To find the fixed end moments for a team with 

variable moment of inertia use the M/I @ 








in place of the moment diagrams, 
Example 
Fig. Av.48 shows a 2ix-ended vean carrying 


two concentrated loads. 
moments Ma and Mp. 


Find the fixed-end 


0 
100# = et 
4 : g 
M. > Mg (a) 
ZR TEE 2 
{b} 
Fig. A7. 48 





Solution:- Fig. >} shows the static moment diecran 
assuming the deam simply supported at A and 3. 

For simplicity in finding areas and taking moments 
of the moment areas the moment diagram nas been 
divided into the 4 simple shapes 2s shown. The 
centroid of each portion is shown together with 
the area which is shown as a concentrated load at 
the centroids. 

Fig. C shows the moment diagrams due to un- 
known moments Ma end Mg. The area of these tri- 
angles is shown as a concentrated load at the 
centroids. 

Since the change in slope of the elastic 
curve between A and B is zero, the area of these 
moment diagrams must equal zero, hence 

5265 + 14040 + 2160 + 6685 + 15M, + 15Mp = 0 








or 
1SMg + 15Mg + 28350 =0 


The deflection of point A away from tangent to 
elastic curve at B is zero, therefore the Zirst 
moment of the moment diagrams about point A 
equals zero. Hence, 

5265 x € + 15 x 14040 + 17 x 2160 + 24 x 6865 + 15CM, + 


308 Mg =O or 150 My + 300 Mp + 444600 0- - ~ -(2) 
Solving equations (1) and (2), we obtain 

Ma = - 816 in. lb. 

Mp = - 1074 in. ibs. 


With the end moments xnown, the ceflection or 
slope of any point on the elastic curve cetween 
A and B can be found by use cf the 2 principles 
of area moments. 











A7.16 Truss Deflection by Method of Elastic 
Weights 


If the deflection of several or 411 the 
joints of a trussed structure are required, the 
metnod of elastic “elghts may save considerable 
vime over the method of virtual work used tn 
previous articles of this chapter. The method 
in general consists of finding the magnitude and 
location of the elastic weight for each member 
of a truss due to a strain from a given truss 
loading or condition and applying these elestic 
weights as concentrated loads on an tmaginary 
beam. The dending moment on this imaginary beam 
due to this elastic loading equals numerically 
the deflection of the given truss structure. 

Consider the truss of diagram (1) of Fig. 
A7,.49, Diagram (2) shows the deflection curve 
for the truss for a AL shortening of member bc, 
all other members considered rigid. This de- 
flection diagram can be determined by the vir- 
tual work ex pression 6 = uAL. Thus for deflec- 
tion of joint 0, apply a unit vertical load act- 
ing down at joint 0. The stress m in bar be due 
to this unit load = 2. 2P=4P. Therefore 


3 roar 


So = Lye . 4P . The deflection at other 
or lower chord joints could 
be found in a similar 
manner by placing a unit load at these joints. 
Diagram (2) shows the resulting deflection curve. 
This diagram is plainly the influence line for 
stress in bar be multiplied by dLpec. 

Diagram (3) shows an imaginary beam loaded 

with an elastic load 4Loq acting along a verti- 
r 

cal line thru joint 0, the moment center for ob- 
taining the stress in bar be. The beam reac- 
tions for this elastic loading are also given. 
Diagram (4) shows the beam bending moment dia- 
gram due to the elastic load at point 0. It is 
noticed that this moment diagram is identical to 
the deflection diagram for the truss as shown in 
diagram (2). 

The elastic weight of a member is therefore 
equal to the member deformation divided by the 
armr to its moment center, If this elastic 
load is applied to an imaginary beam correspond- 
ing to the truss lower chord, the bending moment 
on this imaginary beam will equal to the true 
truss deflection. 

Diagram 5, 4 and 7 of Fig. A7.49 gives a 
similar study and the results for a 4b lengthen- 
ing of member CK. The stress moment center for 
this diagonal member lies at point 0, which lies 
outside the truss, The elastic weight al at 

TL 
point O' can be replaced by an equivalent system 
at points O and « on the imaginary beam as shown 
in Diegram (6). These elastic loads produce a 
bending moment diagram (Diagram 7) ‘tdentical to 
the deflection diagram of diagram (5). 

Table A7.7 gives a summary of the equations 
for the elastic weights of truss chord and web 
members together with their location and sign. 
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Table A7.7 Equations for Elastic Weights 
Elastic-Weight for Chord Members 
(See Member ab) 
Upper Chord Lower Chord 
a b 
TY oO 
AN 
— 
ye ; a ob i 
woh 
b 





yah 
. AL 
wa 
D oe -2E 
a 
SONI “ee 
;° f a ob 
fi 
Member Axial Deformation AL 





Perpendicular Arm to Moment Center r_ 


The moment center 0 of a chord member 1s the 
intersection of the other two members cut by the 
section used in determining the load tnthat memb- 
er by the method of moments 

The sign of the elastic weight w fora chord 
member is plus tf it tends to produce downward de~ 
flection of its point of application. Thus fora 
simple truss compression in top chord or tension 
in botton chord produces downward or positive ees 
elastic weight ef 
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WEB DIAGONAL MEMBERS 
(See Member ab} 


Table AT7.7 
(continued) 





For a truss diagonal member the elastic 
weights P & Q have opposite signs and are as- 
sumed to be directed toward each other or 
away according as the member is in compres- 
sion or tension. In fig. a, P is greater 
than Q and P is located at the end of the di- 
agonal nearest the moment center 0. Downward 
elastic weights are plus. 









TABLE A7.7 (CONTINUED) 


Truss Verticals 
(See Member ab) 


. 








The elastic weight P acts at foot of verti- 
cal and downward if vertical is in tension. 
Q acts opposite to P at far end of chord memb- 
er cut by index section 1-1 used in finding 
stress in ab by method of sections. 


47,17 Solution of Example Problems. 


The method of elastic weights as applied to 
truss deflection can be best explained by the 
sOlution of several simple typical trusses. 


Example Problem 38 

Fig. A7?.50 shows a simply supported truss 
symmetrically loaded. Since the axial deforma- 
tions 1n all the members must be found, the 
first step 1s to find the loads in all the memb- 
ers due to the given loading. The results of 
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Fig. A7,50 


this step are given in the figure, the stresses 
being written adjacent to sach member. The next 
step or steps is to compute the member elastic 

weights, their location and their sense or dir~ 
ection. Tables A7.8 and A7.S gives these calcu- 
lations. 


Table A7:3 





















Chord Member Elastic Weights ' 
Meaber|Length| Area| Load | PL. AL jArm| Elastic |Point of | 
L A P To] owe. applica | 
twas Ab] tion 
| r joint 
-a01117| > ! 
001487| ¢ j 
$001117| 4 
3001117) A : 
002465] 8 
so02465| 
,001117| D 
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+146 |-2385 |-.0157! 9 I 

~093/ 1277! .0223{ " |~.000965; 
+093} 1177] .0123{ * |-~. 000963; 
+146 /-2355 {-.0157} "  [-.00123 | 
+146| 4710| .0314| * /-.00246 | 
-242|-$580 |-,0236; " |-.00185 | 














Fig. A7.51 shows the elastic weights obtained 
from Tables 8 and 9 applied to an imaginary beam 
whose span equals tnat of the given truss. 

These elastic weights are the algebraic sum of 


the elastic weights acting at each truss joint. 










5 & & ra 5 
oO ot Q 
eeeggg i282 
see S886 56 8 Sf Fig. A781 
x | 
> BC ° 
8 spaces at 15" 
Rg = .005412 Re = .005412 


The deflection at any joint equals the bending 

moment on the imaginary beam of Fig. A7.51. 

Defl. at A = (.005412+ .00185)15 = .007262 x15 
-109" 

Defl. at b = .109+ (.007262 - .000507)15 = .109 + 
.006755 x 15 = .209" 

Defl. at B = .209 + (,006755 - .002347)15 = .209 
-004408 x 15 = .2757 


+ 








Defl. at c = .275+ (.004408 ~ .0027)15 = .301" beam loaded with the elastic weights from Table 
The slope of the elastic curve at the truss joint/A7.11. Table A7.12 gives the calculation for the 


for the beam of Fig. A7.51. 


Example Problem 39 

Find the vertical deflection of the Joints 
of the Pratt truss as shown in Fig. A7.52. The 
member deformationsaL for each member due to the 
given loading are written adjacent to each memb- 








er, Table A7,.10 gives the calculation of member 5 @ 28" = 125" 
elastic weights. Fig. A7.5a shows the imaginary 
beam loaded with the elastic weights from Table Fig. A7.54 
A7.10. The deflections are equal numerically to 
the bending moments on this beam. Table A7.11 
6» = .01855 x 25 = .465" Blastic Weight of Chord Members 
5g = .465 + .053 (AL in Bar Bb) = .518" 
5g = .01855 x 50 - .00387 x 25 - .833" 
Og = .833 + .031 (AL of Cc) = .864 
bn = 


Ip = -01855 x 75 - .00387 x 50 - .00623 x 
25 = 1.03" . 


b_-,083_c_ -.091 d -.091 ¢ .083 ¢ 










6 @ 25" = 150" 








Fig. AT. 52 


0432} 9,60/-.00450 
aK 9,60 |-.00748 
Kc 9,27 
cr 085 _|10,60/- 

D 0138710. +00 
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+044 /10,60}-,00415 
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Table A7.10 
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Fig. A7. 55 
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Example Problem 40 

Find the vertical joint deflections for the 
unsymmetrically loaded truss of Fig. A7.54. The 
4L deformations for all members are given on the 
Figure. Table A7.11 gives the calculation of 
the elastic weights, their signs and points of 
application. Fig. A7.55 shows the imaginary 


Sxample Problem 41 

Fig. A7.56 shows a simply supported truss 
with cantilever overhang on each end.’ This sim- 
plified truss is representative of a cantilever 
wing beam the fuselage attachment points being 
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ate ande", The AL deformation in each truss 
member due to the given external loading ts giv- 
en on the figure. The complete truss elastic 
loading will be determined. With the elastic 
loading known the truss deflections from various 
reference lines are readily determined. 





Elastic Weight Loading 


Table A7,13 


Rlastic Weights of Chord wembers 




















Table A7.13 gives the calculations for the mag- 
nitude of the member elastic weights. The signs 
and also the joint locations for locating the 
elastic loads are also given. Combining alge- 
braically the elastic weights for each joint fro 
Table A7.13 the beam elastic loading as shown in 
Fig. A7.57 1s obtained. 

Let it first be required to determine the 
vertical deflection of Joint f relative to the 
truss support points at e and e', 

To determine the deflections of the truss 
betwen the supports e ade! it is only neces- 
sary to consider the elastic weight loading be- 
tween these points. Fig. A7.58 shows the portioi 
of the imaginary beam of Fig. A7.57 between these| 
points. The deflection at f relative to line ee 
is equal to the bending moment at ¢ for the por- 
tion of the imaginary beam between joints 6 and 
e’ and simply supported at these points. 

Hence deflection at f -00312 x 30 + 
+00232 x 15 = .0586" (upward since minus is up). 

Find the vertical deflection of the canti- 


lever over-hang portion of the truss relative to 
support points e and e'. 

Since the cantilever portion is not fixed at 
@ since the restraint is cetermined by the truss 
between e' and e, this fact must be taken into 
account in loading the cantilever portion. The 
reactions on the beam of Fig. A7.58 represent 
the slope at e due to the elastic loading between 
eande’. This elastic reaction in acting tn the 
reverse direction is therefore applied as a load 
to the imaginary beam between and 2 as shown in 
Fig. A7.59. 


x a 
a o & 
a 3 g 
s 3 S 
a = a 
et ‘ ‘ e 
E' i E ‘ 
R = . 00312 R= .00312 
Fig. A7.58 


In finding deflections this overhang elas- 
tically loaded portion is considered as fixed at 
a and free at e. The dending moment at any point 
on this beam equals the magnitude of the vertical 
deflection at that point. 

Thus to find the defjection of the truss end 
(Joint a) we find the bending moment at point a 
of the imaginary beam of Ftg. A7.59. 

Hence 
deflection at a = IMg (calling counterclock- 
wise positive). = (.01922 - .00312) 80 + .00248 x 
70 + .00333 x 60 + .00239 x SO + .00468 x 40 + 
00224 x 30 + .00543 x 20 - .00149 x 10 = 2.15" 
upward. Due to symmetry of truss and loading of 
the truss we know the slope of the elastic curve 
at the center line of the truss is horizontal or 
zero. Thus to find the deflection of any potnt 
with reference to Joint f we can make use of the 
deflection principle of the moment area method, 
Thus in Fig. A7.60 the vertical deflection of any 
point for example joint a, relative to Joint f 
equals the moment of all elastic loads between 
a and f about a. 





R=, 00312 
(From Span ee’) 


Fig, AT. 59 


Mg = 2.077" (student should make calcula- 


ions). Previously the deflection of f with re- 
Spect to e was found to be -.0586". Thus de- 
flection of a with respect to point e = 2.077 + 


-0566 = 2.135" which checks value found above. 
Let it be required to find the deflection of 


joint c relative to a line connecting joints b 
and d. 
2 3 $e 2es¢2e2¢28 
sis a3 $s 8 388 65 8 
Fe Oe eS! Se BES, 








Fig. A7.60 
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For this problem we need only to consider 
the elastic loads between points > and d as 
loads on a simple beam supported at b and d 
(See Fig. A7.61) The deflection at c with re- 
Spect to a line bd of the deflected truss 
equals the bending moment at point c for the 
loaded beam of Fig. A7.61. 
hence 

Sg = 004743 x 20 - .00239 x 10 =,07 inches 


Rg=.004743 Rp=.004667 
Fig. A7.61 = 
A7.18 Problems 


3000F | sog4 204 5 
Cc —"'F — 





| 20" 

G Dy 

D 20" 

H + 

20" 

A BLL 

Fig, A7.63 Fig. AT. 64 


(1) Find vertical and horizontal deflec- 
tion of joint B for the structure in Fig. A7.62. 
Area of AB = 0.2 sq. in. and BC = 0.3. E = 
10,000,000 psi. 

(2) For the truss in Fig. A7.63, calculate 
the vertical deflection of joint C. Use AE 
for each member equal to 2 x 10’. 

(3) For the truss of Fig. A7.64 determine 
the horizontal deflection of joint &. Area of 
each truss member = 1 sq. in., E = 10,000,000 
psi. 

(4) Determine the vertical deflection of 
joint & of the truss in Fig. A7.64 

(5) Determine the deflection of joint 5 
normal to a line joining joint CS of the truss 
in Pig. A7.64, 

100" 
10" OB 





t 
600# E 
Fig. A7. 66 





Fig. A7.65 


(6) Calculate the vertical displacement of 
joint Cc for the truss in Fig. A7.65 due to the 
load at joint B. Members a, b, c and h have 
areas of 20 sq. in. each. Members d, e, f, g 
and 1 have areas of 2 sq. in. each. E = 
20,000,000 psi. 


as 2 sq. in. 
as 5 sq. in. 
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(7) For the truss in Fig. A7.66 calculate 
the deflection of joint C along the direction CH. 
E = 30,000,000 psi. 

4000# 


—>20, 0006 28008 te 





Fig. A7.67 


(8) For 
vertical and 
and D. Take 


Fig. AT. 68 


the truss in Fig. A7.67, find the 
norizontal displacement of joints C 
area of all members carrying tension 
each and those carrying compression 
each. § = 30,000,000 psi. 

(9) For the truss in Fig. A7.68, determine 
the horizontal displacement of points C and B. 
E = 28,000,000 psi. 
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Fig. AT. 69 Fig. A7.70 


(10) For the truss in Fig. A7.69, find the 
vertical deflection of joint D. Depth of truss = 
180". Width of each panel ig 180", The area of 
each truss member 1s indicated by the number on 
each bar in the figure. = 30,000,000 psi. Al- 
so calculate the angular rotation of bar DE. 

(11) For the truss in Fig. A7.70, calculate 
the vertical and herizontal displacement of 
joints A and B. Assume the cross-sectional area 
for members in tension as 1 sq. in. each and 
those in compression as 2 sq. in. B = 10,300,000 
psi. 

(12) For the truss in Fig. A7.70 calculate 
the angular rotation of member AB under the given 
truss loading. 

1000# 


a 1000# 
{ r 

E 
SS : 
F101 10 =P sy iow 10-15 “F104 


Fig. AT.71 Fig. AT. 72 


(13) For the beam in Fig. A7.71 determine the 
deflection at points A and B using method of elas- 
tic weights. Also determine the slopes of the 
elastic curve at these points. Take — = 1,000,000 
psi and I = 1296 in.” 


(14) For the deam in Fig. A7.72 find the de- 
Also the slope of the 
Assume EI equals to 


flection at points A and E. 
elastic curve at point Cc. 
5,000,000 1b in. sq. 
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Fig. A7. 73 


(15) Fig. A7.73 tllustrates the airloads on 
a flap beams ABCDE. The flap beams is supported 
at B and D and a horn load of 500# Is applied at 
Cc. The beam is made from a 1"~.049 aluminum 
alloy round tube. I = .01659 in*; B = 10,300,0 


psi. Compute the deflection at points C and E 
and the slope of ths elastic curve at point B. 
100# 100 100 100 100+ 100 
3" 3" ae 3 + gr gv gv 
B A 
Fig. AT.74 Fig. A7.75 


(16) For the beam of Fig. A7.74 determine 
the deflections at points C and D in terms of EI 
which is constant. Also determine slopes of the 
elastic curve at these same points. 

(17) Por the cantilever beam of Fig. A7.75 
determine the deflections and slopes of the 
elastic curve at points A and B. Take EI as 


constant. Express results in terms of SI. 
100# 100 100 100# = 400# 
MA $8 te 8 te 6 wee Bate feait-ser Gt ee GI 
cf cD Et & 2 
zs : B "RB Ma 
Fig. AT. 76 Fig. AT.77 


(18) For the loaded beam in Fig. A7.76 de- 
termine the value of the fixed end moments Ma 
and Mg. EI is constant. Also find the deflec- 
tion at points C and D in terms of EI. 

(19) In Fig. A7.77 determine the magnitude 
of the fixed end moment Ma and the simple sup- 






port Rp. 
P 

L P * 
Fi A tA ; 
i 1 

Ro R 
N cha 
¥ TAA A THAT 

Fig.A7.7B Fig. A7.79 Fig. A7. 80 


(20) In Fig. A7.78 EI 1s constant throughout 
Calculate the vertical deflection and the angu- 
lar rotation of point aA. 

(21) For the curved beam in Fig. A7.79 find 
the vertical deflection and the angular rota- 
tion of point A. Take EI as constant. 

- {22) For the loaded curved beam of Pig. 
A7.80, determine the vertical deflection and the 
angular rotation of the point A. Take EI as 
constant. 
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100# 
‘eS er “ 
"4 ie | 
A 
seine 1000# 
Fig. A7.81 Fig. AT.82 


(23) In Pig. A7.81 find the vertical move- 
ment and the angular rotation of point A. Take 
EI = 12,000,000. 

(24) Determine the vertical deflection of 
point A for the structure in Fig. A7.82. EI = 
14,000,000. 


Fixed 








suites Vv 
Fig. A7. 84 c bi sise 
: + 
tees 22000 
A P=5008 
Front View Side View 


(25) The cantilever beam of Fig. A7.83 is 
loaded normal to the plane of the paper by the 
two loads of 100# each as shown. Find the de- 
flection of point A normal to the plane of the 
paper oy. the method of virtual work. The rec- 
tangular moment of inertia for the tube 1s 
0.0277 in*. E = 29,000,000. 

(26) The cantilever landing gear strut in 
Fig. A7.34 1s subjected to the load of 500# in 
the drag direction at point A and also a torsion- 
al moment of 2000 in. 1b. at A as shown. De- 
termine the displacement of point A in the drag 
direction. The tube size for portion CB is 2"- 
083 and for portion BA, 2"-.065 round tube. 
Material is steel with E = 29,000,000 psi. 


(27) Using the matrix equation 2u = | q 
qj 


[ats] {a3} compute the strain energy in the 


truss of Fig. A7.63 (Problem 2). The member 
flexibility coefficient for a member under 


uniform axial load 1s L/AE (see Pig. A7.3Sa). 
Ans. U = 22.4 lb.in, 
(28) Using matrix equation (23) compute 


the strain energy in the beam of Pig. A7.7l. 
Note: the choice of generalized forces should 
be made So as to permit computation of the 
member flexibility coefficients by the equations 
of p. A7.19. Ans. U = 3533 1b. in. 

(29) Re-solve the oroblem of example 
problem 25 for a stepped cantilever beam whose 


I doubles at point "2" and doubles again at "3", 
(Heaviest section at dutit-in end.) 
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(30) For the truss of Fig. A7 95 determine 
the influence coefficient matrix relating 
vertical deflections due to loads Py, Pa, Ps 
and P, applied as showm. Member areas are 
shown on the figure. 


















B 
4 1.0 fer] 1,0 






gb 


fal {33 
eae 


Fig. AT. 85 
Answer. 
39.67 44.67 44.67 33.0 
44.67 106.0 99.34 38.0 
(Fon | = Z 44.67 99.34 39.90 38.0 
33.00 = 38.00 38.00 3.0 


{31} For the truss of problem (30) deter- 
mine which of the following two loading con- 
ditions produces the greatest deflection of 
point 4, (All loads in pounds}. 


Condition No. 


(32) Determine the matrix of influence 
coefficients releting drag load (positive aft), 
braking torque (positive nose up) and moment 
in the V-S plane (positive right wing down) as 
applied to the free end of the gear strut 
assembly of Problem 26. 


Answer. 
750.7 3 


[Pee 
= lo” |}-50.7 6.97 0 


Lo Q 


(33) Find the deflection of the load 
applied tc the cantilever panel of Fig. AT 36. 
(Assume the web does not buckle). 


Use matrix 
notation. ans. 6 = 7.94 x 10-* inches. 







=.051" 
= 3.85 x 108 psi 


7.5108 =| 


Fig. A7.96 


G 20" 


AE = 
30" 


— 


(34) Find the influence coefficients re- 
lating deflections at points 1 and 2 of the 
simply supported beam of Fig. A7 87. Use 
matrix methods. 


je 20" —++— 20" —+f-— 20" —4 





1s" 
AE=3x10° lbs 
® @ AE=8x108 lbs 
Fig. AT. 87 
ans. 
12.34 7.102 
Aan | = lo-* 
[A 7.102 12.34 


Note to student: It will be highly instructive to re-work 
problems 33 and 34 using the alternate choice of generalized 
forces in the stringers from those used in your first goiution, 
See p. A7. 22 for alternate generalized forces on a stringer. 
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CHAPTER A8& 


STATICALLY INDETERMINATE STRUCTURES 
ALFRED F. SCHMITT 


A8.00 Introduction. 

A statically indeterminate (redundant) 
problem 1s one in which the equations of static 
equilibrium are not sufficient to determine the 
internal stress distribution. Additional re- 
lationships between displacements must be 
written to permit a solution. 

The "Theory of Slasticity” shows that all 
structures are statically indeterminate when 
analyzed in minute detail. The engineer how-~ 
ever, 1s often able to make a number of as— 
sumptions and coarse approximations which render 
the problem determinate. In addition, auxillary 
aids are available such as the Engineering 
Theory of Bending (2) and the constant-shear- 
flow rules of thumb (q = T/2A) (see Chaps. A-5S, 
A-6 and A-13 through A-15). While these latter 
are certainly not laws of "statics", the en- 
gineer employs them often enough so that prob- 
lems in which they are used to obtain stress 
distributions are often thought of as being 
"determinate". 

It is frequently the case in aircraft 
structural analysis that, in view of the re~- 
quirements for efficient design, one cannot ob- 
tain a determinate problem without sacrificing 
necessary accuracy. The Theory of Llasticity 
assures the axistence of a sufficient number of 
auxiliary conditions to permit a solution in 
such cases. 

This chapter employs extensions of the 
methods of Chapter A-7 to effect the solution 
orf typical redundant problems. Special methods 
of handling particular structural configurations 
are shown in later chapters. 


48.0 The Principle of Superposition. 

The general principle of superposition 
states that the resultant effect of a group of 
loadings or causes acting simultaneously is 
equal to the algebraic sum of the effects acting 
separately, The principle is restricted to the 
condition that the resultant effect of the 
several loadings or causes varies as a linear 
function. Thus, the principle does not apply 
when the member material is stressed above the 
proportional limit or when the member stresses 
are dependent upon member deflections or de- 
formations, as, for example, the beam-column, a 
member carrying bending and axial loads at the 
same time. 


A8.1 The Statically Indeterminate Problem. 

Several characteristics (and interpreta~ 
tions thereof) of the statically indeterminate 
problem may be pointed out. These characteris~ 


tics are individually useful in forming the bases 
for methods of solution. 

There are more members in the structure 
than are required to support the applied loads. 
If n members may be removed (cut) while leaving 
@ stable structure the original structure is said 
to be "n-times redundant”. 


-COROLLARY= 


In an n-times redundant structure the mag- 
nitude of the forces in n members may be assigned 
arbitrarily while establishing stresses in equi- 
librium with the applied loads. Thus, in Fig. 
A8.1 (a singly redundant structure), the internal 
force distribution of (a) is in equilibrium with 
the external loads for any and all values of X, 
the force in member BD. 








B c B_.107K__ C 
2000+ 3000+ 

+8 >t 

= + F ES 

= 5 le 

: Ax A D 

20009" - 20008 mm OTK 

}2000#  oco# }2000# — 20008 


(b) 


Fig. A8.1 
Singly redundant stress distribution, (a) consisting of a stress 
in static equilibrium with the applied loads, (b), with one 


zero-resuitant stress distribution, (c), superposed. 


Only the system (b) is actually required to 
equilibrate the external loads (corresponding to 
X= 0). Note that the system (c) has zero ex- 
ternal resultant. 


[EB] of ali the possible stress (force) dis- 
tributions satisfying static equilibrium the 
one correct solution is that one which results 
in Kinematically possible strains (displace- 
ments), i.e. retains continuity of the struc- 
ture. 


Thus, for example, there are an infinite 
number of bending moment distributions satis- 
fying static equilibrium in Fig. A8.1 (4) since 
M, can assume any value. Of these, only one 
will result in the zero deflection of the right 
hand beam tip necessary to maintain structural 
continuity witn the support at that point. 


A8.1 





Ag.2 





M 


Ms — cs M.o/2 + PL/4 


Fig. A8.1d 
Singly redundant beam with root bending 


moment Mo undetermined by statics. 


—COROLLARY- 


If n member loads have been assigned ar- 
bitrarily while establishing equilibrium with 
the external loads, relative movements of the 
elements will result, violating continuity at n 
points, n zero-resultant stress (force) dis- 
tributions may then be superposed to reduce the 
relative motions to zero. The resulting stress 
distribution is the correct one. 


A8.2 The Theorem of Least Work. 

A theorem extremely useful in the solution 
of redundant problems may be obtained from 
Castigliano’s Theorem. Consider first the 
problem of redundant reactions such as in a 
beam over three supports (Fig. A8.2). One of 
the reactions cannot be obtained dy statics, 


1000# 
constant 


pra EI = 
— 


P—. —f-. —_} 


500 + Ry 500-2Ry Rx 
Fig. A8.2 


A singly redundant beam with one reaction given an ar- 
bitrary value (Rx). 


If the unknown reaction (say that on the far 
right) 1s given a symbol, Ry, then the remaining 
reactions and the bending moments may be de- 
termined from statics. The strain energy U my 
then be written as a function of Ry, i.e., 

U=f (Ry). Next form 


au 
aR = OR, 
This 1s the deflection at Ry due_to Ry. But 
this must also be zero, Since the support is 
rigid. Hence 


£q. (1) is true for all redundant reactions 
occuring at fixed supports. Because it corre- 
Spends to the nathematical condition for the 
minimum of 4 function, eq. (1) ‘s said to state 
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the Theorem of Least Work. In words; "the rate 
of change of strain energy with resect to a 
fixed redundant reaction is zero”. 





A8.2.1 Determination of Redundant Reactions by 
Least Work, 


Example Problem A 

By way of illustration, the problem posed 
by Fig. A8.2 was carried to completion. The 
bending moment was given dy (x, y, @ measured 
from the left ends of the three beam divisions) 





M= (500 +R.) x odxch/g 
(500 + Ry) L 
M= sa + (Ry-500) ¥ o<yeh/a, 
M = Ry (L - &) O<B<L 
Then 


: “fe 
1|Mfax 1 a 
Us As = r| (SO00+Ry ) 84x 


L 
1 a a 
* sar | Rx °(L ~ 3) "de 
o 


Differentiating under the integrai s 
p. A7.8) 





U/s 
oo ad a 
aR, * ET : (500 + Rx) x4dx “ 
a 
i/o 


byo 
Ws 0 = (500 + Ry) x? Ax 
Ry nm # 
° 
Lg 
(S00 + RyJL i ) 
+ ) L yy) ay 
Sa FIL | (Ley) ay + 
° 
L/p L 





) ay + Ry | (L = a}*ss 


° ° 











Completion of the computation gave 


Ry = - 88 ibs. = - 93.8 Los., 





the negative sign indicating that Ry was down. 


Example Problem B 
Determine the redundant fixed end moments 
for the beam of Fig. A8.2(a). 


| + EI = constant 


Fig. AS&, 2a 


A doubly redundant beam with two reactions given 
two arbitrary values. 


Solution: 


The redundant end moments were designated 
as My and Mg for the left and right beam ends 


respectively and were taken positive as shown. 
The moment equations for the two beam portions 
(x from left end, y from right) were 


M, + 2PL - 
me ccna 
SL 


+ PL - 
ig ee pate 


M 


We 


Then 


My + 


are 


ou 


2b : 
1 Mo +P, 
iii ee 
3L 


° 


Differentiating under the integral sign (see 
remarks on 9. A7-3) 


au } + EP, 
YB sos fr SS 


a, 

















L 


au My + SPL ~ i 
Br o-|[e- Ly ar oy 
3L 





2b 
A EEA e, 
om Gd ax 


eee fx 16h) 
2L 


2 
Sig Pag ee es, 
3L 3L 3L 


° Q 


L L 
x + QPL = x 
o= ML zee 3L * a 


o Q 





eL 
+ MR ¢-% dy 


H+ FL - th y 
+ aL vG- s)av . 


° 


Evaluating the integrals and solving simultane- 
ously gave 


* pL 
9 


mu 


2 
= PL 
9 


R 


A8.2.2 Redundant Stresses by Least Work. 

The Theorem of Least: Work may be applied to 
the problem of determining redundant member 
forces within a statically indeterminate structure. 
Thus, in an n-times redundant structure if the 
redundant member forces are assigned symbols X, 
Y, 3, + - - etc., the values which these forces 
must assume for continuity of the structure are 
such that the displacements associated with these 
forces (the discontinuities) must be zero. 

Hence, by an argument parallel to that used for 
redundant reactions, one writes, 


os 


ON 





A8.4 





In words, "the rate of change of strain enerzy 
with respect to the redundant forces {s zero”. 


Eas. (2), like eq. (1), are statements of the 
Theorem of Least Work. They provide n equations 
for the n-times rédundant structure. The simul- 
taneous solution of these equations yields the 
desired solution of the problem. 


Example Problem ¢ 

The cantilever beam and cable system of 
Fig. A8.3(a) is singly redundant. Find the 
member loadings by use of the Least Work 
Theoren. 


+0008 





(b) 
Fig. A8.3 
A singly redundant structure with one member force given an 
arbitrary value (X). 


Solution: 


The tensile load in the cable was treated 
as the redundant load and was given the symbol 
K (Fig. A8.3(b)). The strain energies con- 
sidered were those of flexure in portions AC, 
CD and BC and that of tension in the cable AB. 
mnergies due to axial forces in the beam port- 
tons were considered negligible. 

The bending moment in BC (origin at 3) was 


Mo = (2000 - SEs Be x) x 


In AC, (origin at A): 
~ 50 
Mic * sag Y 
In CD: 
= 50,000 


Mop 


The strain energy was therefore 


= (3%) 
te (— 
2 \AE/S 
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50 








2EI,, | (58.3 
° 
‘ 60 : 
to (50,000) "de ° 
2El oy 


° 


Obviously there was no need to consider the 

















energy in CD as its loading did not end upon 
X and hence could not enter the problem. Dif- 
ferentiating under the integral sign 
au _ 58.3 x 
xX 
“30, (1000 - - nw) 
5a.3 I 
: 30 
50 x 
+ (s355 ) mH. yy we 
AC 
7 
58.3% , 11,082 %X , 6620 X 
Blac Bac 
. x10 
SC 
Putting 
oboe ine 
Ag = 0-025 tn 
z - 
Tpg = 8-0 in 
Es 4 
Tyg = 10.0 ta 
gave 
X = 613 lbs. 
Then ‘ 
3 
Mag = [2200 - (s1s)} x = 588x 
Mg = a 613 + y= 526 y 
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Example Problsm D 
A semicircular pin-ended, uniform ring is 
supported and loaded as shown in Fig. A8.3{c). 
As a first approximation the norizontal floor 
tie is tc 52 assumed rigid axially. Find the 
vending moment distribution in the ring. 








Solution: 


The axial load in the floor was taken to 
be the redundant (since the floor was assumed 
rigid, this could have been thought of as a re- 
dundant floor reaction from fixed supports). 
The loading is shown in Fig. A8.3(d). 

The bending moment distribution was 


M =X R Sin © = PR (1 - cos 6) 0<9<60° 

M=XR Sin 0 = PR/2 60°46<90° 
The axial loadings were 

S$=Pcos@+X sino 0<0<60° 

S$ =X sino 60°<9<90° 


The strain energy (for only half the 
structure) was * 
60° 
L a 
Usa fc a sino - mR (1 - cos 0) | Reo 
° 
30° 
+ 
25. 


+ 


w 


3 
[x R sin 9 - eve | Rdo 
60 
60° 
1 a 
* Die [P cos 9 + X sin | Rdo 
e 
90° 
l a 
+ DE [x sin a Rd 
60° 


* Zero strain energy in the rigid floor (AE —> 2). 


Differentiating under the integral sign 


3 (60° 
au R ‘| sin? od 0 


- {l + cos 6) sinedas 


° 


2 
RSP | 60 





ET sin* 0490 


° 
RX [: 
60° 


ET singdoé 


° 
Rep [i 
60° 


cos @ singd@ 


Q 


ak 


sin?0d0+&\sin*oa0 
60° 


60° go? 
rs | 


se 02 gx (E+) 


1,50 


+ 
ao) 
"oe 
| 
i 
os 


Therefore 


Example Problem £ 

The portal frame 
of Fig. A8.3(2) is 
three times redundant. 
Set up the simultaneous B 






equations in the re- 10008 han 
dundant forces. The sor 
relative bending stiff- pt 
nesses of the segments A 


are given on the figure. 


Fig. A8,3e 


Solution: 


The redundant forces 
selected were the bending moment ,“the transverse 
shear force and the axial force, all at point A. 
The four figures A8.3(f) through a8.3(1) show 
the bending moment diagrams of the structure due 
to applied loads and due to redundant forces 
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2 
(2 Q sin @ + M+ SOV{l + sin 9) -SoTti - 2238) |,. © Since} Sede 
Teo SEAT 


acting individually (it being easier to com- 
pute the loadings in this fashion}. The com- .| 
plete loading was obtained dy superposition. 


50 
- |e Ms vo" + Sov - 100 THEd- 2") A, 


$0,000 sin 0 





50 
Beas [Bem nguyen ss 2007), 250) as! 


—S a 
1, 000# * [ts 000 sin 6 + + 50 wa + sin 6) 3002 = 208 9) Wags 9 - 1350" 
= lapel we F. : 
Fig. A8.a¢ 90, 000 ™ Fig. A8. 3g After evaluation of the integrals the equations 
obtained were 
.1492M + 9,662V - 7.459T = 1.112 x 10° 
9,682M + 763.1V - 484.0T = 288.3 x 10° 
toa 3 

SOV (1+ sin 0) - 50T (1 - cos 0 -7.459M = 484,0V + 614.9T = 111.15 x 10 





A8.3 Redundant Problems by The Methods of Dummy- 
Unit Loads. 





Sov while the Theorem of Least Work may be made 
the basis of redundant problem analysis, its 
direct application by the calculus, as in Art. 

— eh A8~2.1 and A6~2.2, is often impractical. For the 
Vo Fig. A8.3h 1, Fig. AB. (| MAdority of problems the work is facilitated if 


carried out by the techniques of the Method of 
Dummy-Unit Loads. 
The following derivation is for a doubly 
redundant truss structure. The extension to 2 
i more general n-times redundant structure, in 
ane composite bending moments as functions of whieh other loadings in addition to axial (flex- 
Bj. Orend so were ure, torsic1 and shear) are present, is indicated 
later. 
Consiuer the doubly redundant truss of Fig. 
a A8.4(a). It may be made statically determinate 
Mgo = ~ 50,000 sin @ + M + 50 V + 50V sin 9 by "cutting" two members such as the diagonals 
~ sor (1 ) indicated. Application of the external loads to 
- cos @ this determinate ("cut") structure gives a load 
distribution, "S", computed by satisfying static 
= ' spat a t ? , 
Mop = 1000s’ + M - Vs' + 50 V - loo T equiliorium, At this time discontinuities appear 
Then since at the cuts "x" and "y" due to the strains 
ir developed. 


Mp M+ Vs 


v= [MS ane Bw au 


“3 jar 24 Sy = av ar =o 


J = gen ee = 
«5. (Rew. AR AW AA 


aM 2.50 S$ loads ux loads uy loads 
Jo Fig. A8. 4a Fig. A8.4b Fig. A8. 4c 
f 
. |[sarsesecsy pene ccm aoa] sodo To compute these and subsequent displacements 
< the Method of Dummy-Unit Loads may de used (Art. 
(50 A7-7). For this purpose virtual loads are placed 


as" alternately at the x and y cuts as in Figs. A8.4(b) 
and (c). From the dummy-unit load equations 


> | (l000g" + M - vs" + so ¥ - 100 7) 
: ae 


av 


50 
Wags] We vs) ses 
_ == 
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se SuyL 
xo AE 
add (3) 
Suyb 
6 = y Cu 
yo AB 
uy and wy are the unit-redundant stress dis- 
tributions as indicated in Figs. A8-4b, c. The 


subscript "o” indicates these relative displace- 
ments occur in the determinate ("cut") struc- 
ture with the "original" stress distribution. 

It is now desired to close up the dis- 
continuities by application of redundant loads 
X and Y to the x and y cuts, respectively, as 
in Fig. A8-4(d). Load X 
causes a stress distri- 
dution Xu, and, likewise, 


Y causes a distribution 
Yuy. The relative dis- 


J\VN\ 


placement at cut x due to 
redundant load X is given 





vy (6, 1s read "displace-  F® oo 
ment at x due to X"). 
| 
Xuy * U, Uy *L 
Gig 2 SOR eX Fe 
x AE AE 


and at cut.y by 
y due to X"). 


6 Me Bh Ly gp Uxdyh 
AE ‘SE 


(read Bye as "displacement at 


yx 


Similarly the load Y causes displacements at 
the cuts y and x given respectively by 


. a 
5 ae My Yel oy g Uy 
y AE AE 
and 
Yuy * uyL UylyL . 
6. = ly" Uxb 5 yx 
xy 2 ett 2 


Now the net relative displacement at each 
cut under the simultaneous action of the three 
stress systems S, Xu, and Yeu, is 











SuyL UylyL 
+O +6 8 xe 4 xx 
xo” Ore * Oxy SBE RE AS 
eyy ty 
AE 
and 
SuyL UxUyL 
+6 +6 = Yo+ X xy! 
yo yx yy “ AE 2 AE 
iors UylyL 
AE 
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For continuity these net relative displacements 
must be zero. Equating the above expressions 
gach to zero, and rearranging, gives the simul- 
taneous equations 





XE ux®L YE uguyh L z SuxL 
AE AE AE 
L *L SuyL (| oy 
yy! Uy*L uy! 
XE ME + yt B= - 5 
AE AE AE 


Eqs. (4) are two simultaneous equations in the 
two unknowns X and Y. Upon solution for X and Y 
the true stress distribution may be computed as 


SoRus =S+ uy, + Yu, 


¥ 

For a structure which {s only singly re- 
dundant, eqs. (4) and (5) are applied by setting 
Y= 0 giving 


uy?L 
AE 


Suxb 
AE 


XE z= -2% 








or, simply, 


SuxL 
ie 
AE 
tesa Sees eS StS = (4a) 
x 
2 AE 
and, 
Sopp 7S +X 4 rrr ttt ~-- (8a) 


A8.4 Example Problems - Trusses With Single Redundancy, 


Example Problem #1 





Fig. A8.5 


Fig. A8.6 Fig. A8.7 


Fig. A8.5 shows a single bay pin connected 
truss. The truss is statically determinate with 
respect to external reactions, but statically 
indeterminate with respect to internal member 
loads, since at any joint there are 3 unknowns 
with only two equations of statics available for 
a concurrent force system. The truss is there- 
fore redundant to the first degree. The general 
procedure for solution is to make the truss 
statically determinate by cutting one of the 
members;on Fig. AS.S, member be has been selec~ 
ted as the redundant member, and it 1s cut as 
shown. The member stresses § for the truss of 


- 


oy 








A&.8 


Fig. A8.6 are then determined, the resuits being 
recorded on the members and also entered in 
Table AS.1. In Fig. A8.7, 2 unit 1l# tenstle 
dummy load has been applied at the cut section 
of the redundant member oc, and the loads in all 
the members due to this unit load are calculated. 
The results are recorded on the figure and also 
in Table A8.1 under the head of u stresses. The 
solution for the redundant load X in the redund- 
ant member be is given at the bottom of Table 
A8.1. The true load in any member equals the S 
stress plus X times its u stress. 


Table A8.1 





Xe true load in redundant aember be 


re +2 ae =$2u9 = -5598 








Example Problem #2 


Fig. A8.8 shows a singly redundant 
S-member frame, Find the member loadings. 
Member areas are shown on the figure. 





oO 
| 1000# 
Fig. A&.8 


Solution: Member OC was selected as the 
redundant and was cut in figuring the S-loads, 
as in Fig. A8.9. Fig. A8.10 shows the u-load 
calculation. The table completes the calcu~ 
lation. 


ue True Load 











=SeXu 
Fae fiafaal «| rae] 0 [a 
Bo | 100.0 366| -6. 83x105 | 625.6 | 
X= -_— 274.1 1. 
aa 
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9 {1000 ee 





0 
' 1000 
Fig. A8.9 Fig. A8.10 
S$ loads u loads 


Example Problem #1-A; Deflection Calculation in 
a Redundant Truss 


Calculations of the deflections under load of a redundant 
structure are made by application of the methods of Chapter 
A-7. Since, however, there are certain pitfalls as regards 
symbols and also some important special techniques, the 
following exampies.are given at this time. The extension of 
the method to more complex structures is immediate and no 
further work on deflections of redundant structures is given 
in this chapter (excepting in the case of the matrix methods of 
Arts. A8.10 et. seq. ). 


Find the horizontal movement of point "4a" 
of Example Problem #1 under the action of the 
load applied there. 


Solution: The equation used to find the 
deflection is Sq. (18) of Chapter A-?. ‘ritten 
for application to truss deflections it is 
(see Example Problem 13, p. A7.11) 


Now for a deflecticn calculation the symbols 
"8" and "u" must be carefully reinterpreted 
from their meanings in the reduncant stress 
calculation. For a deflection c ation the 
symbols of eq. (A), above, mean: "S-loads" are 
the true loads of the redundant structure due 
to application of the real external loading; 
"u-loads” are the loads due to a dummy-unit 
(virtual) load applied at the external point 
where the deflection is desired and in the di- 
rection of the desired deflection. 





Thus, the "S loads" for use in iq. (A) are 
the true stresses (the sclution) of Example 
Problem #1. 


The "u-loads” represent additional informe- 
tion which would, in general, appear to necessi- 
tate another redundant stress calculation. As 
will be seen, such is fortunately not the case. 
In the present problem the dummy-unit load is 
applied tdentically as is the 1000# real load 
and hence the u-loads are simply sae to the 
"S-loacs” properly scaled down. The following 
table completes the calculation. 





ex -605 ~.605 10, 980 


|__| 
epee oe [aoe | 
eens [ose [ae | ac | 





“eg = 52,300 
EB 
* {dentical with the "true stress” of Table 
A8.1. 7 


simply 1/1000th of the "S-loads” since the 
dummy-unit load is applied exactly as is 
the 1000# real load. 





Example Problem #2-A. 


Find the horizontal deflection of point 0 
of Example Problem #2 under application of the 
vertical 1000# Load shown in Fig. 48.8. 

Solution: 


To compute the deflection use 


os itr 

Again the symbols "S" and "u" are to be re- 
interpreted for a deflection calculation as 
explained above in Example Problem #1-A. The 
"S-loads" are now the "true loads" computed in 
Example Problem #2, above. The "u-loads” are 
loads due to placing a2 dummy-unit load acting 
horizontally on the structure at point 0. 
Since this load acts on 4a redundant structure 
it would appear that another redundant stress 







calculation 1s required. However, this is not 
necessary. 

Theorem: For the u-loads tn a deflection 
calcul 





uiliorium 
may: be used, even’ srom: tne simples’ of 


structures. 


static 









This theorem says that to get the "u-loads 
for this deflection calculation we may "cut" 
any one of the three members and get a satis- 
factory set of u-loads by simple statics} 
Before proving the theorem we complete the 
calculation tn tabular form as shown. The 
"W-loads" were obtained oy cutting member OC 
and applying a unit load horizontally at 0. 
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| “A 
3. 355x105 


~3, 128x109 


0. 227x109 


w+ 5 = 22,700 
3 





* true loads from Example Problem #2. 


By way of demonstration another set of 
u-Lloads, called u', were found for this same 
problem, this time by cutting member OA. The 
corresponding calculations follow: 









Pea |e | mah | 
cece 
z= 


The results are identical (allowing for 
round-off errors). 


Proof of Theorem 
SS = 


To prove the theorem above we return to the 
virtual work principle and the argument from 
which the dummy-unit loads deflection equation, 
Eq. (18) of Chapter A-7, was derived (refer to 
p. A7.10). It will be remembered that the de-~ 
flection was shown to be equal to the work done 
by the internal virtual loads (u-loads) moving 
through the distortions (4) due to the real 
loads, i.e., 6= Zud. The internal virtual 
loads are these loads due to a unit load acting 
at the point of desired deflection. 


Now for the statically indeterminate 
structure these internal virtual loads (u-loads) 
are, in general, indeterminate since the dumny- 
unit load is applied at an external point of the 
structure. However, we recall that, 


1 - any stress distribution in static 
equilibritm with the "applied load" (for the 
moment now we are thinking of the dummy-unit 
load as the "applied load") differs from the 
correct (true) distribution only by a stress 
distribution having zero external resultant 
(>. A8.1). 


11 -a Zero-resultant stress distribution 
moving through a set of displacements does zero 
work, 
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Mathematically expressed these points are; 
t= neue = 8 sparic * YReo 


where Uggarte is a u-load distribution chtained 


from statics in a simple “cut” structure under 
the action of the externally applied dummy-unit 3 . 
load and u._, 1s the zero-resultant u-load Fig. A8. 12 Fig, A8. 13 


ux loads uy loads 
system which must be superposed to sive the 


true u-load distribution 
We note here the rule by which the degree of redundancy 
ii- 3ax =0 of a planar pinjointed truss can be determined. For a truss of 
Upso m members with p joints, the truss is n times redundant where 
n=m_-(2p- 3). Fora spatial truss (3 dimensional truss) 


It follows, therefore, that any set of n=m - (3p - 6). - 
u-loads in static equilibriun with the 
externally applied dummy-unit load will do the In the present problem n = 11 - (12-3) = 2, 


Same amount of virtual work when the structure 
undergoes its distortion as would 4 "true" set The calculation 1s carried out in tabular 


of u-loads computed by an indeterminate stress form in Table A8.2. The member dimensions are 
calculation. That is, given in the table. 


65> tax UrRuE = Table a8. 2 


BAX Ugnanrte * Upeg) 


BA x Ugnarg +E AX Upey * ee eiiaaaact eae 
. ones 
ees [oles c 
“staTIc Peo oll ae oT alo ao 
QED. as 


A8.5 Trusses With Double Redundancy 


Trusses with double redundancy are 
handled directly by Eqs. (4). By way of 
illustration, the structure of Fig. A8. 4, from 
which Eqs. (4) were derived, will be solved 
for a loading P, = 2000# and P, = 10004. 
Choices of redundants were made identical with 
those of Fig. A8.4a, Figs. A8.11, A8.12. and 
A8.13 show the Ss, uy and uy load calculations 











Substituting from the table into Eqs. (4) 


respectively. gives (common factor of B divided out) 
2 
ugh UxtyL 2 _ , SuyL 
x= >? Ys z = =f- 


2. 


xz Bh eye bs Ly Supt 


341.1 X + 36.6 ¥ = - 562,000 

36.6 X + 452.6 Y = - 478,000 
Solving, 

X = - 15504 

Ys = 932 





Fig. A8.11 Finally (see Table 48.2) 
§ loads True Load = $ + Xuy + Yuy. 











A8.5 Trusses With Doubie Redundancy, cont'd. 


Example Problem 3 

Fig. A8.14 shows a structure composed of 
four co-planar members supporting a 2O0O0# load. 
With only two equations of statics available for 
the concurrent force system the structure, rel- 
ative to loads in the members, is redundant to 
the second degree. 


Solution: 


Fig. A8.1S shows the assumed statically 
determinate structure; the two members CE and 
DE were taken as the redundants and were cut at 
points x and y as shown. The member stresses 
for this structure and loading are recorded on 
the members. Figs. A8.16 and A8.17 give the 
u, and uy, member stresses due to unit (1#) 


tensile loads applied at the cut faces x and y. 
Table A8.3 gives the complete calculations for 
eqs. (4) and (5). The load in the redundant 

member CE was designated X and that in DE as Y. 











fe dt seg? Zt je 
Fr xl“ 
gt y 
Ez 
+ 20008 t20008 
Fig. A8.14 Fig. A8.15 
ie ha i¢ 
a ae om S 1# 
Or ONw 
ux loads Uy loads 
Fig. AS. 16 Fig. A8.17 
uy 4L UxUyL SuxL 
Ree ae 2 


Substituting values from table 


2446 X + 2350 Y = 2,253,000. 


a 
xz eye ete Se 











Substituting: 
2350 X + 3039 Y = 2,488,000. 


TABLE A8.3 
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Solving the two equations for X and ¥, one ob- 
tains X = 521l# and ¥ = 416#. The true load in 
any member =S + xu, + tu, which gave the values 


in the last column of the table. 


A8.6 Trusses With Multiple Redundancy. _ 

By induction, eqs. (4) may be extended for 
application to trusses which are three or more 
times redundant. Thus for a triple redundancy, 




















uy*L UyuyL Uylgh _ Suyb 
Xie tae * 22 oe F~25 
uxtyL uy"*L UyUgh _ SuyL 
Kiger yas + ese 1-255 ~(6) 
UyUgL UyUgL Ug*L SugL 
Rim + Yd ap tes aes - 2 ae 
and after solving for X, Y, 3, 
True Stresses = $ + xu, + Yu, + au, - eee (7) 


A8.T Redundant Structures With Members Subjected to 
Loadings in Addition to Axial Forces, 
Eqs. (6) are extended readily to cover 
problems in which flexural, torsional, and shear 
loadings occur. Thus, for 2 three times redundant 











structure 
Ka + Yay + Hyg =~ Oy 
Xa, + Ya + & =-65 
ye * YB yy * Fyg yo b= ----~ ~~~ -(8) 
aa * Yaay * 3agg = > Sse 
where 
r Uy4L mydx tyFdx 
xx 7” “AB EI Go 
=* 
. J = = 
rc 
UyUyL Dy 
a. =a 
xy ~ “yx AB | ZI 
a [ txtydx , || Gedy dxay 
Gs Gt 
uy*L my*dx 
a9 UY. y 
ayy = 2 TE f ya ac etc. 


and 
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t 

atc. 

and where 


S, M, T, q are the real loads in the de- 
terminate structure; 
Us My ty » a, are the unit (virtual) load- 


ings due to a nt load at cut x; 


Bs My, ty 4 are for a unit load at cut 
y3 ete. 

The redundant force(s) need not be an axial 
force Dut may be a moment, torque etc. 

After solution for the redundants, True 
Axial Forces = 


S-+ X Me * XY yy +2 uy 


True Bending Moments = $§ -~+--.4- 
M+Xmo+ Tm +2 nm, 

' 

, o 


ete. 


Example Problem 4 

The symmetric sheet stringer panel of Fig. 
A8.18 1s to be analyzed for distribution of load 
P between stringers. As a first approximation, 
assume constant shear flow in the sheet panels. 
All stringers have the same area. 


LeeLee e -2L L 


1 alae 
| il A W| 


Ug, Gx loadings 


Az 
const. 


eb “pe 
ts 
x Fig. A8.18 


Fig. A8.19 








Solution: 

The shear flow in the panels was 
chosen as redundant. Because o7 symmetry the 
problem was only singly redundant. g. A5.1S 
shows the Uy and Gy loadings jue to the redund- 
ant shear flow X = 1. The real loading in the 


determinate structure consisted of a constar 
load P in the central stringer alone. 
equation solved was (ref. eqs. (8}). 


The 








ui? 3? axdy 
| u,* dx | a,* dxdy nm 
x + —— i 
AE Gt 
es Su, dx 5 q a, dxdy 
AE Gt 
where 
S = P = constant, in central stringer 
REAL = 9 in side stringers 
LOADS = 
q=9 
uy, = L-xX in side stringers 
VIRTUAL = 2(x-L) in central stringers 
LOADS (x-L) : ring 


a, = 1.0 
When evaluated, (note that the double inte- 
grals _y reduce to a constant timessthe 
panel area) 
=PL i) 


2dL 
« @ip+ BE) =- 





xat 
aL Sar 
tL? 


Therefore the true stresses were 





= Pu - i 2 1 stringer 
Poor P-2LX Pp ia noe” central stringer 
AED 
Poor = LX = 5 “aE in side stringers 
E l+ 


Lat 


Example Problem 5 

The problem of Fig. A8. 19 1s doubly re- 
dundant as shown. Determine the bending moment 
distribution, Both members have equal sectional 
properties. 


a 


em } constant 






Ny 522PVE_ 


Pinned” 







"Clamped" fe L ake Ly tp “Pinned? dep Ue 
7 y 
Fig. A8. 19 Fig. A8. 20 
S, M loadings 
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Solution: 


The bending moments at ccint C in member 
SBD and at point B in member 4B were selected 
$ redundants yielding (when cut) the pin- 
jointed determinate structure of Fig. A8.20. 
The virtual loadings were as shown in Figs. 
A3.21 ane A8.22, 





=a 


my loadings 
“Trig? AB. 22 





Ux, My loadings 
Fig. A8. 21 

Note that in Fig. A&@.22 the unit redundant 
loading was applied as a self-equilibrating set 
of unit couples. The real and virtual load~ 
ings were as follows: (member portion BD, 
having no virtual loadings, was omitted. It 
could not enter the calculation.) 





The equations which were solved were (Ref. 


eq. (8)). 
ululL Bm. dc 
) ae |) 


a 2 
Z (5 'L (5 
“ AE BI 
a aes ss Mm dx 
AE EL 
L m, 7ax 
y 
er_/* T\o-a5 | =r ) 
s d 
4 ee lees 
Was EI 


After evaluation of the integrals and multi- 
plying through by L* these become 


iz) (CE &) 


é (2+ 4vZEL _ L® 
a (249m 5 a 


























x (a + 2v2) #-z 
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3716 X + .1526 Y = .09011 PL 
1526 X + .8121 Y = .3616 PL 


X = .0645 PL 
Y= .456 PL 


Then as usual 
o< 


True Stresses =S + X at ¥ uy 
True Moments = M+ xm, + Yo, 
A8.8 Initial Stresses. 

In a redundant structure initial stresses 
are developed if, upon assembly, certain men- 
bers must be forced into place because of lack 
of fit. In some situations intentional misfits 
are empleyed to obtain mors favorable stress 
distributions under load ("prestressing"). 

‘If, im Fig. A8.4(a), the redundant member 
with the "x cut” was initially oversize (too 
long) an amount Sey (an oversize, corresponding 


to a distortion in the positive X direction, is 
a positive Sys the modified condition for 


continuity at the x cut would be (compare with 
the equations just preceding eqs. (4)). 


Seo * Sey * Se * Sey 7 O 


Similarly if the Y redundant member were too 
long 


80 + yt * Oye * Syy = 9 


Then using the previous notations, the appropri- 
ate equations for the redundant forces are 


u?L uull Sub 
xg pede ee ees | 
AE AE AE 


ujub u7L sub 
x wt wy $% - (=e a,, 
AE AE AE % 


The "S loads" of eq. (10) are present because 


of applied external loads. These may or may not 
be zero depending upon the problem. 











- -(10) 
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Example Problem 6 

If in example problem 3 member CE was 0.01 
inches too short before assembly, determine the 
stress distribution after assembly and load 
application. 


Solution: 


Data obtained from the previous problem was 
substituted into eqs. (10) along with 


yy = -,01" (negative because "too short”) 
Oy, = 0 
to give 
2446 X + 2350 Y = 2.253 x 10° + .O1E 
2350 X + 3039 Y = 2.488 x 10¢ 


with E = 29 x 10° the redundant forces were 


X = 985 lbs. 
Y= 987 lbs. 
Then, as usual, 
True stresses = S + xu, + Yu. 


Example Problem 7 

Assume that in the structure of example 
problem 5 an angular misalignment occurred be- 
tween members AB and CBD at joint B such that 
the end of member AB had to be rotated 2.7° = 
clockwise to fit upon assembly. Determine the 
moments developed without external loads 
applied, 


Solution: 


The initial imperfection was Oy = 


~ 2:7 /ey 3 = - .0471 radians 


The sign was determined by noting that the 
original misalignment was in the negative di- 
rection of the redundant couple Y. 

The equations used from the previous 
problem were (noting the equations there had 


been miltiplied by L* x EI/L® = EI/L). 
3716 X + .1526 T= 0 
1826 X + lair = .o«71 
Solving, 
X= = .0258 EI/L 
Y= .0630 EL/L 


‘rue initial stresses and moments were deter- 
mined as usual, 


If, as {£8 sometimes the case, the number of 
misalignments exceeds the number of redundancies, 
or if the misalignment does not coincide with 
the redundant cut chosen but occurs elsewhere, 
one may use the virtual work principle to com- 
pute the effect of these misalignments on the 
redundant cuts proper, Thus, referring to the 
"virtual work" derivation of the Dummy-Unit 
load equations, {Chap. A7) one has 


where 54 is the initial misalignment in the 
4 


determinate structure at the X redundancy-cut 
due to initial imperfections (equivalent to 
initial strains) 4; throughout the structure. 


uy as before, is the unit loading due to a 


virtual load at cut x.Eq. (11) and similar ex- 
pressions for the Y, 2, etc. cuts may be in- 
serted in eqs. (10). 


Example Problem 8 

Referring back to example problems num- 
bers 3 and 6, assume that member BE is .025" 
too long. Determine the initial stresses if 
the other members are of proper length and no 
external load is applied. 


Solution: t 


To employ the same equations as those of 
example pre>lem 3, the initial imperfections 
occurring at the same x and y cuts used there 
were computed, in this case due to the initial 
elongation of BE. Thus 


sZ = ct "ye a 
o, 22 ud, = (-1.564)(.025") = -,0391 
= = =. = * 
yy =2 aay = (+1.729)(.025) +0432 
Then, use of those previously computed coeffi- 
cients in eqs. (10) gave, 
2446 X + 2350 Y= .0391 B 
2350 X + 3039 Y= .0402 £ 
With E = 29 x 10° psi 
X = 263 lbs. 
Y = 209 lbs. 


Finally, 


True Initial Stresses = § + xu, + Yu, 


A8.9 Thermal Stresses. 
Stresses induced in redundant structures by 
thermal strains may be computed by application of 


methods presented above. The problem may be ap- 
proached from the point of view of computing the 
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relative motions at the cuts of the determinate 


structure caused by the thermal strains and then 


restoring continuity by applying redundant mem- 
ber forces to the cuts. 

Specifically, consider a doubly redundant 
truss such as that of Fig. A8.4(a). After 
making cuts "x" and "y" to render the structure 
determinate, the application of the temperature 
distribution is visualized. Relative displace- 
ments occur at the cuts,denoted by Sn and 6, 


yt 
These displacements may be computed by the 
Dunmy-Unit Load method as shown in Art. A7.8 of 
Chap. A?. After this calculation is accomp- 
lished, the problem proceeds as for initial 
strains, Art. A8.8. Thus, the continuity con- 
dition at the cut gives (compare with the equa- 
tions immediately preceding eqs. (4) and as- 
sume for simplicity that the external loads are 


absent, making 849 * Sy = 9) 
Syn + By + Oy = 0 
6 +6 + = 
yt * Py * Syy = 0 


In a truss, the thermal strains produce 
relative displacements at the cuts given by the 
"virtual work" derivation of the Dummy-Unit 
Load equations (ref. Chap. A7, Arts. A7.7 and 
A7.8) as 


Op FSU aT dx 


merc tt ee - (12) 
Syp = Su, @ Tax 


where a is the material thermal coefficient of 
expansion, T is thé temperature above the 
ambient temperature and wy and yy are the unit 


load distributions due to virtual loads at the 
x and y cuts, respectively. The sums in eqs. 
(12) are written as integrals rather than finite 
sums to allow for possible variation in a and T, 
along the members as well as from member to 
member. Then the final equations for thermal 
stresses in a doubly redundant truss become 








ub uu, L 
xb rg He. ua? dx 
Ag AE 
*, ~- (13) 
uu u 
x ay. y fhe. ula T dx 
AE AE x 


Equations (13) may, of course, be extended 
for application to structures other than 
jFusses. The expressions appropriate to other 
loadings have deen developed previously (eqs. 
(8) et seq. in this chapter and other equations 
in Art. A7.3). 


A815 






Example Problem 9 

The end upright of the truss of Fig. A8.23 
is heated to the temperature distribution shown. 
Determine the stresses and reactions developed. 


2x 
A B oe 
eT x 
30" 
c Pe y 
to” — (permits 
sliding 
Fig. A8. 23 vertically) Fig. A8. 24 
Solution: 


The structure was made determinate by cuts 
X and yas in Fig. A8.24. The unit loadings are 
shown in Fig. A8.25. 


loadin 
Fig. A8. 25 Bye 


The thermal coefficient a was assumed 
constant. The calculation was set up in tabu~ 
lar form, 


TABLE ALS 
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pol] 


haere [uae 


Substituting into eqs. (13) 


9aT x 10° 
- .20X + 1.50 ¥ 


u 
oO 


{ 5.008 X = .90 Y = 


Solving, 


X =2.01aT x 10% 


Y =1.21laTx lo* 


True stresses are given in Table A8.4. 
Example Problem 16 


The upper surface of the built-in beam of 
Fig. A8.26 is heated to a uniform temperature T. 


Bey 
2 
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Through the depth of the beam the temperature 
varies linearly to normal (T = 0) at the lower 
surface, Determine the end moments developed, 
neglecting axial constraint and influence of 
axial forces. 





L 
T 
h -1"% X=1"# 
ae - ¢ SS) 
T 
EI constant Virtual Loading 
Fig. A8. 26a Fig. A8.26b 


Solution: 


The problem was only singly redundant be-= 
cause of symmetry and was made determinate by 
cutting the end bending restraints. Applica- 
tion of unit couples (Fig. A8.26b) zave m=1 = 
const. Then (see Example Problem 24, Art. A7.8) 
the thermal deflection at the "cut™ was 





L L 
Syt = |md@ =| l. Tadx = ToL 
h Ah 

° a 


The redundant moment equation was (by analogy to 
eq. 13) 





‘Therefore 


oa 
X gp t- Tal 


X = - Tasl 


h 


The redundant moment compresses the upper fibers 
as was to be expected. 


Example Problem 11 

Complete the problem begun in Example 
Problem 24 Art. A7.8, viz, that of computing 
the thermal stresses in a closed ring whose 
inner surface is uniformly heated to a tempera- 
ture T above the outside. 


Solution: 


The ring was made determinate by cutting at 
the top as in Fig. A7.30(b). The unit loadings 
and thermal deflections were determined in the 
referenced example. The results of deflection 
calculations made previously were 


Sep = 2n Ral 
h 


Syq = -2n Rat 


oer = 0 


Then the equations Seca ayy. to 


were written (see also eqs. (8) 


(ee, 












































u,*ds n,*ds , 
ae mE * | ~er7/ * ~ Oat 


Evaluated, the equations were 


> R ag 
ee Pe ae, 
= 7 
aX ae aes 





oxsor+(e 47)3- 


Note that from the last of these equations 
Z= 0, as it must because of the symmetry of the 
ring. Solving the first two equations 


QTE 
h 


Y=0 


A non-zero value of Y would produce a vary- 
ing bending moment which cannot De because of 
symmetry. Hence this result too, ts raticnal. 


A8.10 Redundant Problem Stress Calculations by 

Matrix Methods. 

In the following section the indeterminate 
structural problem is formulated in matrix no- 
tation, The reader is assumed to be familiar 
with the matrix applications of Art. A7.S and 
the elements of matrix notation and arithmetic 
(see Appendix). 

The stress distribution of the structure is 
Spec ttt en: by a set of internal generalized forces, 
a> ay. (ref. Art. A7.9). Unlike the casa of 
the determinate structure, these Wy qd, cannot be 


J 


*In the case of indeterminate structures, wherein some of the 
support reactions may also be redundant, these reactions 
also are denoted by q's. (see Example Problem 13a). 
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related immediately to the external loads by the 
equations of statics. Thus a certain subset of 
the q., a, are redundants and are denoted by 

des Ggs (vr, s different numerical subscripts). 


atten, finally, the redundant forces, ¢., ass 


are computed (by satisfying continuity} the true 
values of all the a> 4, may de found by 


statics. 








SYMBOLS 


internal generalized forces acting 
on structural elements and re- 
actions at support points. 
redundant generalized forces and 
redundant reactions 

applied external loads 


a 


1? 45 


ao 


the value of q,, (a) in the de- 
terminate struéture under appli- 
cation of a unit external load 
P= (Py, = 2) 

the value of dy, (ay) in the de- 
terminate structure due to appli- 
cation of a unit redundant force 
a, = 1 (a, = 2) 

the true value of dy (ay) in the 


Sap (+855) - 


)- 
redundant structure due to appli- 
cation of load P, = 1 (Py = 1) 


the true value of a, (a,) fora 


unit value of applied load 
P, 21 (P, #1). 


member flexibility coefficient: 
deflection at point i for a unit 
force, q, = 1 (see Arts. A7.9, 10)- 


influence coefficient for the de- 
terminate structure: displacement 
at external loading point m fora 


unit applied load, P, = L. 


(a, = a,.) 
mm nm. 

~ influence coefficient for the de~ 
terminate structure: displacement 
at redundant cut r (s) for a unit 
applied load, Pa el (PL = 1}. 
(ag = aay) 
influence coefficient fer the de~ 
terminate ("cut") structure: dis- 
placement at redundant cut r for a 
unit redundant force q_ = 1. 
(a. = a.) S 

rs sr 
influence 
redundant 


e 
v 
a 


e 
a 






cient for complete 
ure: ceflection 
point m Zor a 





SYMBOLS - continued 


Ty. Ty - the temperature (above normal) at 
points 1, j. 
Sige Asp - the member thermal distortions as- 


sociated with q,, 4,. 








In the notation of Arts. A8.3 et seq, the 
final true values of the stresses were ex- 
pressed as (eq. (5) Art. 8.3) 


Soeur azS+ xu, + Yuy SSgS. 2 SSS. S555 


In the notation to be employed here, this 
equation is restated as 


{x} 5 [e:n] {Fa} fs [ey] {a.} Ses Seat 


Here: 


[2:n] [850] y is the matrix of unit-load 


stress distributions in the determinate ("cut") 
structure found by the application of mit 
(virtual) loads at the external loading points. 


4 
The product [21m] {Pa} then gives the real loads 


(14) 


in the determinate structure, corresponding to 
the "S" loads of eq. (5). 


(8x ][#12]) is the matrix of unit~load 


stress distributions found by application of 
unit (virtual) forces at the redundant cuts in 
the determinate ("cut") structure. Hence this 
is the matrix of us Uy» etc. loads. 


The {a} of course, correspond to X, Y, 
ete. 
Note that the [8:2] and (e:r] matrices are 


load distributions computed and arranged in much 
the same fashion as was [Ss] of Art, A7.9, The 
m 


small letter "g" is used to indicate load dis- 
tribution in the "cut" structure. 

By way of illustration, the final result 
for Example Problem 3, art. A4&.5 is expressed 
below. FIRST, in the form of eq. (5): 


(u,) 


True Stresses = 7 


+ ¥ 
S$ +X (u,) +¥ 


AE = QO + 521 (.808) + 416 (1.154) 

BE = 2000 + S21 (-1.564) + 416 (-1.729) 
ce = 0+ 521 (1.00) + 416 (0) 

DE = 0 + S21 (0) + 416 (1.00) 





* Note that within each of the sets of subscript symbols (i, j), 
(r, 5), (a, n) the symbois may be used interchangeably. 
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SECOND, in the form of eq. (14): 


aa 0 806 1.152] [521 
Qa l 1.564 =1.729 
asf = 0 ?* 2% * 1 1.06 0 416 
de } 0 1.00 


Note that in this case [810] consisted of only 
one column, inasmuch as there was only a single 


external load. 
In art. A7.9 the strain energy was aritten 


BS [8s |) E519) 


where (145] is the matrix of member flexibility 


coefficients (Art. A7.10). If now eq. (14) and 
its transpose are used to substitute into (15) 
the expressicn becomes (note the use of (1,3), 
(r,s), and (m,n) interchangeably) 


2 =(|* |r] * L&_| eal) 
a) *(Bea] (%}* Esa {*}) 


Multiplying out 


2 =| Pa | er] Esa] Gal {Po}° 
*Le JED Gg Gall} 
La_| fr] [2:3] Ess] {2s} 


The reader may satisfy himself that the 
"cross product" term in the middle of the above 
result is correct by observing that, because of 


the symmetry of [15] 


L_j ] (3) Em] {Fo} 
L?a_| [es] (F:3] Ese] (%s} 


The various matrix triple products occurring} 
above are assigned the following symbols, each 
having the interpretation given (compare with 
eq. (24) of Art. A7.9) 


(Ban) * [2s] 2:2) Era] 


~ the matrix 


of external-point influence coefficients in the 
"cut" structure: deflection at point m per unit 
load at point n. 

17) 


rol 
By 
aa 
ai 
iF 
a 


of influence coefficients relsting relative 
Placements at the "cuts" to external loads: 
aisplecement at cut r per unit lead at point n. 


dis- 


of influence coefficients relating relative dis- 
placements at the "cuts" to redundant loads at 
the "cuts": displacement at cut r per unit re- 
dundant force at cut s. 

With the above notation one may write 


=| Pa | ml {Pap* ® Lo | en] {Pay 
*L%_j Ge] {%} 


Now according to the Theorem of Least work 
Wag. = 0 for continuity. Then, differentiating 
eq. (19): 


+8 Gal(ta} Bal{} o777 


This last result may be verified by writin 


au 


eq. (19) out in expanded form, differentiating 
and then recombining in matrix form. Rearranged, 
eq. (20) gives 

-- eet eee (21) 


Gal{s}-- Gal} 


Eq. (21) is a set of simultaneous equations 
for the redundant internal forces a.» s+ It 


may be compared with eq. (6) of Art. A8.6, to 
which it corresponds. Eq. (21) may be solved 
directly from the form there displayed or its 


solution may de obtained by computing [Ses b 


the inverse of the matrix of coefficients, giving 


{%}>- [37] Bal (Fa} 


he matri - 4 tr 
The matrix product [ers"] [Pra gives the 


values of the redundant forces for unit values 
of the external loads. 


symbol [Fsn] so that 


(<} Bal) 


This may de given the 
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If now eq. (22) is substituted into eq. 
(14) one gets (with exchange of r for s and 
m for n) 


(acb* Gia] {2}- Ez] Bee") Beal (°3} 
= (Fal - Ec] Gt] Beal ) {72} 
-( Eal* Gel Bal {3} 
The matrix set off in parentheses above, 
gives the internal force distribution per unit 


value of the external loads. It is given the 
symbol G 


Pal: Ga - FEB 
‘Gal EES 


(23) 


m 


so that 


fa}- Gag] (e} --22 222227 -- Go 


Eqs. (23), (24) constitute the major re- 
sult, inasmuch as they present the neans for 
computing the internal force distribution ina 
redundant structure. 


Example Problem 13 

The doubly redundant beam of Fig. A8.27 (a) 
is to be analyzed for the bending moment dis- 
tribution, The beam is loaded by couples over 
the supports as shown. 


EI constant 


3 


b— L ——k-——- Lb —_+ 
al (c——— 


=P2 Pi 


{a) 


Ud (b) 
'C SSS 
43 
Fig. A8. 27 
Solutitn: 
The choice of internal generalized forces 


ts shown in Fig. A&.27 (>). The appropriate 
member flexibility coefficients were arranged in 
matrix form as (ref. Art. A7.10 for coefficient 
expressions). 





L/g 0 ° 
QO QO 
ot dig. 4) A 
aI QO L'/z b/g 
0 ty: 2 


The moments a, and q, were taken as the redund- 
ants. With these set equal to zero, the internal 
force distributions due to application of unit 
values of P, and Pz were determined, giving 


- 0 
[21m] = 0 ie 
0 0 


With the applied loads set equal to zero, unit 
values of the redundants were applied yielding 


(r =) (2) (4) 
< 1h, 0 

1 0 

[rz] “yon -1A 
0 L 


Note that redundant load q, was applied as a 
self~equilibrating internal couple, acting on 
both beam halfs. 

The following matrix products were formed: 


Gre} > Ge] Bia) & 3) 


_ fe iy i Uys bye 0 0 ||-4, 0 
“HLo o-m ilu, 1 o offi 0 
0 o M/s b/g way 
0 0 tw ijffo 12 
va 
Gal 12 
rn] = Es) Gis] Fn] 
<< Fe tA ‘ Ts bye 0 olf, o 
"TLo o An aptte 1 0 offo o 
0 0 b/g bello lA 
0 0 te aiflo o 


ae: 

fowl 

Lay 
Sh 
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The inverse of fa ] was found (ref. thoueh the matrix of member flexibility coe- 

appendix) ro {ficients was expanded to 2 6 x 6, the 
coefficients for qd, 2nd a, were zero. Thus, 

rile? 
= 65E 2 “ x 
[Grs"*] = SE -1 4 Uys vg 09 0 9 0 
L/o 1 0 aco 
Next, the unit redundant load distribution (Pra] ak La : 

was found (eq. 22). J sl /3 4/2 9 0 


° 


° 


tal--Belea- LE 3 


4 “1286 ~.428 With the redundants q, and q, set equal to 
+143 +.286 zero, successive applications of unit external 
couples P, and P, gave the stress distribution 


0 
0 b/g 1 6 
0 ° & 
° 0 ° 


oo oOo 80 


0 


fo 


Finally, the true unit stress distribution 


was computed. 0 0 

1 0 

(G:n} > [Ea] * [Ez] [Ss] sq. |° 9 

ee = 1 l 

ro} |-44, 0 -.286 -.428 o 0 

1]9 0 1 0 143 -.286 ° c 

= i + Vie Ly 

ae L L and, with P, and P, zero, successive applica- 
Oo 0 0 0 tions of unit redundant forces qs and qd, gave 

-1 0 

L 0 


ny 
8 
ie 


: [Ee] 


ra 
Q 





Lo 


(The tabular form of presentation of the Then, multiplying out per eqs, (17) and (18) 
matrix Gin above, {s used here only to indicate 


clearly the functioning of the subscript nota- Ls ee 6 
tional scheme. In general, it should be unnec- [ern] BET aL 1 
essary to call out the subscripts in this 

fashion excepting for the larger matrices, for 

the handling of which, the tabular form may 


Ls fie 5] 
prove helpful. } [ers] SE Ss 2| 


Example Problem 13a 
The redundant beam problem of Fig. A8.27 is 


to be re-solved using the redundant reactions as 
the unknowns. 


-7].98 |? ~ 
Solution: [ars a abe : 16 


The support reactions under the loads P, i 
and Pa were given the symbols q. and da, respec-~ | Finally, 
tively, positive up. These forces did not enter 


into the strain energy expression sc that, al- alee s 
eee Sim | = (Fin Ser | | SF Sn | 





The inverse was found: 
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~1.286 -.423 
1.714 


(Compare with solution to Example Problem 13). 





mple Problem 14 

The continuous truss of Fig. Ag.28 is 
tvice redundant. it is desired to analyze it 
stress distributions under a variety of 
loading conditions consisting of concentrated 
vertical loads applied at the four external 
points indicated. 


seve 
me @ Te tz, | ® Ty | 


—_—_—- 





ror 





8 panets at 20" = 160" 


Fig. A8. 28 


Sclution: 


The internal generalized 


employed were the axial loads in the various 
members. These were numbered from one to 
thirty-one as shown on the figure. The member 


flexibility coeffictents in this case were of 


forces (q, 244) 





the forma, = ‘YA (Ref. Fig. A7.35a). The 


coeffictents are written as a column matrix be- 
low. (They were employed as the diagonal ele- 
ments of @ Square matrix in the matrix multi- 
plications, but are written here as a column to 
conserve space,) 

Member loads q, and q, were selected as 
redundants. With q, and q, Set equal to zero 
("cut"), unit loads were applied successively 
at external loading points one through four, 
the four stress distributions thus found being 
arranged in four columns giving the matrix 


Bia] (below). By way of illustration, the 





loading figure used to obtain the second column 
of [Exe] is shown in Fig. 48.29, 


Next, unit forces were applied successively 
at the redundant cuts "three and “five” as shown 
in Figs. AS.30a and A8.30b. These loads were 
arranged in two columns to give the matrix [Zur] 
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Loading for column {gi} of the matrix [gin] 


Fig. A8. 29 


TTT 


{8 a} loading 


[IAIN RERTRT ES \ 


' t + 


Fig. A8. 30a 
































Fig. A8,30b {8:5} loading 
20 
20 
20 
20 
20 
20 
20 
40 
40 
40 
40 
40 
40 
= 140 
“1° 3440 
22.4 
22.4 
22.4 
22.4 
22.4 
22.4 
22.4 6 
22.4 3 6 
22.4 24 [=.36] .56 
22.4 25 | .56| -.56 
22.4 eé{ oc | -.o6 
22.4 71 _O 136 
22.4 as] 0 | -.s6 
22.4 eof, 0 [.56| 
22.4 [ae 6 o—| 
22.4} aL} 6 o 






































AB, 22 
2 750 | -.50 
3 
4 [| 
3 
g =.30 250) 
7 1.0 
8 [| - .s0 
3 | -.7 35 
[10] = 252s 
jie eee ee) 
13 125 | ~ 65 
if wo | - 75 
2) a. (28 
(Ea 16 1.12 
17_| -l.1e 
Te | - .06 | -.56 
i] 756 76 
a Ee 
2 +56 
Be 
23 
(ea a 
S | 
6 =.56 one 
8 
Leo fp 2256 | ~ 56 
0 =1.12 
OL 1.12 
NOTE: VOIDS INDICATE ZEROES 


Multiplying out gave 


36 -8.0 


Ea- GOGO Ga-3 (s. 
Ga] = Ba] iD Bsa) 


78.0 -15.0 ° QO 
Q QO 715.0 -+8.0 


The inverse of [rs | was found (ref. 


appendix) 
g 136 8..0 
—2 ee 
[er5*] ~ «18,462 i cl 


Next, the values of the redundant forces, 
for unit values of the applied loads, were 
found per eq. (22). 


a] -- Ee] Ga] 


er 
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+0065 =. 002: 





-059 -1il 

20035 0065 

The calculation was completed as per eq. 

i f th mb ¢: 

(23) to give (Stn f , the values of the member 


-111 «059 


forces for unit applied external ioads. 




















1 2 3 a | 
1] 1.0 
2 2029 
31.059 
4 

“008 

3 [0 .00r 

o 
E150 

cs peat 
0-264 
oe 
2-017 

aod 
14 3 

3,2 Co 
a] 16 | 1.18 5 3 a 

i712 3 0 0 
S587 | a8 | 008 | .00L 
20 | ~ .se7_[=.622 | .008 | 001 
Bl] 887 | .688 1 2.008 1 = 001 
22 |= .081 | =.088 1.088 1.081 
23 [= 031 | .088 | -.088 | = .08 
34 | .081 | -.0s8 1.088 1.05 
25 > 031 
26 -.622 527 
a7 eee [= ae? 
28 = .001 -.003 -.498 2Oe7 
2g 1.001] .008 | 498 | - 827 

0 Op 0) toate 
Sif] 9 oo 2 


Example Problem 14a 

Fig. A&.31 snows the two bays orf 4 steel 
tubular tail fuselage truss which is loaded by 
tail air loads to de resolved into three con- 
centrated loads applied as shown. The fuselage 
bulkhead at the attach-points station (A-E--K) 
is heavy enough so that it may be assumed to be 
rigid in its own plane. Hence, the truss may 
be analyzed as if cantilevered from A-E-F-K as 
shown. All members are steel tubes, their 
lengths end areas being tabulated below. 


Solution: 


The generalized forces were taken to be 
the member axial loads, these being numbered as 
in the table below. Member flexibility coeffic- 
ients, A, (Z set equal to unity for conven- 


lence) were also tabulated. 

























G2} 
ef] a] cade} 

















ir 


The structure was three 


times redundant. 
In @ space framework or p joints, 3p-6 inde- 
percent equations of statics may ce written 


(>. 10). 






Here, nowever, stress cetails in 


the > e AEKF are to be sacrificed; six equa~ 
tions are lost thereby since only net forces in 





two cirections in this plane can >e summed. 
ox11-6-6=21 equations; 24 memder unknown. 
Members £22, 23 and 24 were cut. 





The next step was to compute the unit 
stiee distributions [4m | and fair . Rather 
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than apply successive unit loads and forces at 
points m= 1, 2, 3 and r = 22, 23, 24 and then 
carry each loading through the structure, an- 
otner procedure, often better adapted to large 
complex structures, was employed. 

In the method used, the equations of static 
equilibrium were written for each of the seven 
joints.* Summation of forces in three directions 
on each joint gave 21 equations in 24 q’s (the 
unknowns) and the three applied loads P,, P, and 
P;. Some typical equations obtained were: 


From ZF on Joint Cc. 


22368 Q.. - .21368 Gi, + 118354 Q, - 19534 Ga = ~Py 
at Ga = 0 
‘ 
dae t Qe = -1,0236 Py 
From 2 F on Joint B, 

.O81759 qi - «18334 de = Gs -.07617 Gis * .5227 day 

an te - .91593 qi, 2 0 
--1410 qi + Qa * 4146 die = -.8523 qua 


And so forth, for the other joints. 
Note that in each case the equations were 
arranged with the applied loads (P_,) and the 


redundant q’s (qa2, das; dea) grouped on the 
right hand side of the equal sign. This ar- 
rangement was observed for all 21 equations, 
after which the equations were placed in matrix 


Pa 


- Ealloh Es 


4,3 
n 


(Note that there were 24 


‘alt 


‘Ss 


2s os ates 
1,2,3 
22,23,24 


24 


equations here, 


the additional three equations being the ident- 
ities 


Gas = Qaa 
das = Gas 
daa = da) 


On the right hand side of the above matrix 
equation the matrices are shown “partitioned”. 
The first three columns of [D] are the coeffic- 
tents of Pa Md the last three are the 








* For structures other than trusses the equilibrium equations 
are written for the various structural elements, equilibrium 
of joints alone being inappropriate. 





AS, 24 
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coefficients of the a5: 
The matrix equation was solved for the q 


by finding the inverse of fey 


] (see appendix 
Thus, 


where 


fn og)? eg 


Thus, the unit stress distributions in the 
determinate structure were found by a procedure 
having as its main advantage the reduction of 
the work to a routine mathematical operation, 
In the conduct of this work appropriate stand- 
ardized techniques may de employed. * 

The result in this case was 


[infec]: REE 


The member flexibility coefficients Ly, 
were arranged as the diagonal 2lements of the 


matrix [15] + Then, multiplying out according 


to eqs. (17) and (18), 





177.9 -1137.0 © -6430.3 

= 195.0 - 151.7 -2263.0 
~i54.4 161.6 2273.3 

2970 1150 1148 

(rs } 2 1150 1222 ~10Z5 
-1148 -1035 1224 





* See references in appendix. 











[Esa] * 


Finally, the complete unit stress distribution 
was obtained as 


[Ea] « Esa] * se] Bea] 




















Example Problem 15 

Tne doubly symmetric four flange idealized 
box beam cf Fig. A@.32 ts to de analyzed for 
stresses due to load application 2t the six 
points indicated. Flange arsas* taper linearly 
from root to tip while sheet thicknesses are 
constant in each panel. ‘The beam ts mounted 
rigidly at the root, providing full r nt 





——<$__._________.,__ 


« These are the “effective areas”, being the flange area plus 
adjacent effective cover sheet area plus one-sixth of the 
web area. (The factor of one-sixth provides the same 
moment of inertia as the distributed web area). 
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against warding of the root cross section due 
%o any torsion loadings. 


ee 30" Ans in? 


sone yeesesssey 


(Typ. ) 





Fig, A8,32 


Solution: 


The generalized forces employed are shown 
on the exploded view, Fig. 43.33. No forces 
were shown for the lower surface, its members 
and forces being equai to those of the upper 


surface because of symmetry. In the [13] 
matrix this fact was accounted for by doubling 


the member flexibility coeffictents for the 
members of the upper surface. 


as \he 


N \ 
GQ Nke 


No 
\ a 
} | 
Gas ¥ 
Xa. 7G “ds 
b b 
Ge de 
r 38 0 
qs qs 
Fig. A8. 33 








fhe member Z?lexibility coefficients were 
collected matrix form es shown below. Note 
that entries Tor Qq., Geos Seo 2Md Gioyio NEFe 
collected from <wo stringers each (as well as 
being doubled as discussed above). Coeffictents 
for these tapered stringers were computed from 
the formulas of Art. A7.10. 











ale lel=ls] 


Cet T 




















NOTE: VOIDS INDICATE ZEROES. EB =1 
Cover sheet shear flows qa, qr and diz were 

selected as redundants. With these set equal to 

zero, and with unit loads placed successively at 


loading points “one” through "six", the [#:m] 


matrix was obtained. ‘hen the cover sheets are 
"cut" the two webs act independently as plane- 
web beams, The details of the stress calculation 
for such beams are similar to those of Example 
Problem 21, Art. A7.7 and are not shown here. 





NOTE: VOIDS INDICATE ZEROES. 


Calculations for [41r] were made by suc- 


cessively assigming unit values to the redund~ 
ants da, 47 and dia The calculations are 
illustrated by the exploded view of the end bay 
in Fig. A8.34 showing the calculation in that 
part of the structure for qa = 1. Note that 

da = l was applied as a self-equilibrating pair 
of shear flows acting one on each side of the 


"cut". The ribs were considered rigid in their 
own planes. 
Put dail 


From equilibrium of end rid: (2M, 3 F) 








A8. 26 


STATICALLY INDETERMINATE STRUCTURES 











Fig. A8. 34 
Qi -sie),0 
qd. = 1.0 


From equilibrium of 259 rtp: 


Ge 2 -(.5625 ~ .25) = ~.2125 
Qe = 23125 
Qe = O, dy hypothesis 


So on, into the next bay. In the idealization 
used here, the rids have zero stiffness normal 
to their own plane so that the axial flange 
loads are transmitted directly to the flange 
ends of the adjacent bay (see da, d7, de, dio 
of Fig. A8.33). 











NOTE: VOIDS INDICATE ZEROES. 


The following matrix products were 2ormed: 


Per eq. (18): 


13774 ,1769 .0820 
a = 10° O7B22 
[Ses } =e «1789 2678 =, 07322 
20520 .07322 .1254 


Per eq. (17): 


= 03356 03356 


*,009316 .CO9318 ~,001605 .001605 
02324 02324 -,01156 .01156 -,CO2z59 .002259 
7.008216 ,008216 -.COS150 .00S1S0 -.coz278 .002278 





The inverse of On | was found (ref. 


appendix). 
2 
3.882 -2.562 - ,1137 
[4 = = 2 |-2.562 6.137 -2.521 
rs ioe 
= .1137 -2.521 9.499 
Then 


ea] =~ [S:=°7] Era] 


+0699 ~.0699 
=| .03593 -.03593 
.01568 -.01568 


.005S8 -.00588 .00016 -.00018 
.08409 -.08409 .00403 -. 00403 
.O1872 -,01872 .01578 ~.01578 | 


Finally, the true stresses were (per eq. 23) 


[Pa] > Fea) - sz] Pra] 
EARS ESeaEe 


=.0002 
[21 o68e] = 0883] coo] = 0080] Gos = SSeae| 
31-0665] 2330 | 0086 ]= 0080) SOS = OeE| 

z 
[S78 [eres [80-1 Tso spose Ce 
30850] — eet] Tee] rosea] pono] coz 
Id I roc 8 aos IER] 




























= (ey Orat cass ose2! 168 | .0040[= 
[St2.es [2-51 [1.348 | 1. 1e6 [tee 
(Tol-2.si_ | 2.83 | 1.iee 122 







[Af -Oasels 0010] 0776] OTi2 [= 0150] 0180) 

f_.O1s7[~ .o1s7[-ole7 |=. 0187] .01s8|— 0188 
|13]= . C010} AP lz, 0776) OTSOT=. 0150) 
pie Sar e776 edo ST 610 =. 610 
sf 2.76 [3.47 [rei [2.40 f=. 810 | 610 | 


The reader will observe that the result 
displays the "bending stresses due to torsion"; 
that is, the buildup of axial flange stresses 
near the root of a beam under torsion when the 
root is restrained against warping. The solu- 
tion for application of a torque is readily 
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found by superposing stresses for Pi = 
Pa =-l. Thus, 
dition there is 


1 and 
one finds that under this con- 
a root flange load of 

3.47 ~ 2.76 = 0.71 lbs. 


torque of 15 inch lbs. 


Gis = 
for 3 


A8.11 Redundant Problem Deflection Calculations by 
Matrix Methods. 


Deflections (and in particular, the matrix 
of influence coefficients) are readily computed 
from the results of Art. A8.10. 

Assume that the redundant forces have 


been determined from eq. (22). The total de- 
flection of external loading points is then 
easily computed as the sum of, ONE, the de- 
flection due to external loads acting on the 


"cut" structure, [?mn] {7, (ref. eq. 16) and, 


TwO, the deflections due to the redundant 
forces acting on this same cut structure, 


[ens | {4s} (ref. eq. 17). Thus, 


{°a}* Car] {Fa}* Eas] {5} 


Substituting from eq. (22) 


{°x}* [San] {®=}~ [Ens] [5-57] [Gea] {Po} 
( (an) - Ge] B8] al ){*} 


The matrix expression set off in paren- 
theses above, giving as it does the deflections 
for unit values of the applied loads, is the 
matrix of influence coefficients. Let 


Daa] Gal - Gal G5] Bal---- 


so that 


{a} Bon) {Pa} 


Zxample Probiem 16 

Determine the matrix of influence coeffic- 
tents for the redundant truss of example 
problem 14. 


Solution: 


From the 
products were 


previous work 
formed 


the following matrix 
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144 15.0 c 0 
“15.0 38.0 Qo 9 
Q 8 38.0 -15.0 
0 9 “15.0 144 


(uz} = Car] [6:3] Esa] = = 


esl 


472.888.0525 
+888 1,665 0975, 
«0525 .0975 1.665 
+028 0525 «.888 


+028 
«0525 
«888 
+472 


- fea] Gs] Gal <4 





Finally, the sum of the above two matrices gave 


144 15.9 - .052 - .028 
- 15.9 36.3 - .098 - .052 

[mn] = 3 - 052 - .098 36.3 -15.9 
- .028 = ,052 «15.9 144 


Example Problem 17 
Determine the matrix of influence coefficients 
for the box beam of example problem 15. 


Solution: 
An alternate procedure to that shown by 
eq. (25) was followed. The influence coeffic- 


tent matrix was formed es tn Chapter A-7, Art. 
A7.9, dy the product. 


[on] = (Gaz) 3] Pra] 
This product was formed readily, {nasmuch as 
[S10] was available from example problem 15. 


The result was 


("4363 [3500 J 1522 | 1243" 7 29.7] ~29.7) 
#565 












[3300 [1243 [1522 [-29.7] 29.7] 
[-isez[lzas [397.8] 594.2 33.7 


i 
[4mm] = 3 [izes —teee—[—Seecal eps 3| 23-71 
aa Bat Bie Bre alae 


Le sesrt2a-7f= as 7} a es STE] 








A8.12 Precision and Accuracy in Redundant Stress 

Calculations. ts 

Matters of precision are dependent upon the 
number of signifivant figures obtained and re- 
tained in dealing with the geometry of the 
structure and in the care with which arithmetic 
operations are performed. In the discussion to 
follow tt is assumed that all due caution ts 
exercised with regard to the precision of the 
work. 

Matters of accuracy faye to do with the num- 
ber of significant figures finally obtained in 
the answer as influenced by” the manner of formu- 
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lation of the > accuracy of the re- 
sult may be arfect. nuiber o2 factors, two 
of the most tmportant of which are discussed 
here. 

Two factors influencing accuracy 
considered together under the neading 
redundants". They are: 


ne 


often are 
"choice of 


@*- the number of significant figures 
which may be retained in the solution for the 
inverse of the redundant force coefficient na- 
trix, [rs] + (eq. 21). 






@@ ~ the magnitude of the rsduncant forces 
relative to the size of the determinate Torces. 

These two factors are concerned respective- 
ly with the left hand side and the risht nand 
side of eq. 31, viz. 


Pal{s}-- Gal}: 


they are discussed in detail Delow. 
@ ~ ACCURACY OF INVERSION oF rs] > 


THE CONDITION OF THE MATRIX. 
The characteristic of the matrix [rs] 


wnich determines the accuracy with which tts in- 
verse can be computed 1s its condition. ‘The 
condition of the matrix is an indication of the 
magnitude of elements off the main diagonal 
(upper left to lower right) relative to those 
on. The smalier are the relative sizes of 
elements off the main diagonal, the better is 
the condition of the matrix. 
Matrix is more accurately inverted than a poorly 
conditioned one.” Two extreme cases are Tow 
given for {lliustration: 


a) the diagonal matrix. 
elements are Zero, so that it 
aitioned. 


Its off-diagonal 
is ideally con- 
Thus, the inverse of 


2 0 Q 
Qo 7 Q 
0 oO 3 


db) a matrix 211 of whose elements are equal 
in each row, &All the elements off the main 
diagonal are equal to those on.” The determin- 
ant of such a matrix ts Zero and hence its 
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A_wejl conditioned 
a one 










inverse cannot be found (ref 
condition is terrible, 





2 2 2 
3 -3 3-3 


In the matrix [ers ] the off-diagonal ele- 


ments are measures of the 
coupling of cne redundant 





S 
ce of redundants made : 
“cutting” the structure to make it static 
determinate. 

FOR EXAMPLE, the doubly redundant beam of 
Fig, 46.35(a) may be made statically determinate 
dy "cutting" any two constraints. 





ele Leis 


493 144 {c) 
=—S)y, 
YS. 3 
== (a) 
Fig. A8.35 
Fig. A8.35(D) shows the choice of general- 
ized forces. Only two (q, and Qa) are required 
to describe the strain energy, but the central 
Support reactions were also given symbols as it 
was destred to consider them in the discussion, 


Then 


2/z goo 0 

1 2 
3,7] ok /6 8/3 0 0 
EI 0 Q 9 #0 


0 Qo o 0 


FIRST, suppose the beam was made determinate by 
selecting the support reactions ds and qa, as 
redundants. The "cut structure” in this case 
may de visualized as the >eam of Fig, 48.25(c) 
whose central supports nave been removed. 
Application of unit redundant forces Qg zl 

and q, = 1 gave 
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Multiplying out, 





Crs] = Get] Giz] Bie] - 


Tr, $=3,4 


= 


Ld 


The condition of this matrix is poor. 
Poysically, a unit load at point "3” causes 
almost as much deflection at point "4" as at "3" 
itself. The cros§~coupling is large. 


SECOND, suppose the moments q, and q, had 
deen chosen as redundants. The "cut structure” 
in this case being visualized as tn Fig. 
A8.35(d). Application of unit redundant forces 
qd. = land q, = 1 gave 


Ga: 





Multiplying out, 


[ers] - [era] [era] Less] - 


r,s#i1,2 





Ed 


The condition of this redundant matrix ts 
obviously Detter than that obtained with the 
first choice of redundants. There is less 
cross-coupling between the redundant forces. 


Thus the analyst, by choice of redundants, determines 
the condition of the matrix. The choice may be critical in the 
case of a highly redundant structure, for it may prove im- 
possible to invert a large, ill-conditioned matrix with the 
limited number of significant figures available from the initial 
data, The following statements and rules-of-thumb may be 
useful in the treatment of highiy redundant problems. 


(1) It 1s always possible to find a set of 
redundants for which the cross-coupling is 2t 4 
minimm-zero, in fact. Theoretically then, by 
proper choice of redundants, the matrix [a rs | 


may be reduced to a diagonal matrix (ideally 
conditioned). 


(1a) The choice of reduncants wnich gives 
Zero cross-coupling ("orthogonal functions”) is 
not readily round in gen In Some special 


structures, such as rings and frames, orthogonal 
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redundants may be chosen simply. In most struc-— 
tures, nowever, the additional labor involved in 
seeking an orthogonal set of redundants is not 
warranted. 


(2) In choosing a set of redundants which 
will yleld a well-conditioned rédundant matrix, 
it_is best to make such “cuts” as will leave a 
statically determinate structure retaining as 
many of the characteristics of the original 
structure 4s cossible. Thus, one may consider 
that the structure of Fig. A8.35(d) retains more 
of the features of the original continuous-beam 
structure than does that of Fig. A8.35(c). 


(3) The degree to which one redundant in~ 
fluences another (extent of cross-coupling) can 
Qe visualized by observing how mucn their indi- 
vidual unit-load diagrams "overlan™, 

Oo elaborate on this point, refer once 
again to the above illustrative example. The 
cross-coupling of q, with q, may be expected to 
be large if their unit-load diagrams are drawn as 
below in Fig. A8.36(a). This deduction follows 
easily if it is recalled that the dummy-unit load 
equation for such a cross-coupling term is or 





Bots Oe" , obviously large for m5, 


Strictly, the comparison is with the terms 


the form | 
Mee 
ag dx me dx which form the on-diazonal 
“er- > | Sr : on-ciagonal 


elements of the matrix [rs] 


_2y ae! 
safe Lal 


mg, 4u Tt me 3 | y 
(a) {b) 


Fig. A8.36 


Study of the unit-load diagrams for the 
redundant choice qi, a2 (Fig. A&.38d) reveals 
that the cross-coupling should be small here 
MiMg CX 

ET 
center san only. 


since an intecral o? the form { can 


contribution from the 
mim, cx 


me | BGS 





is obviously considerably 





58 Ay 
smaller than | #2 BE or [2 4s Thus, a 
visual insrection of Fig. A.36 reveals thet qi, 
q, 15 a better choice of re pd than is 


Gss dae 


* see eq. (8) Art. A8.7. 


tae 
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(4) Combinations of redundants may be am- 
loyed to yield new unit-reduncant stress dis- 
tributions which do not “overlap” as extensively 
as do those of the indivicual redundants origin- 

ally chosen. 

For example, suppose that in the previous 
illustrative problem, the chcice qs, qd for re- 
dundants had deen made originally, leading to 
the unit-load diasrams of Fig. A8.37(a). In- 
spection of the diagrams leads one to anticipate 
a strong degree of cross-coupling and hence a 
new set of redundants is sought. Rather than 
return to the structure to choose new “cuts”, 
combinations of the ms and m, diagrams are 
looked for which will have less “overlap” and 
hence less cross-coupling. 

It is observed by inspection that two new 
stress distributions which have the desired 
property may be formed from the ms, m, diagrams 
by proper combination. Thus, if one half the 
m, diagram is subtracted from the ms diagram to 
Torm oné few stréss distribution and one naif 
the m, 














the results are as shown in Fig. A.37b. There 
1s obviously less “overlap” of the diagrams for 
these new combinations. 


2 
in mg - 4m Ly 
m3 2 
i 
m4 au m2 My L 
Letts 2 
(a) (b) 


Fig, A8.37 
New unit-redundant-force stress distributions (b) obtained by 


combining previous distributions (a). 


In this way two new unknowns are introduced by 
linear combination. In matrix notation, the old 
stress distributions [#1] are transformed to a 


new set [215] by forming 


(@2] = 2] Ere] 


7 

3 

2 s yg l 
gl 

Qo 

1 


matrix [ro] is written in 


The transformation 


such 2 way that the croduct [Sir] [Fro] does 


exactly what is desired, viz., "take one times 
the q, column minus one half the q, column to 
give the first column of the new distribution 

f of the q, 


[E15] ", Then "taxe uinus one hal. 


column plus one times the q, column to 


a 
second column of the new distribution (211 me 


Multiplying out in the above example 


' 
ton 
k= 


oO: 
1 


1 
- 3 
Bal-| 5 
2 


Now form the matrix of redundant coefficients 


for the new unknowns 


[210] ) 


(subscripts p, 6; [to | 5 


[Fes] = [Fe] Esa] Eee] 


The condition of this matrix is greatly 
improved over that obtained for qs, q, alone 
(previously computed), viz., 


[Ss] = Eger fe | Anse 


(That the [55] matrix obtained here happens 


3, 4) 


to be similar to that obtained for ai, q, ina 
previous example, {s coincidental.) 

Once 4 transformation has been performed, 
leading to a new unit redundant matrix [210] ; 
the problem may be completed in the "9,0 
system". The appropriate equations 2re obtain- 
ed from eqs. (14), (21), (23) and (25) simply 
by replecing all "r, s," by "p, o”, Thus 


{*}*Daa]{ "=p" Ba] {}-- >>> 


where the redundants q 


> (= 4,) are the solutions 
of § 
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[Sea] {%}- - Goal {Pah 77-777 (30) 
(ea) = [For] [ua] [Ere] ~~~ 7-777 (30a} 
(Bon ] = [For] [rs] Em) -- >>> (30) 


The final unit load distribution is 


Cia} = [a] - Gal (oa*] [Eom] ---- SY) 


and the matrix of influence coefficients is 
given by 


al -Gal- Gals Gal---- © 
@ @ - THE MAGNITUDE OF THE REDUNDANT 
FORCES; SIZE OF ZLIMENTS IN [ten] 


Inspection of eqs. (14) or (29) reveals 
that the redundant forces ect in the nature of 
corrections to the determinate stress distri-~ 


butions originally assumed (the (21m ). It is 


apparent that if these corrections are large, 
then any inaccuracies in the redundants {arising 
from the difficulties inherent in accurately 


inverting [rs | or [00 )) will have an im- 


portant effect on the accuracy or the final 
stress distribution. Thus, as a matter of 
general practice, {t is desirable to keep the 
magnitudes of the redundant forces as small as 
possible. 

It follows immediately that one should use 
for the determinate stress distribution one re~ 
quiring a minimum of correction, i.@., Select 
as the determinate stress distribution one which 
approximates the true stress distribution as 
closely as possible. 

The rule Siven in connection with the 
"choice of redundants" (rule 2, above) is an aid 
in making a good selection for the determinate 
stress distribution. If, as suggested, a deter- 
minate structure is obtained by making "cuts" 
which leave a system naving properties similar 
to the original, the stress distribution obtain- 
ed therein by statics should be a fair approxi- 
mation to the final true stress distribution. 

However, it ts even more important to 
realize that the determinate stress distribu- 

ion only need be in static equilibrium with 
the external applied loads and that it may be 
determined with the aid of any appropriate 





auxilfary rules, test information, cr even in~ 
tuitive guess-work which leads to a distribution 
close to the final true distribution. There is 
no need to set the redundant (cut} member forces 
equal to zero in establishing the determinate 
distribution. Instead, reasonable approximate 
values may be employed for them. (The correc- 
tions to these values become the unknown 
redundants /) 

Mathematically, the magnitudes of the re~ 
dundant forces are directly dependent upon the 


magnitudes of the elements in the matrices [tra | 
or [aon] on the right-hand side of eqs. (21) or 


(30). (The right-hand side of such a set of 
simultaneous equations {s called the non-homo~ 
geneous part.) Thus, the relative merits or 
several possible determinate stress distributions 


may be judged by forming the matrix product [rn] 


with each and comparing results. 
FOR EXAMPLE, if the doubly redundant struc- 
ture of Example Problem 3, art. A8.5 were formu- 
ft 
lated in matrix form the [S12] and [15] 


matrices would be (see Fig. A8.38 for numbering 
scheme ) 


Fig. A8.38 
q 
a i ‘14 Generalized force numbering 
scheme in illustrative prob- 
lem. qg and qq selected as 
‘ prim redundants. 
432 9 Qo 0 
1 0 720 o 
Gu “8 0 Qo 402 0 
° 0 0 312 
-806 1,154 
-1.564 -1.729 
(Zir] = 1.0 9 
9 1.0 


Several possible determinate stress distri- 
butions (21m | will now be tried. FIRST, the 


stress distribution obtained by statics alone in 
the "cut" structure (q, = 4, = 9) 


on 
or 
a 
a 
So5 
s 
a 
oOoro 
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(This is certainly a poor approximation to the 
final stress distribution). Multiplying out 


Gal EUEG} 


SECOND, a stress distribution in which loads of 
0.40 lbs were guessed 2t for qi and qs. (In 2 
two times redundant structure any two forces 
may be assigned values arbitrarily while satis- 
fying static equilibrium.) da, 4 were found 


-1126| 
~1245 [ ET 


cuT 


by statics, Thus, 
0.40 
_} 0.258 
Fim = 4 0.40 
GUESS 0.0672 . 
Multiplying out one finds 
9.49 
a, n| = 
[Sm -101 [. 


GUESS 


Note that a reasonable guess at a stress 
distribution resulted in non-nomogenous terms 
only one-tenth as great as those obtained by 
use of the "cut" distribution. The magnitudes 
of redundants are correspondingly reduced. 





THIRD, as a matter of interest, the true 
stress distribution, obtained in Example Prob- 
lem 3, was used. The result: 


f +450 
+232 6 l1 
ie = 9 .260 (? [Sn] -.16 Ee 
TRUE +280 TRUE 


The mon-homogeneous terms are practically zero, 
as they should be*. The redundant forces would 
be zero also, 





*The demonstration here suggests a useful check upon the 
final result of a redundant stress calculation. After ob- 
taining the final true stresses [Gim] (= [Gjn]), one forms 


[220] ceo * (ee Les] [4] 


and compares the result element-by-element with the 
matrix previously computed, 


[are] «fee [25 [em] 


The "true-matrix" elements ought to be zero, or 
nearly 0, if [Gim] is error-free. 


Example Problem 13 

It is cesired 
the calculation in the 
Example Problem 15. it i 
purpose that the initial data 
were suffictently preci 9 
of accuracy. 


he accuracy or 
he box beam, 
assumed for this 
f that problem 
rrant an increase 





Boe 


Solution: 

The first step taken was an examination of 
the unit-redundant stress distributions sbteined 
with the choice praviously made of qe, Gr and qiz 

tress 
L 





Fig. A8.39. 


18.79 18,79 ~26.44 26.44 31-71 31.71 








Fig. A8. 39 


Unit-redundant-force stress distributions - 


axial flange forces. 


Inspection of the 
following combinations 
give new distributions 
ably less "overlap". 


figures showed that the 
of distributions should 
likely to have consider- 


m— refs] 28 fe boxe, b 
(2)-—-— 9 {s+ 1 {sy ia 
(3)--— = 





In matrix form the transformation was 


Pal ees. 22-8 


-.7103 1 Q 
0 -.8330 1 


Using [Air] as previously computed, the multi- 


plication gave 
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[eso] - 








NOTE: VOIDS DENOTE ZEROES. 

Fig. A8.39a shows plots of the new distri- 
butions, these having greatly reduced "overlap" 
(compare with Fig. A8.39). 


-31.71 9 31.71 





Fig. A8. 39a 
New unit redundant stress distributions, (sio] 


The new redundant coefficient matrix [225] 


was obtained by multiplying out per 2q. (30a). 


+2584 -.01132 0000175 
& 3] = 10° | -,01122 +2566 -,03124 
a 
= 0000175 -.03124 =. 1254 


This matrix is very well conditioned, being 2 
considerable improvement over that of [Shs 


found originally in Example Problem 15, viz., 





A8. 33 
73774 1789 = «.0820 
= lot 789 4267 
[ars] Lo .1789 «4.2678 =. 07322 
4 20520 07322 «1254 


It remained to select a determinate stress 
distribution which would reduce the magnitude of 
the redundants. For this purpose, the engin- 
eering theory of bending was employed to compute 
Stress distributions satisfying equilibrium for 
each application of a unit external load. The 
result was (refer to Sxample Problem 30, Art. 
A7,11). 















met tet ss— 
a 
ee pee es ee fT 
hopeer—- sere 
pay teal est ores oot ee er 
fie] .c20 |= .020 | .oe671= cee 0883] =.0535 
[ist eo3| —oaest corral ors] oss | se 
fisi3.co [3.00 2.00 {| 2.00 [t.0~|i.0 —| 
[3.00 [5.00 [2.00 [2.00 [1.0 [1.0] 














NOTE: VOIDS DENCTE ZEROES. 


N _ b 
Next the matrix [Gon ] was obtained by 
multiplying out per eq. (30d) 
95 -3495 -1841 1841 0 0 


[fon] ae 1167 +1167 1554 -1554 -1450 1450 
“ {1082 -1082 1445 -1445 1802 ~1802 


This result compared very favorably with [ern | 


previously obtained, the elements being from one- 
nalf to one-tenth as large. 
The solution may be carried to completion in 


* = 
the "o,o system" using the matrices [Zt } [2 oc |} 


[im] a [2 on | in eqs. (31) and (32). 
A8.13 Thermal Stress Calculations by Matrix Methods. 

The thermal stress problem is conventently 
formulated in matrix notation by an extension of 


the techniques presented above. 


First, consider eq. (21), written in the 
form 


wed 
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Gas} Baleyee 


In light of the physical interpretations given 
1 en > 
to (rs | and [ern | » the equation is seen to be 


a matrix-form statement of the condition for 
continuity at the redundant cuts, viz., the dis- 
Placement at each cut caused by the redundant 
forces plus the displacement at each cut caused 
by the external loads, must be equal to zero. 

To modify this equation for thermal stresses, 
the appropriate expressions for thermal dis- 
Placements at the cuts must be added. Following 
the argument used in Art. A8.9 one writes 


{rr} * (rs) {%5}* Era) {a} ° 
where op is the displacement at the rt8 cut 


due to thermal straining in the determinate 
structure. The explicit form for this term will 
be derived below. Rewritten, 


Ez]{%} == Gal {a= [erp <== (28 


Eq. (33) 1s a modified form of eq. (21), 
giving as its solution the redundant forces in 
an indeterminate structure under the application 
of both external loads and a temperature distri-~ 
bution. 

To derive an explicit expression for Sap 


the virtual work concept may be employed to ad- 
vantage. Thus, following the argument of the 
"virtual work" derivation for deflections (Arts. 
A?.7, A7.8), the thermal deflection at the rth 
redundant cut must be equal to the total in- 
ternal virtual work done by the rtt-redundant 
force virtual stresses (due to a unit rtture. 
dundant force) moving through distortions 
caused by thermal strains. 

Since the internal stress distribution ts 
expressed in terms of the internal generalized 
forces ay, ay it 18 convenient to employ these 


q’a in writing the virtual work of straining. 
If one lets ‘ig be the displacement of internal 


generalized force a, due to thermal straining, 


then the virtual work done by a single general-~ 
ized force ts a dip « The quantity Son will be 


Called the member thermal distortion. The total 
virtual work throughout the structure is ob- 
tained by summing, giving the deflection at the 
rth cut as the matrix product 


Sa Ley {in} 


where By is the value of the ay due to a unit 
(virtual) load at cut r. 


Note that the term Xun 
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may consist of the sum of several contributions 
should ay act on more than one member, 


Because Sap is desired at each of the re~ 
T — 
dundant cuts, eq. (34) is expanded by writing 


{re }* [Era] {*s2} 


[21 | is, of course, the transpose of [21r + 


the unit redundant force stress distribution in 
the determinate structure. Substitution of eq. 
(35) into eq. (33) gives 


[Sra] {8 Po (Gra]{a}~ [Ex] {*:r} ~ (36) 


Solution of eq. (36) gives the values of the 
redundants Gg after which the problem may be 


completed in the usual fashion, viz, 


{%}> Ex]{s}- 


It 1s obvious that the use of combinations 
of redundants (the "p,o" system of Art. A8,12) 
is possible. One makes a direct substitution or 


[S15] for fer} [on | for [rn } etc. into eq. 
(36). 


MEMBER THERMAL DISTORTIONS 
It remains to establish the forms for Xin 

Thermal strains on an infinitestinal ele- 
Ment of homogeneous material can cause uniform 
normal extensions only, so that no shear strains 
develop. Hence oniy normal (as opposed to 
shear) virtual stresses need be considered in 
computing the internal virtual work. Note that 
normal stresses associated with flexure must be 
included. It follows. that only virtual work in 
axially loaded bars and in beams fn flexure need 
ode considered. Hence den is zero for all dy 





which are shear flows on panels or torques on 
shafts. 


BARS 
The general expression for the virtual work 


done by virtual axial loads u in a bar under 
varying temperature T is 
W= [ u:atTdx 


where a is the material thermal coefficient of 
expansion. 





* It will be convenient later to designate by Gsq the solution 
to eq. (36) when the mechanicai loads Py are zero, the 
stresses in such a case being purely "thermal", 
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Several specific cases are now treated. 

A bar under linearly varying load with 
linearly varying temperature is shown in Fig. 
A8.40. 

In this case 


a - 43 





usay+ 





j Ty; 


Fig. A8. 40 


Then, assuming a constant 


L 
a = 44 ey 
W=a a a Ty + po x}ax 


° 


aq +T T, + eT 
1 J i J 
SL + OL ret 
6 a 6 % 


This expression may be put in the form 
Wo dy Bip # Ay O3p 


where 


Note that variation in the cross sectional 
area of the bar does not affect the distortions 
Syne Aype 

The alternate choice of generalized forces 
for the bar under varying axial load is shown 
in Fig. A8.4l. By a 
derivation similar to q% 


that above one finds Sg 
CU 
a 


Wea dy Aan Oy Age %; fl 
here Fig. A8. 41 
Ayp Fab at 
Ty + 2b; 
sata 
430 =alL = 


The simpler cases of uniform load fa, =u 


= constant) and uniform 7 (T, = Ty) follow im- 
mediately oy specialization of the above forms. 
For example, for a bar under constant load 


aq ys and constant temperature, T, = T, 


one has Sin =aLt. 


=T, 


BEAMS: 

For a beam the general form of expression 
for the virtual work done during thermal strain- 
ing by a top-to-bottom-surface temperature dif- 
ference 6T, varying linearly over the beam depth, 
is (see Art. A7.8, EX. Prob. 24). 


weofa. 2S 





A 
where 
m = virtual moment (positive for compress- 


fon on top fiber) 


& = Taoprom ~ Top 


h = beam depth. 


‘ 


Applied to the case of Fig. A8.42 one gets 


L 


ay - 4 OT, ~ OT 
wed (a) + 223s) (7; EF 2) a 
L L 


° 





267, + OT oL f OT; + 26T 
= ab (SOT ‘yas ¥( a t) a 


h 6 J 
OT, 
5T; 
% 
te po x 


h = constant 
Fig. A8&. 42 
or 
LM Ap * Oy gp 
where 


aL 20T; + oT 


ab /OT; + 26T 
Asp es FT (a2) 


Special forms of the thermal distortion 
expressions for beams of varying depth may be 
derived readily as required. 


Example Problem 19 

“The upper surface of the beam of Fig. 48.43 

is subjected to a temperature 6T above that of 

the lower surface, varying linearly 25 shown (1.e., 
8T> 





eae 


Fig. A8.43 
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are equal at the left end and 


the temperatures 
differ by OT, at 
center reactions 


the right end). Determine the 
assuming a is constant. 


Solution: 


In the illustrative example of Art. Ag.12 
this structure was analyzed by employing as 
generalized internal forces the bending moments 
Qa, and dg over the central supports (see Fig. 
A8.35). The two central reactions were denoted 
by qd, and q,. The matrix of redundant coeffic- 
tents, considering qi and qa as redundants (the 
better choice, it will be recalled) was (rer. 


Art. A8.12) 
4 1 
1 4 


[ere] = ack 


The unit redundant load distribution for q, = 1 
and qd, = 1 was 





Member thermal distortions were computed. (Note 
that OT was negative according to the convention 
adopted earlier). 





1 2 1l 
‘i _ ab oe an (Zoterexgon 
at? ) 3 a ONS es 
=~ oe 
rim} 








2 
4yr = # al 


Son 


2 
*2)- go (SE) 
a 6 


ee 


Then from eq. (36) 


iy 4ljya 
Sel jig 


da 


2EI a OT, 
A 





Solving 


at 
fel ey 


+267 
+933 


qs 
Ga 


1 
2 
gl 
hn 
The final stress distribution was 


i%y> Gon) {7a}* Fez) {} 





= 0+ EL a ot, 1 0 
ee 0 1| |.287 
2 1 
nie £ » 9335; 
i 2 
L L 
«267 
_ Ela or, 933 
sic n> »399/L 
~1.60/L 
Thus the reactions were 
qs = 309 ELS ote 
S EI a 6T (negative indi- 
Mens t 80 cates DOWN) 


Example Problem 20 

The symmetric sheet-stringer panel of Fig. 
A8.44(a) 1s to be analyzed for thermal stresses 
developed by heating the two outside stringers 
to a uniform temperature T above the center 
stringer. Assume G = 0,385E. 


Solution: 


Tne panel was divided for convenience into 
three bays. The numbering and placing of gener- 
alized forces 1s shown in Pig, 4&.44(b). 
Transverse members (ribs, not shown on Figure) 
were considered rigid in their own planes - a 
Satisfactory assumption for symmetric panels. 
Because of symmetry only one half the panel was 
handled. All member flexibility coefficients and 
thermal distortions were doubled where appropri- 
ate. 

The matrix of flexibility coefficients was 
set up as (VOIDS DENOTE Z=ROES) 
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Then 
- .5 Oo Q 
- .5 
0 ~ 45 
1.0 0 o 
The matrix of member thermal distortions (Fr ] a 0 1.0 o 
ws ° 0 1.0 
40 ~ .025 Qo oO 
40 
20 -025 - .025 ° 
0 0 025 - .025 
{eo} =atTt 
0 Multiplying out per eq. 18, 
0 
0 172.2 13.8 ° 
dere, for example Ayp = 2x 2x 10 = 40 (doubled [ars] - : LOiBS Lea 1B <8 
once because qi acts on two stringer ends and > 0 13.8 986.1 
doubled again to account for the other half of and 
the panel). 
qs, pas 75 0 9 1.0 0 0 ~.025 =. 0 40 
(Bei]{ar}-ot | o -8 9 0 10 9 0-025 028} | 50 
| ° Oo =5 0 0 2.0 ° 9 ~ 025, 20 
Gat 245 ° 
_ i. ° 
T. T ~20 : 
a: sa, sot {S a 
| a 
JRAz.15 in? Q 
2rbei 21 : 
(a) Then the redundant equations, per eq. (36), 
Fig. A8. 44 were 


‘ 


The structure was three times redundant. 
Stringer loads 4,4, 4.5 and q, were selected as 172.2 13.3 0 2 





redundants. Fig. A8.45 shows the unit redundant 1 a ” 
load sketches for q4 = 1, de = Land de = 1. z| 3-8 172.2 16.8)) 4,75 10 a 142 
9° 13.8 86.1 a: 
ye} qt Solving, 
[LIT fist Tell (alicre [28 
eave .09944 
{-.5 yy = .1002 
Finally, the complete thermal stress distribu- 
tion was . 
i - 54,1 ~ 
qr if ~ 49.7 - 
- 50.17 
5 wa} 208-2 
4 ag, et edi TEx 10 99.44 
| : | (7 Bel & 
loading :& ig, 2} loading /& 1s, ,}lcadindS 100.2 
fezg}tondiag | {eas} tending | iExo} bonding - 2°70 
Fig. A8. 45 0.219 
- 0.019 
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The result compares favorably with “exact” 
Solutions mace under the same assumptions (ref. 
NACA TN 2240) as far as the stringer loads ars 
concerned. The shear flow result is not very 
Satisfactory, primarily due to the use of too 
few "bays" in this analysis. 


Example Problem 21 

The uniform four-flange box beam of Fig. 
A8.46a is to be analyzed for the thermal 
Stresses developed upon heating one flange to a 
temperature T, uniforn Spanwise, above the other 
three flanges, 





my * 
x acd \ 
m \ % “hs 
+ 


Ne XN a \ 
. WEN 


» ~ xe 


7 Sy 
ae AJ Yard 


(a) NY Vv 


Fig. A8. 46 


1? 


t 





The dDeam was divided into four equal bays 
giving a four times redundant problem. Four 
Self-equilibrating (zero-resultant ) independent “= Gt 
Stress distributions were taken as the unknowns, [era*] *Tb+e) 
these being shown in Fig. A8.46(b). Such zero- 
resultant stress distributions are the only ones 
possible in a structure having no applied loads*, 
The matrix of member flexibility coerfic- 
lents was formed by collecting coefficients from 
the several members. Unit redundant stress dis- computed for loads age, Qe,» Ga and Gq and were 
tributions were prepared, taking qi, ds, ds and collected from the one heated flange only, 
d+ aS the redundants and Setting these equal to 
unity successively. 






For a specific case let «*L* = 1. The 


Solution: (>) inverse was computed to De 
ae8e7 













Member thermal distortions (Ayn) were 


(Note that if two ad- 
jacent flanges are 
heated equally, one aust 
Set the corresponding Sam 


equal to zero; this be- 
cause the virtual loads 
being of opposite sign in 
adjacent flanges, th 
virtual work must c 


HoNnoNONO 





where k* = Gt / AE (b +c) Multiplying out: 


—_—_—_——— 
* Since external loads are not to be applied it follows from 
statics that the generalized forces for adjacent webs and 
cover sheets are equal, as are the loads in front and rear a 
Spar caps at any given station. Hence an economy of (2ri] {ain} = Te 
numbering in the generaiized force scheme is possible. es - 
Much labor is saved in the handling of data when the same 
symbol can be employed on several members whose loads 
are known to be equal. Then the solution to 3q. (35) was written as 


nya 





HOO 
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{95qp7 > Fea] Ea] {42} 


which, when multiplied out gave 


4.079 

__ GtaLT? J1l.9se 

{sq} =" (b+ c) | .8562 
2413]. 


Finally the complete set of thermal stresses 
were (still for the case L*k* = 1) 


4,079 
2.039 L 
1.938 
3.008 L 
.8562 
3.487 Lo 
+2413 
3.558 L 


GtaLT 


{aar}=[S15] {ser} * - Ete sy 


The result compares favorably with an 
exact solution (NACA TN 2240) insofar as flange 
stresses are concerned, an error of less than 
1 percent being present at the root. Shear 
flow values in the sheet are less satisfactory 
due to the (relatively) crude assumption of 
constant shear in*each beam quarter. 


A8.14 Thermal Deflections by Matrix Methods. 


A. STATICALLY DETERMINATE STRUCTURES 


The problem of the thermal deflections of 
@ statically determinate structure was con- 
sidered earlier in Art. A7.8 in non-matrix 
form. It should be apparent from the deriva- 
tion, that the matrix method presented for the 
calculation of redundant-cut thermal deflec- 
tions may be applied equally well to the 
problem of computing the thermal deflections of 
external points of a determinate structure. 
Thus 


(erp * Bas} tse} 


where Sopp is the thermal deflection of external 


point m, and [Sat | is the transpose of (im) 


the unit-applied load stress distribution 
(compare with eq. 35). 


B. REDUNDANT STRUCTURES 


In the case of the redundant structure, 
additional strains ars present due to the 
thermal stresses set up; the effect of these 
strains upon the deflection of external points 
must be included in the calculation. 

The appropriate equation is most easily 
derived by visualizing the action in two 
stages. FIRST, the redundant structure is 


"cut" making it determinate, after which the 
temperature distribution {is applied producing 
thermal deflections 


{en} -Eol{es} 


at the external points (compare with eqs. (35) 
and (37) }. Simultaneously the redundant cuts 
will experience relative displacements. 

SECOND, the redundant cuts are restored to 
zero displacement by the application of redund- 
ant forces (this problem was solved in Art. 
A8.13). The a, are given dy eq. (36); they pro~ 


duce additional deflections at points m 


{ee} Bal{s} 


The total deflection of point m ts then 


{em} = [Esa] {*:0}* Bas]{ se} 


[os] = (rs) Esa] Ese] 
{mn} ar] {10} * Ces] Esa) sed {450} 


{Sur }= fer] (‘sp E:il{«2}) --+- (38) 


The matrix quantity in parentheses is the 
total strain (thermal plus "mechanical"). 

For derinite reasons the equation for 
thermal deflections has been left in the form of 
eq. (38) rather than the more polished forms 
which might be obtained by substitution from eq. 
(36), FIRST, the yy? the thermal stresses, will 


probably have been solved for previously and will 
be readily available in explicit form. -SECOND, 
and far more imoortant from a labor saving stand- 
point, the unit load distribution [®:1m| (whose 





transpose is used in eq, 38) may be any conven- 
fent stress distribution satisfying statics in 


the simplest of "cut" structures. One need not 


even use the sane distribution (and same 


21m 


choice of "cuts™) as employed in the redundant 
thermal stress calculation; a more convenient 
choice of cuts may be employed: In principle, 
any stress distribution statically equivalent to 


the unit applied load(s) may de used for Sim 
in eq. (38). (See p. A8.9). 
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Example Problem 22 


Compute the rotation occurring at the right 


hand end of the beam of Fig. A6.43. 
Solution: 


To compute the rotation 2 unit couple was 


applied (positive counterclockwise) at the right 


hand end. An additional generalized force, 
called qe, also was added at that point. Then, 


aL 


en BOT, + 207, _~4aL6t, 
‘ST eat Cine PF 


6 oh 


and, using some results from Example Prob. 19, 


aLot, 

{sin} 2-3 
121,2,5 

Note that q, and q,, the intermediate support 
reactions, were omitted from consideration. 
They do not enter into any expression for th 
internal virtual work of the structure; or, 
equally, they are not used to describe the 
strain energy of the structure. Hence they are 
not included in writing the total strain, 
(Their Ajp ore Zero.) 


The member flexibility ccefficient matrix 
was 


4 1 


[sa] = aby ; : t=1, 2,5 


From Example Problem 19, the true thermal 
stress distribution was 


{abe Ela 67, {331 
ie ° i=1,2,5 


(qe was zero by inspection) 
To determine [21m } a unit couple q, =1l 


was applied. Taking as the "cut" structure one 
where 4, = q, = 0 one has simply 


(ee) baciaii ed 


Then substituting into eq. (338), 
Loo Ly 3 42 s 
ald T, gtats Ic 6 T,J” 
{s \. -4 {3} x Le azul) 


« 


neo 
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abot, [o o 1 

sabor loo uJ 3 
~.289 

aL6T. 


Bn = - 4289 
a 


It is apparent that the values of the re- 
dundant moments q,, Ga could nave deen chosen 


arvitrarily in {8in) above, without affect 





1g 
the result. Here, clearly, ftiqb for any "cut" 
tr 


structure visualized will lead to the same re- 
sult, q, deing equal to unity in all cases. 


Example Problem 23 

Compute the axial movement of the free end 
of the central stringer of the panel of Fig, 
A8.44, 


Solution: 
An additional generalized force, qio, was 


added axially to the free end of the central 
stringer (ref. Fig. A8.44b), Then 





40 

40 

20 
0 
0 
Q 
Qo 
0 
oO 
oO 


Using the Qjp as obtained in Example Problem 20 


(with qio = 0), the following product was 
formed: 


-11.81 
713.45 
= 6.8655 
11.81 
13.46 
6.656 
84.24 
6.833 
+3928 
2,402 


xatT 


[Es] {a} - 
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28.19 
26.55 
13.34 
11.32 
13.46 
6.656 
84,24 
6.833 
«5928 
2.402 


It remained to find the determinate stress dis- 
tribution for qi, = 1. 
As the determinate distribution {245 $s the 


stresses due to a unit load qiq = 1 were com- 
puted in the “cut” structure obtained when 

di = 42 = 43 = 0. (Note that this is a differ- 
ent choice of redundant cuts from that employed 
in computing the thermal stresses in Example 
Problem 20.) Thus 


0} 


HOOOKRROOO 


and finally, 


Som = 28.19 
a 26.55 
13.%4 
11.81 
‘ 13.46 

6.656 
84.24 

6.833 

+5928 
2.402 


aT{oooli1looo0i| 


=M.5aT (ANSWER ) 

AS 4 matter of interest, a different unit 
stress distribution was employed with a differ- 
ent choice of “cuts". If the forces q,, qd, and 
Ga are set equal to zero ("cut"), application of 


a unit load qi, = 1 sives (writing the transpose 
or {81n}) 
{2a} = [es9e +50 50000 .02500 | 


Then multiplying out for the thermal deflection: 
Onn = 34.3.0 T (same answer). 


It is apparent from the above result that 
the simplest determinate ("cut") structure should 
be used to compute [21m] 1t is completely 
adequate. 


CLOSURE 


The general thermal stress problem is 
complicated by the fact that the material prop- 
erties E, G-and a vary with temperature. The 
problem created thereby is primarily one of book- 
keeping - computing the member flexibility caeffi- 


cients (a5) anc the member thermal distortions 


(aq) for a structure whose properties vary from 


point to point with the temperature. The vari- 
ations of E, G and a with T will, of course, 
have to be known from test data. 

Two additional complications, not considered 
here, are the lowering of the yleld point with 
heating (and the attendant increased likelihood 
of developing inelastic strains) and the pnenom- 
enon of "creep" (the time-dependent development 
of inelastic strains under steady loading). 

Should it prove necessary to analyze for 
thermal stresses under more than one temperature 
distribution, the member thermal distortion 


matrix {yp Pama be generalized easily into a 


rectangular form such as 


Ca] + sz] Esa] 


where 4,, is the member thermal distortion as- 


IR 
sociated with force ay from thermal loading con- 


dition R. The matrix [C15] of member thermal 


coefficients consists of the constant coefficients 


in the Sin expressions previously presented, while 


Tip would be the temperature associated with q, 


for condition R. 
art. 47.11). 


(compare with eq. (26b), 
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A&.15 Problems. 

Note: Problems (1} through (S$) below may 
be worked by either the Least Work or Dummy Unit 
Load Methods. The student will be well advised 
to try some problems both ways for comparison. 





Fig. b 
(1) Determine the load in all the members 


Fig. a 


of the loaded truss shown in Fig. (a). Values 
in ( ) on members represent the cross-sectional 
area in sq. in. for that member. All members 
of same material. 

(2) For the structure in Fig. (b), deter- 
mine the load in each member for a 700# load at 
Joint B, Areas of members are given by the 
values in ( ) on each member. All members made 
of same material. 


500 


500# 





1000# 

(3) For the loaded truss in Fig. ce, deter- 
mine the axial load in all members, Values in 
parenthesis adjacent to members represent rela- 
tive areas. & 1s constant for all members. 





(4) For structure in Pig. d, calculate the 
axial loads in all the members. Values in paren- 
thesis adjacent to each member represent relative 


areas. £ is constant or same for all members. 
S000# 
D c 
ae 
Fig. e 4 


hes 120" 


—_ 120" — 
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(S) For the "King post" truss in Fig. e, 
calculate the load in member BD. Members AB, 
BC and BD have area of 2 sq. in. each. The con- 
tinuous member ADC has an area of 9.25 sq. in. 
and moment of inertia of 214 in*. © ts same for 
ail members. 








(6) In Fig. f, AB is a steel wire both 0.30 
sq. in. area. The steel angle frame CBD has 3 
4 sq. in. cross section. Determine the load in 
member AB. £ = 30,000,000 pst. 

(7) In Fig. g find the loads in the two ttle 
Tods BD and CE. Igc = 72 in.*; Ang = 0.05 sq. 
in. Age = 0.15 sq. in. £ 1s same for all 


4 aie 

N60" 

/ > 80" er 
7. 6000+ 


members. 





as 





A i 180" 
t 
50,000# A le Fal. 
f-100"—4 
Fig. h Fig. i 


(8) For the structure in Fig. h, determine 
the reactions at points A, B. Members CE and ED 
are steel tie rods with areas of 1 sq. in. each, 
Member AB is a wood beam with 12" x 12" cross 


section. Estee] = 30,000,000 psi. Bwood = 
1,300,000 psi. 
(9) For the structure tn Fig. 1, determine 


the axial loads, bending moments and shears in 
the various members. The structure is continu- 
ous at joint D. Members AB, BC are wires. The 
member areas are AB = 1.2, BC = 0.6; CD = 6.0; 
BDE = 10.0. The moment of inertia for members 
CD = 60.0 in.*; for BDE = 140 in. 


(10) Re-solve Example Problem 10, 
using as redundants the two restraints 
(couple and transverse force}. Solved 
way the problem is doubly redundant as no ad- 
vantage is made of the symmetry of the structure. 

(11) Add two additional members, diagonals 
FB and ¢ (each with areas 1.0 in?) to the truss 
of Fig. A7.85, chapter A-7. Find the matrix of 


p. AG.15 
at one end 
in this 
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influence coefficients. 


Ans, 
21.8 27.2 27.8 18.3 
1L 27.2 68.5 65.4 26.4 
['m] = 3 
27.5 65.4 68.4 26.2 
18.3 26.4 26.2 20.6 


(12) Re-solve the doubly redundant beam 
of Example Problem B, page A8.3 by matrix 


methods. The redundant reactions should be 
given "q" symbols. (See Example Problem 13a, 
page A8.20). 


(13) Re-solve Example Problem 5, page 
A8,12 by matrix methods. For simplicity, make 
your choice of generalized forces including 
those designated as X and Y in the example so 
that Figs. A8.21 and A8.22 can be used to give 
the Zin loadings. 


(14) By matrix methods re-solve Example 


Problem 4, p. A8.12 using 3 equal bay divisions 


along the panel (3 times redundant). Use the 


game structural dimensions as in Example Prob- 


lem 20, p. 48.36. Compare the results with 
those obtained from the formulas developed in 
Example Problem 4. 


(15) Show that the matrix equation 


eq. (21) 1s modified to cover the initial stress 


N_OF FLIGHT VEHICLE STRUCTURES 


A8. 43 


problems of Art. A8.8 by writing 


[see] {26} = Eee] Cr} - [i os 


where A; is the initial imperfection associated 
with force q,. Refer to the argument leading 
to eq. (11) of Art. A8.8. 


(16) Using the equation of problem (15), 
above, re-solve Example Problem 6, p. A8.14. 


(17) Using the equation of problem (15) 
above, re-solve Example Problem 7, p. A&.14. 


(18) Using the matrix methods of Art. 
A8.13, re-solve Example Problem 9, p. A8.15. 


(19) For the doubly symmetric four flange 
box beam of Example Problem 15, p. A8.24, de- 
termine the redundant stresses qa, q7 and qia if 
one flange is heated to a temperature T, uniform 
spanwise, above the remainder of the structure. 





Ans. 
qa 2081 
~Eat 
Gar >= To* 1599 
dia 741 
REFERENCES. 


See references at the end of Chapter A-7. 





Douglas DC-8 airplane. Photograph showing simulated aerodynamic load being appited to 
main entrance door of fuselage test section. 
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DOUGLAS DC-8 AIRPLANE. An outboard engine pylon mounted on a section of wing for static and flutter 
tests. The steel box represents the weight and moment of inertia of the engine. 








CHAPTER A9 
BENDING MOMENTS IN FRAMES AND RINGS 
BY 
ELASTIC CENTER METHOD 


A9,1 Introduction 


In observing the inside of an airplane 
fuselage or seaplane hull one sees a large num- 
ber of structural rings or closed frames. Some 
appear quite light and are essentially used to 
maintain the shape of the body metal shell and 
to provide stabilizing supports for the longi- 
tudinal shell stringers. At points where large 
load concentrations are transferred between body 
and tail, wing power plant, landing gear, etc., 
relatively neavy frames will be observed. In 
null construction, the bottom structural fram- 
ing transfers the water pressure in landing to 
the bottom portion of the null frames waich in 
turn transfers the load to the hull shell. 


In general the frames are of such shape 


general which are of major importance in 
strength proportioning of the frame, 2nd 
& reasonable close approximation of such 
ing forces 15 necessary. 


the 
thus 
benc- 


Such frames are statically indeterminate 
relative to internal resisting stress and thus 
consideration must be given to section and 
physical properties to obtain a solution of the 
distribution of the internal resisting forces. 


General Methods of Analysis: 


Tnere are many methods of applying the 
principles of continuity to obtain the solution 
for the redundant forces in closed rings or 
tm a Tne author prefers the one 












erred to as the "alastic 
usea it for many 
The method was orici- 
The main cifference 
to most other methods! 
on is that the redundant forces are as-| 
al coint called 


wales 





method as comzared 
1 












2 yuller-Breslau, H., Die Neveren Hethden der 
Festigkeitslehre und der Statik der Baukon- 
struktionen. Leipzig, 1886. 


Assumptions 


In the derivations which follow the distor- 
tions due to axial and shear forces are neglect- 
ed. In general these distortions are small 
compared to frame bending distortions anc thus 
the error is small. 


In computing distortions plane sections are 
assumed to remain plane after bending. This is 
not strictly true because the curvature of the 
frame chantes this linear distribution of dend- 
ing stresses on a frame cross-section. (Correc- 
tions for curvature Influence are given in 
Chapter Al3. 


Furthermore it is assumed that stress is 
proportional to strain. Since the airplane 
stress analyst must calculate the ultimate 
strength of a frame, this assumption obviously 
does not hold with heavy frames where the rup- 
turing stresses for the frame are above the pro-~ 
portional limit of the frame material. 


This chapter will deal only with the the~ 
oretical analysis for bending moments in frames 
and rings by the elastic center method. Prac- 
tical questions of body frame design are covered 
in a later chapter. 


The following photographs of a sortion or 
the structural framing of the hull of a sea- 
plane illustrate both light and heavy frames. 
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A9.2 Derivation of Equations, 


Unsymmetrical Frame. 


Fig. AQ.1 shows an unsymmetrical curved 
beam fixed at ends (A) and (B) and carrying 
some external loading Pi, Pe, etc. This 
structure is statically indeterminate to the 
third degree because the reactions at (A) and 
(B) have three unknown elements, namely, magni- 
tude, direction and line of action, maxing a 
total of six unknowns with only three equations 
of static equilibrium available. 





Fig. Ag. 2 


In Pig. A9.2 the reaction at (A) has been 
replaced by its 3 components, namely, the forces 
ay and Ys and the moment My and the structure 


is mow treated as a cantilever beam fixed at 
end (B) and carrying the redundant loads at (A) 
and the known external loading P., Pz, etc. 
Because joint (A) is actually fixed it does not 
suffer translation or rotation when structure 
ts loaded, thus the movement of end (A) under 
the loading system of Fig. A9.2 must be zero. 
Therefore, three equations of fact can be 
written stating that the horizontal, vertical 
and angular deflection of soint (A) must equal 


zero, 
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Consider a small element ds of the curved 
beam as shown in Fig. A9.2. Let M, equal the 
bending moment on this small element due to the 
given external load system. The total vending 
moment on the element ds thus equals, 


M=Mg + My - Xay + Ygx 
(Moments which cause tension on the inside 
fibers of the frame are regarded as posi-~ 
tive moments.) 


The following deflection equations for 
point (A) must equal zero:- 


o= (angular rotation of (A} = zero) 
dy = a (movement of (A) in x direction = 0) 
dy = (movement of (A) in y direction = 0) 


From Chapter A7, which dealt with deflection 
theory, we have the following equations for the 
movement of point (A):- 





o= 2 Ms -.---------- ~ -(2) 
dy =p SK w+ - 7+ +8 
ty = 5 Me. ae = (4) 


In equation (2) the term m is the Dending 
moment on a element ds due to a unit moment 
applied at point (A) (See Fig. A9.3). The bend- 
ing moment is thus 
equal one or unity A 
for all ds elements Gan ae 
of frame. Uhit moment 

Fig. A9.3 

Then substi- 
tuting in equation (2) and using value of M from 
equation (1) we obtain - 


i. xds 











os MES 4 my tGS . yyztet® + yrs = 
whence, 

= sisds yas x68 = 9 (5 

= DSS + myndh-- yaks + yz = 0 (5) 


In equation (3) the term m represents the 
bending moment on a element ds due to a unit 
load applied at point (A) and acting in the x 
direction, as illustrated in Fig. A9.4, 


The applied unit y 


load has a positive 1 ds 

sign as it has been ‘A * 

assumed acting toward hope TS 
the right. The i 2 
distance y to the ds y 


element is a plus Fig. A9.4 


distance as it is 
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measured upward from axis x-x through (A). 
However the bending moment on the ds element 
shown is negative (tension in top fibers), thus 
the value of m= - (1) y = -y. The minus sign 
is necessary to give the correct bending moment 
sign. 


Substituting in Equation (3) and using M 
from Equation (1):- 


ax = BEY ~ ya¥S + xyrVd8 


In equation (4) the term m represents the 
bending moment on a element ds due to a unit 
load at point (A) acting in Y direction as 
illustrated in Fig. A9.5. Hence, m = 1(x) = 
Substituting in 


~ Zs 046) 


equation (4) and y ds 

using M from LH 
equation (1), we x x _.J 

obtain, 1 


Fig. A9.5 


y = PSHE + myrAGS _ x, rXV8 


YA yds =o 


Equations 5, 6, 7 can now be used to solve 
for the redundant forces Mag, X, and Yq. With 
these values known the true bending moment at 
va point on structure follows from equation 

1). 


REFERRING REDUNDANTS TO ELASTIC CENTER 


For the purpose of simplifying equations 
S, 6, 7, let {t be assumed that end A is 
attached to 4 inelastic arm terminating at a 
point (0) as tllustrated in Fig. A9.6. The 
point (0) coincides with the centroid of the 
ds/EI values for the structure. Reference 
axes x and y will now be taken with point (0) 
as the origin. The redundant reactions will 
now be placed at point (0) the end of the 





elastic Fig. A9.6 


inelastic bracket, as shown in Fig. A9.6. 

Since point A suffers no movement in the actual 
structure, then we can say that point (o) must 
undergo no movement since (0) is connected to 
point (A) by a rigid am. 


Thus equations 5, 6, and 7 can be re- 
written using the redundants X,, Y,, and M, in 


place of Xa, Y, and Mg respectively. 


The axes x and y through the point (o) are 
centroidal axes for the values ds/EI of the 


structure. This fact means that the summations- 
yds 2 xXds . 
z ar 7° and = tr 7° 


The expressions 2 x*ds/EI, 2 y*ds/EI and 
2 xyds/El also appear in equations 6 and 7. 
These terms will be referred to as elastic 
moments of inertia and product of inertia of 
the frame about y and x axes through the elastic 
center of the frame, and for simplicity will be 


given the following symbols. 
x*ds yrds _ xyds _ 
pty 2a sk LAE hy 


Equations 5, 6 and 7 will now be rewritten 
using the redundant forces at point (0). 


eo = 2 Me + me oes 0 





hence, 
-23 ds 
My = Ee pO SeNe 
[= 
SI 
dy = Berk + Xoly ~ Yolyy = 0 os S39) 


The term Moz yds/EI is zero since % yds/EI 
is zero, thus M, drops out when substituting in 
Equation (6). 


_ Modsx 
= ASS - Xolay * Yoly 


The term Mgds/EI represents the angle 
change between the end faces of the ds element 
when acted upon by a constant static moment Mg. 
This angle change which actually is equal in 
value to the area of the M,/EI diagram on the 
element ds will be given the symbol %,, that is, 
Bs = M,ds/EI. With this symbol substitution, 
equations 8, 9, 10 can now de rewritten as 
follows: - 


- + - -(10) 


zg. : 
Mo *- agro (11) 
~Z Bsy + Xl, - Yolyy = 0 ---- = - (12) 
EB Bsk = Xglyy + Yoly FO ------- (13) 


and (13) for the 
forces Xq and Y, we obtain, 


Solving equations (12) 
redundant 
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~ [205% - S85y (xz) 
es 
er Ee) 


A9.3 Equations for Structure with Symmetry About One Axis 
through Elastic Center. 





If the structure is such that either the x 
or y axis through the elastic center is a axis 
of symmetry than the product of inertia 
ixyds/fI = Iyy = Zero. Thus making the term 
Ixy = 9 in equations 11, 14 and 15 we obtain, 


= 2 Bs 
My 2 grey: SS Se rede cee (16) 
K5 = Hise eee RS SES te Sete (17) 


A9.4 Example Problem Solutions, Structures with at least 
One Axis of Symmetry. 


Example Problem 1 


Fig. A9.7 
shows a rectang- 
ular frame with 
fixed supports 
at points A and 
D, and carrying 
a single load as | 
shown. The I 
problem ts to de- 133 | 
termine the bend- 
ing moment dia- | 
gram under this ! 

+ Al D 
loading. xt Beal Mec a = 





The first 
step in the 
Solution ts to 
find the location of the elastic center of the 
frame and the elastic moments of inertia Ix 
and Ty. 


Due to symmetry of the structure about the 
Y axis the centroidal Y¥ axis 1s located midwey 
between the sides of the frame, and thus the 
elastic center (0) lies on this axis. 


Table A9.1 shows some of the necessary 
calculations to determine the location of the 
elastic center and the elastic moments of 
inertia. The reference axes used are x+=x? 
and y-y. 
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Table AQ. 1 


wx221440 


2308 
ty? Tpxg3"? 





3456 








Tne terms 1, and ty are the slestic moment 
of inertia of each portion of the frame about 
its centroidal x and y axes. Since I is con- 
stant over each portion the centroidal moment 
of inertia of each portion ts identical to that 
of 4 rectangle about its centroidal axis. 





To explain for member AB:- _j ae PERF b 
B— 
Referr.ng to Fig. a, L t) 
Paes eee 8 2 3 2 nay RTPA dst 30th 
te = qgoe? = ge x yx Soe = 750°) | 
itl 
Referring to Fig. b, a ee 
Fig. a 
lie ety 3 Dick 1h 
ly = poh ip * 30 x gs = -09 (negligibie) 
The distance from the pa + 
two reference axes to the | / 
elastic center can now be | 
calculated: - ' | ds230sb 
i| 
<. | 
y= Ys ee 20.625 tn. [| | 
ot ot 
by wedelen 
g22*_ OL, T's 
2w 32 Fig. b 


Having tee moment of inertia 2bout axis x*x* we 
can now find its value about the centroidal 
axis xx of che frame, by use of the parallel 
axis theorem. 


Ix = Ix - 2w(¥*) = 16800 - 32 x 20.6257= 3188 


ly = ly ~ Iw(X?) = 3456 - 32(0) = 3456 

The problem now consists in solving equa- 
tions (16), (17) and (18) for the redundants at 
the elastic center, namely 
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M22 25 _ Area_of static M/I diagram 
0  ¥ds7i Total elastic weight of structure 
Moment of static M/I diagram about 
Xo = Bay = sy x axis 
% astic moment or inertia about x 
axis 
Moment of static M/I diagram about 
1, = 229sk = y_axis 
9 Ty Elastic moment of inertia about y 
axis 


Thus to solve these three equations we 
must assume a static frame condition consistent 
with the given frame and loading. In general 
there are a number of static conditions that can 
be chosen. For example in this problem we 
might select one of the statically determinate 
conditions illustrated in Fig. A9.8 cases 1 to 
Oe 





104 
y 10 
a 
Case 1 Case 2 cia pre Case L age 5 


Fig. A9.8 


To illustrate the use of different static 
conditions, three solutions will be presented 
with each using a different static condition. 


Solution No. 1 


In this solution we will use Case 3 as the 
static frame condition. The bending moment on 
the frame for this static frame condition is 
given tn Fig. A9.9. The equations 


4st ig diagram 22.5 Msg/I diagram 
B Cc B, Cc 
toa 


| 1 Mg is positive, tension 
Fie 42.9! | | on inside of frame, 
Ago BBO os 4 


A 
‘7,38 "2. 5# Fig. Ad, 10 


for the redundants require Js the area of the 
Ms/I dtagrem. Fiz. 19.10 shows the Mg/I curve 
weion is obtained by dividing the values in 

Fig. A9.9 by the term 2 which is the moment of 
inertia of member BC as given in the prodlem. 
Sincs the equations for Xg and Y, require the 
moment of the Mg/I diagram as a load about 

axes through the elastic center of frame, the 
area of the Mg/I diacram will be concentrated 
at the centroid of the diagram and along the 
centerline of the frame, or more accurately 











along the neutral axis of the frame members. 


In Pig. 49.10 the area of the M,/I diagram 
equals @5 = 22.5 x 24/2 = 270. The centroid by 
simple calculations of this triangle would fall 
10 inches from B. Fig. AG.11 now shows the 
frame with its Mg/I or its d; load. @, is 
@s= 270 positive since My 1s 
positive. The next 
step is to solve the 
equations for the 
redundant at the 
elastic center. The 
signs of the distances 
x and y from the axes 
x and y are conven- 


at" 





Fig. A9.11 tonal. 
Thus, 
_ -285 = (270) 
Mo = Sas/t * BE (irom Table so.d * 78-487 in-lb. 
_ Bey _ 270(9.375) 
x, = 2s = = 0.7939 1b. 
Oo Tx z oS 


=(270){-2) = 9 1562 1b. 


5 ce = 


Fig. A9.12 shows these values of the re- 
dundants acting at the elastic center. 





Fig. A9.12 


Fig. A9.i3 


The bending moments due to these redundant 
forces will now de calculated. 


My = - 8.437 - .1562 x 12 + .7939 x 20,625 2 
6.06 in.ibd. 

Mg = - 8.437 - .7939 x 9.375 - .1562 x 12 = 
-17.75 in.ld. 

Mo = - 3.437 - .7939 x 9.375 + .1562 x 12 = 
-14.00 in.lb. 

Mp = - 3.437 + .7939 x 20,625 + .1862 x 12 5 


9.81 tn.1o. 


These resulting values are plotted on Fig. 
AQ.12 to give the vending moment diagram due to 
the redundant forces at the elastic center. 
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Adding this bending moment diagram to the static 
bending diagram of FPtg. A9.9 we obtain the final 


bending moment diagram of Fig. A9.13. 

The final bending moments could also be 
obtained by substituting directly in equation 
(1) using subscript (0) instead of (A). Thus, 

M2Mg + My = Xoy + Yox 


For example, determine bending moment at 
point B. 


For point B, x = -12 and y = 9.375, Mg = 0 
substituting in (19) 


Mp = 0 + (-8.437) = .7939 x 9.375 + 
.1562 (-12) = -17.75 as previously 
found 

AT POINT D. x = 12, y = -20.625, Mg = 0. 


Mp = 0 + (-8.437) - .7939 (-20.625) + 
.1562 x 12 = 9.81 in.lb. 


Solution No. 2 


In this solution we will use Case 4 (See 
Fig. A9.8) as the assumed static condition, 
that is two cantilever beams with half the 
external load or 5 ib. acting on each canti- 
lever. Fig. A9.14 shows the static bending 
moment diagram and Pig. A9.15 the M,/I diagram. 


se 8e 052-45 Ogs-405 


-30 








Fig. A9. 14 


-30 -90 


Fig. A9,15 also shows the results of 
calculating the Bs value for each pertion of 
the Mg/I diagram and its centroid location. 
Substituting in the equations for the re~ 
dundants we obtain, 


~ 728g _ = (445-405. 
Mo = Sas7r = e200 900) = 51.56 in.ib. 
x, = 2asy = (-45-405)9.375+ (~-900-300) (-3.625) 
ox 18 
= 0.7939 1b. 





=20sx , 45 =10)-405x6-300(~12)-200x12] 
ly 3456 


Yo = 


= 2.656 1b. 





The final moments at any point can now be 
found by equation (19). 


Consider point 3:~ 


Mg = -3O trom Fig. a9.14 
x= -12, y = 9.375 


Subt. in (19) 


Mp = -30+51.56-.7939x9.375+2.656(-12) 
-17.75 in.1b. which checks first 


solution. 


Consider point D:- 

Mg * -90, x = 12, y = -20.625 
Subt. in (19) 

Mp 


= -90+51.56 - 7939(-20.625) + 2.656 x 12 
= 9.380 in.lb., 


Solution No. 3 


In this solution we will use Case 5 
(Fig. A9.8) as the assumed static condition, 
namely a frame with 3 hinges at points A, D and 
EH, as illustrated in Fig. A9.16. 


Before the 
bending moment dia- 
gram can be calcu-~ 
latea the reacticns 
at A and D are 





necessary. 
To find Vp 
take moments about 
point A. 
prups! My = 10Ks - 24¥p 
ae Vp=2.5 =e 


hence, Vp = 2.5 


To find Vg take fFy = 0 = -10 + 2.5 + V, 
A y A 
=o hence Va = 7.5. 


To find Hp take moments about hinge at E of 
all forces on frame to right side of © and 
equate to zere. 

Mp = -2.5 x 12 + SOHp= 0, hence Hp = 1. 


Then using IFy = 0 for entire frame, we obtain 
2Fy = -1 + Hg = 0, hence Ha = 1. 
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The frame static bending moment dciazram 





can now be calculated and drawn as shown in 
Fig. Ag.17. 
-30| -30 
30 |(2) =30 
7 B 
9.3 (6) 








75, 
Os7+150 
| renee ' “$ 
y=0.625 Neos | 
} elastic center 
i 
J \ 
| 
I || 
' 
20. 628 | | ! a0 
d t 
j y 
{ 
Fig. A9, 17 
D 
Pin Pin 


The moment diagram is labeled in 6 parts 
1 to 6 as indicated by the values in the small 
circles on each portion. Most of the calcu- 
lations from this point onward can be done 
conveniently in table form as illustrated in 
Table AQ.2. 


Table AQ. 2 

















eae 9.375 





= 90 




















a.oo| 9.375 |- 720|-a44 | 

et 
8 | 480] 3 |-150] 12.00 | -0.625 | -1800) 93 
sum | ~390| | [7 $40} 65a | 





In order to take moments of the a3 values 
in column (4) of the table, the centroid of 
each portion of the diagram must be determined. 
For example, the centroid of the two triangular 
bending moment portions marked 1 and 6 is 
-867 x 30 from the lower end or 20 inches as 

Fig. Ag.17. Thus the distances x 


shown in Fl 
and y from this $s location to the y and x 





axes through the frame elast 
calculated 45 -12 ar 


ic center are then 
nd ~0.525 inches respect- 








ively. 
My = 3s = GS 12.19 in. 1b. 
Xo = Bet = = -0.208 1d, 
ee sk < ne = 0.1562 1b. 


The final moments at any point can now be 
found by use of equation (19), namely 


MMS +My -Xyy+¥x ------- (19) 
Consider point B:~ 
x =-12, y = 9.375, Mg = -30 


Substituting - 


~30+12.19-(-0,203)9.375+0.1562(-12) 
~17.76 in.lb.(checks previous solu- 
tions) 


Mg = 


Consider point D:- of 


x=12, y = -20.625, Mg 20 


Subt. in (19) 


+12.19-(-0.203) (-20.625)+0.1562x12 


Mp = 
= 2 in.lb, (checks previous solu- 


oO 


The final complete bending moment dilagran 
would of course de the same as drawn in Fig. 
A9.13 for the results of Solution No. 1, 


Example Problem 2. 


Fig. AQ.18 shows a rectangular closed 
frame supported at points A and B and carrying 
the external loads as shown. The reaction at B 
cue to rollers 1s vertical. Tne frame at point 
A is continuous through the Joint but the 
reaction is applied through a 
of the joint. The croblem is 
bending moment diasran. 


pin at the center 
to determine the 


| Ls30 


12" re 29] 67" 9. 
a TA 4122 D) il 


Fig. A9.18 
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Fig. A9.19 
Mg diagram for w lcading 


Fig. AQ. 20 
Mg diagram for P2 load. 





The first step is to find the location of 


the slastic center of the frame. Due to 
SuMstry, of 2rame about the y axis, the elastic 
enter will be on a y axis through the middle 


oz the frame. The vertical distance + 
measured from 2 axis through AD equais, 


s 


30. 











Sa! 2(3)y 2 ee 


The next step is to determine the elastic 











moment of inertia of the frame about x and y 
axes througn the elastic center of the frame. 
Moment of inertia about x axis = Iy t= 
Members AB and OC, 
I =(Zxgx 14.339) 2 = 653.9 
x 3 3 . 
ayi 3 = 
(4x 3x 9.874) 2 = 200.9 
Member BC 
= (30/4) (14,337) = 1540.0 
(30/2) ($.67°) = 1402.7 
Ixy = 3797.5 
Moment of inertia about y axis = ly - 
Members AD and 3c, 
= 3 x + x 30? = 563 
i 1 = 
ia *gx 30* = 126 
= 600 
ty = 3289 
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drawn in 
ing only one of 
on the struct 
these result 

















Table A9.3 
T 
Portion] Area Os = k= dist.ly = dist. 
of Mg | of Mg to Y toX 
Diagram|Portion|| A | Axis | Axs Osx Osy 
C) ZA T | _| 
Samm iueneeeenes ia tapes poems 











10. 










- 84375|-161212 
a a 


-540000}- 83880 






- 108000) 






326362 











16200|- 3964] 


5400/2} 2700 13500)- 26109 





-77700; 4645 


























= T4225 
—— — 





Solving for the redundants a+ 





















canter, 
~ 28. ~(-77700) 7 
MA = 3 l 
M wast 35,5 20i€ in.lb. 
= S645 - 
Xo = ay = -1-22 1b. 
-2D5x -(-747225) = 
= = 141.28 ib 
Yo =a SBa5 141.28 ib. 
Fig. 49.21 shows these redundant forces 
acting at the elastic center. Fig. ag.22 
; Shows the dending moment 4 am due to these 
redundant forces. The calculations with re 





ence to Sig. A9.21 are - 














84 
14.3 d 
’ F : 
2) Pee be: 
4 ly 
141. 28 De 
4124 
p Scena 
Fig. AQ. 21 
My = 2018 - 141.26 x 15 ~ 1,22 x 9,67 = -113 
Mp = 2018 ~ 141.28 x 15 + 1.22 x 14.33 = ~84 
Mg = 2018 + 141.28 x 15 + 1.22 x 14.33 = 4153 
Mp = 2018 + 141.28 x 15 - 1.22 x 9.67 = 4124 


Combining the bending moment diagrams of 
Figs. AQ, 18, 19, 20 with Fig. A9.22 would 
give the true or final bending moment diagram. 
Example Problem 3. Circular Ring. 

Fig. A9.23 shows a circular ring of 
constant cross-section subjected to a sym- 


metrical loading as shown. The problem is to 
determine the bending moment diagram. 


50 50# 


265" # 













Ne 9 ~% 5220052 

so eat i Nt 
ys PSS Elastic 
Center 





ac! 


] 


r ~~ 
\ Mg™=177"'# A 
‘ af 
e > 
Fig. A9,25 


Moments due to redundant 
forces. 


Bracket \ 
« wbracketl ys 






Solution. Due to symmetry of the ring 
structure the elastic center falls at the 
center of the ring. Since the ring has been 
assumed with constant cross-section, a relative 


value of one will de used Zor lL. 
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Total elastic weight of ring = 


= 


gs. mn (36) 
r po = 3.1 


The elastic moment of inertia about x and y 
axes through center point of ring are the same 
for each axis and equal 

Ty = ly = mr® = nx 18* = 18300 

The next step in the solution is to assume 
a static ring condition and determine the static 
(Mg) diagram. In general it is good practice 
to try and assume a static condition such that 
the M, diagram is symmetrical about one or if 
possible about both x and y axes through the 
elastic center, thus making one or both of the 
redundants Xo and Yo zero and thus reducing 
considerably the amount of numerical calcula- 
tion for the solution of the problem. 


In order to obtain symmetry of the Mg 
diagram and also the Mg/I diagram since I is 
constant, the static condition as shown in 
Fig. A9.24 is assumed, namely, a pin at (e) and 
rollers at (f). The static bending moment at 
points (a), (b), (c) and (d) are the same 
magnitude and equal, 


Mg = 50(18 - 18 cos 45°) = 265 in.1b. 


The sign is positive because the bending moment 
produces tension on the inside of the ring. 


The next step is to determine the Js, Ggx 
and Zsy values. 


Jz is the area of the M,/I diagram, how- 
ever since I is unity it is the area of the Mg 
diagram, The static M, diagram of Pig. A9.24 
is divided into similar portions labeled (1) 
and (2). Hence 


= area of portion (1) = Pr*(a -sin a), 


Dg (2) 45°, 


where P = 50 lb. and a > 


Substituting and multiplying by 4 since there 
are four portions labeled (1)., 


Gs(.) = 4[[50 x 19*(0.788 - 0.707) ] = S052 
The area of portion labeled (2) equals, 

Pr*96(1 - cos a). 

Since there are two areas (2) we obtain, 

Bs {a)= 2[50 x 18 x= (1-0.707) ] = 15000 
Hence, total fs = 15000 + 5052 = 20052 


Since the centroid of the M, diagram due 
to symmetry about both x and y axes coincides 
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with the center or elastic center of the frame, 
the terms 295x and 2% y will be zero. 

to determine the value of the 
elastic center we obtain, 


Substituting 
redundants at the 


= 2, - (20052) _ 

MoS Fas/t. fo adsere ee Ns 
= Wey . 20052(0) _ 
Sel reper oe 

Foe Tasoo = «9 

~2hex . ~(20052) (0) 
= T2Bex - =(20052) (0) . 
Yo Ty TEz00 7 


Fig. A9.25 shows the values acting at the 
elastic center and the dending moment diagram 
produced by these forces. Adding the vending 
moment diagram of Fig. A$.25 which is a constant 
value over entire frame of -177 to the static 
moment diagram of Pig. AS.24 gives the final 
bending moment diagram as shown in Fig. A9.26. 
Example Problem 4, Huil Frame 

Fig. A9.27 shows a closed frame subjected 
to the loads as shown. The problem is to 
determine the bending moment diagram. 


6300" 






f 24 


200% 4 
Fig. AQ, 27 


G,-/"é8e00 





Fig. A9.29 
Fig. A9. 30 





IN FRAMES AND RINGS 


Solution: 

The first Step is to determine the elastic 
center of the frame and the elastic moments of 
inertia. Table A$.4 shows the calculations. A 





reference axis x'-x' has Deen selected at the 
micpoint of the side AB. Since a static frame 
condition has been Selected to make the Mg 
diagram symmetrical about y axes through the 
elastic center (see Fig. A9.28), it is not 
necessary to determine ly since the redundant 
Yq Will De zero due to this symmet. 





Table A9.4 


nee 
Member] Iggy 2 ix + wy? 


2r , 39{9080 [5400+ 151200 = 156600 
nm 
349.1 


| 2 [e000 +0 18000 


ra dl a salen 80 = 
a fea 

















34772 
806/922 + 33850 > 34772 





In the last column of Table 49.4 the tearm 


iy 1s the moment of inertia of a particular 
member about its own centroidal x axis. Thus 
for member BDB; 





3 
= a = .3 x 30°/1.5 = 5400 
i 2 
ly = Te bLoi 
= 2,3, 24%=922 
= FERgRse.axzasasee 


Let y = distance from X'X' ref. axis to 
centroidal elastic axis X-x. 
= 2 Jay , 1468 re 
YP = Baro @ 6-54 in. 
By parallel axis ‘theorem, 
Ix = Iyt = 6.647 (w) 
= 262140 - 6.54*%(221,2} = 252400 


The next step in the solution is to com- 
pute the static moment elastic weights 3 and 
their centroid locations. In Fig. A9.28, the 
static frame condition assumed is 4 pin at point 
A and rollers at point A’, which gives the 








general shape of static moment curve as shown 
in the figure. 


Consider member BDB', 


The bending moment curve will be con= 
sidered in two parts, namely (1) and (2). 
tern #5 represénts the area of the Ms/I 
diagram. 


The 


Thus for portion (1) and (1') 


O5(1) + Baar) # 2FF «a «sin a) 


a 
: 2 [8000-4 800,524 - 0.8) + 172800 
ao ie 

The vertical distance from the line BB' to 
centroid of Mg curve for portion (1) and (1') 
is, 


P a 
r(l + cos a = S42°2) 30/1 = 0.867 -3) 
ye-—““(Ssina 0.554 - 0.5 
= 10 tn. 


For portion (2) of the Ms diagram the area of 
the Mg/I diagram which equals @, is 


a a 
Jo(a) = FEZ (2 - cos a)= SOOORSO AE TG 0,267) 


= 1,007,000 
Consider member AC, 

From free body diagram of bottom portion 
of frame (Fig. 49.31) the equation for bending 

600 
moment 690) 4690 


a a 





Fig. AS. 34, 


on member AC equals: 


My = 4690 x -100 x* 
Area of M/I curve between A and C when I = 2 
equals, 


38.4 
Ve (4690 x - 100 x#)}cx 


= 12 fas90x# _ 00 x8 ee 
Oe ego o sSr | = 


3 


784000 


Distance to centroid of M/I curve along line 
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ac from aA. 


Ag. it 


38.4 
1/2, (4690 x 100 x*)xdx 
3 


78400 


100 x* 
4 
Q 


Pa 





36.4 
= 21.77" 


5 | 4690_x* 
ve [eet 
78400 
Vertical distance from line AA' to centroid = 
21.77 x 24/38.4 # 13.5", The static moment 
weight for A'c' {s same as for AC, thus 


Dac + Oxigt 3 2 x 784000 = 1568000 


Pig. A9.29 shows the frame with the mament 
weights 45; located at the centroids, together 


with the redundant forces Mg and X9 at the elas- 


tic center. It makes no difference where the 
frame is cut to form our residual cantilever, 
if one of the cut faces is attached to elastic 
center and the other {s considered fixed. With 
the elastic properties and moment weights known 
the redundants can be solved for: 


ga tds 2 - (2007000 + 172800 + 156600) . 
ow 


12430" 
22sy 


Xo = > = 
= 1007000 x 48.16 + 172800 x 33.36 + 156800 x -5.24 
252400 


= -98.596 

Yo 1s zero because of the symmetrical frame 
and loading. The final or true bending moment 
at any point equals 

M=Mg + My ~ Xyy 
Thus for point B 

Mg = 0 + (-12430) ~ (-98.5 x 23.36) = 
-10130"* 


For point C 


Mg at point C = 4690 x 38.4 ~ 200x (38.4) */2 
= 22700 


Hence Mg = 32700 - 12430 - (-98.5 x ~60.64) = 
14300" 


Fig. AQ.3O shows the general shape of the true 
frame bending moment diagram. 


Example Problem 5 


Fig. A9.31 shows the general detaiis of one 








Ad. 12 BENDING MOMENTS IN FRAMES AND RINGS 
eee ee 


half of a symmetrical hull frame that was used 
in an actual seaplane. Tne main external load 
om such frames is the water pressure on the null 
bottom plating. The hull bottom stringers 
trans tet the bottom pressure as concentrations 
the frame bottom as shown. The resistance to 

this bottom upward load on the frame is provided 
by the hull metal covering which exerts tangen- 
tial loads on the frame contour. The question 
as to the distribution of these resisting 
forces is discussed in later chapters. In this 
problem the resisting shear flow in the null 
sheet has been assumed constant between the 
chine point and the upper heavy longeron. Fer 
analysis purposes the frame has deen divided 
into 20 strips. The centroid of these strips 

“ located on the neutral axis of the frame sec- 
tions are numbered 1 to 20 in Fig. A9.21. The 
tangential skin resisting forces are shown as 
concentrations on frame strips #6 to #16. on 
the figure these tangential loads have been 
replaced by their horizontal and vertical com~ 
ponerits. The sum of the vertical components 
Should equal the vertical component of the 
bottom water pressure. 











Table A9.S shows the complete calculations 
for determining the bending moment on the frame. 
Columns 1 to 7 give the calculations for the 
élastic properties of the frame, namely the 
elastic weight of the frame; the elastic center 
location, and the elastic centroidal moment of 
inertia about the horizontal ventroidal elastic 
axis. A reference horizontal axis X'X' has 
been selected as shown. All distance recorded 
in the table have been obtained by scaling from 
a large drawing or the frame. 


The static condition assumed for computing 
the Mg moments is a double symmetrical canti- 
lever beam as illustrated in Fig. A9.32. The 
frame is cut at the top to form the free end 
of the cantilever beams, and the fixed end 
has been taken at the centerline bottom frame 
Section. The static bending moment diagram 
will be symmetrical about the y axis through 
the elastic center of the frame and thus the 
redundant Yg at the elastic center will be 
zero since the term @sx will be zero. The 
calculations for determining the static 
moments Mg in Column 8 of Table A9.5 are not 
shown. The student should refer to Art. A5.9 
of Chapter AS to refresh his thinking relative 
to bending moment calculations on curved beams. 


Columis 9 and 10 give the calculations or 
the ds values (arsa of Mg/I diagram) and the 
first moment (%.x values). The summations of 
columns 3, 9, 10 permits the solution for the 
redundants Mg and X, as shown below the tadle. 
The final bending moment M at any point on the 


frame is by simple statics equals, | 





MS Mz +My - Xoy. 


The moment of inertia of the frame 
cross sections are given in column 
2 of Table A9.6 which have been 
determined from a consideration 
of the actual dimensions of the 
frame members. 
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Table A9.3 
Calculation of Frame Elastic Properties Calculation of Moment Weights and Solution of Redundants 
2 naan | 
Col. 1 2 3 4 5 6 7 3 10 il 12 13 
Elastic | Arm jwy' w ye Static Moment Osy Mo ~Xoy *Total 
= Weight to Moment | Weight Moment 
= Ref. Ds = M 
a weds | Axis Ms Ms © 
a I x'x" TOO 
zy! 
1 7.6 is 965 | 117. 00 26.1 | 3050 79700 17.2 9 Q 0 -9020 16650 7630 
2 7.6 065 [| 117.00 24.4 | 2850 69500 15.5, 9 ot 9 fs 15020 6000 
3 7.6 .065 | 117.00 21.4 | 2497 53300 12.5} 9 0 0 x 12100 3080 
4 7.6 -065 | 117.00 17.3 | 2025 35020 [8.4 | 9 9 0 g 
3 7.6 .065 | 117.00 12.0 | 1403 16820 [3.1 9 Q 0 " 
6 6.4 25 25. 60 3.9 151 892 | - 3.0 1220 22 ma 
7 6.4 225 25.60 a of o 7. 8.9 2880 6 
8 6.4 125 25.60 [- 6.3 [-161} 1017 | -15.2 6230 159.3 i - 14720 
9 6.4 25 25. 60 12. § | -3 -323 | 4060 | -21.5 11260 286.5 [ - 6160 a +20830 | 18590 
10 6.4 25 25. 60 =19. 1 [ -488 | 9320 | -28.0 18470 473.0 -_ 13220 - 27100 } -17650 
i 6.4 30 21.30 | -25.5 | -343 13850 | -34.41 29020 618.0 | - 21250 ws -33300 | -13300 
i 12 6.4 34 18.82 | -32.0 | -602 19250 | -40.9 | 43180 814.0 | - 33100 Bs ~39700 | ~ 5540 
13 6.4 34 18.82 | -38.3 | -720 27600 22] 58980 1110.0 {| ~ 52400 - 45600 4360 | 
14 6.4 .34 18.82 | -44.6 | -840 357500, 35 | 77330 1455.0 | - 77800 a $1700 16610 
15 6.4 34 18.82 | ~-50.8 | -959 48750 ~9 | 99030 1865.0 =111300 y ~ 57900 32110 
Chine ~63.0 | 111700 
16 {7.0 | 13.0 0. 58 ~ 32} 1780 | -64.3 | 149700 86.7 | - 5570 ss. -62200 78500 
7.0 [52.0 9.58 = 34 -67.3 | 221400 128.3 8650 -65100 [147300 
7.0 | 18.0 0. 39 ~70.3 | 271200 105.8 | ~ 7440 ~68100 | 194100 
7.0 | 34.0 : 
7.0 [50.0 
251280 
ps St 
y = 7228/811, 48 = 8,9" Mo = 22052. (7318.73 2000) = -9020"4 
aw Bil. 
Iyx = 423237 - 811.48 x 8,92 = 358940 
LOsy = 348106 x 1000 
Xo rapad= - = -968¢ 
XX TEST 
“Total Moment M at any station = Ms + Mo - Xoy 





Columms 11 and 12 record the values of 
Mo and -Xyy for each station point. For 
exainple, the value of ~Xoy for station (1) 
equals - (-968 x 17.2) = 16650 and for station 
(20) = -([-968(-73.7)] = -71400. 





AS 





Fig, 44 shows the shape of the final 
moment curve as the result of the values in 
column 1s. 

A9.5 Unsymmetrical Structures. Example Problem Solutions, 


Example Problem 1 





49.34 shows an unsymmetrical frame 
ne lsads as shown. Determine 
ments 2t points A, B, C and 2. 


Ay 


the 











x 
ew | 5,08 } 
: Die 
| lA Fig. Ad. 34 
i Solution:- 
i elastic weight of = Zdas/1 = 





18/21) + (12/2) + 10/1 = 31 
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BENDING MOMENTS 


The distance X from the line AB to the 
elastic center is, 


(15)0 +6 x6+10x 12 


2. 31 





= 5.082 in. 


The distance ¥ from line BC to elastic 
center equais, 


= 215 X7.5+6x0+10x5 
55 rT 





= 5.242 in. 


The elastic moments of inertia ly and I, 
and the product of inertia Ixy are required. 














Ix ® (sy 15)(2.288)* + G2) (5 240)4 #20 
+ (10)(0.242)" = 606.51 
» 2 2 . 
= (15) (5,032) 2xis +S ZB) (0. 968)* 
(10)(6.968)" = 942.96 


Ixy * (15)(-5.082)(-2.258) + 42) (0,966) (5.242) 


+ (10){6.968) (0.242) = 217.7 


The next step 1s to assume some static 
frame condition and draw the static bending 
moment diagram. Fig. A9.35 shows that the 
frame has been assumed cut near point ¢ which 
gives two cantilever beams. The dending 
moment diagram in three parts for this static 
condition 1s also shown on Fig. A9.35. 


P31*-2160 


1440 (1) cut 





Fig. A9.35 


Fig. AS. 36 


The 5 values which equal the 2rea of 
the Mg diagram divided by the I values of the 


Particular portion will be calculated. 
@s, = 3(-1440)/2 = -2160 
Bg, = -1440 x 15 = -21600 
Ass 2 4.5(-1080) = -4g60 | 
2f5 = -2160-- 21600 - 4860 = -28620 





IN FRAMES AND RINGS 


Fig. AS.36 shows the centroid locations of 
the Js values along the center line of the 
frame. The moment of these Jg values about the 
x and y axes will now be calculated, 


25x = (-2160)(-3.032) + (-21600)(+5.032) + 
(Caso tCs oss) = 139700 

BPsy = (-2160)(5.242) + (-21600)(-2.254) + 
(+4860) (-6.758) = 70290 


The values of < 
center can now be 





@ recuncants at the elastic 
lated using equations 














1), (14), (18), ly 
Mo = is = = (-28620) < 923 in. ay, 
s/t Zi 
Bsy - Bsx YL 
pw ee Sig 
™ 
ty QQ -tx 
x tt ; 
70280 - 189700 (G17-74) 
7 = 68.46 1b. 


ar 
(606.51) (942.96) 


~[ 20ex - 2ey ( | 
ly (2 - 


= [139700 - 70290 ce zy] 


= > —— |; SS: -132,36 1b, 


6 (1 217 .7F 
aoe ~ (806.51) (942.96) 


606.51 (1 ~ 


Yo = 





The bending moment at any 
(19) equals, 


point from eq. 


M= Mg + Mo = Xoy + Yox, for example, 


Consider point A. 


X = -5.032, y = -9.758, Mg = -2520 


Ma = ~2520 + 923 - 68.46 (-9.758) + 
(+132.36)(-5.032) = ~263 tn. 1b, 
Point B. x = -5.082, y 23. 242, Mg 5 -1440 
Mg = -1440 + 923 ~- 68.46 x 5.242 + (132.36) 
(5.032) = - 209 in. 1b. 


Point C. x = 6.968, y = 5.242, Mg = 0 
Mc = 0 + 923 ~ 68.46 x 5.242 + (-132.36) 
(6.968) = -357 in. 1b, 
Taus, the complete bending moment diagran 


could be determined by computing several more 
values such as Doint D and the external load 
points. 


ANALYSIS AND DESIGN OF FLIGHT VEHICLE STRUCTURES 


Example Problem 2. Fiz. AS.37 shows an un- 
symmetrical closed frame. The vending moment 
diagram will be determined under the given 
frame loading. 





; P3s50# 


m— 1044 
aralis k 





40" 
y! Fig. A9, 37 


Solution: - 


The elastic weight of frame equals 


ds . 30 , 31.67 , 20, 30_,. 
CE eis fo ae ee ee 


The location of the elastic axes will be 
determined with reference to assumed axes 
x'x' and y'y' as shown on Fig. A9.37. 


= Ga (0)+ S282) (15)+ 22) (30+ E215) 
a5 35.56 7s 
(Fig (281+ E52) (25+ EO (20)4 5 (0) 


< 


% 65.58 
11.657" 


These distances X and ¥ locate the x and 
y elastic axes as shown in Fig. A9.37. 


Tne elastic moments of inertia and the 
elastic product of inertia wiil now de cal- 
culated. 





Calculation or Iy - 


al 


Member AB, tyes 





Member CD, Iy=} x r (8,343°+ 11.657°) = 721.58 
pw (obe67} (13.343* ) 1 (31.67) 
Member BC, Ix = — +o Se 
(10?) = 1967.48 | 
30 


(1.6874) +x ox 


Member AD, Ixy = SF is 





(0.5) * = 2038.50 


AQ. 15 
Total Iy = 6451.07 
Calculation of ly - 
_30_ 2 1 = 
Member AB, ly = Te* 15 ti7* 30(0.667)* = 
4500.7 
Member BC, ly = 3 xe 5 30* = 791.7 
Member cD, Iy = 22 x is* +x 20(1)® = 4501.7 
aly =x 7 = . 
ta enc. es 
Member AD, ly Fag %*@Z 30° = 1125.0 
Total Iy = losl9 


Calculation of Ixy ~ 


Member AB, Ixy = 22 (-15) (3,343) = -1002.9 





Member BC, Ixy = S4:8%(13,348)(0) - sh x SE,87 
(30){10) = -263.92 
Member CD, Ixy #50 (15)(-1.657) = -497.1 


Member AD, Ixy =0 


Total Ixy = -1763.9 

The next step in the solution is to assume 
a static frame condition and draw the Mg dla- 
gram. Fig, AS.S8 shows the assumed static 
condition, namely pinned at point A and supported 
as rollers at doint D. The bending moment 
diagram is dravwm in parts as shown. 


750" 
(3) Due to Pa 
Due to Py 
c 
Fig. A9. 38 





ia 
308 — Due to P3 and Py 


The 
@s for each portion of the moment diagraa, 


next step is to compute the value of 
ag 
is the area of the Ms/I diagram. For reference 
the portions of the M, diegram have been labeled 
Ll to 4, 


Ultd4 
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Portion 
Portion 
Portion 
Portion 


IBs 


The individual 5 values are now con- 
centrated at the c.g. of each of the Mg dia- 
grams. Fig. A9.39 shows the location of the 
Gg values with respect to the x and y axes 
through the elastic center. 





Os= ane 4 
15. a 13.943 | 
18. 343} 1 
oe ee 

' ; i 
| 11.657 | | 
i i | 
$n 
* 0575000 
p15 
Fig. a9. 39 


BPgx = 6000(~15) + 3167(-5) = -105835 


UAsy = 6000(8,343) + 3167(15 
3958(13.343) -5000(-11.657 


)+ 
= 208659 


The values of the redundants at the elastic 
center can now be calculated. 






~~ 285 _- 
Mo = ga57f = 


285 y ~ Lyx aay 
2 
T 
Iy (1 -=% 
x ¢ Ty 
208659 - (-105635) (~4 
1763. 


(- 3*) 
eth [2 - TOSI ST 
-[ 05x = Ds bay | 
ob Sissi aee si A Te 
I 
Ty (1 ey) 


-[ -105e88 - 208653 (aa 


(-1763.9 *) 
1 -—— 
Ae +3 [2 TOsis x 451 


= ~124.8 in.lb. 





65 





i 

= 
lO 
| 
a 
Ko} 


= 31.07 1b. 
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° 
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AND _ RINGS 








1S ate 15 
i : 


Fig. A9. 40 Fig. AQ. 41 
Consider soint A: - Mg = 0 
Ma = 0 ~ 124.8 - 4.674 x 15 + 31.07 x 11.657 
= 167 in. ib, 
Point B. Mg = 600 
Mg = 600 - 124.3 - 4.674 x 15 - 31.07 x 18.343 
= -165 in.1lb 
Point ©. Mg +6 
Me = 0 - 124.8 - 31.07 x 8.343 + 4.674 x 15 
= -3id in.lb. 
Point D. Ms, = 0 


Mp = 0 - 124.3 + 4.674 x 15 + 21.07 x 11.857 


Fig. A9.41 shows the true bending moment 
diagram. 


A9.6 Analysis of Frame with Pinned Supports. 


Fig. A9.42 shows a rectangular frame and 
loading. This frame is identical to example 
problem 1 of Art. A9.3, except it is pinned at 
points A and D instead of fixed. 


The first step will be to determine the 
elastic weight of the frame, the elastic center 
location and the elastic moments of inertia 
about axes through the elastic center. 


The term ds/EI of 4 Deam element of length 
ds represents the angle change between its two 
end °aces when the element {s acted upon by a 
unit moment. In this chapter this term has 
been called the elastic weight of the element. 
Physically, the elastic weight is the ability 
of the element to cause rotation when acted 
upon dy a unit moment, when a unit moment is 
applied to a rigid support, the support suffers 
no rotation since the support is rigid, there- 


Zore a rigid support has zero elastic weight 
and therefore does net figure in the frame 
elastic properties. 





AQ.17 





If a support is pinned or hinged it nas 
no resistance to rotation and thus a unit 
moment acting on a hinge would have infinite 
angle change or rotation and therefore a hinge 
or pin possesses infinite elastic weight. 





10 Ib. 
| Psr 
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! é Os: 
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y 
Fig. A942 Fig. AQ. 44 Fig. AQ. 43 


Due to symmetry of structure about the 
centerline y axis the elastic center will lie 
on this axis, Since the two hinges at A and 
B have infinite elastic weight, the centroid 
or elastic center of the frame will obviously 
lie midway between A and B. Fig. A9.43 shows 
the elastic center 0 connectad to the point A 
by a rigid bracket. 


ids/EI for frame ts infinite because of 
the hinges at A and B. 


The elastic moment of inertia about a y 
axis through elastic center is infinite since 
the hinge supports have infinite elastic weight. 


Ix {s calculated as follows: - 


For Portion aB =+4 x 30° = 3000 


L 
3*S 

7 Co =: 1 1 3 = 

For Portion CD Syxge 3o* = 3000 
24 


For Portion 8C = xe 30*= 10800 





Ix = 16800 


Fig. A9,.44 shows the static freme con- 
dition assumed to obtain the Mg values. 


The value of Zs for member BC equals the 
area of the Mg curve divided by I for BC, 
hence @, = 45 x 24 x 1 = 270. The centroid 

2 2 
of this Zs vaiue is 10 inches from point B. 
The redundant forces at the elastic center can 
now be solved for 








= -28sx ~ -(270)10 . 
Yo = Ty "Infinity ~ ° 


= 28sy . 270 x 30 _ 


Xx 
° m 5 


0.462 1b. 








Fig. A9. 45 
Fig. A9.45 shows the bending moment dia- 


Fig. A9. 46 


gram due to the redundant X,. Adding this 
diagram to the original static diagram gives 
the final bending moment curve in Fig. A9.46. 


AS.7 Analysis of Frame with One Pinned and One Fixed 
Support. 


Fig. A9.47 shows the same frame and loading 
as in the previous example but point D is fixed 
instead of hinged. 


1p The support D 
has zero elastic 
weight and the pin 
at A has infinite 
elastic weight, 
therefore the elastic 
center of the frame 
lies at point A. 
The total elastic 





y weight of frame is 
infinite because of 
pin at A. 


The elastic moments of inertia will be 
calculated about x and y axes through A. 


16800 (Same as previous example) 


Ds Banja (iG Pe busy S 
CH x24 +G@exzx 2) 8064. 


ot 
gS # 
u a 


uo 


CB x 1s x 24) + (Ex 30 x 12) = 7920 


The static frame condition will be assumed 
the same as in the previous example problem, 
hence Js = 270 and acts 10" from B (Fig. A9.48). 


52270 
8. 1 


-11,92~s 11.92 

ho 

1 hO™| 2 

on | j g 28.45 °F 

mp yi 

Lat | d q 

‘Mo | a i a 

Lia 60384 

nae ee PF a 219 6.19 
“Yo |. 2882 Fig. A9.50 
Fig. AQ. 48 Fig. A9. 49 


Since the frame is unsymmetrical, the x 
and y axes through the elastic center at A are 
not principal axes, nence 





CHAPTER Al0 
STATICALLY INDETERMINATE STRUCTURES 
SPECIAL METHOD - THE COLUMN ANALOGY METHOD 


Al0.1 General. The Column Analogy method is a 
method that is widely used by engineers in ce~ 
termining the bending moments in 4 bent or 
ring type structure. The method considers 
only distortions due to bending of the 
structure. 


The numerical work in using the column 
analogy method 1s practically identical to 
that carried out in applying the elastic center 
method of Chapter AQ. 


A10.2 General Explanation of Column Analogy Method. 


Fig. AlO.1 shows a short column loaded in 
compression by a load P located at distances 
(a) and (b) from the principal axes x and y of 
the colum cross-section. 


Fig. Al0.1 





panne peeesenh 


To find the bearing stress between the 
supporting base and the lower end of the 
column, it is convenient to transfer the load 
P to the column centroid plus moments about 
the principal axes. Then if we let o equal the 
vearing stress intensity at some point 2 
distance x and y from the yy and xx axes, we 
can write 








Where 4A is the area of the column cross— 
section and Pa and Pb the moment of the load 
P about the xx and yy axes respectively. If 
we let Pa = My and Pb = My» the above equation 
can de written, 


P+ Myy + Myx 
RSet ae SS ) 
a tx y oe 


*Method of Analysis due to Prof. Hardy Cross. See "The 
Column Analogy" Univ. Il. Eng. Expt. Sta. Bull. 215, 





Now assume we have a frame whose centerline 
length and shape is identical to that of the 
column section in Fig. Al0.1. The width of each 
portion of this frame will be proportional to 
1/EI of the member. Fiz. A10.2 shows this 
assumed frame. Furthermore, assume that end B 
of the frame ts fixed and that a rigid bracket 
is attached to the end A and terminating at 
point (0) the elastic center of the frame. 
frame is subjected to an external loading, 
Wi,y Wa, etc. 


The 





Fig. Al0.2 


This cantilever structure will suffer bend- 
ing distortion under the external load system 
Wy, Wa, atc., and point (0) will be displaced. 
Point (0) can be brought back to its original 
undeflected position by applying a couple and 
two forces at (0), namely, Mo, X, and Y, as 
shown in Fig. Al0.2. Since point (0) is attached 
to frame end A by the rigid bracket these three 
forces at the elastic center (0) will cause 
point A to remain stationary or in other words 
to be fixed. Therefore, for the frame in Fig. 
Al0.2 fixed at A and B, the moment and two forces 
acting at the elastic center cause the static- 
ally indeterminate moments M, when resisting a 
given external loading causing static moments 
Mg. The final true bending moment M at a point 
on the frame than equals 


MaM, + My. 

From Fig. 410.2 we can write for a point 
on the frame such as B that the indeterminate 
Dending moment M,; equals, 


My F My +Xoy + YQx 


In Chapter AQ, Art. A9.3, the equations 
They are, 


for Mo, Xo and Yo were derived. 
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the 


the 


tern If, represents the area of th 
static Mg/I curve. (E has been assumed con- 
stant and therefore omitted). Let the term 
SOs de called the elastic lead anc give ita 
new symbol P. The term ids/i equals the 
elastic weisht of the frame anc equals the sum 
2 the length of each member times its width 








which equals 1/I. Let this total *rame elastic 
weight be given a new symbol A. 


In the expressions for Yo anc Xo che 
terms 2f5x and ifsy represent the moment of 
the static M/I curve acting es 2 load adcut 
the y and x axes respectively passing through 
the frame elastic center. Therefore let Zf5x 
be given a new symbol My and Ifsy a new 
symbol My. With these new symbols, equation 
(2) can now be rewritten as follows: - 








Comparing equations (1) anc (3) we see 


they are simtlar. In other words, the inde- 
terminate bending moments Mj in a frame are 
analogous to the column bearing pressures o, 
hence the name "Column Analogy” for the method 
using equation (1). With this general ex- 
planation, the method can now be clearly ex- 
plained by giving several example problem 
solutions. 
Al0.3 Frames with One Axis of Symmetry. 

From the previous discussion we can write, 
{1) The cross-section of the analogous column 
consists of an area, the shape of which 
is the same as that of the given frame 
and the thickness of any part equals 
1/EI of that part. 
{2) The loading applied to the top of the 
analogous column is equal to the M,/sI 
diagram, where Mg is the statical moment 
in any basic determinate structure de- 
rived from the given frame. If 
causes bending compression on the inside 
face of the frame it is a positive bending 
moment and the analogous load P on the 
column acts downward. 


The indeterminate bending moment My, at a 
given frame point equals the base © 
pressure at this same point on the 
analogous column. Thus the indeterminate 
moment at any point on the frame equals 
{from eq. 3), 











THE COLUMN ANALOGY METHOD 


Fig. Al0.3 Fig. Al0.4 


SOLUTICN NO. 1 
We first consider the frame centerline 
shape as shown in Fig. Al0.3 as the cross~ 
section of a snort column (see Fig. 410.5), The 
width of each portion of the column section is 
equal to 1/EI of the member cross-section. 
Since © is constant, 1% will be made unity and 
the widths will then equal 1/1. 








Fig. Ald. 5 Fig. Al0.6 

The first step in the calculations is to 
compute the area (A) of the column cross-section 
in Fig. Al0.5 and the moments of inertia of the 
column cross-section about x and y centroidal 
axes. 


Area ASD 


The calculation of the location of the 
centroidal axes anc the moments of ‘nertia I, 
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and I, would be identical to the complete 
calculations given in Art. AS.4, and Table A9.1 
where this same problem is solved by the elastic! 
center methed. These calculations will not be 
repeated here. The results were, Ly = 3188 

and ly = 3456. 


Since the frame is statically indetermin- 
ate the next steo {s to assume a static frame 
condition consistent with the given frame and 
loading. Fig. Al0.4 shows the condition 
assumed for this solution, namely, pinned at 
point A and a pin with rollers at point D. 

The static M, diagram is therefore as shown in 
Fig. Al0.4. We now load the column cross- 
section with the M,/I diagram as a load as 
shown in Fig. AlO.5. The static moment sign 
is positive because the static condition causes 
tension on the inside face of the frame. In 
the column analogy method a positive Ms/I 
loading 1s a downward or compressive load on 
top of column, and therefore a negative M,/I 
value would be an upward or tension load on 
the column. i 

Equation (3) requires the values of the 
My and My the moment of the M</I diagram as 4 
load about the x and y axes. Equation (3) 
also requires the total column load P which 
equals the area of the Mg/I diagram. 


For this problem the value o2 P 
Fig. Al0.S equals, 


from 


P = 22.5 x 24/2 = 270 


The centroid of this triangular loading 
is 2 inches to left of y axis. Fig. Al0.6 
shows the column section with this resultant 
load P. 


We now use equation (3) to find the in- 
determinate moments My which are equal to the 
base pressures on the column. Equation (3) 
involves bending moments My and My and 
distances x and y, all of which must have 
signs. The signs will be determined as follows; 


When moment My produces compression on 
base on that portion above x axis, then My is 
positive. 


‘When moment My produces compression on 
dase on that portion to right of y axis, then 
My is positive. 


A distance y measured upward from x axis 
is positive; measured downward is negative. 


A distance x measured to right from y 
axis is positive, to left negative. 


Frou Fig. Al0.6: = 





P = 270 


2530 (positive because 


= 270x9.375 = 
compressive on column portion 


base pressure is 
above x axis). 


My =- (270x2) =-540 (negative because 
base pressure is tension on cclumn portion to 
right of y axis). 


Substitution in equation (3). 
Frame Point A. 


x 2-12", y =~ 20,625" 


=P. Myy . Myx 
s+ oe 
mat bile end 
270 , 2530 (-20.625) ~ (-540) (-12) 


Be 3168 3458 
8.44-16,.38+1.88 =-6.08 in.1b. 


My 


ua 


The true dending moment from equation (5), 
MS Mg - M 
Ms = 0, see Fig. Al0.5 


whence, Ma = 0-(-6.06) = 6.06 in.1b. 


Frame Point B. x=- 12", y = 9,325" 
= 270 , 2530x9.375 , (-540)(-12) 
My =a * ““gies  * "gage 


8.44+7.44+1.88 = 17.77 


Mg = Mg ~My = O- (17.77) 3-17.77 in.lb, 
Frame Point C. x =12, y = 9,325 
My = 270 , 2530x9,325 , (-540)12 
4 32 3188 S456 


= 8.44+7.44~-1.88 = 14.0 
Mg = Mg -M, = O- (14,0) =~14.0 in.1b, 


Frame Point D. x=12, y = -20.625 
= 270 


Mes 4. 2530(-20.625) , (-540)12 
1 


$188 3456 
= 8,44-16,.38-1.88 =-9.82 


Mp = Mg-Mi = O- (-9.82) 5 9.82 in.1b. 


Fig. 410.7 shows tne 
final bending moment dia- 
gram, which of course 
checks the solution by the 
elastic center method in 

<. AS.4. The student 
should note that the 
numerical work in the 
column analogy method is 
practically the same as 
in the elastic center 
method. 


28.17 
-17.77 


a 


6.06 9.82 


Fig. A10.7 
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Solution No. 2 


In this solution a different static frame 
condition will be assumed as shown in Fig. 
AlO.8, namely the frame is cut under the load 
and one-half the 10 1b, load will be assumed 
as going to each cantilever part. Fig. Al10.9 
shows the static moment diagram and Fig. 
AlO.10 the static Mg/I diagram with centroid 
locations of each portion of diagram which 








Fig. A10. 10 


Fig. Al0.11 


are numbered (1), (2), (3) and (4). The area 
of each of these portions will represent 4 
load P,, P,, etc. on the column itn Fig. Al0.11. 
Since the static moment is negative on each 
portion the load on the column section will be 
upward. 


Py =-10(30) =-300, P, =-45x9 =-405 


P, =-15(6)/2 3-45, P, =-30x30 =-900 
= IP =~ 300-45 ~ 405-900 =-1650 
From Fig. AlO.11 


My =- (45 +405) 9.375 + (300 +900) $.635 





= 2531 
My = 300 x12+45x10-405x6 -900-12 
= -9180 
+ ey Myx 
mep+ae oa 
POINT A. x =-12, y = - 20.625 
= 71650 , 2531(-20.625) , (-9180)(-12) 
fet 32 3188 3456 
= ~36.06 
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My = M5 ~My =-30- (-36.06) = 6,08 in.lb. 
which checks solution 1. 
Frame Point B. x2- 12, y = 9.375 


M = 71650 , 2551 x9.225 , (-916C)(-12) 
tea * “Sige GS 





- 12.23 


Mg = Mg ~My =-30- (-12.33) 2-17.77 in.lb. 


Frame Point C. x=12, y 2 $.375 
M, 27-4850 , 2831x9.375 , (-9180)12 
Mie Bes Biss B45 





= +76.0 
My = Mg -My =-90-(-76.0) 5-14.0 in.1b. 


Frame Point D. y = -20.525 


my 221650 , 2531(-20,625) | (-9180)12 
we” 3lee 3456 
= -99.82 


Mp = My ~My =-90- (-99,.82) = 9.82 in.lb. 

Thus solution 2 checks solution 1. The 
student should solve this problem using other 
static conditions. 


Al0.4 Unsymmetrical Frames or Rings. 


In applying the cclumn analogy method to 
unsymmetrical frames and rings, the moment of 
the M/EI diagram must be taken about principal 
axes and the moments of inertia with respect to 
principal axes. 


However, as explained for the elastic cen- 
ter method in Chapter A9, the moments and 
section properties with regard to centroidal 
axes can be used if My, My, Iy and ly are modi- 
fied to take care of the dis-symmetry of the 
structure. In Art. A9.2 it was shown that the 
redundant forces at the elastic center to un- 
symmetrical frame sections was, (see equations 
11, 14, 15 of art. Ag.2), 


36. P 
= os T= (s: 
My Eds/e1 ( ame as for symmetrical 


frame ) 


Bey ~2gx (BO) 
Xo §$——___ 


ty 2 - 


_ gx -2Bsy ( Lo) 
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As previously done in Art. Al0.2 let, 
My = 25x and My = ify 


Furthermore, let, 


My = My (ah) and My =H, (SL) 


and k = (1 2) 


Then substituting in equations (a) and (b) 
we obtain, 


My -M! 


= -My-i 
ie Seay 
From equation (2) we have, 
My = Mg + Xoy + Tox 


Substituting values of X, and Yo into this 
equation, we obtain as the equation for Mj the 
indeterminate moment in the column analogy 
method, the following ~ 


=P, (My My , (My - Mx 
My a eg - - = (6) 


The true moment is the same as for the 
symmetrical section, namely, 


M = Mg-M 


Thus the solution of an unsymmetrical 
frame by the column analogy method follows the 
same procedure as for a symmetrical section 
except that equation (6) is used instead of 
equation (3). 


Al0,5 Example Problem - Unsymmetrical Section. 


Fig. Al0.12 shows a loaded unsymmetrical 
frame fixed at points A and D. Required, the 
true bending moments at points A, B, C and D. 
This problem is identical to example problem 
lof Art. AQ.S where a solution was given by 
the elastic center method. 


240 lb 
ate" 8" ig : 


cp ee 
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Fig. A10.13 





SOLUTION: 


Fig. Al0.13 shows the cross-section of the 
analogous colum. The length of each member of 
the column section being the same as in Fig. 
Al0.12, and the width of each portion being L/T. 
The first step in the solution is to find the 
column section properties. 


The total area (A) of column section equals 
(15/1) + (10/1) + (12/2) = 31. 


The other properties required are: - ly, 
ly and Iyy. 


The calculations to determine the location 
of the centroidal x and y axes and the above 
properties about these axes would be identical 
to that given in example problem 1 of Art. 49.5 
of Chapter AS, whera this same problem was 
solved by elastic center method. The results 
were Iy = 606.51, ly = 942.96 and Ixy = 217.74. 
The location of the axes were as shown in Fig. 
Al0.13. 


The next step in the solution is to choose 
a static frame condition and determine the 
static (Ms) diagram. Fig. Al0.14 shows the 
assumed static condition, namely, two cantilevers 
because of the frame cut as shown. The figure 
also shows the static bending moment diagram 
made up of three portions labeled (1), (2) and 
(3). The area of each portion of the moment 
diagram divided by the (1) for that frame por- 
tion will give the loads P on the column, 

















2 
1440. (1) ts 
c 
(2) S 
“ 
3 
=: a 
120 : 
D 
Fig. Al0. 14 
-1449 _ -1080 
5.032 
Py 1440x3/2 = - 2160 


Pg =-1440x15/1 = +21600 





Ps 080 x 4.5/1 = ~ 4860 


=P =- 28620 
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These loads act on the centerline of the 
frame members and through the centroid or the 
geometrical moment diagram shapes. These 
centroid locations are indicated by the neavy 
dots in Fig. Al0.14 and their locations are 
given with respect to the centroidal x and y 
axes. The loads P,, Pa and Ps are now placed 
on the column in Al0.13, acting upward because 
they are negative. 


We now find the moments My and My which 
equal the moments of the loads P about the 
centroidal axes. 


My =~ 2160 xS,242 + 21600 x 2.258 + 4860 
*6.758 = 70290 


My = 2160 x 3.032 + 21600 x 5.032 + 4860 
x 5.032 = 139700 


To solve equation (6) we must have the 


terms Ms 4, and k. 
My 


() = 70290 x 217.74/606.51 


= 25234 
I 
My = My ( ) = 139700 x 217.74/942.96 
My (oe 
= 32258 
3 Ixy* \ 217.74* 
ks (1 Ty) =a - STIX Ute) 
= ,9171 


Substituting values in equation (6) we obtain, 


Mm = ~28620 | (70290 - 32258) y 


ol 0.9171 x 606.52 


(139700 - 25234 )x 
0.9171 x 942,96 


wherice, 
My == 923 + 68.37y + 132.36x 
For Frame Point A. 


x 3-5.032, y =-9.758 


My = - 923 + 68.37(-9.758) + 132.36 (-5.032) 
3 ~ 923 - 667.15 ~666.0 =- 2256 


Ma -My =~ 1440-1080- 


~ 264 in.lb. 


(-2256) = 


For Frame Point 8. x 3-5.032, = $.242 


My 3-923 + 63.37 x 5.242 + 122.36 (-5.032) 
- 923 + 358.39 - 666.0 =~ 1230.6 


Mg = Mg -M3 >- 1440 - (-1230.6) = 
209.4 in.lb. 














N_ANALOGY METHOD 


Frame Point ¢. x = 6.968, y= 5,242 


= 923 + 68.37 x 5.242 + 122.36 x 6,968 
357.7 


Mo = Ms 


Frame Point D. x = 





“My = O- (357.7) =-357.7 in.lo. 


6.968, y =~4.758 

My =- 923+ 68.37 (-4.752) + 132.36 «6.968 
= 326 

Mp = Mg -My = O-(-326) 5 326 in.lb. 


The above results check the solution of 
this same problem dy the elastic center method 
in Art. A9.5 of Chapter Ag. ie student should 
solve this problem by choosing other static 
frame conditions. 


Al0.6 Problems 


(1) Determine the dending moment diagram for 
the loaded structures of Figs. AlO.15 to 
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(2) Solve vroblems (2) and (3) at the end of 
Chapter Ag, art. A9.9. 





CHAPTER All 
CONTINUOUS STRUCTURES -MOMENT 
DISTRIBUTION METHOD 


All,1 Introduction. The moment distribution 
method was originated by Professor Hardy Cross.* 
The method is simple, rapid and particularly 
adapted to the solution of continuous structures 
of a high degree of redundancy, where it avoids 
the usual tedious algebraic manipulations of 
numerous equations. Furthermore, it possesses 
the merit of giving one a better conception of 
the true physical action of the structure in 
carrying its loads, a fact which is usually 
quite obscure in some methods of solution. 

The method of procedure in the Cross method 
is in general the reverse of that used in the 
usual methods where the continuous structure is 
first made statically determinate by removing 
the continuous feature and the value of the re- 
dundant then solved for which will provide the 
original continuity. In the Cross method each 
member of the structure is assumed in a definite 
restrained state. Continuity of the structure 
is thus maintained but the statics pf the struc- 
ture are unbalanced. The structure is then 
gradually released from its arbitrary essumed 
restrained state according to definite laws of 
continuity and statics until every part of the 
structure rests in its true state of equilibrium, 

Tne general principles of the Cross method 
can best be explained by reference to a specific 
structure. 

Fig. All.1 shows a continuous 2 span beam. 
Let it be requited to determine the bending mom- 
ent diagram. We first arbitrarily assume that 
each span is completely restrained against rota- 
tion at tts ends. In the example selected ends 
A and C are already fixed so no restraint must 
be added to these points. Joint B is not fixed 
so this joint ts imagained as locked so it can- 
not rotate. The bending moments which exist at 
the ends of each member under the assumed condi- 
tion are then determined. Fig. All.2 shows the 
moment curves for this condition. (For calcula- 
tion and formulas for fixed end moments see fol- 
lowing articles). Fig. All.3 shows the general 
shape of the elastic curve under this assumed 
condition. It is noticed that continuity of the 
structure at B is maintained, however from the 
moment curves of Fig. All.2 {t 1s found that the 
internal bending moments in the beams over sup- 
port B are not statically balanced, or speci?i- 
cally there is an unbalance of 270. The next 





step 1s to statically balance this joint, so 

it 1s unlocked trom its imaginary locked state 
and obviously joint 8 will rotate (See Pig. 
Al1.4) until equilibrium ts established, that is, 
until resisting moments equal to 270 have been 


{ Paper - A.3.C.E. Proceedings, May 1930) 


set up in the two beams at B. The question is 
how much of this moment is developed by each 
beam. The physical condition which establishes 
the ratio of this distribution to the two beams 
at B is the fact that the B end of both beams 
must rotate through the same angle and thus the 
unbalanced moment of 270 will be distributed be- 
tween the two beams in proportion to their abili- 
ty of resisting the rotation of their B end thru 
a common angle. This physical characteristic of 
a beam is referred to as its stiffness. Thus let 
it be considered that the stiffness factors of 
the beam BA and BC are such that 162 is distribut- 
ed to BC and - 108 to BA as shown in Fig. All.4. 
(The question of stiffness factors is discussed 
in a following article). 

Referring to Fig. All.4 again it is evident 
that when the elastic curve rotates over joint B 
that it tends to rotate the far ends of the 
beams at A and C, but since these joints are 
fixed, this rotation at A and C is prevented or 
moments at A and C are produced. These moments 
produced at A and C due to rotation at B are re- 
ferred to as carry-over moments. As shown dy 
the obvious curvature of the elastic curves 
(Fig. All.4), the carry-over moment is of oppo- 
site sign to the distributed moment at the ro- 
tating end. The ratio of the carry-over moment 
to the distributed moment, referred to as the 
carry-over factor, depends on the physical prop- 
erties of the beam and the degree of restraint 
of its far end. 4Carry-over factors are discus- 
sed in a following article. For a beam of con- 
stant section and fixed at the far end, the car- 
ry-over factor is -1/2). In figure All.4 4 fac- 
tor of -1/2 has been assumed which gives carry- 
over moments of S4 and -8] to A and C respective 
ly. To bbtain the final end moments we add the 
original fixed end moments,the distributed bal- 
ancing moments and the carry-over moments as 
shown in Fig. All.4. With the indeterminate 
moments thus determined, the question of shear, 
reactions and span moments follow as a matter 
of statics. 


Al1.2 Definitions and Derivations of Terms 


1. Fixed-rend moments: 
By "fixed end moment” is meant the moment 
which would exist at the ends of a member if 


these ends were fixed against rotation. 


2. Stiftness Factor: 

The stiffness factor of a member is 4 value 
ppoportional to the magnitude of a couple that 
must de applied at one end of a member to cause 
unit rotation of that end, both ends of the 
member being assumed to have no movement of 
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translation. 


The value of the stiffness 
will depend in part on the restraint or degree 
of fixity of the opposite end of the member 


factor 


from which the couple is applied. The letter K 
is used as a symbol for stiffness factor. 


3. Carry-over Factor: 

If a beam {s simply supported at one end 
and restrained to some degree at the other, and 
a moment is applied at the simply supported end, 
a moment is developed at the restrained end. 
The carry-over factor 1s the ratio of the mom- 
ent at the restrained end to that at the 
simply supported end. For a prismatic beam 
without axial load the carry-over factor is 


0.5 when far end is fixed. The letter o 
will be used to designate carry-over factor, 


4. Distribution Factor: 

If a moment is applied at a joint where “wo 
or more members are rigidly connected the distri- 
bution factor for each member is the preportional 
part of the applied moment that ts resisted by 
that member. The distribution factor for any 
member which will be given the symbol D equals 
K/3K, where K equals stiffness factor of a par- 
ticular member and &K equals the sium of K values 
for all the Joint members. The sum of the D 
values for any joint must equal unity. 


5. Sign Convention: 

Due to the fact that in many problems where 
members come into a joint from all directions as 
is commonly found in airplane structure, the 
customary sign convention for moments may produce 
confusion in applying the moment distridution 
method. The following sign convention is used in 
this book: 4 clockwise moment acting on the end 
of a member is positive, a counterclockwise one 
is negative. It follows that a moment tending to 
rotate a joint clockwise is negative. It should 
be understood that when indeterminate continuity 
moments are determined by the moment distribution 
method using the above adopted sign convention, 
that they should be transferred into the conven- 
tial signs before proceeding with the design or 
the member proper. 


The following sketches illustrate the adapt- 
ed sign convention. 


Illustrations of Sign Conventions for 
gnc Moments. 


Example 1 4 t ixed end beam with 


lateral loads. 
+ 


Conventional -+ 
moment signs 


tension in bottom fib- 
ers is positive bend- 
ing moment. 


Adopted sign 
convention 


moments which tend to 
rotate end of member 
clockwise are positive. 


Translation of supports 
of fixed ended beam. 


Conventional — 
moment signs 


Adopted sign —= 
convention Se 
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Example 3 
PP 
External applied moment 
at joint in structure 
P 
adopted sign 
sotnt Moments which tend to 
GP : rotate joint counter- 
BS —aomane clockwise are positive. 


All1.3 Calculation of Fixed End Moments 


Since the fixed end moments are statically 
indeterminate, additional facts must be obtained 
from the laws of continuity in order to solve 
for them. In this book the theorem of area 
moments will be used to illustrate the calcula- 

ion of the fixed end moments as well as the 
other terms which are used in the moment dis- 
tribution method. -(Ref. Chapter A7) 

The following well known principles or 
theorem of area moments will be used:~ 

(1) The deflection of any point "A" on the 
elastic curve of a beam away from 2 tangent to 
the elastic curve at another point "B” is equal 
to the moment of the area of the M diagram be- 

El 
tween the points A and B about point "A". 

(2) The change in slope between two points 
"A" and "B" on the elastic curve of a beam ts 
equal to the area of the M diagram between the 

EI 
two points "A" and "gp", 

The “area moment” theorems will be illus- 
trated by the applications to the solution of a 
simple problem. Fig. Al1.5 shows a simply sup- 
ported beam of constant moment of inertia and 
modulus of elasticity carrying a single concen- 
trated load. Figs. All.6 and All.7 show the 
static moment curve and the shape of the beam 
elastic curve. Now assume that the ends are fix 
ed as shown in Fig. All.8 and let the value of 
the fixed end moments be required. Fig. All.9 
shows the shape of the final moment curves made 
up of the static moment curve and the unknown 
trapizoidal moment curve formed by the unknown 
end moments, Fig. All.10 shows the shape of the 
elastic curve, the slope at the two supports be- 
ing made zero by fixity at these points. 
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Since the change in slope of the elastic 
curve between ends (1) and (2) is zero, theorem 
(2) as applying to fixed end beams can be re-~ 
stated as follows. 

The sum of the areas of the moment diagram 
must equal zero. And from theorem (1) the stat— 
ic moment of the areas of the moment diagram 
about any point must equal zero or in equation 
form: 


mt = 0 
For a beam with variable moment of inertia the 
conditions for fixity are:- 


/Méx/BI = 0 
LMXGX/EI = 0 


Figs. All.11 and All.12 show the static and con- 
tinuity moment areas, the total area of each por- 
ton and its c.g. location. 

Substituting in Equation (1) 


5 . Br PON SiS Sonne es (3) 
and from equation (2) 
My about leftend=Pab L+a ML Ly 
28 a 
Melb 2, __e 
| et Fo (4) 


The values of M, and Mg for any value of 4 or b 
can now be found by solving equations (3) and (4) 


Table All.1 gives a summary of beam fixed 
end moments for most of the loadings encountered 
in routine design and analysis. 
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Table All.1 - Continued 
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(Ref. N.A.C. A. 


General case - Any loading T.N. #534) 


All.4 Stiffness Factor; 
Derivation of: 


Carry over Factor: - 


(For definitions of these terms see page 
Al1.2) 

Consider the beam of Figure All.13. By 
Mohr’s theorem (see Art. A7.12), the slope of a 


EI is constant 
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Fig. All.13 
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tangent to the elastic curve at point A relative 

to 2 line AB is equal to the shear 2t A on 3 

simply supported beam AB due to the M curve be- 
st 


tween A and B acting as a load. 


Thus 
(Gh x 1/3), 


oEl Sal (Positive Shear = 


Neg. Slope) 


@, =- 


ML x 2/3 _ ML 
°s * Der * SET 


Let 6g = unity 

Then 1 = ML or Mg = 
SEI 

Beam BA of Fig. All.13. A moment applied at 3 

produces no moment at A since end Ais fr sely 

supported. Thus the carry~over factor for a 

beam freely supported at its far end is opvious- 

ly zero. Consider the beam of Fig. All.14. Due 

to complete fixity at end A, the slope of the 

elastic curve at A is Zero. 


SEL = stiffness Factor or 
L 


=Mgh . 1/3 + Mab . 2/3 = 
2EI 21 
or 
Mg = - Mp 
2 


Thus the carry over factor ror a beam fixed at 
its far end {s 1/2. Using the conventional mom- 
ent signs, the carry over moment {is of the oppo- 
site sign as shown by the above equation, How- 
ever, for our adopted sign convention inspection 
of the shape of the elastic curve as shown in 
Fig. All.14 tells us that the sign of the carry- 
over moment is of the same sign as the rotating 
moment at the near end. That is, the moment act~- 
ing on each end of the member is in the same di- 
rection, and therefore of the same sign. 


A EI is constant 
Fixed j 


Bt” 





Fig. All.i¢ 
Og =Mph . 2/S+MgL . 1/3 =Mgl + Mab, but Ma=- My 
ekl at SEI 6E1 2 
Then 93 = MeL - Mpl = Mal 
3el 2el 457 


Let Og = unity, then Ma = 4er = stiffness factor 
L 


of beam BA of Fig. All.14. 


A comparison of the stiffness factor of this 
beam to that of Fig. All.13 shows that the stiff- 





ness factor of a beam freely supported at its 
far end is 3/4 as great as one fixed at its far 
end. Furthermore in one case the carry-over 
gactor is zero and in the other case it is 1/2. 
It ig therefore obvious that the values of these 
two terms depends in part upon the restraint 

or degree of fixation of the far end of the 
beam. 


Al1.5 General Expressions for Stiffness and Carry~ 
over Factor in Terms of Fixation Factor (F) 
at Far End of a Beam 

In the beam of Fig. All.14 (F) fixation 
factor at A was unity since beam had been taken 
as completely fixed at A. It was found that:- 


Mp = 4E16g and Ma = ~ 2 EI Op 
L L 


Take Gg = unity and let EI =K for simplicity. 
L 
Then Mp = 4K 
Ma = 2K 
itkewise the results for the beam of Fig. All.13 
give 
Mp = ok 
Ma =O 
Figs. All.15 and All.16 show these results. 
Fig. All.17 shows the general case, the fixa- 
tion factor at A being F. The difference be- 
tween Figs. Al1.15 and All.17 1s that the slope 
at end A has changed but 6p the slope at end B 
remains the same. 


8420 
oB= 
_ Mg 2K Mp? 4K 
Fig. All. 15 


= Spel " 


Ma*0 Mp2 3K 
Fig. All. 16 


The change in moment at end A when 
beam Al1.15 to that of Al1.17 = 2K - eKF = 
2K(1-F). Since 9g is kept the same value, one- 
half of the moment change at end A appears at 


changing 





end B but of opposite sign, or 
Mp =4K-1/2 2K(i-F) =QK-KP=K (3+F) = 
# (3 +F) 
Mps K(3+ F) 





Fig. Al1.17 


@hus the general expression for the stiffness 
factor of a beam of constant section equals SI 
L 


(3+F). The carry-over factor from 3 to A = 
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2kF = - 2F which is the general ex- 
Hp K(3+F) a+F 


pression for carry-over factor for a degree of 
fixation F. 


All.5a Example Problems 


To obtain a definite conception of the true 
mechanics of the "Cross" method, the reader is 
advised to follow thru the detailed solution of 
the following simple problems. In these prob- 
lems, the moment of inertia in any span has been 
taken as constant and all joints have been as- 
sumed to undergo no translation. Problems in- 
volving variable I and Joint translation will be 
considered later. 


Example 
Problen #1 7 


: pats 


Sé/in. 
eS 









*Overnang Moment = .$ x 31.5 x 25.75 + .25 x $1.5 x 17.173 483 





Example Problem 1 shows a2 two~span continu- 
ous beam with over-hanging ends. We first as- 
sume all the joints B, C and D to be locked 
against rotation or the beams BC and CD are 
arbitrarily assumed in a fixed~end condition. 

The first line in the solution gives the 
stiZfness factor of each beam. From Art. Al1.5 
the general expression for stiffness factor is 
EI(3+*)/L, where F = fixation factor of far end, 
which equals 1, since all Joints have been con- 
Sidered fixed. Thus, stiffness factor K = EI 
(3+1)/L = 4 5I/L. Since EI/L is the same for 
each span BC and CD, the stiffness factor has 
been written as one since it is only the rela~ 
tive values that are necessary. The cantilever 
BA has zero stiffness. 

The second row gives the member distribution 
factor D at each joint or D = K/IK. For example 
at joint 3, the distrioution factor to 8A = O/(1 + 
QO} = 0 and to BC = i/(i + 0) = 1. At joint c, the 
distribution ractor to CB = i/(2 +1) = .5 and 

ikewise to CD. 

The thiid row gives the carry-over factors. 
From art. Al2.5, the carry-over factor C = er/(3 + 
F) = 2x 1/(3 + 1) = .S assuming the far end fixed 
or F = 1 for each member, 

The next step as shown dy the 4th horizont- 
al row is the calculation of the fixed end mom- 








ents. The signs of the moments are according to 
our adopted sign convention, that is an tnter~ 
nal resisting moment which tends to rotate the 





Al1L.6 


end of a member clockwise is positive. 

We now begin the solution proper oy 
unlocking Joint B from its assumed fixed state. 
We lind a moment of ~d83 on one side and 766 on 
the other side of Joint or a static unbalance 
of -115. Jaint 3 therefore will rotate until a 
resisting moment of 115 is set up in the members 
BA and BC. 

The resistance of these members to a rota- 

ion of Joint B is proportional to their stif?- 

meee The distribution factor based on the 
stiffness factors is 0 for BA and 1 for BC. 
Thus 1 x 115 = 115 Is distributed to 3c at B and 
Ox 115 = 0 to BA. Joint 3 is now imagined as 
again locked against rotation and we proceed to 
Joint C, which ts now released from its assumed 
locked state. Since the joint 1s already stati- 
cally balanced, no rotation takes place and the 
distributing balancing moment to each span is 
zero. Next proceed to joint D, and release it. 


first 





The unbalanced moment is, 115 so the joint is 
balanced by distributing -115 between DEB and DC 
as explained above for joint B. 

AS pointed out in Art, All1.5, when we ro- 
tate one end of a beam it tends to rotate the 
far fixed end of the beam by exerting a moment 
equal to some proportion of the moment causing 
rotation at the near end. For beams of constant 
section and fixed at their far ends, the carry 
over factor 1s 1/2 as explained before. Thus 
the distributing balancing moments in line 4 
produce the carry~over moments as shown in line 
S of the table. This completes one cycle of the 
moment distribution method, which is repeated 
until there is nothing to balance or carry-over, 
or in other words until all artificial restraints 
have been removed and the structure rests in its 
true state of equilibrium. 

To continue with the second cycle, go back 
to joint B and release it again from its assumed 
locked state, There is no unbalance since the 
carry over moment from point C was zero, thus 
there is nothing to distribute or carry-over. 
Proceed to point C, releasing the joint, we find 
it balanced under the carry-over moments of 57.5 
and -57.5. Thus the distributing balancing mom- 
ents are Zero, Joint D is likewise in balance 
since the carry-over moment from C is zero. All 
joints can now be released without any rotation 
since all joints are in equilibrium. To obtain 
the final moments we add the original fixed end 
moments plus all distributed balancing and car- 
ry over moments. 


All.6 General Summary of Proceedure 


1. All computations should be written on, or 
adjacent to the diagram of the structure. 

2. Determine the stiffness factor K for each 
end of each member. = (3 + F) EI/L, where F 
is the degree of fixity at far end of member, 

If all members are assumed fixed at far end than 
K is proportional to I/L assuming E as constant. 
3. Determine the distribution factor D for each 
tmmember at each joint of structure. 


= K/EK. 





THE MOMENT DISTRIBUTION METHOD 


4 


Calculate the carry-over factor C for each 
end of ali members C = 2F/(3+F). Thus for 
teams fixed at far end F = 1 and thus ¢ = 1/2. 
For pinned at far end F = 0, hence ¢ = 0, 
5. Calculate the fixed end moments (f) for giv- 
en transverse member loadings or support deflec- 
tions, using equations in summary Table All.l. 
End moments which tend to rotate end of beam 
clockwise are positive moments. (See Art. All.2) 
6. Considering one joint at a time, unlock it 
from its assumed fixed state, all other joints 
remaining locked. I? an unbalanced moment ex- 
ists dDalance it statically by distributing 4 
counter acting moment of opposite sign among the 
connecting members according to their D or dis- 
tribution factors. 

7. These distributed balancing moments produce, 
carry over moments at far-end of members equal to 
the distributed moment times the carry-over fac~ 
tor C and of the same sign as the distributed 
moment. Record these carry-over moments 3t far 
ends for all distributed moments. 

8. Repeat the proceedure of unlocking each 
joint, distributing, and carrying over moments 
until the desired precision is obtained, stopping 
the solution after a distribution. The final 
moment at the end of any member equals the alge- 
braic sum of the original fixed end moments and 
all distributed and carry over moments. 


Example Problem #2 
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Example Problem 2 is similar to problem 1 but two 
spans have been added. We first assume all joints 
locked against rotation. The stiffness factor of 
each span is proportional to EI/L or 1/L since EI 
is constant. The carry-over factor is 1/2 as in 

previous example. Fixed end moments are calculat- 
ed as shown. Unlock joint B, the unbalanced mom- 
ent is -l15. Balance the joint by distributing 


i x 115 to BC and zero to BA. Proceed to joint C:; 


als Ee ea 
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and unlock, 411 otner joints remaining fixed 
against rotation. The unbalanced moment is 


(-768 + 432) = - 336. Balance by distributing 
.428 x 336 = 144 to CB and .572 x 336 = 192 to 
CD. Proceed to joint D, and release. The un- 


balanced moment is zero which means that joint 
D is in equilibrium, thus no distribution is 
necessary. Proceed to joint = and F and balance 
in a similar manner. The distributed moments 
will be the same as the values for joints B and 
C due to symmetry of structure and loading, 
however, the signs will be opposite under our 
adopted sign conventions. The next step is the 
carry-over moments which are equai to 1/2 the 
distributed balancing moments. This operation 
is shown clearly In the table. Values of all 
moments are given only to first decimal place. 
The first cycle has now been completed. Cycle 
two is started by again releasing joint B. We 
find the joint has been unbalanced by the carry- 
over moment of 72. Balance the joint by distri- 
buting - 72 x 1 = - 72 to.BC and zero to BA. 
Proceed to Joint C. The unbalanced moment is 
57.5. Balance by distributing - 57.5 x .428 = 
~ 24.6 to CB and the remainder - 32.9 to CD. 
Proceed to joint D. There is no unbalance at 
this joint since the carry-over moments are in 
balance, thus no distribution is necessary. 
Proceed to joints E and F in a similar manner. 
The carry over moments equal to 1/2 of the 
@nd set of balancing distributed moments are now 
carried over as shown in the table. The second 
cycle has now been completed. This operation 
has been repeated five times in the solution 
shown, or until the values of the balancing and 
carry over moments are quite small or negligible 
The final moments equal the algebraic summation 
of the original fixed end moments plus all dis- 
tributed and carry over moments. One require- 
ment of the final end moments at any joint is 
that the algebraic sum must equal zero. The 
other requirement consistant with the common 
slope to all members at any joint is given by 
equation (5) of Art. All.8. The results at 
joint C will be checked using this equation. 


Mog - SA Mac . Kod 
iMep - -O4Moe Kep 


Subt. values 





Keg _ 20139 
Kop 70104 
Thus the distribution is according to the K 
ratios of the adjacent members. 


Ratio of stiffness factors = 21.4. 


Simplifying Modifications - Example Problem #3 


The solution as given in Problem #2 repre- 
sents the "Cross" method in its fundamental and 
most elementary detailed form. Many modifica- 
tions of the general method have been presented, 
in the most part for the purpose of eliminating 
part of the arithmetic or the number of cycles 





necessary. These modifications usually involve 
rather long expressions for expressing the stiff- 
ness and carry over factors of a member in terms 
of the fixation given by adjacent members. it is 
felt that it is best to Keep the method in its 
simplest form which means that very little is to 
be remembered and then the method can be used 
frequently without refreshing ones mind as to 
many required formulas or equations. 

There are however several quite simple modi- 
fications which are easily understood and re- 
membered and which reduce the amount of arithmet- 
ice required considerably. 

For example in Problem #2, joints B and F 
are in reality freely supported, thus it is need- 
less arithmetic to continue locking and unlocking 
a joint which ts definitely free to rotate. 
Likewise due to symmetry of structure and load- 
ing it is only necessary to solve one half of the 
structure. Due to symmetry joint D does not ro- 
tate and thus can be considered fixed, which 
eliminates the repeated locking and unlocking of 
this joint. 

A second solution of Problem #2 1s given in 
Example Problem #3. As before we assume each 
joint locked and calculate the fixed end moments. 
Now release or unlock joint B and balance as ex~ 
plained in previous example #2. Before proceed 
ing to joint C, carry over to C from B the car~ 
ry over moment equal to 115 x 1/2 = 57.5. Joint 
B is now left free to rotate or in its natural 
condition. Proceed to joint C and unlock. The 
unbalanced moment = (+768 + 432+57.5) =- 278.5 or 
278.5 1s necessary for equilibrium. This moment 
is distributed between two beams, CD which is 
fixed at its far end D and CB which is freely 
supported at the far end B. The stiffness fac- 
tor is equal to (3 + F) BI/L (See art. All.5). 

Hence for CD stiffness factor = (3 + 1) 
EI/L = 4 BI/L. For cB stiffness factor = (3 + 0) 
EI/L = 3 SI/L or in other words the stiffness of 
a beam freely supported at its far end ts 3/4 
as great as when fixed at its far end. Thus the 
stiffness factor of CB at C is .75 x .O104 = 
.0078. The carry-over factor C to B is zero 
since B is left free to rotate. (See Art. A11.5) 


Example Problem #3. Simplified Solution of Prob- 
lem #2 


in- 
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The stiffness factor of the fixed support is in- 
finity, that 1s a rigid support has infinite re- 
sistance to rotation. 


Joint C is now balanced by distributing 
278.5 x .36 = 100.1 to CB and 278.5 x .64 = 178.4 
to CD. Now carry over to joint B, O x 100.1 = 


Q and 0.5 x 178.4 = 89.2 to D. Proceed to joint 
D and release it from its assumed locked state. 
The unbalanced moment is -422 + 89.2 = - 242.8, 
we balance by distributing 342.8 dbetween DC 
which has a stiffness of 0.139 and the support 
E which has an infinite stiffness or zero goes 
to DC and 342.8 goes to rigid support. The car- 
ry over moment to C from D is zero since 0.5 x 
0 =0. The final moments thus equals the sum- 
mations as shown which of course are equal to thi 
results shown in Problem #2. 


Example Problem #4 


Problem 4 is similar to Problem #2 and #3, 
except that the support at D is assumed as hav- 
{ng 50 percent fixity. Thus 50 percent of any 
moment at this point produces rotation of the 
Member DC at D. 

In continuous wing beams, which fasten to- 
gether by fittings on a support, it 1s commonly 
required that the beam be considered as being 
fully continuous and also that the degree of 
continuity be taken as 50 percent. Solution 1 
of Problem 4 1s a detailed solution. The only 
change that has been made is in the stiffness 
factor of the support BH, which has been taken 
as equal to the beam DC, thus any unbalanced 
moment at this point its equally divided between 
the beam and the support. 

Solution 2 is a modified solution which 
eliminates considerable arithmetic. Thus it is 
unnecessary to lock and unlock joint B and D 
since we know definitely that one is freely sup- 
ported and the other SO percent fixed. There- 
fore, once we nave released these joints from 
their assumed fixed end state, we leave them in 
their natural state. The stiffness and carry- 
over factors fcr beams CB and CD must then be 
cetermined for these beams with their modified 
end conditions. 

By reference to the fundamental equations 
for stiffness and carry over factors in Art. 
Al1.5, it is readily seen that the stiffness 
factor for CB is 3/4 as much as when fixed at 
{ts far end B and the carry over moment is zero. 
For beam CD the stiffness 1s 7/8 as much as when 
fixed at end D, and the carry over factor is 
2F/3 + PF = (2x .5)/3 + .5 = .286. With these 
modifications the solution is carried ‘thru with 
&@ relatively smail number of steps. Thus in 
solution #2, joint B is unlocked. The unbal- 
anced moment of -115 is balanced statically by 
distributing 115 to BC. The carry-over moment 
of .5 x 115 = 57.5 is carried over to C as shown. 
Joint B is now left uniocked or free to rotate. 
Joint D is unlocked next. The unbalanced moment 
is ~432. It is balanced by distributing 216 to 








DC and 216 to = since support at E is considered 
The carry-over moment of 


to give 50% fixity. 


Solution #1 
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-5 x 216 = 108 ts carried over to c. 
left unlocked or in its 
Joint c ts now unlocked. 


Joint D ts 
true state of restraint. 
The unbalanced moment 


Solution #2 ~ 
Example ie Lain. 50% Fixeds, 
Problem #4 “yt 7 
7 Hl + 
aa $ 96 = 
a B ¢| ole 


1 7 
Stittness Factor X +883], OLodegg 75x. o104s. 0078] oLateEATy TAR. 0130), 2129 









Distribution Factors ot - 392), 608 504.50 





Carry-over Factor [ve S™~S~=~éid*C 2h 
Fixed Ead Momencs -883{768 = 188/432 ~432] 
Balance Jount 8 ONES 
Carry-over 10 C SH . 
Baiance Joint D ! i 216/216. 
Carry-over to C y [eee 
Baiance Joint C 34, 3[103. 7 
Carry-over +0 D 29. 6} 
Baiance D 229.8 
Finai Moments - 383/833 +843, 7}643. 7 ~ 186. 41186, 4 
equals (-768 + 432 + 57.5 + 108} = - 170.5, or 
170.5 is necessary for equilibrium. Joint ¢ is 


balanced by distributing .392 x 170.5 = 66.8 to 
CB and the remainder of 103.7 to CD. The carry- 
over moment to B is zero and to D it equals 
103.7 x .286 = 29.6. The final moments in solu- 
tion #" are slightly different than solution #1. 
If another cycle had been added in solution #1 
the descrepancy would de considerably smaller.’ 


Al1.7 Continuous Beams with Yielding or Deflected 
Supports 


In wing, elevator and rudder beams the sup- 
port points usually deflect cue *to the deforme- 
tion of the supporting struts or wires in the 
case of 4 wing, or to the deflection of the 
stabilizer or fin in the case of elevator and 
rudder beams. If these beams are continuous this 
deflection of their support points causes addi- 
tional bending moments in the Seams. The moment 
distribution method can of course be used to find 
the additional moments due to this deflectic: 
Thus Example Problem #5, shows 2 solution tilus- 
trating a problem which involves the deflecting 
of the supports of a continuous Ddeam. Due to 
symmetry of structure and loading, tne slope at 

is zero or the beam may be considered fixed at 
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Joint D. Since the moment of inertia is con~ 
stant and the spans are constant, the relative 
stiffness factor of the beam is 1. In the so- 
lution shown since Deam ts freely supported at 

3 this joint is left free to rotate after re- 
leasing and thus the stiffness factor of beam 
cB is 3/4 x 1 = 3/4, when compared to one having 
full fixity at B. 

Since the Zirst step in the solution proper 
its to assume the joints fixed against rotation, 
it is evident that deflecting one support rela- 
tive to an adjacent support will produce mom- 
ents at the ends which are assumed fixed against 
rotation. 


Al1l.8 Fixed End Moments 
Due to Support 
Defilections 


v 


Fig. All.18 shows a 
fixed end beam. The sup- 
port Bis deflected a 
distance d relative to 
the support point c. If 

= the member is of constant 
cross-section the point 
of inflection will fall 
at the beam midpoint and 
Mp = - Mc. 


By moment area prin-~ 





Fig. Al1.18 


cipal deflection 
~ a= 
41 
ML? 
SEI 


-E-M 8b 
6 481 6 


or d= 


hence 
M = 6EId the.magnitude for the fixed end 
TF 
moment due to 2 transverse support settlement 
of a. 


Example Problem #5. 


flected supports. 


Continuous beam with de- 
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Stiffness Factor K 
Distribution Factor + &/ ZK 
Carry-over Factor 
} Due to 

Lateral Load 
‘Due to support 
deflection 
Balance joint B 
Carry-over to C I -7 
Balance joint =241{-322 
Carry-over to B,D [a I 
Balance joint D [ [ 
Final Moments 50] -50 22-2 
Conventional Signs -|- 























j table. 








Since the fixed end moments are due to both 
lateral loads and support deflection, the values 
as listed in the solution table will be explain- 
ed in detail. 


Fixed End Moment For Lateral Beam Loading 


The distributed airload is trapezoidal in 
shape. The fixed-end moments for 2 trapezoidal 
loading from Table All.4 are: 


Myg=L* (Su+2v) (See Fig. (a)) 
60 





Mg-1 =L* (Su + Sv) (See Fig. (a)) 
60 
a 
v 
sit 
u 
= 
@ 
For Span BC: 
Mog = AO (SXS+1) = 486 tn, Ld, 
40? 
Mop = ger (Sx5+1.5) = 440 tn. lb. 
For Span CD: 
= 40? 2 
Mea = gG- ($x3.S+1) = 494 in, lb. 
40% 

Mac = aa (5x3.5+1.5) = 507 in. lb. 
Fixed End Moments Due to Support Movement 
From art. All.8 M = 6EIG/L* 

For Span BC: 


Deflection of B relative to C = 5/16 inch. Hence, 


Myc =Mcb = 6 x 10,000,000 x .03339 x .3125/40" = 390 
in. 1b. 


For Span CD: 


Moa = Mag 2 6X 10,000,000 x .08339 x .1875/40° = 234 
in. 1b. 


For sizns of the moments due to these deflections 
see Art All.2. Having determined the fixed end 
moments the eral distributing and carrying 
over process follows as indicated in the solution 
Thus at joint B, the unbalanced moment = 
(S0-426 + 390) =14. Balance by distributing - 14 
= = 14 to BC and zero to BA. Carry over .5 x 
=-7 toc. Considering joint C, the unbal- 
Bal- 
e bydistributing - 563x .571=- 322 to CD and 
3x .429 = - 241 to cB. carry over .5x-322= 
- 161i to D. At joint D the unbalanced moment = 
(507 + 234~161) =680. This is balanced by dis- 
tributing zero to DC and -580 to the rixed support. 
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411.8 Check on Final Moments 


To satisfy statics, the algebraic sum of 
the moments in all the members at a joint must 
equal zero. This requirement alone will not 
prove that the final moments are correct, as er- 
rors could nave been made in the various distri- 
buting and carry over moments. Continuity tells 
us that the final slope of the elastic curve at 
any joint is common to all members meeting at 
that joint, thus for a complete check it is 
necessary to prove that the final moments are 
consistent with equal slopes for the various 
members. The rotation of the joints from their 
original assumed fixed or locked condition is 
due entirely to the distributed and carry over 
moments. The actual rotation will therefore 
equal the rotation of the end of a simply sup- 
ported beam when subjected to end moments equal 
to those produced by the algebraic sum of the 
distributed and carry over moments. These end 
moments equal the final moments minus the origi- 
nal fixed end moments and will be referred to as 
4M moments. 

From Chapter A7, the slope at any point on 
simply supported beam equals the shear due to the 
M/EI diagrams as a loading. 


The slope 0,4 from Fig.a' 
equals the beam shear at 
Pa 2 Mapl q 


A or equals the reaction 
at A. 


' 





= — Mep +5 AMpa) 
SEKap 
where 
Kap = : of AB 


Since the angle 9, must be the same for 
members meeting at A, the general relation be- 
tween the moment increments of any two members 
such as AB and AC must be, 


AMap + .S aMp, = Kap 

aMac + -5 aMca = Kac 
To make this equation consistent with the assum- 
ed sign convention, that {s, the carry over mom 
ant has the same sign as the balancing distri- 
buted moment, the above equation must be modi- 
fied as follows:- 


= Kep 
MMac - .5aMcq Rac 


AMen - -54Mba L 
iZ equation (S) is satisfied the accuracy of the 
moment distributions is established. 


All,9 End Moments for Continuous Frameworks Whose 
Members are not in a Straight Line, Joint 
Rotation Only 

Continuous truss frame works are quite com- 
mon in aircraft construction. Welded steel tub- 
ular fuselages are composed cf members which 
maintain continuity thru the joints due to the 
welding. Landing gears frequently nave two 
members which are made continuous at their points 
of connection. The members of such structures 
usually carry high axial stresses which cause 
joint translation which in turn produces bending 
of the members since the joints are rigid. These 
moments produce lateral deflection of the memb- 
ers which introduces additional secondary moments 
due to member axial loads times the lateral memb- 
er deflections. These influences are treated in 
later articles. In this article to further fa- 
miliarize the student with the moment distribu- 
tion procedure, the effect ef joint translation 
and secondary moments will be neglected. 


Example Problem #6 


Fig. All.19 illustrates a simplified landing 
gear chassis problem. Let it be required to de- 
termine the bending moments in the two members 
due to the vertical load on the axle. The prob- 
lem has been solved using three different de- 
grees of restraint at ends A and B. Joint 0 ts 
a welded joint and full continuity {ts assumed 
thru this joint. The solutions as given in Pig. 
All1.20 give only the moments due to joint rota- 
tion under primary bending moments. The effect 
of axial deformation and secondary moments due 
to member deflections is omitted in these solu- 

ions. These factors are treated in later arti- 
cles. 

In 4 practical problem the degree of re- 
straint at points A and B would be determined by 
the type of fitting used and also on the rigidity 
of the adjacent fuselage or wing structure. As 
illustrated in later examples, the moment distri- 
bution method permits the consideration of the 
rigidity of the adjacent structure without adding 
any difficulty, while such methods as least work 





" g000# Fig. All. 19 












Condition I 
Fixed at A and B 











A Condition I B 
Pinned at A and B 





Condition I 
Az 50% Fixed 
B-~ Pinned 


K # Stiffness Factor 
Values in( ) are carry over factors 


Fig. All. 20 , 


are not practicable because of the large number 
of equations that must be solved to obtain val~ 
ues for the many unknowns. 


Solution for Condition I, Fixed at Ends A and B 


Referring to Fig. All.20, all joints are 
assumed locked against rotation or fixed. The 
vertical axle load of 6000# produces a counter~ 
clockwise moment of 3 x 6000 = 18000 in. 1b. 
about joint 0. The sign is positive (See Art. 
All.2). Release or unlock joint 0, the unbal- 
anced moment ts 18000 or - 18000 is required 
for static equilibrium of joint 0. Joint QO ts 
balanced by distributing - 18000( .464/.464 + 
.369) =-10030 to member OB and the remainder or 
or -18000(.369/.464 + .369) = -7970 to OA. 
hese distributed balancing moments at 0 produce 
carry over moments at A and B. 

Thus carry over to B, .5 xX - 10030 = 

and carry over to A, .6 xX - 7970 = 
Proceeding to joint A which is a fixed joint, 
the unbalanced moment of -3985 is balanced en- 
tirely by the rigid support, or no rotation 
takes place when joint is released from its im- 
aginary fixed state. Simtlar action takes place 
at joint B. The final end moments are as 
shown in the Figure. 


Solution for Condition II. End A and 3 Pinned 


Por this condition the ends A and B are 
freely supported. Instead of Locking and un- 
locking these joints which are definitely known 
to be free 
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to be freely supported, they will be left in 
their true state. Thus the carry over moments 
from end © will be zero. Since A and B are both 
pinned, the relation between the relative stiff~ 
ness factors of members OA and OB remain the 
same as in condition I, thus the same K or 
stiffness factors that were used in condition I 
can be used in distributing moments at joint Oo. 
Joint 0 is balanced in same manner as condition 
I but with zero carry over moments to A and B. 


Solution for Condition III. A is 50% Fixed and 
B is Pinned. 


Since each member has a different degree of 
fixity at its upper end, the stiffness and carry 
over factors will be considered in detail. In 
condition I since both members were fixed at 
their upper ends the relative stiffness factor 
of each member was proportional to I/L for the 
member and this ratio was used. The general ex- 
pression for stiffness factor is K = EI (3+F)/L 
carry over factor = 2F_. For member OA, F 

3+F 
equals .5 since A is 50% fixed, and for member 
OB, F is zero since B is freely supported. Hence 
for member OA 


4 _3-5 BI _3,5x .1105 B_ 
= (3+ 65) =p Se = 0129 B 
c.0. Factor from 0 toA = 2x .5 = .286 

3+ .5 


For member OB 
= SI SX 185x5 _ 
Ket (3+0) =#— -O1398, 


C.O. Factor Frm 0 to B= 2x00 
5+ 0 


Considering joint O in Pig. Ali.20 the external 
moment of 18000 in.1b. is balanced by distribut- 
ing - 18000 between the two members in proportion 
to their stiffness factors. Hence - 18000 (.0129/ 
.0129 + .0139) = -8650 in lbs. {ts resisted by OA 
and the remainder of -18000 (.0139/.0129 + .0139)= 
~9350 to OB. The carry over moment from 0 to A = 
.286 x -8650 = -2475 and zero from 0 to B. (See 
Fig. All.20) 


Example Problem #7 


Fig. All.21 shows 
members. Member AO is 


a structure composed of 3 
subjected to a transverse 
load of 120#. Joint A is fixed, B is freely sup- 
ported C is 25 percent Zixed and joint 0 is con- 
sidered to maintain continuity between all memb- 
ers at 0. The end moments on the three members 
due to the transverse loading on tember AO will 
be determined. 


Solution #1. Fig. All.21 gives 4 solution using 
the "Cross" method in its fundamental ummodified 
state. The solution is started by assuming all 
three members as fix-ended. The relative stiff- 


ness ractor K of each member is therefore pro- 
These K values 
The distribution 


portional to I/L of each member. 
are listed in Fig. All.21. 
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factor D for each member at each joint which 
equal K/5K is recorded in(Jcn each member 
around each joint. Thus any balancing moment 
1s distributed between the joint members as per 
these distribution factors. The carry over 
factors for all members is 1/2. The fixed end 
moments due to external loading are computed 
for the three members. For member AC, the fix- 
ed end moments equal PL/8 = 120 x 20/8 = 300 in. 
lb. The other two members having no transverse j 
loading, the fixed end moments are zero. 

In this solution the order of joint con- 
sideration has Deen AOBC and repeat. Starting 
with joint A the joint 1s released but since 
the member AO is actually held by a fixed sup- 
port, no rotation takes place and the balancing 
moment of 300 is provided entirely by the sup- 
port and zero by the member AO. The carry over 
moment C, to 0 {s zero. Releasing joint 0, the 
unbalanced moment of 300 is balanced by distri- 
buting - 300 between the three members accord- 
ing to their D values, thus - 300 x .416 = 
- 125 to OA; - 200 x .168 = - 50 to O and 
- 125 to OB. To prevent confusion it is recom- 
mended that a line be drawn under all distri- 
buted balancing moments, thus any values above 
these lines need not be given further consid- 
eration and only values below the lines need 
be considered in later balancing of the joints. 
Immediately after distributing the moments at 
joint © the proper carry ever moments should be 
taken over to the far end of each member, thus 
- 62.5 to A, - 62.5 to B and ~ 25 toc. Joint 
B is next considered. The unbalanced moment is 
-62.5 and it is balanced by distributing 62.5 
to BO since the pin support has zero stiffness, 
or no resistance to rotation. A line is crawn 
under the 62.5 and the carry over moment of 
31.25 1s placed at 0. Jcint C is considered 
next. The unbalanced moment of -25 is balanced 





SOLUTION #1 s 


Stiffness Factor K 
OA 2 








39 = 10 


C.0, Factor s 1/2 
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Value C.O. Factor 
oF 
3-F 
22. = 2x1 it 
OAszg 8+) -4, 3r1 2 dae 
2 “ ixet 
1,5 a 2x0 _ 
OB 75 (3+ 0) 2.3, 340 =0 
i . 2x25. 
OC #95 (3+. 25)5. 13, 395° 
iK>.83 
A — > Point 0 
Fixed 485 
-300 f £ 300 
ae 125 Cig 2145 
-372.5¢ f£ 155 
SOLUTION #2 
Pin@ — 
B osiIs Fig. All. 22 


by distributing .75x 25 =18.75 to CO and the re- 
mainder of 6.25 to the support, since the fixity or 
the support at c has deen assumed as 25 percent. A 
line is dravm under the 18.75 and the carry over 
moment of $.57 is taken over to O. One cycle nas 
now been completed. Returning to joint A, we 
find -62.5 below the line. This is balanced oy 
distrituting zero to OA and 62,5 to the fixed 
support. A line is drawn under the zero distri- 
buted moment to AO and the carry over moment of 
zero is placed at 0. Considering joint O for 
the second time the unbalanced moment 1s 9.37 + 
31.25 + 0 = 40.62 or the sum of all vaiues delow 
the column horizontal lines. The joint is dal- 
anced by distributing - 17 to OA and OB and 7 
-6.62 to OC. Lines are drawn under these dal- 
ancing moments as snown in Fig. All.21 and the 
carry over moments are taken over to the far 
ends defore proceeding to Joint 3B. 

This general process is repeated until joint 
A has been balanced 5 times and the other joints 
4 times each, as indicated in the figure the dis- 
tributing values have become quite small and it 
is evident that 2 hign degree of accuracy has 
been obtained. The inal end moments at each 
joint equal the aigebraic sum of the values in. 
each colum. A double line ‘s placed above the 
final moments 2s a distinguishing symbol. In 
the figure the letters > and c refer to balancing 
and carry over moments, the subscripts referring 
to the member of the balancing or carry over 
oceration. Any order of joint consideration can 
be used in reaching the same result. 


Solution #2 of Problem 7 


Fig. All.22 gives a second solution, With 
the end conditions xnewn at A, B end C, the modi- 
fied stiffness factors of the members can be 
found together with the modified carry over fac~ 
tors, thus maxing it necessary to balance joint 
QO only once and carry over tnis final far end 
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moments of each member. The figure gives the 
calculation of the modified or actual stiffness 
and carry over factors. With these xnown the 
solution {s started as before oy computing the 
fixed end moments due to transverse loading on 
member AO. Joints B and C are released and 
since no fixed end moments exist, no balancing 
is required and the joints are left in their 
true state of restraint L[nstead of locking and 
unlocking as {n solution #1. Releasing joint 0 
from its imaginary fixed state the unbalanced 
moment is 300 which is balenced by distributing 
- 300 between the 3 connecting members eccord- 
ing to the new distribution factors at joint 0. 


Thus - 300 x .482 = - 145 to OA; - 300 x .361 = 
- 108.2 to OB and - 300 x .157-= - 47 to &. 

The carry over moment to A = - 145 x 5 = - 72.5 
to B= - 108.2 x 0= 0 and ~7 x .154 = - 7.2 to 


Example Problem #8 
Figure All.23 shows the forward portion of 





a fuselage side truss. Due to eccentr icity of 
angine mount and landing gear members, external 
moments are produced on joints A, B and D as 
shown. Furthermore lateral loads due to equip- 
ment in evailation are shown acting on members 5E 
and CD. assuming the fuselage welded joints 


produce rigid continulty of members thru the 
joint, the problem is to find the end moments in 
all the members due to the_eccentric joint mom- 
ants and two lateral loads. The effect of Joint 
translation and secondary moments due to deflec- 
tions and axial loads is to be neglected in this 
example. 
Solution: 

Table All.2 gives the calculation of the 
stiffness factor for each truss member. The 
fuselage truss aft of joints I and H have been 





assumed to give SO% fixity to t 
Table All.2 2 modified stifiness factor is cal- 
culated for members GI, FI, and FH using a 50 
percent fixity at their far ends. The last 
column of Table All.2 gives the summation of the 
member stiffness factors for members intersect- 
ing at each joint. 

120# 





Fig. Alt. 23 
“I oe 
Gear 
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Stiffness 
XK Factor 


Fig. All. 24 
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Fig. All.24 gives the solution of the 
problem. The procedure in this solution was as 
follows: 

The stiffness factor K for eacn member as 
computed in Table All.2 is recorded in the cir- 
cles adjacent to each truss member. The carry 
over factors for all members ts 1/2 except fcr 
modified members GI, FI and FH for which the 
carry over factor to the 50% fixed ends is .286. 
The distribution factor for each member at each 
joint 1s recorded at the end of each member, and 
equals K/iK. 

The next step in the solution is to compute 
the fixed end moments due to the transverse 
loads on members. 

For member BE . 

Mpg = Pab?/L* = 120 x 29.25 x 12*/41,25" = -26"# 


Map = 120x 29.25* x 12/41.25" = 725"# 
Mcp = 100x 20° x 10/30" = - 
Mpc = 100x 10" x 20/30° = 222 


These moments ara placed at the ends of the 
members on Fig. All.23 together with the eccen- 
tric joint moments. The process of unlocking 
the joints, distributing and carrying over mom- 
ents can now be started. In the solution as 
given the order of joint consideration is 
ABCDEFG and repeat, and each joint has been bal- 
anced three times. 

Consider joint A:- 

Unbalanced moment = 2400. 
tributing - 2400 as foliows:~ 








Balance by dis- 


To AC = - 2400x .527 =-1268. Carry over 
to C =-634 

To AB = - 2400x .473=-1132. Carry over 
to B=-S66 


Proceed to Joint B:- 

Unbalanced moment = (-S66 + 3200 - 298) = 
2336. Joint is balanced by distributing - 2336 
to connecting members as follows:- ° 


To BA=- 2336x .569>- 1330. Carry over to 


A = ~ 665 

To BC=- 2336x .310=- 724. Carry over to 
C= = 362 

To BE=- 2336x .l2l=~- 282. Carry over to 
£=- 141 


The convenient device of drawing a line 
under all balancing moments is used to prevent 
confusion in later balances of the Joint. 


Proceed to Joint C:- 
Unbalanced moment = (-634 - 362 - 445) = ~-1441 
The joint 1s balanced by distributing 1441 as 
follows :- 
Jo CA =1441x .44=635. Carry over to A=318 
CB =1441x .214= 309. Carry over to 3=155 
CE=1441x .064=92. Carry over to E=46 
CD = 1441 x .282 = 406. Carry over to D= 203 
This process is continued for the remainder of 
the truss joints. After all joints has been 
anced once, on returning to joint A we find 
below the lines an unbalanced moment of (318~- 
665) =-347. The joint is balanced a second time 
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by distributing 183 to ac and 154 to AB with 
carry over moments of hal? these values to ends 
C and B respectively. 
The student should 
rest of the solution as 


now be able to check the 
given on Fig. All.é4. 

The solution could be made with any order of 
joint consideration. If any particular joint ap- 
pears to de nearly balanced, it is best to skip 
it for the time being and consider those joints 
which are considerably unbalanced. 

The final moments at the end o2 each member 
are given below the double lines. 


Example Problem #9 


Fig. All.25 represents a cross section of a 
welded tubular steel fuselage. The top and dot- 
tom members which are web mempers in the top and 
bottom fuselage trusses are subjected to the 
equipment installation transverse loads as shown. 
Let it be required to determine the end oending 
moments in the rectangular frame due to these 
transverse loads assuming full continuity thru 
joints. 


Solution: 


Fig. All.26 shows the soiution. The distri- 
bution factors based on the member stiffness fac- 
tors are shown in(Tjat ends of each member, The 
first step {s to compute the fixed end moments 
due to transverse loads, on members AB and CD us- 
ing equations from Table All.l. The magnitudes 
are 1890"# for AB and 2025"# for CD. 

Joint B is now reledsed from its assumed 
fixed state. The unbalanced moment of 1890 is 
balanced by distributing - 1890 x .247 = - 467 to 
BA and the remainder of -1423 to BD. The carry 
over moment to A = - 465-x .5 = - 235. Due to 
symmetry of structure and loading only one half 
of frame need be considered and hence these car- 
ry over moments to A are not recorded. However, 
in balancing joint A it will throw over to B the 
same magnitude of carry over moments as thrown 
over to A from B but of opposite sign since the 
original fixed end moment at B is minus. Thus 
233 comes to B from first balance of A as shown 
in the figure. The distributing moment *o 3 of 
~1423 produces a carry over moment of -1423 x .5= 


-712 at D. 27" 
300? 3008 =| 
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Joint D is considered next: The unbalanced mom. 
ant of (2025 - 712) = 1313 is balanced by dis- 
tributing - 1313 to the connecting members. 

To member DB = ~ 1313 k .678 = ~ 892 and 
the remainder of -421 to DC. The carry-over 
moment to B is - 446, The carry-over from C to 
D is one-half the balancing moment B = - 421 
but of opposite sign or 210, due to symmetry as 
explained before for member AB. 

Returning to joint B, the unbalanced as 
recorded below the single lines is (233 - 446) 
= - 2123. To valance 160 is distributed to BD 
and 53 to BA. Carry-over 80 to D and bring 
over from A to B .Sx-53 =-27. Continue this 
process until joints A and D have deen balanced 
4 times or 4 cycles have been completed. The 
Zinal moments are shown below the double lines. 
Pig.All.26a shows the resulting moment diagram 


on frame. 
oe 
Final 


Moment 
" Diagram 
a 
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aba 31743 
4080 


Fig. All. 26a 
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Ali. 10 Continuous Structures with Members of 
Variable Moment of Inertia 


In Arts.All.3, 4 and 5 consideration was 
given to the derivation of expressions for 
fixed end moments, stiffness and carry-over 
factors for beams of uniform cross-section. 
Many cases occur in routine design where mem- 
bers nave a variable cross section. This 
article will illustrate the calculation of the 
fixed end moments, stiffness and carry-over 
factor for a deam with varfable moments of in- 
ertia. The effect of axial lead on these fac- 





tors will not be considered here but will be 
treated in a later article. 


(A) Calculation of Fixed End Moments for a 
Given Beam Load 


Fig.All.27 shows 2 fixed end beam with a 
variable moment of inertia and carrying a single 
concentrated load of 100#. The beam moment dia- 
gram for this load is considered in three parts. 
Fig.All.28 shows the static moment curve as~ 
suming the beam simply supported at A and B and 
carrying the load of 100#. Fig.All.29 shows 
the other two parts, namely the triangular mom- 
ent diagram due to the unknown moments My and 
Mg which produce fixity at the two ends. In 
this figure Mg and Mg have arbitrarily been taken 
as 100, instead of unity. 2 

Fig.All.30 shows the M/I diagram for the 3 
moment diagrams of Fig.All.29. The beam is di- 
vided into ten equal strips, and the M/I curves 
are obtained by dividing the moment values at the 
end of each strip or portion by the corresponding 
I value from Fig. All1.27. 

From the conditions of fixity at the beam 
ends, we know that the slope of the beam elastic 
curve is zero at each end. Likewise the deflec- 
tion of one end of the beam away from a tangent 
at the other end is zero, Stating these facts 
in terms of the moment area principles, we ob- 
tain 


- -(5) (Area of M/I diagrams 


equal zero) 
L 
Mxdx 2 -(6) (Moment of the M/I dia- 
I gram as a load about 
° either end equals zero) 
(Note: Since E is usually considered constant 


it has been omitted from denominator of the above 
equations.) 


TABLE All.3 






























2.67 | 286/110 5 7 
397 6.32 | 28101133 | ¢.07) a7 9 136 
770| 10,36 | 78001143 {10,0 Q 438 
14,10 [158001130 a 70,0/14.10] 990 
| 18.07 | 26000 [210 90.0}18.06 | 1630 | 
1970 1210.0 122,05 | 2430 
25.88 | 17401123.5 [26,04 1480 | 
29.76 | 1218 {117.0 )/29.94} 3480 | 
390) 91.0 /33.a8 | 3080 
1s7!_ 62.5 137,36 | 2360 




















Eziye e 179808 FE ol192Z alain -F NBIAD ee | 
F 345. 743.8 


‘* Actual area in 4 times the resuits shown. For calculation of 
{ized end moments Sic.o. factors only relative values are 
necessary. 
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identical to Fig. 
the conditions of 
the deflection of A 
tangent to the elastic 
is zero. Thus by the d 
principle of area moments, 
moment cf the M/I diagrams 
Figs. All1.30 (a and 5) about 
end A equals zero. Thus, 


743 


845.7x14,1+- 


B 
g Fixed 






2,0 in, 


1 Curve 


100 





Mg x 24.450 
or 


Mg = - 66"d 


Since Ma was assumed 100, 
carry over factor from A 
66 66, 

To 

To find carry over 
to A, take moments 
equate to zero. 
Hence 


v 
to 


nen 
3 


factor from 3 
abcut B and 


848.7 





L_ | 
121 1807 


22.08 25. 








10 


ey 
Fig. A11.30 [41 
2.06 6.07 


4 








743.8 


Table Al1.3 shows the calculations for computing 
the areas and the centroids of the three M/I 
diagrams of Fig. All.30. Substituting values 
from Table in equations (5) and (6). 


845.7 743.8 : 

“109, TA? sTog; Mart S808 2 0! seo icees= 7) 

11922 18122 . 

“too” “a+ “Egg7 Mp +i7980g9=0- - - --- (8) 
The value 100 in the denominators is due to the 


fact that trial values of 100 were assumed for 
Ma and Mg. Solving equations (7) and (8) we 
obtain; 


My = ~ S15"# and Mg = ~ 7ES"¥. 
{ Calculation of Carry Over Factors 


B) 


To determine the carry over factor from A to 


53 consider end A as freely supported and 8 as i 
fixed. A moment Ma = 100 is applied at A which | 
produces the M/I curve of Pig. Al1.30b. due to 


tne deflection of the beam under this loading a 
restraining moment at B to cause tangent of 
elastic curve to remain horizontal will exist. 
This unknown fixed moment at 8 has arbitrarily 
been taken as 100, thus producing 4 M/I curve 

















2 





743.8x15.6+ 


whence 
Mg = -53.2°# 


ov 


} 20 


Ma x 


100 


Therefore carry over factor 3 to 
A= - 53.2 = - .522 
Teo 
(Note: For the moment sign con- 
vention used in this book carry 
factor would be plus.) 


over 
{C) Calculation of Beam Sti? 
ness Factors 


8 a9.83 





When 2 bveam is freely sup- 
ported at one end A and fixed at 
the far end B, the stiffness fac- 
tor at the A end is measured by 





| the moment necessary at‘A to produce unit rota- 


Le 
tic 


tion of the elas curve at A. 
In art. All.4 it was proved for beams of 
uniform section that £0, = MaL/4I or Mg = 4e16,/ 

L. Ina continuous structure at any joint all 

members nave the same 9, thus 45@ 1s constant 
and the stiffness K of any prismatic beam is 
proportional to I/L. For deams of variable 
section the stiffness factor X may de written:- 


where I, is the moment of inertia at a particu- 


lar reference section and c is a constant to be 
found for 2ach non-uniform member. Thus for 
non-uniform members 











EQ, =MsL/4clg -~----------- (10) 

By the moment ¢rea slope principle, the 
slope at A when 3 is fixed equals the area of 
the M/I diseran detveen A and 8. 

Taxing Ma = 100, L 
-o6"#. Thus £6, = 4 L4l3. 
‘The value 4 is cue to the strip «#idth since 
true area is wanted and only average ordinate 
wag used in Tabie 
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Suit to Squation (20) 
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: ~ 100x40 
Ue aoe ay 


Ig was taken as the value at the A end or 1. 
(See Fig. Al1.27). 
Therefore Kap = .707 Iy/L 


Similarly for end B:- 

Op = 4(743.8 - .532.x 845.7) = 
whence 

c = .85 and Kpa = .85 Iy/L 


» Whence ¢ = .707 


100 x 40 
acxl 


All.11 Frames with Unknown Joint Deflections Due 
to Sidesway 

In the example problems so far treated the 
‘oints of the particular structure were assumed 
to retate without translation or with a definite 
amount of translatory movement. Translation of 
the joints may however, bé produced by shorten- 
ing and lengthening of the members due to axial 
loads and by lateral sway due to lack of diag- 
onal shear members. The problem relative to 
the effect of joint translation due to axial 
stresses is treated in a later article. In 
this article only the effect of sidesway of 
rectangular frames on the frame bending moments 
whil be considered. 

Fig. All.31 {llustrates cases of frames 
where only rotation of joints takes place (neg- 
lecting axial deformation) whereas Fig.All1.32 
illustrates conditions in which sidesway takes 
place and the joints suffer translation as weil 


as rotation. 
External 


Support 
Preventing 


Mt 


Symmetry of Structure Frame prevented 
& Loading from sidesway by 


Fig. A1L.31 external restraint 
| am, but Structure 


Symmetry of Structure, Unsymmetrical 
Loading Unsymetrical = 
Fig. Ail.32 


Symmetry 
of Loading 


There are several methods of determining 
the bending mements due to sidesway. Only one 
method will be presented nere and it can Dest 
de explained by the solution of example prob- 
lems. 


Example Problem l. 
2 single bay rectangular 
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dent carrying a distributed side load on one 
leg as shown. The K or I/L values for each 
Member are ziven on the figure. 

Under the given loading it is obvious that 
the frame will sway to the right or in other 
words, joints B and C will undergo considerable 
horizontal movement. The moment distribution 
method assumes that only joint rotation takes 
Place. To make this assumption true for this 
structure we will add an imaginary support at 
joint C which will prevent sidesway of the frame 
as illustrated in Fig.All.34. The end moments 
in the frame will then be found by the moment 
distribution process. Fig. All.%4 shows the 
results of this process. To explain, the solu- 
tion begins with computing the fixed end moment 
on member AB = WL7/12 = (300x25%)/l2 = 15.63 
thousands of foot lbs. This value with the 
proper sign is written at the head of a column 
of figures on member AB as shown in Pig.All.34. 

Now considering Joint B, the unbalanced 
joint moment of 15.63 is distributed as follows:- 
To Member BA = - 15,63 (40/190) = - 3.27. Carry 
over to Joint A = - 3.27/2 = - 1.63 


To Member BC = ~ 15.63 (150/190) = ~ 12.36. 
ry over to Joint C = - 12.36/2 = - 6.18 


Car~ 
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Fig. Ali. 35 


Now consider Joint C:- 

The unbalanced moment is -6.18. To bal- 
ance we distribute to CB = 6.18x 150/190 = 
4.88. Carry over to B = 2.44; ta CD = 6.18 x 
40/190 = 1.30. Carry over to D = 0.65 


The balancing and carry over procedure is now 
repeated for joints B and C, until the unbal- 
anced moments become of negligible magnitude. 
Pig.All.34 shows that 4 cycles have been car- 
ried through. By keeping the ratio 150/190 set 
on the slide rule the unbalanced moments at 
joints B and C are distributed and chased back 
and forth as rapidly as one can write them 
down. Since joints A and D are assumed fixed, 
they absorb moments but do not give out any. 


Fig. Al1.35 shows a free body diagram of 
each portion of the frame, The end moments 
are taken from the results in Fig. Al1l.&4. 
Consider member AB as a free body. To find 
the horizontal reaction Hp we take moments 
about point A. 


My = 300 x 25 x 12.5 + 11750 ~ 17570 = 25Hy = 0 
hence Hg = 87930/25 = 3517 lb. 


Now consider member CD as a free body. 
To find Ho take moments about D. 


IMp = 1530+ 770-25Hg = 0, hence Hp =891b 


We now place these horizontal forces on the 
top member BC as a free body as shown in the 
upper portion of Fig. All.35. The unknown 
imaginary reaction Ro at point C that was 
added in Fig. Al1.34 to prevent sidesway is 
also shown. To find Ro take IF, = 0 


IFh = 3517+ 89-Ro = 0, hence Rc = 3606 1b 


Since the external reaction of 3606 does 
not exist, we must eliminate it and find the 
bending moments due to the sidesway of the 
frame. In other words, the frame will sway 
sideways until bending of the frame develops a 
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horizontal shear reaction at the upper end of 
the vertical legs of the frame equal to 3606 lb. 


Bending Moments Due to Sidesway. 


Assume the structure sways sideways as 
illustrated in Fig. Al1.36, but with no 
rotation of the upper joints. It was proven 
in Art. All.8 that the end moments produced by 
the lateral movement of one end of a beam whose 
ends are fixed against rotation are equal %o 
6EId/L* where d is the lateral movement. In 
Fig. All1.36 the load P causes doth vertical 
Members to suffer the 
same horizontal dis- 1 
placement at their 7 
upper ends, hence their |B 1G} 90° 
1 
' 





end moments due to this 
displacement are pro- 
portional to BI/L*. y 


/ Fig, A11. 36 


Since SI and L are ar mht 
the same for each vertical 
member in our structure, 
the fixed end moments will 
be the same magnitude for 
each member. Therefore, for conventence we will 
assume fixed end moments of 10,000 ft.lbs. are 
produced by the sidesway. We now use the moment 
distribution process in permitting the upper 
joints to rotate as illustrated in Fig. Al1.37. 
The procedure is similar to that in Fig. Ali.&. 
For example the solution is started by consider- 
ing joint B. The unbalanced moment is -10. 

This is balanced by distributing 10x 150/190 = 
7.89 to BC and the remainder of 2,11 to BA. 
The carry over moments are 7.89/2 = 3.95 to C 
and 2.11/2 = 1.06 to A. Due to symmetry of 
loading and structure, the distributing and 
carry over moments at joint C will be same as 
at joint B, hence it is needless work to show 
calculations at these joints. The carry over 
moments from C to B will be identical to those 
from B to C. Fig. All1.37 shows the 5 cycles 
have been carried out to obtain the final end 
moments as shown below the double lines. 


Sidesway Without 
Rotation of Joints 
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¢3.95 +——~1/2 Due to symmetry 
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Fig. A1l1.38 shows a free body diagram of 
the frame vertical members with the end moments 
as found in Fig. All1.37. The shear reactions 
Hg anc Ho are each equal to (8470+ 9230)/25 = 
708 lb. These shear reactions are then placed 
on the free body of member BC in Fig. A11.38. 
For equilibrium the summation of the horizontal 
forces must equal zero. Thus P = 708+ 708 = 
1416 lb. and acting to the right as shown in 
Fig. All.38. Since the reaction Ro = -3606 in 
Fig. All1.35 must be liquidated and since the 
liquidating force P produced by the moments in 
Fig. All.37 1s 1416 lb. it is obvious the 
values in Fig. All.37 must be multiplied by a 
factor equal to 3606/1416 = 2.545. Therefore, 
the final bending moment values equal those of 
Fig. All.34 plus 2.545 times those in Fig. 
All1.37. Fig. A1ll.39 shows the results and 
Fig. Al1l.40 the final moment diagram. 
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Example Problem 2. Bent with Unequal Length 
Legs and Pinned Ends. 


Fig. Al1.41 shows a loaded unsymmetrical 
frame. The final bending moments at B and c 
will be determined. 
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SOLUTION: 
Relative Stiffness Factors: - 
=~ 21 3x24. - 44. 4x16 
Kea SD “gg = 5, Keo 8s gs 4 


= 3I _ 3x10 
Kep = 1 = “is 





=2 


The distribution factors for each member at 
joints B and C, which equal K/3K are recorded in 
the small ([] on Fig. All.4la. 


Fixed End Moments: ~ 


For Member AB = PL/8 
For Member BC = PL/& 


100 x 24/8 = 300 tn.1b. 
100 x 16/8 = 200 


AS explained in example problem 1, the 
moment distribution ’s carried out in two steps, 
one for joint rotation only and the other for 
effect of sidesway or horizontal translation of 
joints Band C. Fig. All.4la shows the moment 
distribution for no sidesway by placing an 
imaginary reaction Ro at joint C. The process 
is started at Joint A and the order of Joint 
balancing 1s ABCBC. As soon as a joint ts 
balanced the carry over moments are immediately 
carried over before proceeding to the next 














joint. When a joint {s balanced a horizontal 
line is drawn. 
F.E.M. 200 F.E.M. 
43 —— - 71.5 
- 42.8 ——- 95.7 Bi 
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With the end moments known the reaction 
Re can be calculated by a consideration of the 
free body of each member as shown in Fig. 
All.41b. 
S95 A Re ster 05 
5 3.18 


989.2 pats Fors. ies 
r 





| 


100 


a 3.15 


Fig, All. 41b 


To find Hg take moments about A, 
100 x 12 + 362.3 ~24Hg = 0, Hp = 65 1d. 
To find Ho take moments about D, 


-47.3+15Ho = 0, Ho = 3.15 

Placing these shear reactions on member 3C 
and writing equilibrium of horizontal forces 
we find that Rg = 65 ~ 3.15 = 61.85 1b. We 
now must liquidate this reaction Rq and permit 
frame to sidesway. 


We will assume that the frame Is 2ixed 
ended and that an unknown horizontal zorce P 
at C will deflect the frame sideways. The 
fixed end moments for equal horizontal de- 
flection of B and C will be proportional to 
EI/L* of the vertical member. 


For member AB, ae Pad = .0417 
I 10 


For member DC, Lt = = 0445 


15? 


For convenience we will assume 417 in.lb. as 
the fixed end moments on AB and 445 on DC. ! 
The assumed fixed ends will now be eliminated 
by the moment distribution process as shown 
in Fig. All.4lc. The order of joint balance 
was ABDCBCBC. 


Fig. All.4ld snows the shear reaction on 
the vertical members at B and C. These forces 
reversed on the top member show an unbalanced 
force of 6,02 + 10.85 = 16.87 1b. Therefore 
a force P = 16.87 was necessary to produce the 
bending moments that resulted on the frame 
due to sidesway. 
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To liquidate the reaction Ro = 41.85 it 
will therefore require 61.85/16.87 = 3.67 times 
the moments in Fig. All.4lc. Therefore the 
final bending moments equal those in Fig. 
All.4la plus 3.67 times those in Fig. 411.4lc. 
Fig. All.4le shows the results. The dending 
moment and shear diagram and tne ax1al loads 
now follow as a simple matter of statics 


47.3 





Fig. All. dle 
Example Problem 3. Sencing Moments in Truss 
Involving One Panel Without diagsn2 t 





Member. 


Frequently, in aircraft str 
is used in which a diagonal member 
out of one or more truss bays. The 
shear load on such bays must De carr 
truss chord members in bending. Fig. 4 
shows a 3 bay truss with no diagonal 
the center bay. The dending moments 

russ members will be determined far 





on 


the 


the truss 








ANALYSIS AND DESIGN OF 


FLIGHT VEHICLE STRUCTURES 


All. 21 





loading as shown in the figure. 


Then the distribution factors are: - 


To Member cb = 4/7 = .57 
a fo Member cf = 1/7 = .14 
To Member cd = 2/7 = .29 





|-— 60" —+H-— 60" —— 80" —+ 


Fig. All. 42 
SOLUTICN: 


The relative moment of inertia values 
for each member are given in the circles on 
the truss in Fig. All.42. 


The distribution factor to each member 
at each joint is then computed and equals 

K/3K. The values are recorded tn t..e(] 

om each member in Fig. All.43. Th, stiffness 
factor K 1s proportional to I/L fcr the member. 
For example for joint c: ~ 


=o ee a ee ee 
REP = 40+ G0 * 8 = 30 










In this problem there are no loads applied 
to the members between joints. The external 
shear load on the truss to the right of the 
center truss panel which equals 10 + 10 = 20 
must be carried through the center panel by the 
truss chord members in bending. This bending 
causes the center truss to sway or deflect 
until a resisting shear force equal to 20 is 
developed. 


We will assume the truss center panel is 
fixed at Joints b, c, f, and g. The right end 
of this assumed fixed ended truss will be given 
an upward deflection. This deflection will 
cause fixed end moments in members be and ef 
which are proportional to I/L*® for each member. 
Since L ts the same for each member, the fixed 
end moments will be proportional to I of the 
member. 
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Therefore the fixed end moments on member 
gf will be 75 percent of those on member bc. 


Assume 100 as the fixed end moments on 
be. Then a 75 x 10 = 75 is the accompanying 
fixed end moment on gf. 

We mow remove the imaginary fixed supports 
on the center truss and let them rotate to 
equilibrium by the moment distribution process 
as shown in detail tn Fig. Al1l.43. 


The first step is to record the assumed 
fixed end moments of 100 at each end of member 
be and 75 at each end of member gr with due 
regard for sign. The moment distribution pro- 
cess will be started at joint C. The unbal- 
anced moment is 100 or -100 is necessary for 
static balance. Using the distribution fac~ 
tors on joint C, we find -57 goes to cb, -29 
to ed and -14 to cf. Short lines are drawn 
below each of these numbers. Fifty percent 
these balancing moments are carried over to 
the far end of each of these members. This 
process is repeated at each joint until the 
remaining balancing moments are neglisidle. 
In Pig. All1.43 the order of joint balance was 
efdebghacrdebghacfdebg. If the student will 
follow this order he should be able to check 
the figures in Fig, Al1.43. 


of 


Fig. Al1.44 shows 
free bodies of the truss 
members de and gf with 
end moments from Fig. 60" 
All1.43. The shear re- 
action at ends c and ¢ 

-L |b 
b t 
y statics equals 1 
Fig. All. 44 


36.9 28.7 


= He, 


af 
Hy + He * 36.9+ 45.1 = 
20 
_ 2827+ Bh 
60 


1.377 + 1.045 = 2,422 1b. 


Tne external truss shear at line cf = 20 lb. 
Therefore it will take 20/2.422 = 8.25 times 
the final bending moments as found in Fig. 
All.43 to develop a bending shear reaction 
of 20 lb. Thus the final moments are 8.25 
times those in Fig. 411.43. 


The solution as given neglects the effect 
of axial loads upon the value of the stiffness 
and carry over factors. Art. All.12 explains 
how to include these effects. 


All, 12 Effect of Axial Load on Moment Distribution 


In the previous articles the effect of 
axial loads upon the member end moments of a 
continuous structure was neglected. The axial 
loads produce bending in the members of a con- 
tinuous structure in two ways. (1) The short- 


ening or lengthening of the various members due 


to axial loads preduces transiation o. 
joints of the structure. Since ‘the a: 
tween the members at 2 joint remain tv 
due to continuity, this translation o 
bends the members between Joints. 
bending moments on cthe memo=rs due to external 
joint or lateral loads or those cue to Joint 
rotation produce lateral deflection of the 
members detween joints. The member axial loads 
times these lateral deflections produce 
secondary moments. These secondary moments can 
be nandled by the general method of moment 
distribution however the stiffness and carry 
over factors and the fixed end moments are not 
constant but become functions of the axial 
loads. 


Fig. All.45 shows a prismatic beam simply 
supported at A and fixed at B, with a moment 
My applied at A and carrying an axial compres- 
sive load P, Sub. Figure a, > and ¢ show the 
3 parts which make up the moment diagram on the 
beam. Without the axial load P the pertion (c) 
would be omitted. 








= —)P 
' . ' ‘ Mp 
: 
Ma Ottz (a) 
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MOMENT DIAGRAMS 
Fig. All. 45 


By definition the stiffness factor of beam 
AB is measured by the necessary moment Ma to 
produce unit rotation (@=1) for elastic line at 
point A. By the moment area principles, the 
slope at A equals the shear at A due tc the 
moment diagrams acting as a load cn a simply 
supported deam at A and B. For a given unit 
slope at A it is obvious tnat the required Ma 
is less when the load P is acting as it pro- 
duces 4 moment load in (Fig. ¢) of the same sign 
as the noment load due to Ma. Thus the stift- 
ness of AB is less when carrying an axtal com- 
pressive load compared to that without it. Por 
a tension axial load diagram C becomes a nega- 
ive moment diagram and thus Ma must become 
larger to give unit slope at A. Or in other 
words a member carrying a tensile axial load 
has @ greater stiffness than one without axtal 
loads. It is evident that the moment diagram 
due to P will 2iso effect the magnitude of any 
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fixed end moments and also the carry over fac- 
tor. 


Al1.13 Fixed End Moments, Stiffness and Carry 
over Factors for Beam Columns of Constant 
Section 


In deriving expressions for fixed end mom- 
ents, stiffness and carry over factors the beam 
columns formulas of chapter Al0, must be used 
in finding slopes, deflection and moments. 

Mr. B. W. James in an excellent thesis at 
Stanford University and later published by N.A. 
C.A. as Technical Note #534 nas derived expres-— 
sions for these factors and nas provided graphs 
of these factors for use in routine design. 
Figures Al1.46 to All.56 inclusive are taxen 
?rom this thesis. The use of these Figures can 
best be tllustrated by the solution of several 
problems. 


All.14 Illustrative Problems 
Example Problem #12 


Fig. Al1.57 shows the same continuous beam 
as used in Example Problem #4 (and solution #2). 
For this example 1t has been assumed that such 
axial compression loads exist in spans BC and CD 
as to make the term L/j = 2.5 and 2.0 for these 
spans respectively, where J = VEI/P. Due to the 
axial loads, new values of stiffness and carry 
over moments as well as fixed end moments aust 
be determined as follows. 


Span BC 
x-iei= 
Ree 3 -0104 


Prom Fig. Al1.47 when L/j = 2.5, correction fac- 
tor for stiffness factor = .775 when far end {s 
fixed and .36 when far end is pinned. Hence, 


Kpo = .0104 x .775 = .00806 
Kop = .0104 x .36 = .00374 


From Fig. All.46, when L/} = 2.5 the carry over 
factors are Cyc = .73 and Cog = 0 1f B is con- 
sidered freely supported. 


From Fig. All.48 when L/j = 2.5 fixed end mom- 
ents for untform load = wL7/10.67 = 1 x 969/ 
10.67 = 865 tn. 1b. 


Span cD 
K = I/L = 1/72 = .0139, L/j = 2.0 
From Pig. All.47 correction factor = .86, hence 


Kep = Kpg = -86 x .0139 = .01i98. Carry over 


factor from Fig. All.46 = .62. Fixed end momenta 


from Fig. All.48 = wL7/11.2 = 1 x 727/11.2 = 462 
The distribution factor at joint C equals 
(.00374/.00374 + .01198} = .238 to CB and the 
remainder .762 to CD. 
The balancing and carry over process is 
similar to that in Exemple Problem #4. 
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Carry-over factor. C = 2B 
Fig. All. 46 


Stifiness factor coefficient. K = Cc 
Fig. All. 47 
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oh 
Fixed~end moment coeffictent. 
Uniform Load. 


Fig. Ail. 48 


























































































































Pixed-end moment cceffictent. 
Uniformly varying load. 
Axial -compression. 

Fig. All. 49 
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Fixed-end moment coefficient. 
Uniformly varying load. 
Axial tension. 


Fig. Al1.50 
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Fixed~end moment coefficient. 
Concentrated load at mid-span. 


Fig. Al1.51 
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Fig. Al1.52 Fixed-end moment coefficient. Concentrated load. 
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3 Wy + 
Culum distribution factor. 2B-a. 
Fig. Al1.56 


wele/in, L/j2.5 Tis constant, L/J=2.0 


we 





























Comparing these results with those of Problem 43 
we find moment at Cc is increased 15.7 percent 
and that at D is decreased 8.5 percent. For 
larger values of L/j the difference would be 
greater. 


Example Problem #13 


Fig. Al1.58 shows the upper wing of a bi-~ 
plane. The wing beams are continuous over 3 
spans. The distributed air loads on the front 
beam are shown in the figure, also the axial 
loads on front beam induced by the lift and drag 
truss. The bay sections of the spruce are shown 
in Fig. Al1.58. The moment of inertia in each 
span will be assumed constant, neglecting the 
influence of tapered filler blocks at strut 
points. 
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Fig. All. 58 < y 1 

Spruce “nb mail ase 

1 x Axial Beam Loads 

t iL -11758_ | -9571 |-8565|- 7559 | 

esl apes ae | ee 
T= 17,21 1s 22 
Span. ‘pr RAY 
ABA BI Span-Ke Fig. All. 59 


Fig. Al1.59 shows the total beam axial loads in 
the various portions of the beam by adding the 
values shown in Fig. Al1.S58. The outer span AB 
due to the axial loads induced by drag wires o7 
drag truss is subjected to a varying load. As ts 
customary in design of such wing beams the axfal 
load in span AB will be taken as equal to the 
average load or (-9571-8565-7552) /3=~8565#, 

The beam bending moments at the support 
points will be determined by the moment distribu- 
tion method. 

Calculation of Factors:~ 


Span AB 
I=17.21, L=100, I/L 
E = 1300,000, P = 8565 


TB 
j 2 \ SE aeel 000 x 17.25 


——"s565 OS 
L/j = 100/51.1 = 1.96 


From Fig. All.47 when L/j = 1.96, correction 
factor = .86 for fixed far,end and .52 for pinn~ 
ed far end. Therefore 


Kap = .52 x .172 = .0895 
Kpa = .86 x .172 = .148 


From Fig. All1.46, when L/j = 1.96, 
factors are:- 


C.O.p, = .62, and zero from A 
is considered in tts true state or 


= 172 


= 61.1 


the carry over 


to B since 3 
freely sup- 





ported. From Fig. Ali.48 when L/J = 1.96 equa- 
tion for fixed end moment for uniform load = 
WL*/11.25 = 32 x 1007/11.25 = 28420"#. 

The overhand moment Mac = 60 x 26.6 x 
(32+16)/2 = 38z00"#. 
Center Span AA':~ 

I = 22, I/L = 22/84 = .262, P 11758 

. .\fi,300,000 x ee _, 

iss tise > 49:4 

L/Jj = 84/49.4 = 1.70 

Kaa’ = Kara = .262 x .895 = .234 





c.0. Factor 
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Fixed end moment = wL7/11.35 = 31 x 847/11.25 = 
19300"# 


he moment distribution process is given 
in Fig. All.60. If the axial leads were neglec- 
ted, the bending moment, at support A and A' 
would be 19480, thus the axial influence in- 
creases the moment at A approximately 7.5 per- 
cent. 
























Fig, A1L80 
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eo 0 =535 38) 
Bal. A a A i 00 =3901=148. 
co 15 te728 8) 
Bal, 5[185 T1865, 
Final Mow. =38300] 38300 20809 | 20909 = 20908 | 20909, ~ 38300) 38300. 
Example Proolem 





Pig. ALL.61 shows a triangular truss com- 
posed of two members fixed at A and B and rigid- 
ly joined at C to the axle bar. Let it be re- 
quired to determine the end moments on the two 
members considering the effect of axial loads on 
joint rotation and translation. 





8 A 
2 
5 
8 
& g 
| 
2 
3 
3 
Fig, All. 61 3 
900 “Ss Fig. Al1.62 
18000 72000 
Solution:- 


The magnitude of the axial loads in the 
members 1s influenced by the unknown restraining 
moments at A and B. To obtain a close approxi- 
mation of the axial loads, the end moments in 
the two members will be determined without con- 
sideration of axial loads. Thus the external 
joint moment of 4 x 18000 = 72000 in. 1b. atc 
is distributed between the two members as shown 
in Fig. All.62. With the member end moments 
known the axial loads and shear reactions at A 
and B can be found by statics. The resulting 
axial loads are 


Pac = 10400# and Pgq = - 27150# and tne 
Shear reactions, Sy, = S9C# 2nd Sq = 20008. 


With the axial loads known the modified 





beam factors can be determined. 


ALL. 27 
For member 3C 
P = - 27150, I/L = 9083 I= .332 
_ (29,000,000 x .33: = _ 40 
3 = (ge08 = 18.82, 6/3 = ra ap 


= 2.12 


From Fig. All.47, stiffness factor = .32 x .0083 
= .00681 
From Fig. All.46 C.0.. Factor = .66 


For Member AC 


P = 10400#, I/L = .0029, I = .137 
3f29,000,000x 187 _ L_ 47.20 _ 
J T0400 = 19.58, 7 = tgcgg = 


2.42 
Stiffness factor = 
C.0. factor = .39 


Fig. Al1.63 shows the moment distribution solu- 
tion which includes the effect of axial loads on 
joint rotation. Comparing the results in Figs. 
All.62 and 63, the moment Mog of 24050 is 29 per- 
cent larger than that in Fig. 62, and the moment 
at B is 18 percent larger. The effect on the ax- 
jal loads of these new final moments will be 
quite small, and thus further revision is un- 
necessary. 


+0029 x 1.18 = .00542 






66 —» 31600) 


Fig. A11.83 


7 48000 - 


-72000 


Effect on End Moments Due to Translation of 


Joint ¢ Due to Axial Loads. 


The movement of joint C normal to each 
member will be calculated by virtual work. 
(Reference Chapter A7). Fig. All.64 shows the 
virtual loading of 1# normal to each member at Cc. 
The Table shows the calculation of the normal de- 
flections av c. 








Table 
Sut | | Supl 
| em. | U/as | 8 u. iz | of} | i om! 
H : | { i 4 
| Ac | .0000049 | 10400 | 1.89 | .0962 | 1.6 0818 | 
sc_| ‘00000244 | -27150 | -1.60 i ,10g0_| -1.89 | _.1250 
Tr E= 202 "T 207, 





Thus the deflection of joint C normal to 
BC equals .202" in the direction assumed for 
the unit load, and the deflection of C normal to 
AG. S-3207" 


+207 
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Fig. All. 64 
c 


The fixed end moments due to support de- 

flection equals M = 6RId/L* as derived in Art. 

1.7. However, the secondary moments due to 
axial’ loads times lateral deflection modify this 


equation. ‘James" has shown that the modified 
equation is, 

_ _ 6EId ST _4 
Meixed end * f3(2g-a)’ if Ks; and R=, than 


Fig. All.56 shows a plot of 2B-a against L/$. 
For Member BC:- 


R= .202/40= .00505  K=I/L= .0083, 
2B-a =1.08 for L/j = 2.12. 


Hence, fixed end moments due to translation of 
joint C equals- 


Mag = Mo = £00832 eee = -6750" 


For Member AC 
R= .207/47.2= ,00438 K= .0029, 2B-a= .92 


when L/j=2.42 and member is in tension. 
eee we -6X..00438 x .0029 x 29,000,000 _ 
fac = Mog = oe. ee 
~2400"# 


The signs are minus because inspection shows 
that the moments tend to rotate ends of members 
counter clockwise. (Ref. Art. Al1.2) 

Fig. Al1.65 shows the moment distribution 
for these moments. The magnitude of the moment 
at B is 6.7 percent of that in Fig. Al1.63 and 
10.4 percent at Joint C, however, it is reliev- 
ing in this example. 


(c) 


-6150 (f) 





{b) +. 66 -» 4020 
=2730 


~6750 (f) 


+6095 
~ 655 





Fig. All.65 
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Al1.15 Secondary Bending Moments in Trusses with 
Rigid Joints. 

Often in airplane structural design trusses 
with rigid joints are used. Rigid Joints 2re 
produced because of weiding the members together 
at the truss joints or by the use of gusset 
plates bolted or riveted to each member at 4 
truss joint. When a truss bends under loading 
the truss joints undergo different amounts of 
movement or deflection. Since the truss members 
are held rigidly at the joints, any joint dis- 
placement will tend to bend tne truss members. 
The bending moments produced in the truss mez- 
bers due to the truss joint ceflections are 
generally referred to as secondary moments an 
the stresses produced by these moments as 
secondary stresses. 





Since fatigue strength 1s becoming more 
important in aircraft structural design, the 
question of secondary stresses becomes of more 
importance than in the part. The moment distri- 
bution method provides a simple and rapid method 
for determining these secondary moments in truss 
members due to truss deflection. The general 
procedure would ve as follows: - 


(1) Pind the norizontal and vertical displace- 
ments of each truss joint due to the criti- 
cal design condition. (See Chapter A7 for 
methods of finding truss deflections). 

(2) From these displacements, the transverse 
deflection of one end of a member with 
respect to the other can de found for each 
truss member. 

(3) Compute the fixed end moments on each member 

due to these transverse displacements. 

{4) Calculate stiffness and carry-over factors 

for each truss member. 

(5) Calculate distribution factors for each 

truss joint. 


Carry out the moment distribution precess 
to find the secondary moments at the ends 
of each member. 


Calculate the stresses due to these seconc- 
ary moments and combine with the primary 
axial stresses in the truss members due to 
truss action with pinned truss joints. 


All, 16 Structures with Curved Members. 









The moment distribution method 
plied to continucus structures which t 
curved as well as straight memders. 
equations for finding the stiline: 
earry over factors and fixed enc 
Straignt 7 bers cannot De used for curved mem~ 
sers. The elastic center method as oresented 












a 
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in Chapter AG provides a rapid and simple 
method for determining these values for curved 
members. The use of the elastic center method 
in determining the value of stiffness and 
carry over factors will now be explained. 


All. 17 Structures with Curved Members. 
Before considering a curved member 2 


straight member of constant EI will be con- 
sidered. Fig. All.66 shows a beam freely 





Fig. All. 66 


Fig. Al1. 67 
EL. 4 
Mas L 7 MB 
M diagram 
Fig. All. 68 M/EI Diagram ¢ 
sale 2. 
L 


supported at end A and fixed at end B. A 
moment My is applied at end A of such magni- 
tude as to turn end 4 through a unit angle of 
one radian as illustrated in Pig. All.66. Sy 
definition, the necessary moment Mg to cause 
this unit rotation at A is referred to as the 
stiffness of the beam AB. In Art. All.4 it 
was shown that this required moment was equal 
in magnitude to -4EI/L. It was also proved 
that this moment at A produced a moment at 
the fixed end B of 2EI/L or a moment of one 
hal? the magnitude and of opposite sign ta 
that at A. Fig. 411.67 shows the bending 
ment diagram which causes cne radian rota- 
sion of end A. Fig. 411.68 shows the M/zl 
diagram, which equals the moment diagram 
divided by SI which nas deen assumed constant. 





The total moment weight g as explained 
in Chapter AQ equals the area of the M/EI 
diagram. Thus @ for the M/EI diagram in 
Fig. All.68 equacs, 


yr 2 Ge eersa 


B 


t 
cps 


In other words the total elastic moment 
weight @ equals one or unity. 


The location of this total moment weignt 
@ will coincide with the centroid of the M/EI 
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diagram. Thus to find the distance x from B 
to this centroid we take moments of the M/EI 
diagram about B and divide oy @ the total area 
of the M/aI diagram. Thus 


n2(.667L) + 1(.333L) = bly 


-2+1 -1 





X= 


Thus the centroid of the total moment weight g 
which equals one lies at point A or a distance 
L to left of B. 


In using the elastic center method to de- 
termine the stiffness and carry-over factor for 
a straight beam, we assume that the bending 
moment curve due to a moment applied at A is of 
such magnitude as to turn the end A through an 
angle of 1 radian. As shown above, the moment 
weight % for this loading 1s unity or 1 and its 
centroid location is at A. Then by the elastic 
center method we find the moment required to 
turn end A back to zero rotation. The value of 
this moment at A will then equal the stiffness 
factor of the beam AB. In order to simplify 
the equations for the redundant forces the 
elastic center method refers them to the elastic 
center. From Chapter A9 the equations for the 
redundant forces at the elastic center for a 
structure symmetrical about one axis are: - 


Fig. 411.69 shows beam of Fig. Al1.66 re- 
placed by a beam with the reaction at end A 
replaced oy a rigid bracket terminating at 
point (0) the elastic center of the beam, which 
due to symmetry of the beam lies at the mid- 
point of the beam. The elastic moment loading 
is Jg = 1 and its location is at A as shown in 
Fig. A1ll.69. 


oo 

Mo EL. 3 
R ¢ = 
‘eet ° B 
Lae oe | 

; L 
i 

Fig. A11.69 


Solving for redundants at (0) by equations {1}, 
(2) and (3). 


thigh Tee Set yid 
Mo = 3as7ir * T7er BEAL 
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Steg S sy. 0, because y the vertical 
0 Ty 


istance of gg load to x axis through elastic 
center (0) is zero. 


Fig. All.70 shows these forces acting at 
the elastic center. 


EYL 
A —7—— B 
'6EY/L2 
Fig. All. 70 


The bending moment at end A equals 


4EI 


EL _ GEL ,Ly _ 
Et Pee 


L L? 





By definition the stiffness factor is the 
moment at A which 1s required to turn end A 
through an angle of 1 radian. Thus 421/L 
is the stiffness factor and this result 
Checks the value as previously derived in 
Art. All.4. 


The bending moment at B in Fig. all.70 
equals, 


SEI & 2E1 


(=) = Shh 


2 L 





Hence the carry-over factor from A to B 
is .5 and the carry-over moment is of opposite 
Sign to that of the moment at A. 


All, 18 Stiffness and Carry-Over Factors For Curved 
Members, 


Fig. All.71 shows a curved member, namely, 
@ half circular are of constant SI cross~ 
Section. The end B {s fixed and the end A is 
reely supported. A moment Mg is applied at 


A of such magnitude as to cause a rotation at 
A of 1 radian as illustrated in the Fig. 

Fig, All.72 shows the general shape of the 
bending moment curve which ts Statically in- 
determinate, 


In Fig. All.73 the support at A 









Moment 
Diagram 






Fig. All. 71 


Fig. All. 72 





is removed and end A is connected by a rigid 
bracket terminating at the elastic center of 
the structure. We will now fing the required 
forces at (Q) to cancel the unit rotation at a 
which was assumed in Fig. All.71. 







= 0,6366r 
lq ! 
1B a 


Fig. Al1.73 


The total area of the M/SI curve for the 
curve in Fig. All.72 if calculated would equal 
one or unity as explained in detail for a 
straight member, The centroid of this M/ZI 
diagram would if calculated fall at point A. 
Thus in Fig. Al1.73 we apply a unit Zs load at 
A and find the redundant force at ©. Due to 
symmetry of structure about a vertical or y 
axis the elastic center lies 
axis. The vertical distance 
to elastic center equals 7 
page A3.4 of Chapter a3). 






















The elastic moments of inertia Ty and ly 
can be calculated or taken from reference 
Sources such as the table on page + 
Whence, 

Ix = .2978rt, but t = 

2978? 
Hence I, = Sees 

Solving the equations for the redundants 
at (0), remembering %3 = 1 and located at point 
A. 

My = 

Yo = 

= 28sy . {1){-.8366r} _ =I 
Xo SE * Soe eS 





El 


Fig. 411.74 shows these forces acting at 
the slastic center. The Sending moment at A 
equals the stiffness factor for the curved beam 
Zixed at far end 3 and freely supported at near 








ANALYSIS AND DESIGN OF FLIGHT VEHICLE STRUCTURES 














end A. The ratio of the bending moment at 
point B to that 
point A will OF 
give the carry- — ro Na evr? 
aver factor. \ 
Bending me B 
moment at A, \ 
Fig. All. 74 
= xl +, EL 251 
Ma =p > 2.14te (0.6366r) - Coa)r 
- Lae = z z 
= 20-3188] 1.3681 _ 9 gag FL 2 _ op aya BE 
r z. r r 
Bending moment at 3, 
ss 30 z6n 8S ss iT 
vig = TO-SLSEL _ LSGEL , 9.63681 5 = yp gy EL 
x z vr r 


2a 


‘ierefore the stiffness factor for a nalf- 
eireular arch of constant £I is 2.314 EI/r. 


© 


The carry-over factor equals the ratio of 

Mg to My or (-1.042 EI/r)/(~2.314 3I/r) = 
C.452. It sould be noticed that the carry- 
over moment nas the same sign as the applied 
moment at A as compared to the opposite sign 
for straight members. In other words, there 
are two points of inflection in the elastic 
curve for the curved arch as compared to one 
for the straight member. 


FPICED END MCMENTS 


The Zixed end moments on a curved member 
for any external loading can be determined 
quite rapidly >y the elastic center method as 
illustrateé in Chapter AQ and thus the ex- 
planation will not be repeated here. 


The student should realize or understand 
that shen the end moments on a straight member 
in a continuous structure are found from the 
menent cistribution process, the remaining 
ces are statically determinate, whereas 
Yer’ in a continuous structure, 
end moments does not make the 
ber statically ceterminate, since 
x unknowns at the two supports as 
doin Fig. ALL.75 and only 3 equations 














Fig, Al1.75 
process there 
still remains 
one unknown, Ha \ it 
ly the nort- = Hp 
namely the hort Mg “Va up 
zontal reaction Vp 


at one of the 
beam ends. 
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The method of how to handle this remaining 
redundant force can test be explained by pre= 
senting some example problem solutions, 


All.19 Exampie Problems. Continuous Structures 
Involving Curved Members. 


Example Problem 1 


Fig. All.76 shows 
a frame consisting of 
both straight and 
curved members. Al-~ 
though simplified 
relative to shape, 
this frame is somewhat 
representative of a 
fuselage frame with two 
cross members, one be- 
tween A and C to support 
installations above 
cabin ceiling and the 
other between F and D 
to support the cabin 
floor loads. The frame 
supporting forces are 
assumed provided by 
the fuselage skin as 
shown by the arrows 
on the side members, 
Eccentricity of these 
skin supporting forces 
relative to neutral 
axis of frame member is neglected in this simpli- 
fied example problem, since the main purpose of 
this example problem is to {llustrate the appli- 
cation of the moment distribution method to 
solving continuous structures involving curved 
members. 





Fig. All. 76 


SOLUTION 


Due to symmetry of structure and loading, 
no translation of the frame joints takes place 
due to frame sidesway. 


The *’rame cross members AC and FD prevent 
horizontal movement of joints A, C, F, and D 
due to bending of the two arches. <Any horizontal 
movement of these joints due to axial deforma~ 
tion is usually of minor importance relative to 
causing bending of frame members. Therefore it 
can be assumed that the frame joints suffer 
rotation only and therefore the moment distri- 
bution method is directly applicable. 


Calculation of stiffness (X} values for 
each member of frame: - 


Upper curved memder ABC: - 


Kasc = K op, 7 2-314 i, This value was 
cerived in the previous Art. All1.18. 
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Substituting: - 


- _ 2.31ex1 _ 

Kuso = Kop, = “30 
stant and therefore omitted since only relative 
ues are needed for the K values.) 


(EB is con- 





inertia of the 
member is given 


The relative moment of 
cross-section of each frame 


on Fig. All.76. 
; «R312. |, 
Keap * “per 30 -1540 


For all straight members, the stiffness factor 


equals 4EI/L. Hence, 
= J = 3 
Kio = Ky 5 4%2/60 = 0.1233 
Kop = Kop = 4x6/60 = 0.4000 
Kip * Ky = 41/80 = 0.0500 
Kop = Kya = 4x1/80 = 0.0500 


DISTRIBUTION FACTORS AT ZACH JOINT: - 
JOINT A. 
aK = 0.13533 + .0770 + .0S00 = 0.2603 


Let D equal symbol for distribution factor. 


Daze = .0770/0.2603 = 0.296 

Dag = ,1533/0.2603 = 0.512 

Dap = .05C0/0.2603 = 0.192 

JOINT F. 

aK = .0500 + 0.400 + 0.1540 = 0.6040 
Dea = ,0500/.6040 = .082 

Dap = .4000/.6040 = .663 

Dog = .1540/.6040 = .255 


Carry-Over Factors: - 


For the straight members the carry-over 
factor is 0.5 and the moment sign is the same 
as the distributed moment when the sig con~ 
vention adopted in this chapter is used. 


For a nal? circular arch of constant I, 
the carry-over factor was derived in the pre- 
vious article and was found to be 0.452. The 
sign of this carry-over moment was the same 
Sign as the distributed moment at the other 
end of the beam. However, using the sign 
convention as adopted for the moment distr: 
Dutton in this book, the carry-over fac 
would be minus or of orposite sims to the 
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distributed moment. 









cence the 2ixed end 
rs is zero. 


member aC, fixed end moment equals 
10 x 607/12 = 3000 in. lb. and zor 
member FD = 50 x 60/12 = 15000 in.1lb, 








Sines the supporting skin 
sice members have Seen assumed ac 
centerline of frame members, the 
moments on members AF and CD are 


ces on the 
gZ along 
fixed end 


zero. 








1S 








Moment Distribution Process: 


Fig. All.77 shows the calculations in 
carrying out the successive cycles of the 
moment distribution process. Due to symmetry 


carry over from C = ~.452 X 88) 
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the (CO at each foint. The process. | is started 
by placing the fixed end moments with due re- 
gard to sign at the ends of members AC and FD, 
namely, -3000 at AC, 3000 at CA, -15000 at FD 
and 15000 at DF. We now unlock joint A and 
find an unbalanced moment of -3000 which means 
a plus 3000 is needed for static balance. 

Joint A is therefore balanced by distributing 
«512 x 3000 = 1556 to AC, .296 x 3000 = 880 to 
ABC, and .192 x 3000 = 576 to AF. Short hori- 
zontal lines are then drawn under each of these 
distributed values to indicate that these are 
balancing moments. Carry-over moments are 
immediately taken care of by carrying over to 
joint F, .S x 576 = 288. From A to C the 
carry-over moment would be .5 x 1536 = 768 and 
therefore the carry-over from C to A would be 
.5(-1536) = -768 which {s recorded at A as 
shown. For the arch member ABC, the carry-over 
moment from A to C would be -0.452 x 880 = 
-401 (not shown) and therefore from C to A = 
-0.452 x (-880) = 401 as shown at joint A in 
the figure for arch member CBA. Joint C in 
the figure has been balanced once for the 
purpose of helping the student understand the 
sign of the carry-over moments wnich flow to 
the left side from the right side of the frame. 


After balancing joint A and taking care 
of the carry-over moments, we imagine A as 
fixed again and preceed to joint F where we 
find an unbalanced moment of -15000 + 288 = 
-14712, thus plus 14712 1s necessary for 
balancing. The dalancing distribution is .255 
x 14712 = 3750 to FED, .663 x 14712 = 9750 to 
FD and .082 x 14712 = 1212 to FA. The carry- 
over moments are .5 x 1212 = 606 to A, .452 x 
3750 = 1695 from D to F by way of the arch 
member and -.5 x 9750 = -4875 from D on member 
FD. We mow go dack to joint A which has been 
unbalanced by the carry-over moments and repeat 
the balancing and carrying-over cycle. In the 
complete solution as given in Figure Al1.77 
each joint A and F was balanced five times. 
The final bending moments at the ends of the 
members at each joint are shown below the 
double short lines. 


The arch member ABC has 3 unknown forces 
gach end A and C or a total of 6 unknowns. 
nn 3 equations of static equilibrium avail~ 
able plus the known values of the end moments 
at A and C as found from the moment distribu- 
tion process, the arch member is still static- 
ally indeterminate to one degree. Thus the 
norizontal reaction at A or C as provided dy 
the axial load in member AC must be round 3e- 
fore the bending moments on arch ABC can be 
calculated. 








The first step in this problem is to find 
the elastic center of the frame portion com- 
posed of members ABC and AC, as shown in Fig. 
AlLL.?78, and then fine tne elastic moments of 





inertia about x and y axes through the elastic 
center. 


19,1" 
| 


epee 
Fig. Atl. 78 





=i, amano . 


19.1 x n (30/1) 
mx 30, 60 
1 2 


y= = 14.49" 


(NOTE:- 19.1 equals distance from line AC t 
centroid of arch member ABC.) 


Calculation of moment of inertia It - 


Member ABC 
sor? |. rrd® 
Eee PT 
3 
= su + RX89 x 4.614 = 10100 
60 = 
Member AC = 3% 14.49% = 6310 
= 16410 


lL total 


Total elastic weight of 
Zds/I = 


structure equals 
(nm x 30/1) + 60/2 = 124,24, 


The next step in the solution is to draw 
the bending moment curves on this frame portion 
due to the given load on member AC and the end 
moments as found by the moment distribution 
process in Fig. All.77. It is composed of 
three parts labeled (1) to (3) in Fig. A11.79, 
Portions (1) and (2) are due to the end moments 
and portion (3) due to the distributed lateral 
load on member AC. 








Fig. Al1.79 


The next step is to find the #3 (area of 
M/I curve) for each portion and its centroid 
location. 











Os, = 1094 x nm x 30/1 = 103000 


60 x 2353/2 70590 


a 
a 
e 

1 


$,, = (-.667 x 60x 4500)/2 = -90000 


BBs = 83590 


Fig. All.80 shows the $5 values concen- 


trated at their centroid locations and referred 


to the x and y axes through the elastic center. 


= 103000 
satan 
14.49 
+ 





A (y= 70590 \ 
ig, AlL.80 
“a, -90000 Fis A 


The frame has been imagined cut at A and the 
arch end at A has been connected by a rigid 
bracket to the elastic center. The redundants 
at the elastic center which will cancel any 
relative movement of the cut faces at A can 
now be computed. 


Z Bq , -83590 . 
My = Tas t " [e4.n4 7 7 673 in.1b. 


Xs = 2 dey = (hogooo (4.61) + 70590 
x 
(-14.49) - 90000 (-14.49)] / 
16410 = 46 1b. 


Yo = we ose = QO because x = Zero. 
y 


The bending moment at any point on ABC 
or AC equals that due to Mo and X, plus the 
moments in Fig. A11.79. 


For example, 
At point A on member ABC, 


Ma = 1094 - 670+46x14.49 = 1091 (should 


be 1094 since moment as found in Fig. Al1.77 
is correct one. Small error due to slide rule 
accuracy. 


% point B on member ABC: - 

Mp = 1094 ~670-46x15.51 = ~289 in. lb. 

The horizontal reaction at A will not 
produce any bending on member AC, thus the 


values in Fig. Al1.79 are the true moments. 


The axial load in member AC Dy statics 
from Fig. 








All1.80 equals Xp or a tension load of 


THE MOMENT DISTRIBUTION METHOD 


46 1d. The member AC also su: 
due to the shear reactions c 
FA and DC. Fig. All.él shows 
side member FA and DC with the 
found in Sig.Ail.77. 
The shear reaction 
at A and C can be 
found by taking 
moments about lower 
ends. Thus for FD, 
Ra = (1259 + 1791)/20 ae 
= 38.1 ib. Likewise 
Ro = 38.1 1b. These aror i707 
reactions react on q 

cross member AC in the Fig. All. 81 
opposite directions 
thus giving 2 compression load of 35.1 lb. in 
member AC, which must be added to the tension 
load of 46 15. from the arch reaction to cbtair 
the final load in the cross-member. 














Arch Member 





Bending Moment in Lower 


The horizontal reaction on arch F=D 
be found terore t true bending moments on the 
arch can be found. The proc2cure is the sane 
as ror the upper arch. Figs. Al 11.61, a2, 63 
show the results for the lower frame portion. 








8753 


i T ra 
Ma apo 


: D F\\\ , \ 
SS et 





22500 
E ‘ 
ly Fig A11.81 E Fig, A11.82 
= 19.1 x n(30/2) | 900 - 1. nen yp MSL Wy 
FS go so Trt 3S-76" BAe art 
2 6 
Ix = ase, 15nx3.347 = 
(60/8) (15.78)? = 
iy = 
From Fig. 411.82, 
Os, = -8753 x 60/6 = - 87530 
Dg, = -667 x 22500 x 60/6 = 150000 
G3, = - 8962n x (30/2) = 





uM 
a 
G 

1 

' 
0 
a 
ou 
g 
Q 
6 
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76-328000 2. External Loads on Curved 





Example Prob 
Members. 





Fig. All.85 shows a frame which has ex- 
ternal loads applied to the curved member as 
well as to the straight members. The frame 
supporting forces have been assumed as acting 
uniformly along the side members AD and CE. 
The problem will be to determine the bending 
moments at frame points ABCDE. 





Fig. Ail. 83 1000 B 1000 


Bending moment at F on memoer FED, 
Mp = -6962 + 4650 -294x15.76 = -6962 in.1d. 
Mg = +6962 +4650 + 294 x 15.76 = 2340 in.lb. 


The axial load in member FD > 294 lb. 
compression plus 38.1 lbs. tension due to shear 
reaction from side members at points F and D 
or a resultant load of 255.9 1b. compression. 








Fig. All.84 shows the final bending moment Fige/Al1:65 
diagram on each member of the frame. 
Member ABC 
SOLUTION: ~ 
AL a Calculation of stiffness factors K. 
1094 4 c tom 
Member ABC. Kapo = 2.314 I/r = 2.314x1.5/30 = 
-1158 
Member AC Kac * 4I/L = 4 x 2/60 = 1333 
Kap = 4I/L = 4 x 1/60 = .0667 
Kp = 41/L = 4 x 3/60 = .2000 
CE 1289 
Calculation of Distribution Factors D. 
JOINT A, IK = .1158+ .1333+ .0667 = .3158 
Member AF Member CD 
! Dapc = .1158/.Z158 = .366 
Dac = .1333/.3158 = .422 
Dap @ .0667/.3158 = .212 


JOINT D., &K = .0667+ .2000 = .2667 
Member FD 











Dpa = -0667/.2667 = .25 

Dpg = 2000/.2667 = .75 
8783 The carry-over factor for ABC is -0.452 as pre~ 
8753 viously derived for a half circle arc, and 0.5 


for the straight members. 


Calculation of Fixed 5nd Moments 


1 at ears 
For member AC, Ma = Mg = 4p wL* 5 ygxl0x60 = 





3000 





Figs, A11.84. Final Bending Moment Curves on Each For DE, Mg = Mg = PL/8 = 1000x60/8 = 7500 


Member of Frame. 





All. 36 


Curved member ABC. 


The 2ixed end moments on this curvec 
member due to the external loads will be de- 
termined by the elastic center method. The 
assumed static frame condition will be an arch 
pinned at A and supported on rollers at B. 





(See Fig. All1.86) 

Fig. All.67 z 3B » 
shows the general 1 =P = 1000 = P 
Shape of the static i ! 
moment.curve. For he i2 
the frame portion fs 

t 
between the re- Py aah aera = c 
actions and the load 
points, the bending Fig. Ail. 86 


moment equation is 


M=sP(r=r cos a). (2) 






For the beam au) 
portion between the 
two 1000 lb. loads, 
the bending moment 
is constant and 
equals, 

M=P(r-r cos 30°) 


a) 


Fig. All. 87 
Static Moment 
Curve. 








Calculation of ds Values, 


the 


The Zg values equal the area of M/I 
curves, The moment curve in Fig. Al1.87 has 
been broken down into three parts labeled (1) 
(1') and (2). 


Dr * 
$5, +g, = 2{~-(a - sin a} 
7 2| 20002804, 524 .5)| = 28600 


The vertical distance ¥ trom line AC to 








centroid of $s, and Bs, values is, 
pa TL-eos a-SUES) _ g0(1- .367-0,5/2) | 
3 EME OO CE Mele) Se. 
a-sina 2524 ~ .50 
10 in. 
a 
23, 7 ze (1 - cos a) @ = 1209, a @ 30°, 
a 
gs, X21 (1. 1967) 





Vertical distance ¥ from line AC to centroid of 
%g, equals, 


~ a 
j= er Sin 2. 2EIOEO ES? = 24.8 in. 


their lo- 
through 


= 167300 


Fig. All1.88 shows the %, values and 
cation with respect to x and y axes 
the arch elastic center, 


The elastic center method requires 
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total elastic weigh 
mements of inert. 
elastic center. 
Ss = SPP envi, oS TE VK SO 
TOTAL ELASTIC WEIGHT = 2 ds/I =7~> SE 
= 62.83 






Distance ¥ from line AC 
arch ABC equals 0.6366r 


Fig. A11. 88 


Calculation of redundant forces 
ter. 


av 


= S. 


. Ss -(28800 + 167300) _ 
z as/T 


Mo = a= 6885 = 


Z Osy _ 167300 x5.7 + 28800(-9.1) . 
at Se aeSSOS a 


125.3 lb, 


es 
3 
" 


= 0 (because x = 0) 





The fixed end moments at ends A and C wiil 
equal the moment due to the redundant forces Mo 
and Y, since the static moment assumed was zer 
at A and Cc, 





Ma = Mo FM) + Xoy = - 3122 + 129.5 (+2 
= - 652 in.lb, 


Moment Distribution Process 


Having determined the fixed end 
distribution and carry-over factors, 
distribution can now be carried out. Fig. 
All.89 shows the solution. The first cycle will 
be explained. Starting at joint (A) the un- 
balanced moment is -~3000-652 = - 3652. The 
Joint is balanced by distributing .+52 x 3652 
= 1543 to AC; .364 x 1543 = 1833 to ABC and 
.212 x 3652 = 776 to AD. The carry-over moment 
from C to A = .S({-1543) from C on 
member CBA to A = - .452 = 601; and from 
A to ve = .5 x 776 = 3388. Now proceeding to 
joint 5 the unbalanced moment is -7500 + 388 = 
~7112,. Tne Joint is balanced dy distributing 

5340 to DE and the remainder 25 
1772 to DA. 


moments, 
the moment 





-75 X 7112 2 
per cent = 
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c 
452 (-652) = carry Over from 














tae ie tes als SOA 
QRS SS Ss als FS Ty g 
29 Bs 5 5/7 3 
A ce 
22 gs sa Saag AS 
SESS SS HAT AE 
a a 
fe 
olen lO tho men 
BESET SS se sir ss 
P= Les Cpe op 
Fig. Al1.89 





Tne carry-over moments are: - 
From = to D = .Sx (-8340) = -2670 
To A from D = .S (1772) = 886 


The first cycle is now completed. Five more 
cycles are carried out in Fig. Al1.89 in order 
to obtain reasonable accuracy of results. The 
final end moments are listed below the double 
short lines. 


On arch member ABC the end moments of 584 
are correct. However before the enc moments 
at any other point on the arch can de round 
the horizontal reaction on the arch at A must 
be determined. This reaction will De de- 
termined by the elastic center method. 


Fig. a 
urves for 


5 


12.90 shows the oending moment 
members ABC and AC as made up of 
parts labeled i to 5. 














Calculation of Js values which equal area 
or seach moment curve divided by I of member. 
285, = 2880 


fg. = 584 x nx 30/1.5 = 36800 


~m 
a 
u 


~ (,§67 x 4500 x 60/2) = -900c0 













All. 37 
4000''+ 
Static Mom. 
Curve 
a a) 
2513 
2513 
Static Mom. 
Curve 
Fig. Al1.90 1/8 wL* = 4500 
$5. = 2513 x 60/2 = 75390 
‘ 
25 = 216290 


Calculation of elastic center location and 
fu. 


Distance y from line AC to elastic center = 


® 


19.1xnx30/1.5 _ 1202 _ os 
“nego, 60 S2.ag ~ 1-97 
1.5 2 
TOTAL ELASTIC WEIGHT = 92.83. 
3 
Ix ® ee 2 ae (6.13)? +2 12.978 
= 12713 


Fig. All.91 shows the elastic center loca~ 
tion and the %g values together with their 
centroid locations. 


[B/O,, = 187300 












11.83-—4— + 
6.13 ve 


f Pe Reise 


*— Ds, = 28800 \ 
| 


x 
| Og = -90000 + 75390 = - 14610 
Fig. Al1.91 


Solving for redundant forces at elastic center. 


Zs _ -218290 . 








Mo = 3"as/T ~ s2.a3 7 “2585 
to 22 Boy . 167300 x 11.85 + 36800x6.18 , 
Tx 12718 
29800 (-2.37) - 14620 (- = 
me = 1el 1d. 
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The bending moment at any point cn member 





AC or ABC equals the values in 5 Ai1.30 
plus those due to My and Xg in F Al1.91. 
Thus at point A on member ABC, 


Mago = 584-2356 + 181 x 12.97 = 564 in. lb. 
which is the same as found by the moment distri-| 
bution process. 


At point Bon arch: - 
Mg from Fig. 411.90 = 584+ 4000 = 4584 
Mg from Fig. Al1.91 = -2356 +181 x (30 - 12.97) 
= -5476 
Hence Mp = 4584-5476 = ~392 in.lb. 


STRUCTURES WITH JOINT DISPLACEMENTS 

For unsymmetrical frames or for frames 
loaded unsymmetrically, the assumption that 
only Joint rotation occurs may give resulting 
moments considerably in error. Joint dis- 
placement can be handled in a manner as 
previously explained and illustrated for frames 
composed of straight members. 


The distribution of the skin supporting 
forces on the frame boundary are usually taken 
as following the shear flow distribution for 
the shell in bending as explained in 2 later 
chapter. 


All. 20 Problems. 


(1) Determine the bending moment diagram for 
the loaded structures shown in Figs. 1 








to 6. 
100 00 w= 101b/in. 
mort_16"— Lew za —__} 
Fig. 1 Fig. 2 
200)..gi —5"-f200 fe w = 20 lb/in. et ad 
1 ttepe t emg 
ts2. A tet a kg aoe 7 i; 
, 520 16 —— 
16" —+— 12"! Fig.4 


Fig. 3. 





we —L 
Fig. 6 | 


Lev 412" 


f r 


16" 12" + 


(2) Pind the bending moments at all soints 
and support points of the loaded structures 
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in Figs. 7 to 10. 


METHOD 











as See I=4 T=] 10 
ae ees 
Fig.7 Fig. 8 
100 400 600 goo Seat 
joe} pe Pin “—s 
perl I=4 | 6 fi=3 fore 5. 
' 


r=2 q=3  g~=2 
,Pin i 
a mr Fig. 10 


ia 
p24 2050 
Fig. 9 


(3) 


12" 





P20" 40" ——}-_ 39" 1. 40" 29% 
f t 


Fig. 11 


In the loaded beam of Fig. 11, the supports 
Band E of the slevator beam deflect 0.1 inch 
more than supports C and D. Compute the re- 
sultant ben moments at the supports and finde 
reactions. £1 = 320,000 lb.in.sq. 





(4) Fig. 12 illustrates a continuous 3 span 
wing beam, carrying a uniform air load of 20 
1b./in. Determine the beam bending moments at 
@ strut points A and B. Take 


Iga! = 20 in., and E = 1.3x10° int 


Neglect effect of support deflection due to 
strut axial deformation, 


Tap=17in., 





{ 
100"——— 110~——~. 59") 





Ks “-=— 110 
f 





—gQn 








Fig. 12 
(5) Figs. 13 to 15 are leaded structures shat 
suffer joint translatioa: Setermine bending 
moment diagram. 
100 

PAS = bso 200 i300 
TOsY] [iss ow 
aren 1 at feo od 
eee ap aE 

20" iva 29" 24 

Fig. 13 ee 


Fig.15 





ANALYSIS AND DESIGN OF FLIGHT VEHICLE STRUCTURES 
CHAPTER Al12 


SPECIAL METHODS - SLOPE DEFLECTION METHOD 


Al2.i General. The slope-deflection method is 
another widely used special method for analyz- 
ing all types of statically indeterminate 
beams and rigid frames. In this method as in 
the moment distribution method all joints are 
considered rigid from the standpoint that all 
angles between members meeting at a joint are 
assumed not to change in magnitude as loads 
are applied to the structure. In the slope 
deflection method the rotations of the joints 
are treated as the unknowns. For a member 
bounded by two end joints, the end moments can 
be expressed in terms of the end rotations. 
Furthermore for static equilibrium the sum of 
the end moments on the members meeting at a 
joint must be equal to zero. These equations 
of static equilibrium provide the necessary 
conditions to handle ths unknown joint rota- 
tions and wren these unknown joint rotations 
are found, the end moments can be computed 
from the slope-deflection equations. The ad- 
vantages of the slope deflections method will 
be discussed at the end of the chapter after 
the method has been explained and applied to 
problem solution. 


A12,2 Derivation of Slope Deflection Equation. 


The problem is to determine the relation- 
ships oetween the displacements of the end 
supports of a beam and the resulting end 
moments on the beam. 


Pig. Al2.la shows a beam restrained at 
ends land 2. It is assumed unloaded and of 
constant cross-section or moment of inertia. 
This beam 1s now displaced as shown in Fig. b, 
namely, that the ends are rotated through the 
angles @, and Se pius a vertical displacement 
a, and d, of its ends from its original posi- 
tion, which produces a relative deflection A 
of its two ends. The angle % representing the 
swing of the member equals A/L. 


The problem is to derive equations for 
M. and M, in terms of the end slepes ®: and 
G2, the length of the Deam and BEI. Figs. c, 


d and e illustrate how the total beam deflection 
in Fig. b is broken dewn into three separate 
deflections. In Flg. ¢, the end (2) is con- 
Sidered fixed and a moment Mi is applied to 
rotate end (1) through an angle 8,. In Fig.d, 
end (1) is considered fixed and a moment Mg is 
apolied at (2) to rotate end (2) through an 
angie 6,. In Fig. e, doth ends are considered 
fixed and end (2) ts displaced downward 4 





Fig. Al2. la 


_—__— LL. —_—_____+ 
L (2) 
rat EI Constant i 


d, M 
2 de 


Fig. 





Fig. 


Fig. 


Fig. 





Figs. Al2.1 


distance 4 which causes end moments M™ and M™. 
In deriving the slope deflection equations each 
of the three beam deflections will be considered 
separately and the results are then added to 
give the final equations. Fig. Al2.2 shows Fig. 
c repeated. 





2 
aL 


L 
2 
Fig-Al2.4 yp) 
M! 


The applied moment Mi, ts positive (tension in 

bottom fibers). Since end (2) 1s assumed fixed 
an unknown moment M', is produced at (2). Fig. 

Al2.3 shows the dending moment diagram made up 

of two triangles. M', being unknown will be 





Al2.2 


SPECIAL METHODS - 


assumed also positive, as the algebraic solu~ 
tion will determine the true sign of M4. 


Two moment area theorems will be used in 
deriving the slope-deflection equations, 
namely (I) that the change in slope of the 
beam elastic curve between two points on the 
beam 1s equal in magnitude to the area of th 
M/EI diagram between the two points, and (II) 
the deflection of a point (A) on the elastic 
curve away from a tangent to the elastic curve 
at (B) is equal in magnitude to the first 
moment about A of the M/EI diagram between (A) 
and (B) acting as a load. 


In Pig. Al2.2 since 6, = 0, then 6, will 
equal the area of the M curves divided ty ZI. 


S28 gle BE eel 


The deflection of end (1) away froma 
tangent at (2) equals zero, thus we take 
Moments of the moment diagram about (1) and 
equate to zero. 


MAUL, (LAL 2 HL, MALY = 
2EI/3 \2kl; 3 6EI SEI 





whence -M' = M4/2 


---2---2- +e - = - = (2) 


Fig. Al2.4 shows the true shape of moment 
diagram. 


Substituting results in equation (2) in 
equation (1) we obtain, 


MXL 4518 
sot OF saul een a al al a 
@. apr (OF ML L (3) 


Then from equation (2) 





L ———~ 


Fig. Al2.5 


Fig. A126 
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Fig. Al2.7 











SLOPE DEFLECTION METHOD 





Fig. moment diagram 
applied bending moment -MQ which rotates 
through an angle @, when other end (1) is 


(See Fig. AlZ.5}. In a similar manner as 


described befors, 


-MTL/2 
a, = MiL/2) , ( 





Taking moments of M/EI diagram about (2), 





0 

or, - M23 2M] -+--------- (8) 

whence, 
- MIL - £10 

8, = Spy and MES ~ eee eee (7) 
Then from equation (5) 

my = 7A8i8a_ ee (8) 

Fig. Al2.8 shows the third sart of the 
beam deflection, namely, support (2) is deflected 


downward a distance 4 assuming both ends fixed, 


my 


Fig. Al2.8 





Fig. Al2.9 22. 


My 
wn 


Fig. A12, 10 


The change in slope of the slastic curve 
between the encs equal zero, thus by the moment 
area theorem the area of M/EI diagram squals 
zero, 


" (Mt + MT OL 
Hence, DEI 0 
whence MJ =-MI------------- (2) 


From the deflection theoren, 


Me Boy gi 


ies ; 
par (34) * ser (g) Fd > + (10) 
Subt. (9) in (10) 
ope SE eee Sars (12) 
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The combined effect of deflection Q, 02 
can now be obtained by adding the separ- 
esults. 











Mea = MytMTeMt = El (29, +8 ,-34/L) 

Let K and @ = A/L 
Then, Me = 2k (20,+0,-38) ------ (13) 
and Ma. ~2K (260,+9,-38) ----- (14) 


These end moments due to the distortion 
of the supports must be added to the moments 
due to any applied loads on the beam when 
considered as fixed ended. Let these fixed 
end moments be labeled Mp, and Mp. Then 
aguations (13) and (14) can be written includ- 
ing these moments. 


Mi-a = 2K (20, +02-38) - Mp, -- - (15) 


Ma-. > -2K (20,+0,-30} - Mp, --- (16) 


MODIFIED SIGN CONVENTION 


Equations (15) and (16) have been 
developed using the conventional signs for 
bending moments. In general there are ad~ 
vantages of using a statical sign convention 
as was used in the moment distribution method 
in Chapter All. Therefore, the following 
sign convention will de used in this chapter: ~ 


i 


(1) The rotation of a joint or member is posi- 
tive 127 it turns in a clockwise direction. 


(2) 


=} 
2 


nd moment is considered positive if it 
nds to rotate the end of the member 
ockwise or the joint counterclockwise. 


> 





Tris adopte 
opted for 


Art. All.2). 






sign convention is the same 
@ moment distribution method 








when equations (15} and (15) are revised 
for this new sign convention they become: - 
My.g = 2K (28, +6,-33)+Mp,---- (17) 


= 2K (202+0,-28)+Mp,-- -- (18) 






For no yielding or transverse movement of 
+s, A = 0 and equations (17) and (18) 








Myo. = 2K (20, +6,) +Mr, - --- -- (18b) 
Al2.3 Hinged End. Slope Deflection Equation. 

Consider that end (2) of beam 1-2 is free- 
ly supported or in other words hinged. This 
means that M,-, is zero. Thus equation (18) 
can be equated to zero. 

Ma, = 2K (26, + 6 -30) +Mp, = 0 
whence 

2KG, = -K6, + KZ - SMe, 

Substituting this value in equation (17) 

Miva = 3K(0, =) +Mp,_, -0.5Mp,_,- - -(19) 

Al2.4 Example Problems. 
Problem 1 
Fig. Al2.11 shows a two span continuous 


beam fixed at ends (1) and (3) and carrying 
lateral loads as shown. The bending moments at 








points 1, 2 and 3 will be determined. Relative 
values of I are shown for each member. 
100 lb. 
12" —4 w 2 24 Lb/in, 
1 3 
L L = 24" 
I = 24 = 48 


Fig. A1Q.11 
SOLUTION: 


Calculation of fixed end moments due to 
applied loads - 


Mp,_, = -PL/8 = 100x24/8 = ~300 in. 1b. 


Mp,_, = PL/8 = 300 

The signs as shown are determined from the 
fact that the end moment at (1) tends to rotate 
the end of the member counterclockwise which is 
a positive moment according to our adopted sign 
conventicn. 3y similar reasoning the fixed in 
moment at (2) is positive because the moment 
tends to rotate end of member clockwise. For 
span 2-3: - 


Mp,_, = wl?/12 = 24x249/12 = -1152 in.ib. 
Mpj_, = 1182 
K Values K = EI/L. Since = is constant it 
wiil se considered unity. 
FOR BEAM 1-2, K = I/L = 24/24 21 
FOR BEAM 2-3, K = 48/24 > 2 
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Substituting in slope-deflection equations 1éa 


and 18b. (% = 0 since supports do not trans- 
late.) 
Beam 1-2. 6, = 0 because of fixity at (1). 


Miva 3 2K (20, +6,) +Mr, 


Mi-a = 2x1 (0+62) -300 
Mine = 262-300 ~---------- (a) 
Man. = 2K (262+ 01) +Mp, 


Maa = 


2xI (20,+0) +300 


Man = 46, +300 


Beam 2-3. 6, = 0, because of fixity at (3). 
Macs = 2K (20,+65) +MP, 
Mes 7 2x2 (26,+0) -1152 
Mg, = 86,-1152 ----------- {c) 
Maia > 2K (26,+0,) +MP, 
Ms-e = 2x2 (0+9,)+ 1152 
Ms, = 40,+1152 -----+------ = (d) 


At joint (2) IM = 0 for static equilibrium. 
Hence 

Mg. + Me-, = 0 
Substituting from (b) and (c) 

40, + 300+ 80, -1152 = 0 

whence 6, = 71 
With &, known the final end moments can be 
found by substituting in equations (a), (bd), 


(c) and (d) as follows: - 


M 


2x71-300 =-158 in.1bd. 


2 
My, = 4x71+300 = 584 
M,, = 8x71-1152 =~5e¢ 
Mo. = 4x71+1152 = 1436 


Changing the resulting moment signs to the 


conventional sign practice, gives 
M2 2-158, My, © M,., = -5e4, 
Ma—e = +1436 





Example Preblem 2 





100# 
grils od we on bin. Z 
(1) 464 = 24 je E ZX 
Kei Ke 


Fig. Al2.12 
Fig. Al2.12 shows a loaded 
fixed at points (1) and (4). 7 
(1) and (4) causes 6. and 6& to be zero. 
Fixed end moments: - 


Mp, =-PL/8 = 100x24/3 =-300, 


3 span beam 
This fixity at 


c 


Mp,_, = 300 

Mp,_, = (100x8x16"/24 )+ (100x 16 x 87/24") 
= -534 : 

Mp,_, = 534 

Mp,_, =wL?/l2 = 12x 207/12 =-400, 

Mry_, = 400 

SLOPE DEFLECTION SQUATIONS (% = 0) 

Mg = 2x1(0+6,) -300 = 26, -3C0 - - (a) 

Me-1 = 2x1(26,+0) +300 = 46, +300 = (b) 

Mes = 2xX2(20_+6,) 534 = 86, + 16, 
~§34-+---+-------+---- (c) 

My = 2x2(26, + 6,) +534 = 86, +48, 
+ 534------+------- (a) 

” My, = 2x1(28, +0) -400 = 48, - 400- ~ (e} 
My = 2x1(0+6,) +400 = 26, +400 ~ - (2) 


Joint-Moment equilibrium equations: - 


JOINT (2) Mz. +M,, 30 

whence 
40,+ 300+ 80,+48,-534 = 90 or 
126,+46,-23420--------+-- 

JOINT (3) My-a+Ma-y = 0 
80,+48,+534+46,-400=0 or 


126, +48,+134 = 0 
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Al2.5 


Seeeeee eee nee eee eee eee eee ence eee eee ae eee ence ee LE 


Solving equations (g} and (nh) for 9, and 6, 
gives, 
@a = 26.15, 95 = - 19.9 


Substituting in equations (a) to (f) 
to find final end moments. 


inclusive 


= 26, -300 = 2x26.15-300 
-247.7 in.lb. 


M 
Myeg 


Mj, = 48, +300 = 4x 26.15 +300 = 404.6 


My, = 86, +40, -534 = 8x26.15+4 (-19.9) 
- 534 5 - 404.6 

Mya = 96, + 40, +534 = 8 (-19.9) +4x26.15 
+ 534 = 479.4 

Ms. = 46 -400 = 4 (-19.9) -400 = 
= 479.4 

My_s = 20, +400 = 2 (-19.9) +400 = 360.2 


(Mote: - Student should convert to conventional 
moment signs and draw complete bending moment 
diagram). 
Zxample Problem 3. Beam with Simple Supports. 
Fig. 412.13 shows a loaded 3 span contin- 
uous beam with hinged suoports at points (1) 
and (4), which means that My, and M,_, = 0. 
The moments at supports (2) and (3) will be 
determined. 





Fig. Al2. 13 i 


SOLUTION: 
Fixed 


end moments: - 


Mp,_, =-PL/8 = 100x20/8 =~=250, 


Mp,_, = 250 
Mp. . = Mp.__ 0 (No load on span 2-3) 
Pa = MPL. 
Mp,_, = PL/@ = 200x20/8 =-500, 
My, = 500 


Slope-deflection equations: - 








or free to rotate we use equation (19) in writ- 
ing equations for Ma-i ard M34. 


Mana = SKOetMp, .-0.5 Mp,_,. (@ is zero) 

Maa = 3x1x92+250-0.5 (-250) = 
30a+375 --~--------- (a) 

Ms—« = 3K6a+Mp,_.-0.5 Mp,_, 

Ms-. = 3x1%65 -500-0.5 (S00) = 30, 
2950-22 -S oer Se oe eS (b) 


Using equations 18a and 18b and substituting, 


Mas = 2K(26.+6,) + Mp, ; 
Me-s = 2x0.5(20,+0,) +0 = 28,46, - - (c) 
Ms—a = 2K(20, +0.) +MPy_, 
Mga = 2x0.5(205 +62) +0 = 265+ Oa- - (4) 


For statical equilibrium of joints: - 
JOINT (2) Mai +Ma-s = 0 
Subt. 362 +325+ 292+ 9s = 0 
or 662+0,;+375 = 0 ------ err 
JOINT (3) Mya +Ms. 70 

26, +0, +38, -750 = 0 
or S@,+0,-750=0- 


wane ee eee ft) 


Solving (e) and (f) for 6, and 9, gives, 


6, >=- 109.4, 6, 5172 


The end moments at (2) and (3) can now be found 
from equation (a) to (d) inclusive. 


Ma, = 30, +375 = 3 (-109.4) +375 = 46.8 


in.ib. 
Mas = 20.49, = 2 (-109.4) +172 = 46.8 
My_, = 26,+9, = 2x172+ (-109.4) = 284 
Mgu4 = 36, -750 = x172-750 = - 234 


A12.5 Loaded Continuous Beam with 
Yielding Supports. 











attached at several 
Zin and wins reste 


chus th: 





ces suffer a di 


a continuous Seam cn 
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SLOPE DEFLECTION METHOD 





supports. The slope deflection equations can 
take care of this support displacement as 
illustrated in the following example problem. 


Example Problem. 


i tb/in 4 lb/in 
1 Tee 


3 aF 
10h sont 40" —— - 40" 40" ~“ Jot 


cee 


3/16" 
| 


deflected supports. 





Fig. Al2.14 tube 


Fig. Al2.15 


Fig. Al2.14 1s representative of an ele- 
vator beam attached to deflecting stabilizer 
structure at the five reaction points as 
indicated in the figure. The elevator beam 
1s a round aluminum tube 1-1/4 - .049 in size. 
The moment of inertia (I) of this tube equals 
0.03339 and the modulus of elasticity (5) of 
the material equals 10 million psi. The air 
load on the elevator beam is variable es 
indicated in Fig. Al2.14. 


Fig. Al2.15 shows the shape of the de- 
flecting supporting structure, which means 
that supports (2) and (3) move downward through 
the distances indicated on the figure. The 
problem will be to determine the bending 
moment at the supports under the combined 
action of transverse loading and settling of 
supports. 


SOLUTION: ~ 
Calculation of fixed end moments: - 


For a trapeqoidal loading as shown tn 
Fig. a, the fixed end moments are, 


wo, 


Fig. a 


ube 


Ma = oo (Su + 2v)} 


yews 


ait 

60 (Su + 3v) 
Substituting in these 
equations for the loading 
values as shown in Fig. 
Al2.4, 


a 
Mpa 2 (Sx3+1) =~426 in.lb. 





‘ 
mp, = 2 (sxs+1.5) = a0 
wp, = 22 (sx3.5+1) = xa96 
Re. 7 BT (5 XS.5 zs 








407 |. Ss = < 
M = 1 = 50’ 
Mp. = Go (S$x3.5+1.5) = 507 
The beam has a constant section, ence, 


K for all spans equals, 
K = EI/L = (10,000,000 x 0.02339) 40 = 8347 
Calculation of % values. 
Span 2-3. The settlement of support (2) 


with respect to support (3) = (0.5 - .187 5) = 
-2125 inches = 4 





$ =-A/L 5- .3128/40 =-0.007312 x 


(Since (2) moves counterclockwise with respect 
to (3) the sign of @ is negative. 
Svan 3-4. 


4 = .1875 inches 


%5-A/L =- 1875/40 =~ ,004688 rad. 

Since the beam, external loading and support 
Settlement is symmetrical about support (4), the 
Slope of the beam elastic curve at (4) is nori- 
zontal or zero and therefore @ = 0. Thus only 
one-half of the structure need de considered in 
the solution. Due to the fact shat (2) is 4 
simple support with a cantilever overhang, the 
moment Mz, 1S statically determinate and equals 
5x3x3.33 = 50 in.lb. Then for static equili- 
brium of joint (2), Mes must equal - 50. 


Substitution in slope deflection equations 
(17) and (18): = 


Maus = 2K(28, +8, - 30) + Mp, 
~ 50 = 2x 8547 [ 28, +6, ~3(,007812)] - 426 


r = 33geee, + 166948, +15 = 
Mas = 2K(20, +. +30) +Mp,_. = 2x8347 
[20s + Oa ~3(~.007812)] +440 


whence M,_, = 333869, + 166948, +831 - - - - (2) 


Ms_. = 2K(28, +0, 


- 2) + Mp 


Ms, = 2% 6347 (28, sal aeean - 494 
whence M,_, = 233860, -259 ------+-- (3) 

Mas = 2K(26, - 6, -3) + Ms eat 

Ms = 2x 0847 [0+8, -3(-,004688)] + 507 
whence M,_, = 166940, +742 -------+ (4) 


For static equilibrium of joint (3), 


Ms—atMs_, = 0, hence 


23588e, + 166946, 
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whence, 667760, + 166940, +572 20----- (8) 


Solving equations (1) and (5) for 6, and 
9, we obtain 6, = 0.00439 and 6, =~ 0.00967. 


Substituting in equations (2), (3) and (4) 
gives the moments at these points. 


Maa = 33388 (~.00967) + 16694 x .00439 


+ 831 = 582 in.lb. 


ty 


Ms, = 33883 {(-,00967) - 259 = -5a2 


Ms 16694 (~.00967) + 742 = 580 
Converting these signs to the conventional 

signs would give Ma =-50, Ms =-S82 and 

M, = -580. 


Al2.6 Statically indeterminate Frames. 
Joint Rotation Only. 


The slope deflection equations can be 
used in solving all types of framed structures. 
In frames as compared to straight continuous 
beams, the axial loads in the members are 
usually more important, however the influence 
on joint displacement due to axial deformation 
of members is relatively small and is there- 
fore usually neglected in most simple framed 
structures. To illustrate the slope-deflection 
method as applied to frames, the structure 
shown in Fig, Al2.i6 will be solved. 


Example Problem 1. 


100 





w= 10 lb/in, 


Fig. Al2, 16 


Fig. Al2.16 shows a closed rectangular 
frame subjected to loadings on its four sides 
which hold the frame in equilibrium. The 
bending moments at the frame Joints will be 
determined. 


SOLUTION: ~ 


FIXED END MOMENTS: - 








Al2.7 


Mp, = (100x8x12")/207+ (100x12%8")/ 
ie 

20" =~ 480 
Mp,_, = 480 
Mp,_, = 100x24/8 = 300. Mp j_, = - 300 
Mp,_, = 10x20°/12 = 334. 9 Mp,_, = - 324 


Due to symmetry of loading we know that 
@, =-6, and 6, =-@,, which fact will shorten 
the solution. 
Slope deflection equations: - 
M,_. = 2K (20, +6,) + Mp, 
Mie = 2x1 (20,-9,) - 480 
Mi. = 20, - 480 
Mig = 2K (20,+6@,) + Mp, y 
My, = 2x1.67 (20, +0,) + 300 
Mi, = 6.676, +3,.338, +300 - - - ~ - - (bd) 
Ms-1 = 2K (20,+6,) + Mrs, 
My. = 2x1.67 (26, +8,) ~ 300 
My, = 6.678, + 3.336, -300 - ~ - - ~ - (¢) 
Ms, = 2K (26,+8,) + Mpl_, 
My, = 2x1 (20,-9,) + 334 


My_, = 26,+334 ~+~----+------ ~ (a) 


Static Joint Equations: - 
JOINT (1). 
Mia +My, = 0 which gives, 


26, - 480 + 6.676, +3.336, + 300 = 0 


whence 8.676, +3,.336, -180 = 0 -~----- {e) 
JOINT (3). 

Msc+Ms.. = 0 which gives, 

6.678, +3.336, -300+ 26, +334 = 0 
whence 93.676, +3.336,+74 =>Q-+------ (2) 


Solving equations (¢) and (f) for 8, and 
6, gives, 


6, = 26.3, 8, =-13.94 
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Subt. in equation (a) 


M 2 2x26.3~-480 =~428 in.1d. 





Subt. in equation (d) 
Ms-« = 2(-13.94) +334 = 306 in.1b. 


Fig. Al2.17 shows the resulting bending 
moment diagram. 








A12,7 Frames with Joint Displacements. 


In the previous example problems, the 
conditions were such that only joint rotations 
took place, or if any transverse joint dis- 
placement took place as in the example problem 
of Art. Al2.5, these displacements were known, 
or in other words the value of @ in the slope- 
deflection was known. 


In many practical frames however, the 
joints suffer unknown displacements as for 
example in the frame of Pig. Al2.18. The term 
% = A/L in the slope~deflection equation was 
derived on the basis of transverse displace- 
ment of the member ends when doth ends were 
fixed. Thus in Pig. Al2.18 under the action 
of the external loads, will sway to the right 
as magnified by the dashed lines. Neglecting 
any joint displacement due to axial deforma- 
tion, the upper end of each member will move 
through the same displacement 4. Then we can 
write, 


Baa > Minas Bis = A/Ls4s Bye = S/Lo—< 








Fig, A12.18 





SLOPE DEFLECTION METHOD 


Due to the fixity at joints (1), (3) and 
(5), Grea = Gs. = Ss-5 = 0, Therefore, the 
unknowns 4ré Sa-1, G—s, Ses and 4. 


There are three statical joint equations 
of equilibrium available, namely, 


Meu +tMa. = 0, Mya tM. 


Mey + Meus = 9 


= 0, and 


Another equation is necessary because t. 
four unknowns. This additional equation 
obtained by applying the a s of s 
to the free bodies of thi 
. 412.19 shows the fr 






Fig 
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Ls-« | 
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Fig. A12. 19 
Treating each member separately, we Take 
moments about the upper end and equate to zero 
and then solve for the horizontal reaction at 
the bottom end. The results are, 


Pads , Maer +Mi-a 


Lia 


Ay 


Lis 


4, = Meets 
5 Usa 
a. = Mace * Mews 
rare 

With these horizontal reactions xnown the 
static equation ZH = 0 can now de applied to 
the frame as a wnole, which gives, 

PL -H, -H,-H, =O--------- 

Equation (ZO) is generally referred to as 
the bent or shear equation and is an equation 
that supplies the necessary extra condition to 
take care of the additional unknown 4. 


Al2.8 Example Probiems of Frames with Unknown 
Joint Displacement. 


Example Problem 1 


frame 


Fig. Al2.20 shows an unsymmetrical 
with unsymmetrical loading. The Sending 
moment curve will be determined. 


SOLUTICN: - 


The relative moment o2 tnertia of each 
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member is given on 964 
she figure. The 
relative K = I/L 
values are aiso 
{ndicated adjacent 
to each member. 


Relative values 
of @ due to sidesway 
of frame: - 


The angles 2 
are proportional to 
the A/L for each 
member where 4 ts 
same for members 
(1-2) and (3-4) and 
zero for member (2-4). 


Fig. Al2.20 


tak take 
Te 7 T 
I 


(See Fig. Al2.10). - 6 3 
y 4-3 
| ail 
Hence, qe 
l t 
Bana= ts = 06678 
Fig. Al2.10 
Bs-.7 to = 0,108 
Bau® x0 


PIXED END MOMENTS: = 
Member 1-2. 
Mp,_, =~ (48x6"x9)/15* =-69.12 in.1d. 
Mp,_, = (48x9%x6)/15* = 103.68 
Member 2-4. 
Mp,_, =~ (96x12)/8 =-144 
Mp, = 144 


Member 3-4 has no lateral loads and thus ?ixed 
end moments are zero. 


The slope-deflection equations are: - 


Mia = 2K(20. +0, -38) +My, ---- (17) 
Mau. = 2K(28, +9, -38) +Mp, - - - - (13) 


Writing above equations for each member 
and noting that 6, and 9, are zero Decause 
frame is fixed at support points, gives, 


Mie = 2x0.667(0+0, -3x 06678) ~ 69.12 


u 
w 
D 
. 

i 
a 
to 
oo 
a 
I 
a 

a 
o 
oO 
fe 

' 

‘ 

t 

' 
p 


Mya 
Me, = 2X 0.667(28, +0-3 x .0667Z) + 103.68 


Mj, = 2.6678, - 0.26670 + 103.68 - - - (b) 








A129 
Mas = 2x1.667(26.+6, -0)-144 

Me, = 6.6676, +3,.0330, -144 ----- (c) 
My_2 = 2x1.667(26, +0, -0) +144 

My. = 6.6670, +3.3236, +144 - - - - - (a) 
My = 2x1(0+6, -3x0.12) +0 

Me, = 20,-0.68 ----------- (e) 
Ms = 2x1(20,+0-3x0.18) +0 

Ma, = 40,-0.68 ----------- (t) 


Equilibrium equations: - 


JOINT (2). Mg. tMa_, = 0 
Substituting: - 
2.6670, = 0.26670 + 103.68 + 6.6670, + 3.3336, 
-144=0 
whence, 9.3336, - 0.26678 + 3.3338, - 40.32 
$0accseo oes Se seers see UE) 
JOINT (4). MyatMs = 0 


6.6676, +3.3330, + 144+ 49, - 0.68 = 0 


whence, 10.6676, +3.3336, -0.68+144 50 - (nh) 
Writing the bent equation (See Eq. 20). 
H, +H, -48 =O0--+------ re (1) 


In order to get H, and H, in terms of end 
moments see Fig. Al2.21. 


Maa My-s 
a ‘—H, a fem 
48 10 
| 
‘i + 3 He 
Hy By Ms-4 
Mi-s 


Fig. Al2.21 


Por free body of member 1-2 take moments 
about (2) and equate to Zero. 


Mg. +My. 6 446+ 15H, = 0 


hence, H, = 288 ~ (M, Mas +Ma) 


Subt. values of M,_, and M,_, in the equation, 
H, =-0.26676, + .035558+ 16.88 - - - - (J) 


For free body of member 3-4 take moments 
about (4) and equate to zero. 
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Me. +Mus + 10H, = 0 


whence, Hy =~ aa *Me—s) a =s) 


Substituting values of Ms_. and M,yus in above 
equations, gives, 
Hs =~0,.60, + 0O.128-+-------+ (k) 


Substituting values of H, and H, in equation 
(1), gives, 


~0,26676, - .68, + .15558- 31.12 =0- ~ (1) 


Solving equations (g), (h}, (1) for the 
unknowns @,, 8, and % gives, 


@= 196.9, 0, = 12.17, & = - 6.22 
The final end moments can now be ound by 
substituting these values in equations (a) 
to (f) inclusive. 


My, = 1.333 x12.17 - .2667x196.9 
- 69.12 5~105.4 in.ib, 


Mau, = 2.667 x 12.17 = .2667x 196.9 
+ 103.68 =~ 83.6 
Mag = 6.667 x12.17+3.333 (-6.22) 


- 144 = 83.6 


Mya 2 6.667 (~6.22) +3,333 x 12.17 + 144 
= 142.9 


Myig = 4 (-6.22) -0.6196.9 =-142.9 


2 (~6,.22) -0.6x 196.9 =- 130,45 


Mow 


Fig. Al2.22 shows the bending moment 
dlagram. The student should also draw the 
shear diagram, find axial load in members 
Since all these loads are needed when the 





Fig. Al2.22 


strength of the frame members are computed 
and compared against the stresses caused by 
the frame loading. 
Example Problem 2, 


Fig. Al2.23 shows a gable frame, carry- 
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ing the symmetrical distributed load as shown, 


Ww = 12 lb/in. 








Fig. Al2.23 





The dending moment diagram under the given load- 
ing will be determined. 


SOLUTION: - 
Relative Stiffness (K values) 
Members 1-2 and 4-5, K = 10/20 = 0.5 
Members 2-3. and 4-3, K = 20/22.4 = 0.a92 
Fixed end moments: 


Mp = wif,/l2 = (12x20*)/12 ==400 in.1b, 


a3 
Mp, = 400, Mp, = 400, Mp, = - 400 
Relative values of g: ~ 


Due to the sloping members, the relative 
transverse deflections of each member are not 
as obvious as when the vertical members are con~ 
nected to horizontal members as in the previous 
example, In this example, joints (1) and (5) 
are fixed. Because of symmetry of frame an¢ 
loading, joints (2) and (4) will move sutward 
the same distance 4 as indicated in Fig, A12.24, 
Furthermore, due to symmetry, joint (3) will 
undergo vertical movement only, 


In Fig. Al2.24, draw a line from point (2') 
parallel to 2-3 and equal in length to 2-3 to 
locate the point (3"). Erect a perpendicular 
to 2'-3" at 3" and where it intersects a vertical 
through (3) locates the point (3') the final 
location of joint (3). The length or 2'-3' 


equals 2-3, In the triangle 3-3'-3", the side 
3'-3" = V5. The relative values of % which 


are measured by A/L for each member can now de 
calculated. 


1 Be te 
tle = - =- 088 Bane = Ey = 0.10 








Bow = - 0.18 


Subs 


at joints (1) and (5). 


ANALYSIS AN ESIGN oO y ALQ.11 
My-e = 2x0.5(-20, +0-3x 058) +0 
My, =~20, -0.150 --------- (g) 
Ma_, = 2K(29, + & - 59) + MPS 
Mo~. = 2X0.5(0-0, -3 x .058) +0 
Me =-0,-0.159 --------- (n) 





tizution in Slope Deflection 


Fig. A12.24 


-058 


Bre = 


Equations: - 


We Know that 9. = 8, = 0, due to fixity 


Also 6, = 0 due to 


symmetry or only vertical movement of joint 


(3). 





Furthermere due to symmetry 0, = - 6 
Miia 3 2K(26, +6, -30) +Mp 
Miia = 2x0.5(0 +6, + .05 x30) +0 
Mi. = 6,+0.158 ----+-----+ = (a) 
Maa = 2K(20. +0. ~30) +MpL_, 
Mai = 2xX0.5(20, + .05 x3) +0 
Ma. = 20, +0,15f- --------- (d) 
Mang = 2K(20, +0, -30) +Mp. 
Mas = 2x0,392(20, +O0-.3x0.1) -400 
Mas = 3.8686, -0.5352$-400 - - - = (c) 
Mya = 2K(26, +8, -30) + Mp 
My-a = 2x .892(0+0, -3x0,18+ 400 
Myra = 1.7249, ~ 0.53520 + 400 - - - - (a) 
fsu4 = 2K(00, +8, -30) + Mp 
Ma. = 2x .892(0-6, +3 x 0.19) - 400 
Ma, =-1.7348, + 0.53526-400 - - - (2) 
My is = £K(26, - 30) + Mp 

14-5 = 2x .892(-20, +0+3x9.19) +400 
M,_, =-3.5680, +9.53528+400 - - - (f) 
Mig = 2k(28, +8, ~38) +% 





JOINT (2). Equilibrium equation. 


Ma-.tMas = 0, substituting - 
262 + 0.158 + 3.5686. - 0.52528 -400 = 0 
whence, 5.5686, -0.3&528-400 = 0 - - - - (1) 


The joint equilibrium equations at (3) and 
(4) will not provide independent equations De- 
cause in the previcus substitutions in the 
Slope-deflection equations 6, was made equal to 
zero and 6 was equal to~6@,. 


Shear Zquaticns: - 


Due to symmetry the norizontal reactions 
at points (1} and (5) are equal and opposite 
and therefore in static balance. Since we have 
two unknowns 6, and Z, we need another equation 
to use with equation (1). This equation can be 
obtained by stating that the horizontal reaction 
Ha, On member 2-1 at end (2) must be equal and 
opposite to H,_,, the horizontal reaction at 
end (2) of member 2-3. 


Fig, Al2.25 and 26 show free body sketches 
of members 1-2 and 2-3, 








20" 240 i 
abet 

ao By ‘i 

Mis Fig. A12. 26 
Fig. Al2.25 


AlZ.25 take moments about (1) and 


In F 
equate to 


Mi-atM,-1- 20H... 5 0 
+Me_ 
whence, He, = “asat Bas 


Mag + Maung + 240 x20~20x12x10-10H,_, =0 
* + 24 
weence, H,_, = Hana“ Mane * 2500 


43 





Al2, 12 
Shear equation, Her = Has 
whence, 


Mina? Meck < 
20 





Substituting values for the end moments: - 


Gg + 0.158 + 20, + 0.158 | 3.5686, - 0.53528 
20 10 


~ 400 + 1.7840, -0 
10 





B + 400 + £300 


whence, 
0.38520, -0.1228+24050------ (3) 
Solving equations 1 and Jj for 6, and @, sives 
@ 2 2805, 6, = 265.8 


Substituting these values in equations (a) to 
(nh), the end moments are obtained as follows: - 


Mis = 6, +0.159 = 265.8+0.25 x 2505 
= 6686.5 in.lb. 


Mas = 20. + 0.158 = S31.6+420.7 = 952 


Mas = 3.5686. ~ 0.53524 - 400 
3.568 x 265.3 - 0.5352 x 2805 ~ 400 


- 952 


Ms—a 5 1.78404 - 0.5352 + 400 
1.784 x 265.8 ~ 0.5352 x 2805 + 400 


628 


uuu 


~ 1.7848, + 0.5352 ~ 400 =-628 


952 








686.5 Gi 


Fig. Al2.27 











SPECIAL METHODS - SLOPE DEFLECTION METHOD 





calculated, 
A12.9 Comments on Slope-Deflection Method. 


The example problems solutions 
ects 
name 1 Suce 
equations to 

it presents eq 
rapidly Zormul 












number o 
ltanecusly and (2} 
are easily and 












Thus for 
reduncancy, 7 
de considered as dossi> 
Sclution. The solving 





od are readily programmed for solution 
high speed computing machinery. 





A12.10 Problems, 


{1) Determine the bending moments at support 
points A, B, C, D, for the continuous team 
shown in Fig. 412.28. 


100 100 150 Ib, 


6" LT + ya 
ue ae 











AL T= 20 1 
-— 20" —~+——— 
Fig. Al2, 28 






(2) Same as problem (1) but consider suppert A 
as freely supported instead of fixed. 








(3) Determine the bending moment diagram for 


the various loaded structures in Fig.Al2.2¢, 


w= 12 ib/in, 
. aed yg 


200 lb. | 








1007*L=30 L=30fer 100 Ib 
* 260 1 =60] | 
15 | 15 
ee Te 
A B 
1000 1b. 


1000 
1 


Larder 











: CHAPTER A13 


BENDING 


A13,0 Introduction. 

The bar AB in Fig. a is subjected to an 
axial compressive load P. If the compressive 
stresses are such that no buckling of the bar 
takes place, then bar sections such as 1-1 and 
2-2 move parallel to each other as the bar 
shortens under the compressive stress. 








1, \2 
P——+[ i +—_P 
A 1! '2 B 
Fig. a 





(__sheas Diagram mie 
; Fig. ¢ 


In Fig. b the same bar is used as a simply 
supported beam with two applied loads P as 
shown. The shear and bending moment diagrams 
for the given beam loading are also shown. The 
portion of the beam between sections 1-1 and 2-2 
under the given loading are subjected to pure 
bending since the shear is zero in this region. 

Experimental evidence for 2 beam Segment 
4x taken in this beam region under pure bending 
shows that plane sections remain plane after 
bending but that the plane sections rotate with 
respect to each other as illustrated in Fig. c, 
where the dashed line represents the unstressed 
beam segment and the heavy section the shape 
after pure bending takes place. Thus the top 
fibers are shortened and subjected to compress— 
ive stresses and the lower fibers are elongated 
and subjected to tensile stresses. Therefore at 
some plane n-n on the cross-section, the fibers 
suffer no deformation and thus have zero stress. 
This location of zero stress under pure bending 
is referred to as the neutral axis. 


A13,1 Location of Neutral Axis. 
Fig. @ shows a cantilever beam subjected to 
a pure moment at its free end, and under this 


Beam 
Section 





4 Fig. d 


STRESSES 


applied moment the beam takes thse exaggerated 
deflected shape as shown. 

The applied bending moment vector acts 
parallel to the Z axis, or in other words the 
applied bending moment acts in a plane perpend- 
icular to the Z axis. Consider a beam segment 
of length L. Fig. @ shows the distortion of 
this segment when plane sections remain plane 
after bending of the beam. 

% will be assumed that the beam section ts 
homogeneous, that is, made of the same material, 
and that the beam stresses are below the pro- 
portional limit stress of the material or in 
other words that Hook’s Law holds. 

From the geometry of similar triangles, 


We have from Youngs Modulus £, that 


g = wit stress _ -y 
““ unit strain ~ 677 
where Oy is the bending stress under a deforma- 
tion e and since it is compression it will be 
given a minus sign. 

Solving for oy, 


Se 
c 


=-£ 


ris 


The most remote fiber is at a distance y=c. 
Hence 


whence 


For equilibrium of the bending stress perpend- 
icular to the beam cross-section or in the % 
direction, we can write = Fy = 0, or 


Se 


LPs - 
x c 


[ yea = 0. 


however in this expression, the term SS ts not 
¢ 


zero, hence the torn [ yda must equal zero and 


this can only be true if the neutral axis coin- 
cides with the centroidal axis of the beam 
cress~section. 


ALZE 








Al3.2 


BEAM BENDING STRESSES 





The neutral axis does not pass through the 
beam secticn centroid when the beam is nonhomo- 
geneous that is, the modulus of elasticity is not 
constant over the beam section and also when 
Hook’s Law does not apply or where the stress- 
strain relationship {s non-linear. These beam 
conditions are described later in this Chapter. 


A13.2 Equations for Bending Stress, Homogeneous Beams, 

Stresses Below Proportional Limit Stress. 

In the following derivations, it will te 
assumed that the clane of the external loads 
contain the flexural axis of the beam and hence, 
the beam is not subjected to torsional forces 
which, if present, would produce bending stress~ 
es if free warping of the beam sections was re- 
strained, as occurs at points of support. The 
questions of flexural axes and torsional effects 
are taken up in later chapters. 





Fig. Al3.1 Yo Fig. Al3. 2 

Fig. Al3.1 represents a cross-section of a 
straight cantilever beam with a constant cross- 
section, subjected to external loads which lte 
in a plane making an angle 9 with axis Y-¥ 
through the centroid 0. To simplify the figure, 
the flexural axis has been assumed to coincide 
with the centroidal axis, which in general is 
not true. 

Let NN represent the neutral axis under the 
given loading, and let @ be the angle between 
the neutral axis and the axis X-X. The problem 
is to find the direction of the neutral axis and 
the bending stress o at any point on the section. 

In the fundamental beam theory, it is as- 
sumed that the unit stress varies directly as 
the distance from the neutral axis, within the 
proportional limit of the material. Thus, Fig. 
Al3.2 illustrates how the stress varies along a 
line such as mm perpendicular to the neutral 
axis N-N. 

Let o represent unit bending stress at any 


point a distance y, from the neutral axis. Then 
the stress o on da is 
GO =ky, ----+------ ee r ree Ql) 


where k is a constant. Since the position of 


the neutral axis is unknown, y, will be express- 
ed for convenience in terms of rectangular co- 
ordinates with respect to the axes X-X and Y-Y. 


Thus, y, = (y - x tan g) cos 2 
m 


=ycos$-xsing------------ (2) 

Then 5q. (1) becomes 

o=k (y cos $-x sin J) +----+----- (3} 
This equation contains three unknowns, a, 

k, and @. For solution, two additional equa- 

tions are furnished by conditions of equill- 


brium namely, that the sum of the moments of the 
external forces that lie on one side of the 
section ABCD about each of the rectangular axes 
X-X and Y-Y must de equal and opposite, respect- 
ively, tc the sum of the moments of the internal 
stresses on the section about the same axes, 

Let M represent the bending moment in the 
plane of the loads; then the moment about axis 
X-X and ¥-Y ts M, = Mcos @ and M, = M sin. 
The moment of the stresses on the’ beam section 
about axis X-X is fo da y. Hence, taking 
moments about axis X-X, we obtain for equil- 
ibrium, 


Mcos@=/foday 
-/k (cos g y*da - sin @ xyda) 


=k cos gf y*da - k sin O / xyda 


---- (4) 
In similar manner, taking moments about 
the Y-Y¥ axis 


Msing=/adax 
whence 
Msino=s- sing fx*da + cos # / xyda(da) 
Al3.3 Method 1. Stresses for Moments About the 

Principal Axes, 

In equation (4), the term / y"da ts the 
moment of inertia of the cross-sectional area 
about axis X-X, which we wili denote by Ix, and 
the term / xyda represents the product of in- 
ertia about axes X-X and Y-Y. We know, however, 
that the product of inertia with respect to the 
principal axes is zero. Therefore, if we se- 
lect XX and YY in such a way as to make them 
coincide with the principal axes, we can write 
equation (4): 


Mcos 9 =k cos 9 Ix, 


In like manner, from equation (4a) 


MsinQ*-k sin ZI 
YD 


To find the unit stress ¢ at any point on the 
cross-section, we solve equation (5) for cos @ 
and equation (6) for sin g, and then substitut- 
ing these values in (3), we obtain the follow- 
ing expressing, giving o the subscript b to 
represent bending stress: - 
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6g ACOSO Voip STN Kp 
Tx, typ 


Let the resolved bending moment M cos @ and 
M sin @ about the principal axes be given the 
symbols Mx and M,. Then we can write 


The minus signs have been placed before each 
term in order to give a negative value for dy 
when we have a positive bending moment, or Myp 
is the moment of a couple acting about Xp-Xps 
positive when it produces compression in the 
upper right hand quadrant. Myo is the moment 


about the Yp-Yp axis, and is also positive when 
1t produces compression in the upper risht hand 
quadrant. 


BENDING STRESS EQUATION FOR SYMMETRICAL 


BEAM SECTIONS 


Since symmetrical axes are principal axes 
(term / xyda = 0), the bending stress equation 
for bending about the symmetrical XX and YY axes 
is obviously, 


Spec ae oe at os es eS (7a) 
Ix ly 
Al3,4 Method 2. Stresses by use of Neutral Axis for 


Given Plane of Loading. 

The direction of the neutral axis NN, mea- 
sured from the Xp principal axis is given by 
dividing equation (6) by (5). 





The negative sign arises from the fact that 
@ is measurad from one principal axis and J is 
measured in the same direction from the other 
principal axis. 

Since equation (8) gives us the location of 
the neutral axis for a particular plane of load- 
ing,the stress at any point can be found by re- 
solving the external moment into a plane perpen- 
dicular to the neutral axis N-N and using the 





moment of inertia about the neutral axis, hence 


Op = ot Soe Nee ay] yn = Mayn Sree Sass (9) 
In In 


Ip can be determined from the relationship ex- 
pressed in Chapter AS, namely, 

Iy = Tx,c08 "B+ Ty sin*6 ---- eee ee 
A13.5 Method 3. Stresses from Moments, Section Prop- 
erties and Distances Referred to any Pair of 
Rectangular Axes through the Centroid of the 
Section. 

The fiber stresses can be found without 


resort to principal axes or to the neutral 
axis. 


Equation (4) can be written: 
My =k cos J Iy - kK sin J lyy 


where Ix = / y*da and Ixy = / xyda, and My = 
M cos 9. 
In like manner, 


My 
Solving equations (11) and (12) for sin g and 
cos @ and substituting their values in equation 
(3), we obtain the following expression for the 
fiber stress op: - 


=-ksingl,+*kcos @Iyy ----~ (12) 


(Myly = Melxy) 
Tyly — Ixy 
For simplification, let 


_ (Myly - Mylxy)¥ _ ( 


13) 
Ixly ~- Ixy 


OB =- 


Ki = Iyy/(Igly = I*yy) 
Ka 2 Iy/(Iyly - 1% y) 
Ks = 1y/(Iyly - Ty) 


Substituting these values in Equation (13): - 
Oy = - (KaMy - KiMy) X - (KeMy < KiMy)y - (14) 


In Method 2, equation (8) was used to find 
the position of the neutral axis for a given 
plane of loading. The location of the neutral 
axis can also be ?ound relative to any pair of 
rectangular centroidal axes X and Y as follows: 
Since the stress at any point on the neutral 
axis must be Zero, we can write from equation 
(14) that: - 


(Kelly - KiMy)x = - (Kelly - KaMy)y for all 
points located on the neutral axis. From Fig. 
Alg.ltang=Z, 

Thus tan g = - (Key = Mx) 2 8 | (25) 


Kal > Kitty) 
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BEAM BENDING STRESSES 





It frequently happens that tne plane of the 
bending moment coincides with 2ither the X-X or 
the Y-Y axis, thus making either My or My equal 


to zero. in this case, equation (15) ean be 

simplified. For example, if My =0 

tangs 22 -------+---------- (38) 
Ty 

and if My #0 

tanigeoe ce ee es See codes (17) 
Ixy 


A13,6 Advantages and Disadvantages of the Three 

Methods. 

Method 2 (bending about the neutral axis 
for a given plane of loading) no doubt gives a 
better picture of the true action of the beam 
relative to its bending as a wnole. The point 
of maximum fiber stress 1s easily determined by 
placing a scale perpendicular to the neutral 
axis and moving it along the neutral axis to 
find the point on the beam section farthese away 
from the neutral axis. In airplane design, 
there are many design conditions, which change 
the direction of the plane of loading, thus, 
Several neutral axes must be computed for each 
beam section, which is a disadvantage as com~ 
pared to the other two methods. 

In determining the shears and moments on 
airplane structures, it {s common practice to 
resolve air and landing forces parallel to the 
airplane XYZ axes and these results can be used 
directly in method 3, whereas method 1 requires 
a further resolution with respect to the prin- 
cipal axes. Methods 1 and 3 are more widely 
used than method 2. 

Since bending moments about one principal 
axis produces no bending about the other prin- 
cipal axis, the principal axes are convenient 
axes to use when calculating internal shear flow 
distribution. 


Al3.7 Deflections, 

The deflection can be found by using the 
beam section properties about the neutral axis 
for the given plane of loading and the dending 
moment resolved in a plane normal to the neutral 
axis. The deflection can also be found by re- 
solving the bending moment into the two prin- 
cipal planes and then using the properties about 
the principal axes. The resultant deflection is 
the vector sum of the deflections in the direc- 
tion of the principal planes. 





Al3.8 Diustrative Problems. 

Fig. 415.3 shows 
a unsymmetrical one 
celi Dox beam with 
four corner flange 
members a, 0, c and d. 
Let it be required to 
determine the bending 
axial stress in the 
four corner members 
due to the loads Py 
and Py acting 50” 
from the section 
abed. 

In this example 
solution the sneet 
connecting the corner 
members will be con~ 
sidered ineffective tn “® 
bending. The stresses 
will be determined dy 
each of the three me- 
thods as presented in this chapter. 


Example Problem 1. 


Py = 6000# 





SOLUTION 


The first step common to all three methods 
is the calculation of the moments of inertia 
about the centroidal X and Y axes. Table AlZ.1 
gives the detailed calculations. The proper- 
ties are first calculated about the reference 
axes x'x' and y'y' and then transferred to the 
parallel centroidal axes. 


eee Ai3.1 





Ix = 176 - 2.7 x 5.926" = 61.18 
Ty = 460.8 - 2.7 x 10.667" = 153.38 
ly = - 192 - (2.7 x - 10.667 x 5.926) = ~ 21.33 
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Solution by Method 1 (bending about principal axes) 


The angle @ between the x axis and the 
principal axes is given by the equation, 





2lyy __ 2 (-21.33) - 42.66 
tan 29 See Ty ne ISSIS3 ~ 21.18 " 7e0a0* 
= - .5a9 
2@230°-30', g-15°=15' 


Ixy = Ty cos* g + ly sin? g-+-2 ly sin g cos g 


= 61.18 x .9648" + 153.58 x .2636* ~ (~ 21.33 x 
- .2636 x .9648)2 
= 75.56 + 10.67 = 10.85 = 75.38 in.* 
io a a 
a Gr ly cos $+ 2 lyy sin J cos 
= 81.18 x .2636% + 153.58 x .96477 + 10.85 = 


159.34 in.* 





Fig. Al3.3a shows the location of the principal 
axes, as well as the perpendiuclar distances 
from each corner member to each of the principal 
axes. These distances are readily determined 
from elementary trigonometry: 

The external bending moment about the X and 
Y axes equal, 





6000 x SO = 300,000"# 


M 


My = 1600 x 50 = - 80,000"# 


These moments will be resolved into bending 
moments about the Xp and yp principal axes. 


aa = 300,000 x cos 15° ~ 15' - 30000 x 
sin 15° - 15" = 289700 - 21000 = 268700"# 
My. = - 300000 x sin 15° - 15' - aco00 x 
cos 15° - 15' = - 79000 - 77200 = - 156200°+ ¢ 


(Positive moments produce compression in upper 
right hand quadrant). 


Calculation of Stresses 


i Myp x 
Oy = - xp _Yp _ Myp Xp 


xp Typ 
Stringer a 
Xp = - 6.74, Yp = 4.45 
hence 
o, = - 268700 x 4.45 _ - 156200 (~ 6.74) 
> 75.38 159.34 
= - 15900 - 6600 = - 22500#/in. * 
Stringer b 
Xp ™ 9.75", Yp* 4.82 
og, = - 268700 x 4.82 _ - 156200 x 9.75 
D ese 159.34 


= - 17180 + 9570 = ~ 7610#/in.* 


Stringer c 
XD = - 3.58, Yp =~ 7,12 
- 268700 x - 7.12 _ = 156200 (~ 3.88) 
Sp * ; = 159. 


= 25400 - 3520 = 21880 


and similarly for stringer d, Oy = 21900. 


Solution by Method 2 (Neutral Axis Method) 


Let 9’ = angle between yy axis and plane 
of loading. 


80000 . 


re 
tan 6" = ZoG000 


— 2667 
hence 


of = 14° ~ 56" and 9 = 14° - 56" + 15° - 15' = 


= 30° - 11 
Let a = angle between neutral axis NN and 
the Xp axis, 
Ixy tan 9 = 75.38 (- 0.5816) 
tana =- i, ae +278 
hence a = 15° - 24' (see Fig. Al3.3b). 


Since the angle between the X axis and the 
neutral axis is only 9’, we can say 
Iy = I, = 91.18. 

Resolving the external bending moments 
normal to neutral axis, we obtain 








Al3.6 BEAM BENDING STRESSES 


AER RAM BENDING STRESSES 


My = 300000 x .9999 + S0000 x sin 0° - 9f = 
300200"#. The bending stress 2t any point is 
given by, 





Stringer a 
Yq = 6.074 + 5.33 x .0025 = 6.087" 


= 7300 200 x 6.087 _ 


an 8 
Oy aLis ~ 22500#/in. 
Stringer b 
Yp = 2.055" 
jes = 2.05 2 as79 
Stringer c 
Yn =~ 8.92 
op = ~ 300 200 e 5.92) = 21850 
Stringer d 
y=- 5.95 
= 7.300 200 (- 5.95) _ .., 
con =e 22000 








OF = 14°56" 
= 15915" 


@=30911' 
ane of loadin: 
plas floac a 


Yp y Fig. A13.3b 


Solution by Method 3 (Method Using Properties 








Ka = Iy/(Ixly ~ I*y,) = 153.58/12016 = .012794¢ 


K3 = L/h, - I*,,,) = 81.18/12016 = .00674 


xy 
Sm => (Kelty - KM.) x - (KaM, - KiMy) ¥ 
Stringer 2 
xX = - §.333", y = 6.074" 
= 
% =- [0087 (~ €0C0C) + .00177 x Z000c0| x - 


[.c1z7e4 x 300000 - .00177 (- gooce) | y 


hence dy = (8) x - (3697)y; 
hence oy) = 8 x - 5.33 - 3697 x 6.074 = ~ 22450 
Stringer b 
X = 10.667, y = 2.074 
Op = 8 x 10.667 -~ (3697) 2.074 = 85-7660 = ~7575 
Stringer c¢ 
x= =-5,333, y= - 5.926 
O = 8x - 5.333 - (3697 x - 5.926) = - 
42 + 21900 = 21862 
Stringer d 
x = 10.667, y = - 5.926 
Op = 8 x 10,667 ~ (3697 x = 5,926) = 
= 85 + 21900 = 21985 
NOTE: The stresses op by the three methods 
were calculated by 10" slide rule, nence ths 
small discrepancy between the results for the 


three methods. 


Error in Stresses Due to Assumption that Section 
Bends About X and Y Centroidal Axes Due to My 
and Tf. 





About X and Y Axes) My y Myx 
Hm F- acre - —— (Equation 7a) 
My, = 300000, My = - 80000 x y 
Ty = 81.18, ly = 153.58, Stringer a 7 
Igy =~ 21.33 y =6.074, x=-5.33 
SPS gd = 21.33 ~io. = _ 300000 x 6.074  ~ 80000 x - 5.33 _ 
*. = Ixy/(Igly - ty) = greg tes. gs > Sica =] % 31.18 = 153.58 Fue Sete 
7 stringer b 
BS = - .00177 eee 
: y= 2.07, x = 10.867 
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Stringer b - cont’d. 


Booocd x 2.07 _ - 80000 x 10.667 _ 


- 80000 x 10.667 _ _ 5, 
753.58 one 


In like manner for stringers ¢ and d 


O, = 19130 and a, = 27440 
c c 


Comparing these results with the previous 
results it ts noticed that considerable error 
exists. Under these eroneous stresses the in- 
ternal resisting moment does not equal the ex- 
ternal bending moments about the X and Y axis. 


Example Problem 2. 

Fig. 413.4 shows a portion of a cantilever 
@-cell stressed skin wing box dDeam. in this ex- 
ample, the beam section is considered constant, 
and the section is identical to that used in 


14260% 





Fig. Al3.4 


Fig. AG.13 of Chapter AS for which the section 
properties were computed and are as follows: - 


36.41 in.* 
437 


Ty = 186.5 in. Iy = 431.7 in.* Ty. 
° 


Y 
ts ed es" - 
g=8 16.25 Ix, 161.2 ly, 


4 


The resultant air load on the wing outboard 
of section ABC is 14260% acting up in the Y di- 
rection and 760% acting forward in the X direc- 
tion, and the location of these resultant loads 
is SQ from section ABC (Fig. Al3.4). 

The bending stress intensity at the cen- 
troids orf stringers number (1), (9) and (12) 
will be calculated using all three methods. 


Soiution by Method 1 (Bending about Principal Axes) 


The bending moment at section ABC about the 
X and ¥ axes is, 





M, = 14260 x 50 = 713,000"% 


M, = - 760 x 50 = ~ 38000"# 


These moments are resolved into bending 
moments about the principal axes, as follows: ~ 


hm 


M, 
Yp 


u 


i 713000 x cos Z - 38000 x sin % = 700,000"# 


~ 71300 x sin @ - 38000 x cos g =-140000"# 

From equation (7), the general formula for oy is: 

a Mxp Yp 
Ixp 


Nyy Xp 
I Yp 


oD = 


Stress on Stringer 1: 


Vp = 1.85" and xp = - 17.86" (scaled from full 
size drawing). 


_ _ (700000 x 1.85) _ - 140000 x (- 17.86) 
Di ee 

= - 7150 - 5700 = - 12850#/sq. in. 
Stress on Stringer 9: 


Yp 9.04", Xp = 14.24" 


(700000 x 3.04) _ - 140000 x 14.24 
“7 lelelt, == ee 


ad 2 7 


= = 34,900 + 4560 = - 30340%/sq. in. 


Stress on Stringer 12: 


Yr 6.80", Xp => 8.22" 
= . 700000 x (~ 6.80) _ - 140000 x (- 8.22) _ 
Té1.17 RT 





= 26200 + 2630 = + 23570#/sq. in. 


Solution by Method 2 (Neutral Axis Method) 
in Fig. Al3.5 let 6' be the angle between 
the Y-Y¥ axis and the plane of the resuitant 
bending moment. Resultant bending moment, 


M = /713000* + 38000* = 714600" 1b. 


tan 9! = 738000. _ 


aa 
713000 ae ene 


.05233, hence 9' = = 


Let @ equal the angle between the plane of 
the resultant moment and the Y) axis. 


Then 9 = 9! +H =3° - 3! + 8° - 16" = 11° - 19 


From equation (8), the angle between the Xp axis 
and the neutral axis = 4, and 
Ixp tan 9 | | 161.17 x (- -200) _ 


“tana =- = 
Typ 





437 
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Plane of = 
Resultant 
Moment —=" 7 






Fig. Al3.5 


= .083. Hence, a = 4° - 45 

Fig. Al3.5 shows the relative positions of 
the neutral axis, principal exes, and plane of 
loading. 

The component of the external resultant 


moment about the neutral axis N equals: - 
My = 714060 x sin 83° - 26' = 709350 in. ib. 
Iy = Iyp 0087 ¢ + Iyp sin? a 


= 181.17 x .9966* + 437 x .0878* = 193.37 in.* 


Stress on Stringer 1: 
Yn, 7 (Vp + Xp tan a) cos @ = (1.85 + 17.86 x 


+083) .9966 = 3.32" 


= . ™m Yn ~ ~ 709350 x 3.32 _ 


Oh Se ee, 5 eS en 12850 . in. 
Dy Tp 183.37 #/sq. in 
Stress on Stringer 9: 
Yn = (9.04 ~ 14.24 x .083) .9966 = 7.84" 
° 


= -.709350 x 7.84 _ 
y = “Be tC 30Z00#/sq. in. 


Stress on Stringer 12: 


4 


yy (6.80 + 8.22 x .083) .9966 = 6.10 
Tie 


= 7.709350 x ~ 610 _ 

Sp, = Ses = -236008/sq. in. 
Solution by Method 3 

My = 7130C0"#, 


186.46 


My = - S80Co" 


I, = 


x ly = 431.7 Ixy = - 36.41 


xy 


The constants Ki, Ka, and Ks are first deter- 


mined - 
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KL 





Stress on Stringer 1: 


~- 17.41" 


Ya = 4.390", x. = 


Oy = - (KsMy - KAM)x - (KaMy - KiMy)y 


a, = [.002355 x (~ 38000) - (- .00c46 x 713000) ] 
2 
(17.41) 


- [.00845 x 713000 - (- .00046 x ~ 38000)] 4.39 


= - (238.5)(- 17.41) - (3868) 4.39 
= 4150 - 17000 = - 12850#/in.? 


Stress on Stri 





Yo = 6.89", X» = 15.39" 
op, = - [238.5] 15.39 = [ase] 6.89 = -30320#/in,* 


Stress on Stringer 12: 


Yia = - 5.55", . 


Xia =- 9.il 


Op, , = - [238.5] (- $.11) - [3868] (- 5.55) = 
= 23620#/in.* 


NOTE: In the three solutions, the distance 
from the axis in question to the stringers 1, 
9, and 12 have been taken to the centroid of 
each stringer unit. Thus, the stresses ob- 
tained are average axial stresses on the 
stringers. If the maximum stress {s desired, 
the arm should refer to the most remote part of 
the stringer or the skin surface. 


Approximate Method. 

It is sometimes erroneously assumed that 
the external bending moments My and My produce 
bending about the X and Y axes as though they 
were neutral axes. To show the error of this 


assumption, the stresses will be computed for 
stringers 1 and 9. 





ANALYSIS 







Stringer 1: 
39 = 4.39 


NX. = - 33.15 + 15.74 = - 17.41 
= 7 Myy _ Myx 
Tx ly 


gp = 7213000 _x 4.39 _ (= 38000 x - 17.41) - 
b 66.46. # 431.7. 


- 18330#/in?. 
Stringer 9: 


Yo = 6.89, X. 2 15.39 


~ 7.713000 _x 6.89 
gH = = - 


(~ 38000 x 15.39) _ 
186.46 


451.7 
= 25000#/in*. 


Example Probiem 3, 

The previous example problems were solved 
by substituting in the bending stress equations. 
The student should solve bending stre:s prob- 
lems by equating the internal resistiig moment 
at a beam section to the external beiding mom- 
ent at the same section. To illustrate Fig. 
Al3.6 shows a simply supported loaded beam. The 
shear and bending moment diagram foc the given 
beam loading is also shown. Fig. Al3.7 shows 
the beam section which is constant along the 


span. 
5004 1000 300 
' 4 be 








t aes 
lage Ge 120" 36" 
110 
690 
6104 8" 
390 | 
300 
3 —L 
2600" 
Hsia #10600 Fig. A13.7 


Fig. A13.6 

The maximum bending moment occurs over the 
lert support and equals - 24000 in. lbs. Due to 
Symmetry of the beam cross-section the centreidal 
horizontal axis is the center line of the beam 
and thus the neutral axis is at the midpoint of 
the beam. 

Fig. Al3.3 shows a free body of that por- 
ion of the beam from the left end to a section 
over the left support where the bending moment 
1s maximum. The triangular bending stress in- 
tensity diagram is shown acting on the cut sec- 
tion, with a value of a, at the most remo.e 
fiver. The forces Ty, Tg etc. represent the 
total load on the beam cross-sectional areas 


labeled A and B respectively in Fig. Al3.3. The 
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Fig. A13.8 Fig. A13.9 
stress intensity at bottom edge of portion A is 


Oy (2-25/3) = 0.75 op. 


Ty = Ca' > Average stress times area 


a) (1.78 x 0.75) = 1.1805 


The distance from the neutral axis to the 
centroid of the trapizoidal stress loading on 
portion A is 2.64 inches. In like manner, 


Tg = 





Cp’ = ( =) 3 x 0.25 = 0.3750H 


The arm to Tg is 0.667 x 3 = 2 Inches. 


For equilibrium of the beam free body, take 
moments about point (0) and equate to zero. 


My = - 500 x 48 + 2.54 x Ty + 2.64 Cg! tet + 
2 Cg’ = 0 
Substituting values as found for Ty, Tg etc, 
~ 500 x 48 + 2.64 x 1.15 op + 2.64 x 1.15 Op 
+ 2X 0.375 ay + 2 xX 0.375 dy = 0 


hence By = ae 





= 3170 pst. 


Solution using Bending Stress Formula. 


oy = LE - 24000 

I 3° 
Moment of inertia about 
Neutral axis. 


where M 
c 
T 


Calculation of I. 
For Portions A and A' 


124x175 (6° - 5%) = 18.26 int. 
12 
For Web Portions bd, b", 
T =4x0.25x6%= 4.50 int 
12 ee 
Inotay = 22.76 in*. 
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hence 


= 724000 4 3 L 


Oy = 35-76 ~ Z1i70 psi., 





which checks first solution. 


Example Problem 4. 

Fig. Alo.lO shows a loaded beam and Fig. 
Al3.11 shows the cross-section of the Seam at 
section a~a’. Determine the magnitude of the 
maximum bending stress at section a-a' under the 
given beam loading. The deam section is unsym~ 
metrical about the horizontal centroidal axis. 
Simple calculations Locate the neutral axis as 


shown in Fig. Al3.1l. 
12#/in. 


a 
mre TT rm see. 
Ce LET 


L_-_— ,09»—-L got 100" ——| 
b _tbh—2 te 
Ra Rpt 


— 


Fig. Al3. 10 


Fig. Al3. 11 





Fig. Al3.12 shows a free dody of the por- 
tion of the beam to the right of section a-a. 
The bending stress intensity diagram is shown by 
the horizontal arrows acting on the beam face at 
section a~a. Fig. Al3.13 snows the cross-sec- 
tion of the beam at Section a-a. 

The general procedure will he to determine 
the total bending stress load on each portion, 

1 to 6, of the cross-section and then the mom- 
ent of each of these loads about the neutral 
axis, the summation of which must equal the ex- 
ternal bending moment. 


SM ayre 





100" 


a 


4 


Fig. Al3. 13 


Fig. Al3, 12 


This method of soluticn involves more cal- 
culations than that required in substituting in 
the bending stress formula, however, the student 
should obtain a better understanding of the in~ 


ternal force action from this metnod of solu- 
sion. In solving nonhomogeneous deams 
beams stressed above the elastic limit stress 
this method of solution often proves necessary 
or advantageous because no simple beam bending 
stress formula can be derived. 

In Fig. Al3.12, let oy be the intensity on 
the most remote fiber, or 3.09" above the neu- 
tral axis. Table A shows the calculations of 
the total stress on each of the portions of the 
cross-section and their moment about the neutral 
axis, all in terms of the unknown stress, on. 


and 


’ 






















TABLE A 
2 | 3 T 4 5 6 
at 
Area | Average Total y = arm | Resisting 
A Stress Load to N.A, | moment 
in = (2) (4) x (5) 
terms x (3) 
of op 
-.33Ta b | -. 35305 1.39 - .490 db 
=. 157 ~. 187 2.35 -1. 780 
-.837 2.62 ~2.190 
1.44 -0,537 
~1.93 -0.622 0 | 
3.180 op 








Explanation of Table A. 
Column 3 gives the averaze stress on each 


of the 6 portions. For example, the stress on 
portion (1) varies from zero at the neutral 


0 
axis to g08 Op = .674 dp at the upper edge of 
(1). Tms, tne average stress ~ 874 % * 0 = 


2 
.337 Op. On part 3 or 3', the stress on the 
lower edge = .674 o and a, on the upper edge. 


Then, the average stress = (L+ .674) Oy = 


-337 Op. Column 5 is the distance from the 
neutral axis to the centroid of the load on 
each of the blocks. For portion (1) the stress 
pattern is triangular, and y = 2/3 x 2.09 = 
1.39". On portions (2), (3), (5) and (6) the 
bending stress distribution is trapezoidal, and 
the arm is to the centroid of this trapezoid. 
The total internal resisting moment of 
~ 3.82 dO) from Table A equals the external bend- 
ing moment of 36é70"#. 
Thus, 
~ 36670 
38.82 


Sy = = - 4160#/in.?. 


the 


For equilibrium, Sotal compressive 
stresses on the cross-section of the Deam must 
be equal to the totai tensile stresses, or IH 


must equal zero. Column 4 of Table A gives the 
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total load on each portion of the cross-section 
and the total of this column ts zero. 

The bending stress on the lower fiber of 
the cross-section is directly proportional to 


the distance from the neutral axis or, op) 0 = 


2.91 
3.09 





x 4160 = 3930#/in.? 


SOLUTION USING BENDING STRESS FORMULA. 


- M = 
Op = the, Iy.a, = 27-2 in.* 
hence 
Gy (upper fiber) = = 86670 x 3.09 = _ 4160 psi. 


27.2 
which checks the above solution. 


A13,9 Bending Stresses in Beams with Non-Homogeneous 
Sections, Stresses within the Elastic Ranges. 


In general, beams are usually made of one 
material, but special cases often arise where 
two different materials are used to form 4 beam 
section. For example, a commerical airplane in 
its lifetime often undergoes a number of changes 
or modizications such as the addition of ad- 
ditional installations, fixed equipment, larger 
engines, etc, This increase in airplane weight 
increases the structural stresses and it often 
becomes necessary to strengthen various struct- 
ural members at the critical stress points. 
Since space limitations are usually critical, it 
often necessitates that the reinforcing material 
be stiffer than the original material. Years 
ago, When spruce wood was a common material for 
wing beams, it was normal practice to use rein- 
forcements at critical stress points of stiffer 
wood material such as maple in order to cut down 
the size of the reinforcements. In aluminum 
alloy beams, the use of heat~treated alloy steel 
reinforcements are often used because steel is 
29000 ,000/105C0,000 or 2.76 times stiffer than 
aluminum alloy. 


SOLUTION BY MEANS OF TRANSFORMED 
SEAM SECTION. 
To illustrate how the stresses in a com- 


posite beam can be determined, two example prob- 
lems Will be presented. 


Example Problem 5. 

Fig. Al3.14 shows the original beam section 
which is entirely spruce wood. Fig. Al3.15 
shows the reinforced or modified beam section. 
Two ears of maple wood have Deen added te the 
upper part as shown and a steel strap nas deen 
added to the bottom face of the beam. The prob- 
lem is to find the stress at the top and bottom 
points on the beam section when the >eam section 
is subjected to an external Dending moment of 
60000 in. lbs. about a horizontal axis which 
causes compression in the upper beam portion. 
The modulus of elasticity (£) for the 3 differ- 









Le 
= elo 
| YY 
| 








& 
& 








err 
Steel 22.5x1.5233.4" 
Fig.Al3.14 Fig. A13. 15 Fig. A13. 16 


Transformed Section 
into Equivalent Spruce 


ent materials is: - 


Espruce = 1+300,000 pst. 
Enaple = 1,600,000 psi. 
Estee1 7 29,000,000 psi. 


SOLUTION: 


The first step in the solution is to 
transform the reinforced beam section of Fig. 
A13.15 into an equivalent beam section composed 
of the same material throughout. This is possi- 
ble, because the modulus of elasticity of each 
material gives us the measure of stiffness for 
that material. in this solution the reinforced 
beam will be transformed into a spruce beam 
section as illustrated in Fig. Al3.16. 





Epape _ 1600,000 _ 1 9 
Espruce — 1,300,000 
Esteel _ 29,000,000 _ 55 5 
Espruce 1,500,000 


Thus to transform the maple reinforcing strips 
in Fig. Al3.15 into spruce we increase the 
width of each strip to 1.23 x 0.5 = 0.615 inches 
as shown in Fig. Al3.16. Likewise, to trans- 
form the steel reinforcing strip {nto spruce, we 
make the width equal to 22.3 x 1.5 = 33.4 inches 
as shown in Fig. Al3.16. 

This transformed equivalent section Is now 
handled like any homogeneous deam section which 
is stressed within the elastic iimit of the 
materials. The usual calculation would iocate 
the neutral axis as shown and the moment of in~ 
ertia of the transformed section about the 
neutral axis would give a value of 51.30 iners 


Bending stress 2t upper edge of beam section: - 
= ikY 


%e = —Ty 31.30 


= B0000 9258.1. 3900 psi. 





Referring to Fig. Al3.15, this stress would be 
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the stress in the spruce section. Since the re- 
inforcing strips are maple, the stress at the 
top edge of these maple strips would be 1.23 
times (- 3900) = ~ 4880 psi. 

The bending stress at the lower edge of the 
transformed beam section of Fig. Al3.15 would de: 


= _ 60000 x ( 


~ 2.73) . 
t S30 = 32co0 psi. 


Sp. 


The stress tn the steel reinforcing strap 
thus equals 22.3 times 3200 = 71500 psi. 

Since all these stresses are below the 
elastic limit stress for the 3 materials the 
beam bending stress formula as used is 
applicable. 


Example Problem 6, 

Fig. Al3.17 shows an unsymmetrical beam 
section composed of four stringers, a,b,c and 
d of equal area each and connected by a thin 
web. The web will be neglected in this example 
problem. Zach of the stringers is made from 
different material as indicated on Fig. Al3.17. 
The beam section is subjected to the bending 
moment My and My as indicated. Let it be re- 
quired to determine the stress and total load on 
each stringer in resisting these applied extern- 
al bending moments. 


+— 6» — 
Steel 


0 -10 
a b 
Stainless ° 
Steel a My = 5000"4 
10" 
Mx= 10000"# 
Magnesium Area of Each 
& 1 Alloy | io Stringer = 1 sq. in. 
4" + Alum. Alloy 
Fig. A13. 17 
SOLUTION; 


Since the 4 stringers are made of different 
materials we will transform all the materials 
into an equivalent beam section with all 4 
stringers being magnesium alloy. 











E 29 
nag. = 6,800,000 = = ae = 446 
Egtee1 = 29,000,000 | _ ” 
= = “S.S. = id = 4,31 
Estain.steel> 28,000,000 Enag. 6.5 
“alum.alloy = 10,500,000 | zo) 10.5 _ arate 
Emg. 6.5 ~ 


Using the ratio of stiffness values as indicated 
above gives the transformed beam section of Fig. 
A13.18 where all material is now magnesium 


4, = - 20,000 in. ib. 


alloy. The original area of 0.1 sq. in. each 
have been multiplied dy these stiffness ratio 
values. 


0.446 0.1615, 
-—_—_-—_—-e 
a b 





le 2.369 

te t 
| j= Fig. A13. 18 
| = Transformed Beam 

y= 5.35" j Section into Magnesium 
Alloy. 
| c qd, 
0,431 


0.10 


The solution for the beam section of Fig. 


A1Z.18 {1s the same as for any other unsym- 
metrical homogeneous beam section. 


The first step is to locate the centroid 


of this section and determine the moments of 
inertia of this section about centroidal X and 
Y axes. 


ey 


ze = 446. X 10 + 0.1615 X10 2 x gan 
POSES AaB ee 


BAX . 0.1615 x 6 + 431 x4 
z 1.138 


a 


= 2.365" 


md 
u 





>| 


2 


a 
Ix 7 0.6075 x 4.65 + 0.531 x 5735 = 28.27 in.* 


a a 
ly = 0.546 x 27365 + 0.165 x F655 + 0.431 x 


a 
1.635 = 6.34 in.*, 


Ixy = 0.446 (- 2.365)(4.65) = - 4.90 

0.1615 x 3.625 x 4.65 = 2.73 

0.10 (- 2.365)(~ 5.35) = 1.27 

0.431 x 1.635 (- 5.35) 5 + 3.77 
TOTAL ~ - 4,67 in. * = Ixy 


The bending stresses will be calculated 


by using method 3 of Art. Ai3.5S. 


From Equation (14) Art. Al3.5 -- 


= (KeMy ~ Kit )x - (KeMy - KiMy ly 

















Sie ice * 36.37 teuCT 37 
nly - ty 637 KS. 87 
Ter = - 0.0296 
K, a, or = = 0.0403 
Ky = ae mae ez = 0.1797 


Ny = 5000 In, 1d. 
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Consider Stringer (c): 


xX =- 2.365, y=- 5.35 
Substituting in oy equation 


Gq = - [0.1797 x S000 - (~ 0.0296)(- 100 00 )}x 
- [(0,0408}(- 100,00 ) = (- .0296 x 5000 )] y 


=~ (a8 -296)x-[(-403)+us]y 


By %- 602 x+ 255 Y -------- ne (18) 
For stringer (c) x = - 2.365, y=-5.3 
hence 
Og = = 602 (~ 2.365) + 255 (- 5.35) 
21423 - 1360 = 63 pst. 


The total load Po in stringer (c) thus equals 
O, (Area) = 63 x 0.126 lbs. tension. 


Stringer (a): 


x = - 2.365, y = 4.65 


from equation (18) 


Og = - 602 (- 2.365) + 255 x 4.65 = 2613 psi. 


Py 2 2623 x 0.446 = 1167. 1b. tension. 


Since the true area of this stringer is 0.1 
square the stress in this steel stringer equals 
1167 /O.1 = 11670 psi. tension. 


Stringer (d): 


x = 3.635, y = 4.65 
Op = - 602 x 3.635 + 255 x 4.65 = - 1006 psi. 
Py = - 1006 x 0.1615 = - 162 Ibs. 


True stress in stainless steel stringer 
= - 162 /O.1 = - 1628 psi. 


Stringer (d): 


x= 1.635, y?-5. 
Oo, 7-602 x 1.635 + 255 (- 5.35) = - 2345 pst, 
Py = - 2345 x 0.431 = - 1¢ci0 (lbs. ; 
1010 


= - 10100 osi. 





fo check the results, check total stringer loads 


A13.13 
to see if they equal zero. 


3P2=6 +1167 ~ 162 - 1010 = 1 check. 
Forthermore the moments of ths stringer loads 
about the X and Y axes must equal the applied 
external tending moments. 

Take moments about a Y axis through 


stringers (a) and (c). 


zM, 


ly = - 6 x 162 


- 4x 1010 + 5000 


= = 12 in. lb. 
Take moments about X axis through stringers 
(c) and (4), 


2M, = 1162 x 10 - 162 x 10 - 10000 


=O in. lb. 

(The calculations in this example being 
done on a slide rule can not provide exact 
checks). 


A13.10 Bending Stresses of Homogeneous Beams 
Stressed above the Elastic Limit Stress Range. 

In structural airplane design, the applied 
loads on the airplene must be taken by the 
structure without suffering permanent strain 
which means the stresses should fall within the 
elastic range. The airplane structural design 
loads which in general equal the applied loads 
times a factor of safety of 1.5 must be taken 
by the structure without collapse or rupture 
with no restriction on permanent strain. Many 
airplane structural beams will not fail until 
the stresses are considerably above the elastic 
stress range for the beam material. 

Since the stress-strain relationship in 
the inelastic range is not linear and also 
since the stress-strain curve for a material in 
the inelastic range 1s not the same under ten~ 
sile and compressive stresses (See Fig. Al3.19), 
the beam bending stress formulas as previously 
derived do not apply since they were based on a 
linear variation of stress to strain. Experi~ 
mental tests nowever, have shown that even when 
stressed in the inelastic range, that plane 
sections before bending remain plain after 
after bending, thus strain deformation is stiil 
linear which fact simplifies the problem since 
the stress corresponding to a given strain can 
be found from a stress-strain curve for the 
deam material. 

A general method of approach to solving 
beams that are stressed above the elastic range 
can best de explained by the solution of a 
problem. 


Example Problem 7. 

Portion (a) of Fig. Al3.20 shows a solid 
round bar made fron 24ST aluminum alloy ma- 
terial. Fig. al3.19 shows a stress-strain 
curve for this material. Let it be assumed 
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that the maximum failing compressive stress 
occurs at a strain of 0.01 in. per inch. The 
problem is to determine the ultimate resisting 
moment developed by this round bar and then 
compare the result with that obtained by using 
the beam bending stress formula based on linear 
variation of stress to strain. 
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in the 


Al3.19 shows that for a given strain in the ine 
elastic range the resulting tensile stress is 
higher than the resulting compressive stress, 
and furthermore from internal equilibrium the 
total tensile stress on the cross-section must 
equal the total compressive stress. 

The problem as stated assumed that a 
compressive unit strain of 0.01 caused failure. 
Fig. b thus shows the strain picture on the 
beam just before failure since plane sections 
remain plane after bending in the inelastic 
range. Table Al3.2 gives the detailed caleu- 
lations for determining the internal resisting 
moment developed under the given strain con- 
dition. 
































TABLE A13.2 
a 
1 2 [3 4 3 6 7 
1 
Strip | Strip Unit Res, 
No. Area y € Stress | F = GA | Moment 
ud o Ms Fr 
in Curse. 1 -058 | 0.935 | .00867 | 53000 3075 2780 
f Aly 2 -102 | 0.840) .00773 | 52500 ; 5350 4300 
roe ahas, 3 +195 | 0,75 | .o0685 | 52100) 7025 | 5040 
4 -153 | 0.65 -00591 | 51500 1870 4820 
5 +165 | 0.55 - 00494 | 51000 8410 4310 
6 {| .180 | 0,45 -00398 | 43000 7740 3200 
7 -185 | 0.35 - 00302 | 33200 6140 1920 
8 +195 | 0.25 -00205 | 22800 4450. 945 
lon ke ane 9 +197 | 0.15 +00108 | 12500: 2460 280 
ae 10 | :200} 0.05 | ‘00012! 3200). 840 10 | 
Le : a7 ‘ : \ 11 -200 | -0.05 | -.00084 {| - 7250] -1450 130 
01 008 .006 .004 002° 0 002.004 06 908 12 +197 | -0.15 | -.00281 ] -17800/ -3510 660 | 
} 13 +195 } -0.25 | -.00276 | -29500| -5750 1650 
14 +185 | -0.35 | -.00374 | -35500| -6560 2540 
13 +180 | -0. 45 -.00470 | ~-40000! +7200 3510 
Fig. Al3. 20 16 +165 | -0.55 | -.00566 | -43000 a7 T100 4170 
Tense 7 +153 | -0.65 | -.00663 | -44800 | -6850 4710 
18 +135 / -0.75 | -.00759 | -46000! ~6210 4880 
13 +102 | -0.84 | -.00846 | -47200; -4810 | 4210 
20 -058 | -0,935 | -.00937 | -48000| -2780 {| 2690 
1 
Total] 3,140 | “T en 
Col. 1 Rod divided into 20 strips . 1" thick, 
Col. 3 y = distance from centerline to strip c.g. 
Col. 4 & = strain at midpoint = {y - .0375)/103.75 ' 
Col. 5 Unit stress for ¢ strain from Fig. Al3.19 
Col. 6 Total stress on strip. 
Col. 7 Moment about neutral axis. r= (y - .0375) 














COMPRESSION 





‘STAIN 


SOLUTION: 


Since the stress-strain diagram in tension 
is different from that in compression (See Fig. 
A13.19) the neutral axis will not coincide with 
the centroidal axis of the round bar regardless 
of the fact that it is a symmetrical shape. 
Thus. the method of solution is a trial and error 
one since the location of the neutral axis can 
not be solved for directly. In Fig. b of Fig. 
A13.20 the neutral axis has been assumed 0.0375 
inches above the centerline axis of the bar. I+ 
WAS assumed toward the tension side because ob- 
Servation of the stress-strain curve of Fig. 


The summation of column (6) should be 
zero. Since ‘he discrepancy is 740 lbs., it 
means that the essumed position for the neutral 
axis is a little too high, nowever the dis- 
crepancy is negligible. The total internal 
resisting moment {s 56735 in. lbs. (Col. 7). 

If we take a maximum unit compressive 
Strain of 0.01 we find the corresponding stress 
from Fig.Al3.19 to be 48500 psi. If this 
stress is used as the failing stress in the 


M 


deam formula M ei we obtain, 


M = 48500 
(0.785 = 


0.785 = 38000 in. lbs. 


Ope 


of round bar = nr@/,) 
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Thus using the same failing stress at the 
far extreme fiber the beam formula based cn 
linear stress-strain reletionsnip gives an ul- 
timate bending strength of 38000 as compared to 
a true strength of 56735 or only 67 percent as 
much, 

Fig. c of Fig. Al3.10 shows the true stress 
distrioution on the cross-section, which ex- 
plains why the resisting moment ts nigher than 
when a triangular distribution is used. 

The problem of the ultimate bending 
trength structural shapes is discussed in 
etail in Volume II. 





0 


Al3.11 Curved Beams. 
Range. 
The equations derived in the previous art- 


Stresses Within the Elastic 





icles of this chapter were for beams that were 
straight. Thus in Fig. ,Al3.21, the element of 
length (L} used in the derivation was constant 


over the depth of the beam. The strain (AL/L) 
was thersfore directly proportional to AL which 
had a linear variation. 

In a curved beam, the assumption that plane 
sections remain plane after bending still 
applies, nowever the beam segment of a curved 
beam cannot have equal width over the depth of 
the beam because of the curvature as illustrated 
in Fig. Al3.22, or in other words the length of 
the segment is greater on the outside edge (L ) 
than on the inside edge (Li). Thus in calcu- 


acai py 


Mc 
| | Fig. A13. 21 


Straight Beam 





Stress 


Fig. A13, 22 Distribution 


Curved Beam 


lating the strain distribution over the beam 
depth the change in length AL at a point must be 
divided by the segment width at that point. 
Thus even though plane sections remain plane 
the strain distribution over the section will 
not be linear. The width of the segment at any 
point 1s directly proportional to the radius of 
curvature of the segment and thus the strain at 
a point on the segment is inversely to the 
radius of curvature. This gives a hyperbolic 
type of strain distribution as illustrated in 
Fig. Al3.22, and if the strains are within the 
elastic limit the stress distribution will be 
Similar. The development of a beam formula 
based on a hyperbolic stress distribution is 


FLIGHT VEHICLE STRUCTURES A13,15 
given in most books on advanced engineering 
mechanics and will not be repeated nere. 

It 1s convenient however to express the 
influence of the beam curvature in the form of 
a correction factor K by which the stresses ob- 
tained by the deam formula for straignt beams 
can be multiplied to obtain the true stresses 
for the curved seams. Thus for a curved beam 
the maximum stress can be calculated from the 
equation 


Table Al3.3 gives the value of K for 
various beam section shapes and beam radius of 
curvatures. The table shows that for only 
rather sharp curvatures is the correction ap- 
preciable. In general for airplane fuselage 
rings on frames the curvature influence can be 
neglected. However there are often fittings 
and mechanical structural units in airplane 
construction whose parts involve enough curva- 
ture to make the influence on the stress of 
primary importance. The concentration of 
stress on tae instde edge of a curved unit in 
bending may influence the fatigue strength of 
unit considerably, thus a consideration of the 
possible influence of curvature should be a 
regular part of design procedure. 

In the inelastic or plastic stress range, 
the infiuence of beam curvature should be 
consideraply less since the stiffness of a 
material in the inelastic range is much less 
than in the elastic stress range and changes 
rather slowly as the stress increases. 


A13.12 Problems. 


(1) Fig. Al3.23 shows the cross-section of a 
single cell beam with 12 stringers. 
Assume the walls and webs are ineffective 
in bending. Calculate load in each 
stringer by use of beam formula. Also 
calculate stringer loads by equating in~ 
ternal resisting moment to external bend~ 
ing moment. Each stringer area {s same 
and equals 0,1 sq. in. applied bending 
moment My = - 100,000 in.1b. 








Lose iA" bo 
mH, 2 
7 Er 
i ' { 8" 
ane aA, at one 
Fig. Al3. 23 
(2) Same as problem (1) but change external 
bending moment to M, = 200,CO0O in.1b. 
v 
(3) Pig. Al3.24 shows a beam section with 4 


stringers. 
effective in bending. 


Assume web and walls in~ 
Stringer areas 
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TABLE A13,3 













TABLE A13.3 (continued) 
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BEAM FORMULA 6 = Me BEAM FORMULA o = Me 
a FACTOR K ee a FACTOR K a 
SECTION = [INSET OUTSD = SECTION = |INSDE] OUTSDE|] = 
° | FIBER ¢ | FER | FIBER R 
1.2 2 12] 3.55 0.67 0. 409 
L4 pet - 1.4] 2.48 0.72 0. 292 
1.6 | 1.8 | 2.07 0.78 | 0,224 
1.8 Th Ts 1.8] 1.83 0.78 0.178 
2.0 4t (' 6 +] 20) 169 0.80 0,144 
3.0 Ere L | 3.0} 1.38 0. 86 0, 867 
40 yu 4.0 | 1.26 0.89 0. 038 
6.0 Sore i] 0} 1.45 0.92 0.018 
8.0 8.0 | 1.10 0.94 0.010 
10.0 10.0 | 1.08 0,95 0.0065 
1.2 12) 2.52 0.67 0. 408 
14 1.4] 1.90 0.71 0. 285 
he | 1.6 stedt th | | oe] 163 0.75 0. 208 
1.8 | Le] 150 0.77 9.160 
{| 2.0 a | | 20} Lan 0.79 0.127 
3.0 UF i | 3.0} 128 0. 86 0.058 
ies R— 4.0 be- "| 40 | 116 0. 89 0.030 
8.0 mR—-4 | 6.0/ 1.10 0.92 0.013 
8.0 ' | 8.0] 107 0.0076 
10.0 0.0 | 1,05 
; aif a. 87 0.73 0. 453 
4 1,79 0.77 0.319 
1.6 1.56 0.79 0, 236 
1.44 
Ht 1.38 
3.0 1.19 
| 4.0 1.13 
8.0 1,08 
—4 | 8&0 1,06 
10.0 1.05 
1.2 j 3.28 0.5 
14 ‘i 2.31 0.6 
|] 6 : 1.89 0.68 
1.8 : 170 | | OTL 
Tl 20 1.87 0.73 | 0,083 
2b | 3.0 1.31 0. 81 0, 038 
ef 4.0 1.21 0.85 0.020 
dee 6.0 1.13 0. 90 0. 0087 
R 4 8.0 0. 1.10 0,92 0. 0049 
10.0 9. : x 
3 0. 
Sb 4 14 0 
} 1.6 Qo. 
iT 1.8 0 
ae 2.0 0. 
| ‘T 3.0 0. 
° it 4.0 0. 
r 6.0 0. 
Te et e 
10.0 0. 
0. 





*e equals distance from centroidal axis to neutral axis, 






References: Wilson and Quereau. “A Simple Method of 
Determining Stresses in Curved Flexurai 

Members," 

“Advanced Strength of Materials", by Seely. 





















snown in () on ficure. 
vending moments ars; 


External applied 


My= -500,000 in.1b. and My = 200,000 in.ib. 


Find stress on all four stringers by all 
three methods which were explained in this 
chapter. 


Fig. A13. 24 





(4) The Zee section shown in Fig. Al3.25 is 
subjected to bending moments of My = S00 
in.lb. and My = 2000 in.lb. Find bending 
stresses at points a,b,c,d. 


te 


ot 
3/4 Fig. A13.25 





(S) Fig. Al3.26 shows a beam section composed 
of three different materials. Find the 
stress at top 


May i 
and dottom fee 
ate 
points on Ais 
beam due to a Alum. | 
bending moment Alloy i 
we te 5 


My 60,000 In. 1d. 
Evag,2 6.5x10¢ — Steel___ a8 


Esteey= 29 x 10° a 1/16 
Eqlum.= 10.5 x 10* Fig. 13.26 


(6) Fig. A13.26 shows 1 a8 
a cross~section of a = fg + F434 
wood beam composed 
of 3 kinds of wood le 
labeled A, B and C, 
glued together to 
form a composite 
beam. If the deam 
is subjected to a 
bending moment 
My = 75000 in.lb., 
find tntensity of 
bending stress at 
top edge of beam. 
Also find total end load on vertions B 





|c| Bj Bic} 3/4 
oa 


Fig. Al3. 26 


and C. 

A&A = Spruce. E = 1,300,000 pst 
B= Maple. & = 1,500,000 psi 
C = Fir. & = 1,600,000 psi 


(7) Fig. 
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413.27 shows @ different beam sections. 
They are made of aluminum Loy whose 
stress-strain diagram is the same as that 
plotted in Fig. Al3.19. Determine the 
ultimate internal resisting moment {tz the 
maximum compressive strain is limited to 
0.01 in./in. Consider that upper portion 
is in compression. Compare the results 
obtained with formula M = opi/g, where oy = 
compressive stress when unit strain ts 
0.01. 











po" 


= ithe wm F1/24 ai 
Tq 4. 
| 4 1 oF 





hr 1 
Fig. A13. 27 bi 4 
500# 500# 
Fig. A13..28 
o.1" oO." 
S Las Ly | hO.4t b 
40" a ea 0.6" 
45" oat | f 
Sec. 2 Sec. 3 


(8) Fig. Al3.28 shows a curved beam, carrying 


two 500 1b. loads. Find bending stresses 
at points C and C", when beam cross-section 
ts made 3 different ways is indicated by 
sections 1, 2 and 3. Use Table Al3.3. 
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DOUGLAS DC-8 AIR: 


A close-up view of wing test section showing details of wing ribs, 


stringers, etc. 








CHAPTER A 14 


BENDING SHEAR STRESSES - 


SOLID AND OPEN SECTIONS 


SHEAR CENTER 


Al4,1 Introduction. 


In Chapter A6, the Shear stresses in 4 
member subjected to pure torsional forces were 
considered in detail. In Chapter Al3, the sub- 
ject of bending stresses in a beam subjected to 
pure bending was considered in considerable de- 
tail. In practical structures however, it 
seldom happens that pure bending forces (coup- 
les) are the loading forces on the beam. The 
usual case is that bending moments on 4 beam 
are due to a transfer of external shear forces. 
Thus bending of a beam usually involves both 
bending (longitudinal tension and compression 
stresses) and shear stresses. 

The same assumptions that were made in 
Chapter Al3 in deriving the bending stress 
equations are likewise used in deriving the 
equations for flexural shear stresses. With 
flexural shear stresses existing, the assumption 
that plane sections remain plane after bending 
is not completely true, since the shearing 
strains cause the beam sections to slightly 
warp out of their plane when the beam bends. 
This warping action is usually referred to by 
the term "Shear lag". However, except in cases 
of beams with wide thin flanges, the error in- 
troduced by neglecting shearing strains is quite 
small and therefore neglected in deriving the 
basic flexural shear stress formula. The prob- 
lem of shear lag influence is considered in 
other chapters. 


Al4.2 Shear Center. 

When a beam bends without twisting, due to 
some external load system, shearing stresses are 
set up on the cross sections of the beam. The 
centroid of this internal shear force system is 
often referred to as the shear center for the 
particular section. The resultant external 
shear load at this section must pass through 
the shear center of the section if twist of the 
section is to be prevented. Thus, if the shear 
center 1s known, it is possible to represent the 
external load influences by two systems, one 
that causes flexure and the other which causes 
only twist. 


Al4.3 Derivation of Formula for Flexural Shear Stress. 


Fig. Al4.1 shows a loaded simply supported 
beam. when the beam bends downward due to the 
given loading, the beam portion above the neu- 
tral axis is placed in compression and that be- 
low the neutral axis in tension. Consider a 
short portion dx of the beam at points DF on the 
beam and treat it as a free body as shown in 
Fig. Al4.3. The variation of tensile and com- 
pressive stress on each face of the beam portion 





Fig. Al4.2 
= —b NA, 
mated 





Beam Section 


7 “Fo! 
~ ya 





NA. > [— 
c 
atl yda- 
Yo 
a Fe, 7D 
ot Ot oO 
Fig. Al4.3 Fig. Al4.4 


is as indicated. The stress oy is greater than 
o¢ because the bending moment due to the given 
beam loading is greater at beam section DD' than 
at FF', Now consider that this beam portion dx 
is further cut as indicated by the notch DCEF in 
Fig. Al4.1, and this segment 1s shown in Fig. 
Al4.4 as a free body with the forces as indicated. 

Let o, = maximum tensile stress at a distance 

c from the neutral axis, 

Then the stress at a distance y from neutral 
axis is Oy =o y/c. 

The Yotai load on an element of area dA of 
the at cross-section (see Pig. Al4.2) thus 


equais St =f yaa, 


ee referring to Fig. Al4.4, the total 
tensile load on each face of this segment will be 
calculated. 


c 
Total load on face CD = =e ydaA----- (1) 
Yo 
re 
totat toad on taco rz = SE yok ----) (2) 
c. Jy, 


From Chapter Al3, the equation for flexural 
stress g was derived, namely o, = Mc/I. Let M 
equal the bending moment at beam section DD' and 
M' that at beam section FF’ and let I and I' the 
moment of the inertia of the cross-sectional area 
about the neutral axis at these same beam sections 
respectively. Then substituting value of of in 


equations (1) and (2) we can write, 


myc 
Total load on Zace CD oe 
Yo 


(3) 


Al4.1 
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SHEAR CENTER. 





(4) 


ya ---- 


m (° 
Total load on face FE = FI 


Now let t b dx equal the shearing force on 
face CE of the segment in Fig. Al4.4 where T 
equals the shearing stress and b dx the shearing 
area. For equilibrium of the segment, the total 
forces parallel to x-x axis must be zero. If 
the beam {s of uniform cross-section, which is 
the case in our problem, then I = I? and ec and 
Yo are the same in both equations (3) and (4). 

Then the resultant horizontal force on the 
sides of the segment equals the difference of 
the values in (3) and (4), or 

-mM if 
T y, 


For equilibrium of segment in x-x direction, 


4 ¢ 
res BG | 


Resultant horizontal load = x 





yada. 


yaa + Tbdx =O 








vy 
nem [° 

hence t = TSG dA -----+----- (5) 
y, 

However = = ge V = the external shear on 


the beam section. 


Vv 
hence t = Tt 


¢ 
| yah 
Yo 
It 1s important to note that equation (6) 

applies only to beams of uniform section (con- 
stant moment of inertia). In airplane wing 
structures the common case is for beams to vary 
in cross-section or moment of inertia, and if 
this variation is considerable, equation (6) 
Should not be used and resort should be made to 
equations (3) and (4). This fact is illustrated 
in example problem 2. This matter of variable 
cross-sections is discussed later in this 
chapter. ' 


Al4.4 Example Problems. Symmetrical Sections. 
External Shear Loads Act Thru Shear Center. 


Exampie Problem 1. 


Fig. Al4.5 shows the cross section of a 
beam symmetrical about the Y-Y axis. Assume 
that a beam with this cross-section is subjected 
vo a loading which produces a shear load in the 
Y direction = to V, = 850 1b. Its location is 
through the shear center of the section which 
lies on the centroidal y axis of the beam sec 
tion due to the symmetry of the section about 
this axis. Let it be required to determine the 
shearing stress at the neutral axis x-x and at 
points 1-1 and 2-2 of the cross-section as 
shown in Fig. Al4.5. The neutral axis location 


and moment of inertia of the section about the 





neutral axis are given on the figure. 
SOLUTION: - 


Shear stress at neutral axis x-x 


V. 3.09 
Tax *— | yak 
Iy b 


Table A shows the calculation of the term 


3.09 
y da. 


° 


TABLE A. REFER TO F. 


worm | ween [7 


a ee ee 

a 
[sos eos rom | 20 | otto 
I 
ee 














Fig. b' | 
sig!’ 
x X----'% 
~ $50 x 6.026 _ 
hence > DWBx0.s 7 377 psi. 


Caiculation of shear stress at point 1-1, : - 
3.09 

yaa. 
2.09 


Fig. b shows the effective areas in this 
intregration, thus in Table A, we leave out 
portion 1, hence / y dA = 4.93. 





~ 850 x 4.53 _ 


* BFE x 0.8 ~ 008 pst. 


Substituting, HA1 





ANALYSIS AND DESIGN OF FLIGHT VEHICLE STRUCTURES 


Al4.3 





This shearing stress is at a section just 
adjacent to portion (2), If it was taken just 
adjacent to portion (1), then she width b in the 
equation would be 3 inches instead of 0.5 inch 
and the shearing stress would be 0.5/3 times that! 
shown above, or in other words the shearing 
stress changes abruptly when the shear area 
changes abruptly. 


Shearing stress at point 2-2 cn cross-section: - 


Fig. ¢ shows effective area, thus in Table 
A, the portions (1) and (2) are omitted and 


3.09 
y dA equals 1.42. 
2.59 


= 850 x 1.42 
27.2% 1.0 


0.5 + 0.5 for the two portions 


Substituting, To_2 = 44.4 psi. 
(The width b = 
3, 3’). 


The shearing stresses as calculated act in the 
plane of the beam cross-section in the ¥ di- 
rection and also with the same intensity paralle 
to the Z axis which is normal to the beam 
section. 


Example Problem 2. VARIABLE MOMENT OF INERTIA. 
Fig. Al4.6 Shows a Cantilever beam loaded 
with a single load of 600 1b. at the end and 
acting through the centroid of the beam cross- 
section. The beam section is constant between 
stations 0 and 132, then it tapers uniformly to 
the sections shown for stations 175 and 218. 
The shear stress distribution on the beam cross- 
section at stations 175 and 218 will be deter- 
mined. 


600# 


Fixed 43" —p-—-43"—p- 1382” ae 


q : : 
Sta. 218 


Sta.175 Sta. 132 




















Sta, 218 sta, 175 Sta. 132, 
= 64,0 in, 4 1 51,33 in.# I= 38,67 in. 
Fig. Al4-6 


SOLUTION: - 
Bending Moments: - 
Mygo = -600 x 132 = - 79,200"# 
Myyg = 600 x 175 = 105 ,000"# 
Mgig = -600 x 218 = ~130,500"# 


Table Al4.1 shows the results of calculating the 
bending stresses at 3 points on each side of the 
neutral axis for the 3 stations. For example 
for station 122 


2a (tle) ., (79200 x 4) - 
ows. = + (SS) = 2( 38.87 ) = x 180 pet. 


{tension at top edge and compression at lower 
edges). 


For a point 1 inch from either edge of the 
beam 


3:3 


Ss (78290 x 3) 


38-67 6135 psi. 


Q 


TABLE Al4.1 


1" From) 2" From! 
Top or j 
Bottom | 
ys2" | 


Portion | Portion | Portion 
ae on 
| m15t#} 3uizel to23e 
+ 7187 | 10224 | 1023 
| 1157 } 13338 | 1023 


i 
| 218 | 120, 800"#| +8180 





From the results in Table Al4.1, it should be 
noticed that the change in moment of inertia be- 
tween the three stations 1s directly porportional 
to the change in bending moment, hence the same 
value for the bending stresses for all three sta- 
tions. Columns 6, 7 and 8 give the total bending 
stress load on portions A, B and C of the three 
cross-sections (see Fig. Al4.6). These values 
equal the average stress on the portions times 
the area of the portion; for example, for station 
132, the load on portion A: 


8180 + 6135 
SX 


load = zs 1x 1 = 71574, and for 
portion C: 
yoad = S80" 2 x 2x .25 - 10888 


Fig. Al4.7 shows the tension and compressive 
stresses acting on a portion of the beam between 








Al4.4 


BENDING SHEAR STRESSES. SOUND 


AND OPEN SECTIONS. SHEAR CENTER. 





stations 175 and 215. Fig. Al4.8 shows the re- 
sulting horizontal shear stress pattern result- 
ing from the loads in Fig. Al4.7. For example, 
if we take a section along the beam 1” from the 
top or bottom edge of the beam and treat this 
portion as a free body as shown in Fig. Al4.12 
applying SH = 0, 


SH = + 7157+ 7157+7x43x1.0= 0, hence T 





Fig. Al4.7 





2 
= 
a 
a 
a 


Fig. Al4.8 Fig.Al4.10 Fig. Al4.11 


3 
ib 
412 
to 58.5 \] 
| 


477 8/3" 





True Sta 218 Sta 175 
Shear Shear Stresses 
Pattern By Equation (6) 
ae 4 
157 7157 
15336 10224 
Pua" Fg x43.x.25 
Fig. Al4.13 
‘S 43" 4 
TST 1157 
fife Fox43xi 


Fig. Al4,12 


Similarly, treating the portion between the 
edge of the beam and a point 2" from the edge as 
a free body diagram as shown in Fig. Al¢.13, 


2H = = 7157 + 7157 ~ 15336 + 10224 + tx 43x 
-25 = 0, therefore 1 = 477 psi. 


Obviously, the shear stress on portion C is con- 
stant, since the end load on this portion at 
both stations is the same, or 10234, 

Fig. Al4.8 shows the general shape of the 
shear stress distribution on the beam section at 
any point between stations 175 and 218. The 


Shear stresses between stations 132 and 175 
would be the same, Since the change in bending 
moment and moment of inertia have been made the 
Same as between stations 175 and 218. 

Figs. Al4.9 and A14.10 show the oe 
vVi/yda 
— be 

used for each station. The discrepancy is con~ 
O|siderable as the equation does not apply to 
beams of varying section. 
To illustrate the calculation by the shear 
stress formula, the shear stress will de calcu- 
lated at the neutral axis for the beam section 


at station 175. 
tg he 
Id 
4 


wore [yak eax in ase ex 


Q 
hence, T 


stress patterns if the formula Tt 


4 
y dé 


Q 


1 


x2,5+2x 


0.25 x1= 9.0 


600 x 9.0 
§1.33 x 0.65 
to the true shear stress of 477 in Fig. Al4.8. 


= 420 psi. as compared 


TABLE Ai4,2 
MAXIMUM SHEAR STRESS FOR SIMPLE SECTIONS 


Location of 


Cross Section Max, Shear Stress 


wpa 


Max. Shear Stress 
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Al4.5 Maximum Shear Stresses for Simple Cross-Sections. 

Table 414.2 gives the value of the maximum 
shear stress on a few simple sections and where 
it occurs on the cross section, (e is distance 
from neutral axis to point of maximum shear 
stress). V equals the shear load normal to the 
neutral axis and it acts along the centerline 
axis, thus no twisting on the section. A is the 
total cross-sectional area. The maximum shear 
stress is given in terms of the average shear 
stress which equals V/,. 


Al4.6 Derivation of Flexural Shear Flow Equation, 

Symmetrical Beam Section. 

To emphasize further the fundamental re- 
lationships, a second derivation of the equation 
for shear stress distribution will be presented. 
Fig. Al4.14 shows a portion of a cantilever beam 
carrying a load P at the free end as shown. — 
This load is so located as to cause the beam to 
bend in the XZ plane without twist about a Y 
axis. The problem is to derive relationships 
which will give the magnitude and sense of the 
shear flow distribution on the cross-section of 
the beam. 

Fig. Al4.15 shows a free body of a small 
portion of the beam cut out from the upper 
flange of the beam at points (a b) in Fig. 
Al4.14. Under the given external load P it is 
obvious that the upper half of the beam is sub- 
jected to compressive stresses. In Fig. Al4.15, 
Cy is larger than Cy since the cantilever bend- 
ing moment is greater at station Y'. 


P 


Free 
surface 





Fig. Al4, 14 Fig. Al4.i6 Fig. A14.15 
The free edge 


right side face of 


of beam flange forms the 
the element in Fig. Al4.15 
and thus the shear flow force on this face is 
zero as indicated. The shear flow forces on the 
internal or cut faces in lbs. per inch are ay 
and dy aS indicated. Since the sense of these 
shear forces is unknown, they will be assumed as 
acting in the positive direction. (See Fig. 
Al4.16 for positive sense of forces acting par- 
allel to each of the coordinate axes XYZ. 

Now consider the equilibrium of forces in 
the ¥ direction for the element in Fig. 414.15 
IFy = 0, or 


b 
But (cy - cy) = Hi = % | z aa (See Art. Al4.3) 
Tr 


x a 
m1 {> 
hence =- SS z da 
Cy Sy, ay al 
a 
nowever = =V,, the external shear in the Z 
direction. 
dD 
hence dy = - Net ret ns ee tens (7) 
> Tx la 


Equation (7) gives the change in shear flow force 
dy detween points (a) and (b) and since in figure 


Al4.15 the value of dy at (a) is zero because of 
a free surface, the value of ayy in equation (7) 


is the true shear flow force tn lbs. per inch at 
point (bd). The student should realize that 
equation (7) gives the shear flow q in the Y¥ di- 
rection. The minus sign in equation (7) means 
that the positive sense as assumed by the arrow- 
head on dy, in Fig. Al4.15 is incorrect or should 


be reversed. 

The initial problem was to determine the 
shear flow force system in the plane of the beam 
cross-section or the ZX plane. From elementary 
engineering mechanics, we know that if a shearing 
stress occurs on one plane at a point in a body, 
@ shearing stress of the same intensity exists on 
planes at right angles to the first plane, or in 
general at a point, 


Gy =& =a wor ett tte 
Before the shear flow in other planes is 
completely defined its sense (positive or nega- 
tive) must be mown. Equation (7) gives the mag- 
nitude and sense for dy at any desired point on 


the cross-section. The question of the sense of 
the associated qy and qz, is easily determined from 
an observation involving equilibrium of moments. 
This fact will be explained by referring to a 
number of free body diagrams. 

Fig. Al4.17 shows a free body of a small 
element cut from the beam in Fig. Al4.14 at point 
(a) on the cross-section. The forces on this 
free body are the compressive forces c” and C on 
the front and rear faces and the shear forces on 
the various faces as indicated. The right side 
face of the element is a free surface and thus q 
on this face is zero. 

The shear flow dy on the left side face is 
calculated from equation (7) namely 
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Fig.Al4.22 
TY Fig.Al4.19 
Vv Fig.A14.20 
=o eS: 
dy = - 2EZA. 
Xx 


For the given beam loading in Fig. Al4.14 the 
load P 18 up, therefore Vz has a positive sign. 
For any portion of area (A) of the cross-section 
the distance z in the above equation is there- 
fore positive. Therefore in substituting in the 
above equation Qy Comes out negative for any 
point above neutral axis, and likewise for any 
point on beam section below the neutral axis the 
distance z would have a negative sign and qy 
would come out positive. Therefore the sense of 
the calculated shear flow dy on the l3ft side of 


the element in Fig. Al4.17 is negative or as 
indicated by the arrow on the force vector. 
to find the sense of the shear flow a, on the 
front face take moments about a Z axis acting in 
the plane of the rear face and through point (0) 
which 1s on the line of action of the forces C' 
and C. Only two forces have moments, namely the 
Side shear force qy dy and the front face shear 
force (qy/2)dx, It 1s obvious by observation 
that qy on front face must act to the left as 
shown if the moment is to equal zero. The total 
Shear force on front face is (q,/2)dx because 
Shear flow at right edge is zero and it varies 
linearly to qy at left edge of front face. 


Figs. Al4.18, 19 and 20 show free bodies of 
elements taken at the other three corners of the 
beam section which are labeled c, d, @ in Fig. 
Al4.14. For all free surfaces q 1s zero. The 
sense of ay as before is given by the equation 
as explained before, hence ay 18 negative in 
Fig. Al4.18 and positive in figures 19 and 20. 
A simple consideration of moment equilibrium as 
explained for Fig. Al4.17 gives the sense of the 
shear flow qx as shown in the 3 figures. 

Fig. Al4.21 shows a free body of the entire 
upper beam flange and a short portion of the 
beam web. ay from the equation is negative and 
this acts as shown in the figure. Now 1f we 


Now 


take moments about a X axis in the plane of the 
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vack side and through a point cn the line of 
action of C' and C, the shear flow gz on the 
front face must act downward in order to balance 
the moment due to qy. 

Fig. Al4.22 shows the results for 4 free 
bdody of the lower flange plus a small web por~ 
tion. dy 1s positive from equation and thus q, 
must be downward for moment equilibrium. 

From the results obtained for these 6 dif- 
ferent locations, a simple rule can be stated 
relative to sense of shear flows in the plane of 
the cross-section, namely: - 

If the calculated shear flow is directed toward the 
boundary line between the two intersecting planes of the par- 
ticular free body, then the shear flow on the other plane is 
also directed toward the common boundary line, and con- 
versely directed away if the calculated shear flow is directed 
away. 


Fig. Al4.14 shows the sense of the shear 
flow pattern on the beam section as determined 
for the given external loading. 


Al4.7 Shear Stresses and Shear Center for Beam Sections 
with One Axis of Symmetry. 


Example Problem. CHANNEL SECTION. 

Fig. Al4.23 shows a cantilever beam with 
channel shaped cress-section carrying a 100 1b. 
downward load as shown. The problem is to de- 
termine the lateral position of this Load so that 
the beam will bend without twist. This position 
will coincide with the lateral position of the 
centroid of the shear flow system on the beam 
cross-section which holds the external load in 
equilibrium without twisting of the beam section. 
The cantilever beam has been cut at 2 section 
abdcd (Fig. Al4.23) which ts far enough from the 
fixed end of the beam (not shown) so that the 
effects of beam end restraint against section 
warping can be neglected. In Fig. Al4.23, the 
internal forces holding the beam in equilibrium 
are sketched in. They consist of a longitudinal 
stress system of tension and compression and 
variable shear flow system in the plane of the 
cross-section. In this problem we are only con- 
sidered with the internal resisting shear flow 
system. 

For solution of this problem the moment of 
inertia Ixy must be known. If calculated it 
would be I, = 0.2667 in*, 


SOLUTION: - From equation (7) 
V, 
ay = - z BZaA------------ eee (8) 


we know that the shear stress is zero at a free 
edge, thus the solution of equation (8) is 
started at either points (a) or (d). 

The shear Vz is - 100 1b. Thus equation 
(8) for our problem reduces to, 


- 100 


~ Qrsgey 2 ZA TSH AAA 


qy = 
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Shear Flow Diagram 
Fig. Al4. 25 


Fig. Ald. 23 Fig. Al4.24 o} % 


We will start at point (a) in solving equa- 
tion (9) and proceed around the section. 
Point (a) ay =0 (free surface) 
a 


Point (b) z 2-1, A = area between (a) and (b). 


d 
YW =ay + 37S L,2A 
Vy Vo a 
ay, = 0 + 375 (~ 1)(1 x 0.1) = - 37.5 1b/in. 


Point (0) on X axis. 


ay , = - 37.5 + 375 a5 ZA 


= - 37.5 + 375 (- 0.5)(1 x 0.1) = - 56.3 lb./in. 


Point (c). 


dy = - 56.5 + 375 (0.5)(1 x 0.1) #=+37.51b./in. 
c 


Point (d). 


dy. =~+37.5 +375 (1) (1 x 0.1) = 0 (free surface) 


We know that, the intensity of shear flow in the 
2X plane at any point equals that in the Y di- 
rection at the same point. Thus gy or gz equal 
the ay values above. The sense of the qy and dz 
shear flows must be Known before they are com~ 
pletely defined or known. Fig. Al4.24 shows a 
free body of a small element at point (a) on the 
end of the lower beam flange. For any point be- 
low the X centroidal axis equation ($) will give 
a minus sign for qy. Thus in Fig. Al4.24 ay 
acts as shown, or directed toward the boundary 
line between the side face and the front face. 
Then by the simple rule as given in the previous 
article qy is also directed toward this common 


boundary line as shewn in Fig. Al4.24. 

Common sense tells us that the resisting 
shear flow qz on the channel web must be directed 
upward because it is the only force system that 
can balance the 100 lb. load as far as =F, = 0 
is concerned. 

In general the shear flow is continuous 
around the section and only reverses when it 
passes through zero which only happens in closed 
tubular sections. In general, it is possible in 
most cases by observation only, to determine the 
sense of the shear flow at some one point on the 
beam cross-section. The shear flow being like a 
flow of liquid will continue in the same general 
direction along the center line of the parts that 
make up the beam section. 

The small arrows on the beam section of 
Fig. Al4.23 show the sense of the shear flow 
pattern over the beam section. In Fig. Al4.25, 
the shear flow values as calculated at the var- 
fous points are plotted to form a shear flow 
diagram for the beam section. Between points a 
and b or d and c, the arm z in equation (9) is 
constant and thus q varies linearly as plotted. 
Between b and O or 0 and c the arm Z changes and 
the area is also a function of z, thus q varies 
as z* or parabolic as plotted. 

The initial problem was to locate the 
centroid of this final shear flow system which 
is generally referred to as the shear center. 

In Fig. Al4.25, Qan, Qpc and Qoq represent the 
Tesultant of the shear flow force system on 
these three portions of the beam cross-section. 
Each force is equal in magnitude to the area of 
the shear flow diagram for the particular beam 
section portion. Hence, 


Qa = 1 x 37.5/2 = 18.75 1d. 


Qe * 2 x 37.5 + (56.3 -37.5) x2 x 2 = 100 1d. 
Qq = 1 X 37.8/2 = 18.75 Ib. 


The resultant R of these three shear forces 
will now be determined. 


Z Fz = 100 lb., Fy = 16.75 - 18.75 = 0 


Hence 
R= (2 Fz? + 2 F,2\3/* = (oo* + o)i/a = 100 Ib. 


The moment of the resultant about any point such 
as (bd) in Fig. Al4.17 must equal the moment of 
the shear flow force system about point (b). 

Let ¢ be distance from point b to line of action 
of the resultant R. 


Hence Re =2M, (of shear flow system) or 


100 e = 138.75 x2, or e = 0.375 inches. 
Thus the centroid of the internal shear re~ 


sisting force system lies on a vertical line 
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0.375 inches to left of point b as shown in Fig. 
Al4.17. For bending about the centroidal Z axis 
without twist the resultant of the internal 
shear flow system would obviously, due to sym- 
metry of section about X centroidal axis, lie on 
the X axis, hence shear center for the given 
channel section is at point Of in Fig. Al4.17. 
The external load of 100 1b. would have to be 
located 0.375 inches to the left of the center- 
line of the channel wed if bending of the 
channel without twist is to occur. 


Al4.8 Shear Stresses for Unsymmetrical Beam Sections. 

In chapter Al3, which dealt with bending 
stresses in beams, three methods were presented 
for determining the bending stresses in beams 
with unsymmetrical beam sections. The bending 
stress equations for these three methods will be 
Tepeated here: - 








Method 1. The Principal Axis Method. 
My 2p My x» 
Gs- - ee er er ree (9) 
xp Tzp 
Method 2. The Neutral Axis Method. 
Bioanal Siete aie Seto (10) 
ty 


Method 3. The Method using section properties 
about centroidal Z and X axes. For 
brevity this method will be called 


the k method. 
o 3 ~ (Ky My = Ki My) X= (Ka My + Kk, MZ) 2 (21) 


where, 


In referring back to the derivations of 
equations (5), (6) and (7) the above equations 
(9), (10) and (11) can be written in terms of 
beam external shears instead of external bending 
moments as follows: - 


Method 1. The Principal Axis Method. 
Vz, Vx. 

dy === Bap A-—PayA -----e (12) 
I L 
=p 2p 

Method 2. The Neutral Axis Method. 
Yn 

Qy Fe mba A ---- -- - e e ee (13) 
qh 
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Method 3. The kK Method. 


dy = - (Ks Vy - Ki Vg) BX A ~ (Ke V, 


Zaa 


EXAMPLE PROBLEM USING THE THREE DIFFERENT 
METHODS . 


Fig. Al4.26 shows a Zee Section subjected 
to a 10,000 lb. shear load acting through the 
shear center of the section and in the direction 
as shown. The problem will be to calculate the 
shear flow ay at two points on the beam section, 
namely points b and c as indicated on the figure. 
The shear flow at these two places will be cal~ 
culated by all 3 methods. 

Since all 3 methods require the use of 
beam section properties and since the direction 
of either the principal axes or the neutral 
axis are unknown the Z 
first step in the a 
solution regardless of ele tH 
which method is used 
1s to calculate the a 
section properties 
about centroidal X and 















Z axes, Table Al4.3 3 
gives the calculations. 
The section has been 
divided into 4 portions 
labeled 1, 2, 3 and 4, 
Vv = 10000 lb. a 
b rt 
Fig. Al4. 26 
TABLE Al4.3 
a — arm A Az? 


| 





i 

{ .00838 |, 000017 
000117], 02287 
~opolI 71 ozzaT 
51 .00838 |. 000017 | 
“01680 LoastT | 


1.45 = mi a oem aia 02025 

















Ty =2ZA2%+2 1, = .6035 int, 
Ig =ZAx*+E 1, = .0574 
Iyg 2 BA XZ 2 = .1305 


(Note: 


In Table 414.3 ty and tz are the mom- 
ents of inertia of each portion about 
its own centroidal axis). 


SOLUTION BY PRINCIPAL AXES METHOD. (Method 1) 


Let $ be angle between Principal axes and 
the X and Z axes. From chapter A13, 


tan 2 $ = te 
ig - ty 
2 (- 0.1305). 9 gona 


* 0.0874 ~ 0.6035 
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hence 2 $ = 25° - 32.2" or b= 12° - 46.1' . 
sin $ = 0.2210 and cos $ = 0.97527 . 


The moments of inertia about the principal axes 
can now be calculated. 


Ix = Ty cos* $+ I, sin? > - 2 Ixy sin cos > 
Bp 


a a ; 
= 0.6035 x .97527 + .0574 x 12210 ~ 2 (~0.1305) 
x .97527 x .2210 = .63316 in*. 

Ty, =I, sin* + I, cos* + 2 I, sin $ cosg 


2 a 
= 0.6035 x 0.2210 + .0574 x (97527 + 2 (-0.1305) 
x .97527 x 0.2210 = 0.02782 in*. 

The equation for shear flow q is, 

Va, Vx 
qz=-—232z, -—2rx 
Tx, lgp 

In Fig. Al4.26 the external shear load is 
10000 lbs. acting in a direction as shown. Re- 
solving this shear load into z and x components, 
we obtain, 

V,, = 10000 x cos 30° = 8667 lb. 
Vx = 10000 x sin 30° = 5000 1b. 


Resolving these z and x components further 
into components along the principal axes we 
obtain, : 


Vg, 8667 x .97527 - 50000 x .2210 = 7348 lb. 


Pp 
V; 

Xp 
Calculation of shear flow at point (b). 
Fig. Al4.26). 

Fig. Al4.27 shows the position of the 
principal axes as calculated. The shear flow 
at the free edge of the upper portion (1) is 
zero, For the shear flow at point (b), the 


area to be used in the summations % ZpA and 
2 XpA 1s the area of element (1). The arms Zp 


and Xp can be calculated by simple trigonometry. 


Fig. Al4.27 shows the value of these distances, 
namely Xp = ~ Q.11€4 and Zp = 1.5136. 


8667 x .2210 + 5000 x .97527 = 6792 lb. 


(See 





Fig. Al4, 27 


Now substituting in equation (15) 


a = - a (1 x 0.1 x 1.5136) 
~ oes (1 x 0.1) (- 0.1184) = - 1786 + 2890 
0.02782 


= 1134 lb/in. 


Calculation of shear flow at point (c). 
Por portion (2) area A =1.4x 0.1 = 0.14 
Zp 70 x .97527 = 0.6825 in. 


Xp = +70 X .2210 = 0.1547 


The shear flow at point (c) equals the 
shear flow at point (bd) plus the effect of the 
portion (2) between points (bd) and (c)., hence 


7348 


O.6a316 (0.14 x 0.6825) - 


dg = 1154 - 
6792 = s 
Sass (0-14 x 0.1847) = 1134 - 1109 - 5285 = 


- 5260 lb./in. 


The shear stresses at these two points (b) 
and (c) would equal 4/, = 1134/0.1 and ~ 5260/0.1 
or 11340 psi and - 52600 psi respectively, 


SOLUTION BY NEUTRAL AXIS METHOD. 


In this solution 
it 1s necessary to find 
the neutral axis for 
the given external load- 
ing. In Fig. Al4.28, 
the angle 9 is the angle 
between the plane of . 
loading and the Zp prin-~- 
cipal axis, and this 
angle @ equals 30° + 12° 
- 46" = 42° - 46", 

Let a equal angle between Xp *» 
principal axis and neutral axis n-n. 

From chapter Al3, we find, 


(Method 2) 





_ Ixy tan 9 
tan a = - 
I 
2p 
= - 068516 x 0.9245 - _ 2) 052 
0278; 
whence, a = ~ 87° - 17" (See Fig. Al4.28 for 


location of neutral axis. 
sin a = 0.9989 , cos a = 0.04742 


sin*a, 


substituting, 


In = Ikp cos* a + Iz, 
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—— 2 
Ty 2 0.63316 x .04742 + .02782 x (S985 = .02919 


The component of the given external shear load 
normal to the neutral axis n-n equals 


Vy, = 10000 x sin 45° ~ 29" = 7130 lb. 


From equation (13) 


ete eae 


Shear flow at point (b}: ~ 

The distance from the neutral axis to the 
centroid of portion (1) equal 2, = ~ 0.0466 in. 
hence 


7130 


“ap5i5 (1 x 0-1) (- 0.0466) = 1135 1b/in. 


Ww =- 


Shear flow at point (c): - z, = 0.1868 in. 


de = 1185 - ASO. (1.4 x 0.1) .1868 


= 1135 - 6390 = ~ 5255 lb./in. 


SOLUTION BY METHOD 3 - (The k Method). 


In this method, only the section properties 
about the centroidal X and Z axes are needed. 
These properties as previously calculated in 
fable Al4.3 are, 


Ty = 0.6035, Iz = 0.0874, Ixy = - 0.1305 


The shear flow equation from eq. (14) ts, 
G=- (Ks Vy - Ki Vg) 2 XA - (Ky Vz - Kk, Vy) 
ZaA 


Ix ~ 0.1305 


k, = = eS 1 ? 
z Iz - kg 0-6035 x .0574 - {- 0.1305) 


= 2041305 _ 
<OL762 


=~ 7.406 





Resolving the external shear load of 
10,000 into x and 2 components, we obtain, 


Vy = 10000 sin 30° = 5000 1b. 


Vy 


10000 cos 30° = 8667 1b. 


Substituting values of Vy, Vg and k values in 
equation (16) we obtain ~ 
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q = - [34.25 x 5000 - (- 7.406 x 8667) ] B xA - 


(3.257 x 8667 - (- 7.406 x 5000) ] Z 2A, whence 


q = - 5438 TxA ~ 65255 224A 


Shear flow at point (b) 

For portion (1), x = = 0.45 in., 2 = 1.45 in. 
A®Fixod1ls.1 

Substituting, 


W = - 235438 (- 0.45) 0.1 - 65258 x 1.45 x 0.1 
= 10597 - 9462 = 1135 1lb./in. 


Point (c) 
For portion (2), x =0,220.7,A21.4x.1 


Qe = 1135 - 235438 (0) .14 ~ 65258 x 0.7 x 0.1 


= 1125 - 0 - 6395 = - S260 lb./in. 


General Comments. 

The author prefers solution method number 3 
since it avoids the calculation of additional 
angles and section properties as required in 
methods 1 and 2, Furthermore, in calculating the 
shears and moments on the airplane wing, fuse- 
lage and other major sturctural units it 1s con- 
venient to refer these shears and moments to the 
conventional X Y Z axes, and thus these values 
can be used in method 3 without further resolu- 
tion. From an investigation of many airplane 
stress analysis reports, it appears that the en~ 
gineers of most airplane companies prefer to use 
method 3. 


Al4.9 Beams with Constant Shear Flow Webs. 


Fig. Al4.29 shows a 
beam composed of heavy 
flange members and a curved 
thin web. For bending 
about the X-X axis, the 
web on the compressive, 
Side of the beam absorbs 
very little compressive 
stress, since buckling of 
the wed will take place 
under low stresses, par- Zz Fig. A14.29 
ticularly when the curvature of the web is 
small. On the tension side, the wed will be 
more effective, but if the flange areas are 
relatively large, the proportion of the total 
bending tensile stress carried by the web is 
small as compared to that carried by the tension 
flange. Thus for beams composed of individual 
flange members connected by thin webs it is 
often assumed that the flanges develop the en~ 


therefore means that the shear flow ts constant 
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over a particular web. In other words in the 


shear flow equation q = eS zaaA, if the area 


4 
ot the web is neglected then q is constant be- 
tween flange members. 


RESULTANT OF CONSTANT SHEAR FLOW FORCE SYSTEMS 


Fig. Al4.29 shows a beam assumed to be 
carrying a downward shear load (not shown) and 
to cause bending about axis x-x without twist. 
Assuming the two flanges develop the entire 
bending resistance, the shear flow q is con- 
stant on the wed and acts upward along the web 
to balance the assumed external downward load. 
The resultant of this resisting shear flow 
force system will give the lateral position of 
the shear center for this beam section. The 
problem then is to find the resultant of the 
shear flow system. 


Let q = load per inch along web (constant). 
Let R = resultant of the q force system. 





From elementary mechancis, 


R=V2ay+2 az , where ay and ay are the x 


and y components of the q forces along the web. 
Since q is constant, 2 qy 1s zero, hence, 


Equation (17) states that the magnitude of 
the resultant of a constant flow force system 
is equal to the shear flow q times the straight 
line distance between the two ends of the shear 
flow system. 

Since Z qy is zero, the direction of the 
resultant 1s parallel to the straight line 
joining the ends of the web. 

The location of the resultant force is 
found by using the principle of moments, namely, 
that the moment of the resultant about any 
point must equal the moment of the original 
force system about the same point. In Fig. 
Al4.29 assume point (0) as a moment center. 

Then Re 2qLr 

but R=qgh 


In equation (18) the term Lr is equal to 
twice the area (A), where area (A) is the en- 
closed area formed by drawing straight Lines 
from moment center (0) to the ends of the shear 
flow force system. Thus 


The shear center thus lies at a distance ¢ 
to the left of point (0), and the external shear 
load would have to act through this point if 
twisting were to be eliminated. 


EXAMPLE PROBLEM - RESULTANT OF A CONSTANT FLOW 
FORCE SYSTEM. 


Fig. Al4.30 shows a constant flow force 
system thru points ABC DE with q = 10 lb. 
per inch. The resultant of this force system 
is required. 





Fig. A14.30 
SOLUTION: - 


Draw closing line between the beginning 
and end points of force system. (line AE). The 
length h of this closing line is 20 inches. 

From eq. (17) R= qh = 10 x 20 = 200 lb. 

The direction of the resultant is parallel 
to line AE or horizontal in this problem. To 
find the location of R take moments about any 
point such as (0). Draw lines from point (0) to 
points A and E. The enclosed area (A) equals 


Sxl0+5x1l0+.S5nx5*+10x 50 = 189.3 sq. in. 


From eq. (19) 


ZA, 2x 189.3 


o = Ae STS « 18.95 in, 


Pig. Al4.30 shows the resultant of 200 lb. 


acting at a distance e from (0) and parallel to 
lime AE. 


Al4.10 Exampie Problems for Beams with Constant Shear 
Flows Between Flange Members. 


EXAMPLE PROBLEM 1. Beam Section Symmetrical 
About One Axis. 

Fig. Al4.31 shows an open beam section com- 
posed of 8 flange members connected by thin 


z 


a2" 5!—n— 5 +5" 
ut .40" hor 1.10" 


1.20" 





Fig. Al4. 31 
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Sheet to form the weds and walls. The flange 
members are numbered a to h and the areas of 
each are given on the figure. It will be as- 
sumed that the webs and walls develop no bending 
resistance and thus the shear flow between ad- 
jacent flange members will be constant. The 
problem is to determine the shear center for the 
beam section. 


SOLUTION: - 


Since the beam section is symmetrical 
about the X axis, the centroidal X and Z axes 
are also principal axes, since the product of 
inertia Ix, 1s zero. 

The vertical position of the beam section 
centroid due to symmetry is midway between the 
upper and lower flanges. 

To find the horizontal position of the 
centroid, take moments of the flange areas 
about the left end or line be: 


ZAX, 04x 15 +02x 10+ 0.2x5 
2A 1-6 





x= 


= 5.625 in. 


The moments of inertia for the section about 
the centroidal x and y axes are: ~ 


Ty = 3a 2" = (0.8 x &*) 2 = 40 In*. 


Ig = 0.8 x 5.625 + 0.2 x 0.625 + 0.2x 


a 
4.375 + 0.4 x 9.375* = 64.4 in‘, 


HORIZONTAL POSITION OF SHEAR CENTER: - 


The horizontal position of the shear center 
will coincide with the centroid of the shear 
flow system due to bending about axis xx with- 
out twist. For simplicity, to eliminate large 
decimal values for shear flow values an ex- 
ternal shear load Vz = 100 1b. will be assumed 
and the internal resisting shear flow system 
will be calculated for this external loading. 

From equation (8) 


Vv; 
ay * - L Z2A , substituting values of Vz and 
x Ix 


= _ 100 ‘at 
Wy =~ GO szaT-252524 


We could start the solution at either of 
two points (a) or h since these points are free 
edges and thus dy is zero. In this solution, 
we will start at the free edge at point {a} and 
go counterclockwise around the beam section. 
The area of each flange member has been concen- 
trated at a point coinciding with the centroid 
of each flange area. In solving for the q val- 
ues the subscript y will be omitted, and sub- 
scripts using the flange letters will be used 


in order to indicate at what point the shear 
flow « is being calculated. 


25x5x 0.1 
= 1.25 1b./in. 


The first letter of the subscript refers 
to the flange member where the shear flow q is 
being calculated and the second letter indicates 
on which adjacent side of the particular flange 
member. Hence q,, means the shear flow at 
flange (a) but on the side toward (b). 

Yap = %a = - 1-25 (Since no additional flange 
area is added, and thus 
shear flow is constant on 


sheet ab. 
Qe = Wa ~ 2-5 BZA 
=-1.25-2.5x%5x 0.4 = - 6.25 lb./in. 


Ach = + 6-25 

Ga = Ap - 2-5 2,24 
= - 6.25 - 2.5 x (- 5 x 0.4) = - 1.25 

ac = Iq * - 1-25 

Gae = We - 2-5 Sg 2A t= 1.25 - 2.5 (- § x 0.1) 

= 0 

dea = Ide = 0 

Wer =O - 2.5 2, 2450 - 2.5 (- 5 x 0.1) 

Yee = der * 1.25 

Qeg B 16PF - 2.5 Bp ZA 
(-5 x 0.2) = 3.75 

= Qpg = 3.75 

3.75 - 2.52, 24 


1.25 


a 


1.25 - 2.5 


3.75 - 2.5 x5 x 0.2 
1.25 


gn = 1.25 
1.25 -2.5 2A 1.25 -2.5x5x0.1 
0 (checks free edge et h). 


fe ga 


The sign or sense of each shear flow ts for 
the shear flow tn the y direction as explained 
in the derivations of the shear flow equations. 
The procedure now is to determine the sense of 
the shear flow in the plane of the cross-section 
or in the xz plane. It is only necessary to 
determine this sense at the beginning point, that 
is in sheet panel ab. The surest way to deter- 
mine this sense is to draw a simple free body 
sketch of flange member (a) as illustrated in 
Fig. Al4.31. The shear flow on the cut face is 
ay(ab) =~ 1.25 and 
this value is shown 
on the free body. By gos 
simple rule given at ae 
the end of Art. Al4.6, 
the shear flow in the 
plane of the cross~ 





Fig. Al4.31 
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section is also directed toward the common 
boundary line and thus Qx(ad) has a sense as 


shown in Fig. Al4d.31. The sense of the shear 
flow on the cross-section will now continue in 
this direction until the sign changes in the 
origional calculation, which means therefore the 
shear flow sense will reverse. Fig. Al4.32 
shows a plot of the shear flow pattern with the 
sense indicated by the arrow heads. 





Fig. A14.32 


The results will be checked to see if 

static equilibrium exists relative to Z Fy and 
ZF, 50. 
ZF, = 100 (ext. load) - 79 x 6.25 - 10 x 3.75 + 
1.25x05x4-1,.25x05x4= 
=-5x1.258+5x1.25-5x1.25+5%x 
1.25 = 0 (check). 


2 Fy 


The shear flow force system in Fig. Al4.32 
causes the section to bend about axis xx with- 
out twist. The resultant of this system is 100 
lb. acting down in the 2 direction. The posi- 
tion of this resultant will thus locate the 
lateral position of the shear center. 

Equating the moments of the shear flow 
system about some point such as (c) to the mo~ 
ment of the resultant about the same point we 
obtain: - 


100e =10x 3.75 x15 -1.25x0.5x2x5 - 
1.25x05x2x10+1.25x0.5x2x15 
hence e = 562.5/100 = 5.625 inches. 


Thus the shear center lies on a vertical line 
5.625 inches to right of line oc. 


CALCULATION OF VERTICAL POSITION OF SHEAR 
CENTER. 

——"For convenience as before, we will assume 
a shear load Vy, = 100 lb. and compute the re- 
sisting shear Siow system to resist this load 
in Dending about axis zz without twist. The 
resultant of this shear flow system will give 


the vertical location of the shear center. The 
shear flow equation is, 
=-‘%rxae- a LExAz-LSSIKA 





a, ! 
¥ Ty 64.4 
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O (check). 


Al4.13 


We will again start at the free edge ad- 
jacent to flange (a) where dy * 0. 


day = - 1-55 Bg XA = - 1.55 (- 0.625 x 0.1) = 
0.0971 lb./in. 
Qa = dap = 90-0971 


Qe = 0.0971 - 1.55 Zp x A = 0.0971 ~ 1.55 
(- 5.625 x 0.4) = 3.592 


ep = We = 3-592 

Qoq = 3-592 - 1.55 2, x A = 3.592 - 1.55 x 
5.625 x 0.4) = 7.087 

dace = 7.087 

Qae = 7-087 - 1.55 (- 0.625 x 0.1) = 7.184 

deg = 7.184 

der = 7-184 ~ 1.55 x 4.375 x 0.1 = 6.504 

Gee = 6-504 

Qtg = 6.504 - 1.55 x 9.375 x 0.2 = 3.589 

der = 3.589 


Igy § 5.589 - 1.55 x 9.375 x 0.2 = 0.674 


Fig. Al4.33 shows the plotted shear flow 
results. The signs of the calculated shear 
flows are for shear flows in the y direction. 
Simple consideration of a free body of flange 
member (a) will give the sign or sense of the 
shear flow in the plane of the beam section. 
Thus in Fig. Al4.34 qx must act as shown when 
dy is positive. 





Fig. Al4.34 


Fig. Al4.35 
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Checking to see if 2 Fz =O and 2 Fy = 0: - 
ZF, = 3.592 x 10 - 3.589 x 10+ .5 x .0971 - .5 
x .0O971 + 5 x .674 ~ .5 x .674 + .56 x .O971 - .5 


x .674 - .5 x 6.504 + .5 x 7.087 = 0 (check) 


a Fy = 100 +5 x .0971 + S x .674 - 5 (7.087 + 
7.184 + 6.504) = 0 (check) 

The resultant R of the internal shear flow 
system is a horizontal force of 100 lb. acting 
toward the left. To find the location of the 
resultant take moments about a point 0.5 inch 
below point (c). 

Re = 2M 
100 e = 5 (.0971 + .674) 11 + 10 x 3.589 x 15 + 
+5 x .0971 x 5 - (.5 x .674 x 10) + 5 x .674 x 
+ 5x 6.504 x15 + .5 x .674 x10 ~ (.5 x 
.0971 x 5) 
100 e = 643 
@ = 643/100 = 6.43 inches 
Pig. Al4.35 shows the resulting shear center 
location for the given beam section. 
EXAMPLE PROBLEM 2. Unsymmetrical Beam Section. 


Fig. Al4.36 shows a four flange beam sec- 
tion. The areas of each flange are shown ad- 
jacent to flange. The external shear load V 
equals 141.14 lb. and acts in a direction as 
shown. The problem is to find the line of 
action of V so that section will bend without 
twisting. 











x 
Fig. A14.36 

SOLUTION: ~ 

To solve this problem, method (3) will be 
used. 

To locate centroidal x and z axes: - 

oe FAX _1xX12+0.5x8_ 

Bes RE SS in. 

z= BAS lee ess 5.333 in. 
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Calculation of Iy, I, and kg — 


I, 2A 27 = .5 (5.3334 + 2.667%) + 1 
j (5.333* + 6.667%) = 90,667 
Iz = 2A x* = 1 (10.667%) + 2 (5.333*) = 170.667 
Ixy, = 2A x2 = 1X 6.667 (- 5,333) + 1 (- 5.333) 
(+ 5.333) + 0.5 x 10.667 x 2.667 + 0.5 x 10.667 
(- 5.333) = - 21.333 


The constants k,, ke and ks are now determined — 





3 Ixz, _ = 21.333 7 
Ke Ty Tg - Tye 90-667 x 170.667 - 2l.dae™ 
EE = - .00142 
oe Iz = 120-867 | 4 or ase 
“Ii, - tg “isoig ~*~ 
7 Ty 90.567 _ 0 gogoae 
2s os 
* Ty tf, - TF is0r9 : 


Resolving the given shear load of 141,14 into z 
and x components, we obtain, 


V, = 141.14 x sin 45° = 100 lb. 


Vy = 141.14 x cos 45° = 100 1b. 


From equation (14) - 


Qy = - (Ky Vy = Ky Vg) DXA ~ (ky Vz ~ Ky Vy) 
Z2A 
Substituting — 
ay = - [[.006087 x 100) - (= .colee x loo} 2 x A - 
[orgs x 100 - (~ 00142 x 100)] 24 
whence 


dy = - 0.7457 2x A- 1.278 532A 


We will start at flange member (a) where dy 1s 
zero on the free edge side of the member. 


Yap = ~ 0.7457 x 1 (- 5.333) ~ 1.278 x 1 x 6.667 
= - 4,544 
Qa = dap = - 4.544 


Goo = - 4.544 ~ 0.7457 x 1 (- 5.333) - 1.278 x 
1 (- 5.333) = 6.249 lb./in. 
Ged = Ipc = 6.249 








dca = 6-249 - 0.7457 X 0.5 x 10.667 - 1.278 x 
0.5 (= 5.333) = 5.680 

dag = Ieq = 5-680 

dda = 5.680 ~ 0.7457 x .5 x 10.667 - 1.278 x 0.5 


X 2.667 = 5.680 - 3.977 - 1.704 = 


0 (checks free edge at d where qy 
must be zero.) 


Fig. Al4.37 shows the resulting shear flow re- 
sisting pattern. The sense of the shear flow in 


nb 
ake 
7 Fig.Al4.374a 
q =a 
x 


q= 5.680 








Vzi4i.i4 


‘a 
ae 141.14 


b q2 6.249 c 


Fig. Al4.37 


the plane of the cross-section is determined in 
web at flange member (a) by the simple free 
body diagram of stringer (a) in Fig. Al4.37a 

Check 3 Fy and 2 Fz to see if each equals 
100. 


E Fy 
2 Fz 


- 6.249 x 16 = - 99.99 (checks Vy = 100) 


~ 12 x 4.544 - 8 x 5.68 = - 99.94 (checks 
Vz = 100). 


The resultant of the internal resisting 


shear flow system equals Vv Too* + loo” = 141.14 

lb. 

To locate this resultant we use the prin- 

ciple of moments. Taking point (b) as a moment 
center, 


141.14 ¢ = 8x 5.68 x 16 - 4.544 x 36 0 


22 
141.14 


Therefore external load must act at a distance 

e = 1.50" from (>) as shown in Fig. Al4.37. The 
load so located will pass thru shear center of 
section. To obtain the shear center location, 
another loading on the beam can be assumed, and 
where the line of action of the resultant of the 
resisting shear flow system intersects the re- 
sultant as found above would locate the shear 
center as a single point. If the shear center 
location is desired it is convenient to assume 
a unit Vz, and Vy acting separately and find the 
horizontal and vertical locations of the shear 
center from the 2 separate shear flow force 
systems. 


hence e 2 = 1.50 inch. 





Al4.i1 Shear Center Location By Using Neutral Axis 
Method. 


In 4 beam subjected to bending there is a 
definite neutral axis position for each differ- 
ent external plane of loading on the beam. The 
shear flow equation with respect to the neutral 
axis is, 


Vv 
Qy = - TEA - -- ee ee ee ee {20) 
ly Tn ony 
where, V, = Shear resolved normal to neutral axis 


In = Moment of inertia about neutral axis 


Zp, = Distance to neutral axis 


In finding the shear center location of an 
unsymmetrical section, it is convenient to as- 
sume that the Z and X axes are neutral axis and 
find the shear flow system for bending about 
each axis by equation (20). The resultant of 
each of these shear flow force systems will pass 
through the shear center, thus the intersection 
of these two resultant forces will locate the 
shear center. 


Example Problem 


The same deam section as used in the 
previous article (see Fig. Al4.36) will be used 
to illustrate the neutral axis method. 


Fig. Al4.38 shows the section with the 
centroidal axis drawn in. The X axis will now 


18 
d 
nat ET 
b ec 
Fig. Al4.38 Fig. A14.39 


be assumed as the neutral axis for an external 
plane of loading as yet unknown. We will further 
assume that when this unknown external loading 

is resolved normal to the X neutral axis, that 

it will give a value of 100 lb., or Vz = 100. 
From the previous article ly = 90.667. 


Since the X axis has been assumed as the 
neutral axis, equation (20) can be written 


2% = ZA, hence, 





ay Tx 
- _ 100 . 
dab = - 30.667 * 6.667 x 1.0 = -7.35 1b./in. 
0 = 
We 7 - 7.55 = cn x (-5.333)1 = -1.47 
= 100 = ‘oe 
gg = 71-47 - Sgrggy (5.283) 0.5 = 1.47 





Fig. Al4.39 shows the resulting shear flow 
values. 





Al4. 16 





aFy = 1.47 x 16 = 23,52 1b. 


QFz 2 7.35x12+8x1.47 = 99.96 lb. (check) 


R= 100"+5s.50" = 103 lb, 
tan 9 = 23,52/100= .2352 ° 
100 R= 103 
hence 9 = 13° - i6' 
Let e = distance from ae 


resultant R to point b. 


Equating moments of 
resultant about (b) to that of shear flow 
system about (b), 


103e = -7.35 x 6n*+1.47x8x16 
=. $4. 
ese 103 > -6.25 in. 
Fig. Al4.40 shows the location of the 


resultant. We know the shear center lies on 
the line of action of this resultant. Thus we 


98, 
oo . 
6.25 {3.13 


Fig. 





Shear 
Center 


Fig. A14.40 


Al4.41 


must obtain another resultant force which 
passes through the shear center before we can 
definitely locate the shear center. Therefore 
we will now assume that the Z centroidal axis 
is a neutral axis and that a resolution of the 
external load system gives a shear Vx = 100 lb. 


- . = 
Yy =~ ezM, Ig 


dap * ~ ppgSaex (-5.333)1 = 3.125 1b./in, 


170.667 





= 100 . 

Ape = 3.125 FoR (-5.533)1 = 6.25 Id./tn) 
100 et 

Ged * 6.25 ~755-ze (0.5) (10.667) = 3.13 


Fig. Al4.41 shows the-shear flow results. 
OF = -6.25x16 = -100 lb. 
aFz = -8x3.13+12x35.125 = 12.5 lb. 


R = V 1007 710.2 = 100.8 asioos 
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Js 1a6[ ee. 
tan 9 = “Too = 2125 To 








Take moments about (b) and let (e) equal 
distance to resultant R. 


100.8e 
e 


3.125 xnx57+3.13 "8x16 
753/100.8 = 7.47 in. 


Fig. Al4.40 shows the position of this re- 
sultant force. Where it intersects the previous 
resultant force gives the shear center location. 


Al4.12 Problems 


(1) Pig. A14.42 
shows the cross- 
section of a wood 
beam glued to- 
gether on lines 
a-a and a-b. The 
beam is subjected 
to a vertical 
shear V > 2400 
lv. Determine 
shearing stress 
on sections a-a 
and a~b. Find 
maximum shearing 
stress on beam 
section. 


bebo 
bob 


—— 
uw 


alr 


4" 





| 
| 





& 


Fig. Al4.42 


Fig. Al4.43 
(2) Fig. Al4.43 
shows a Zee sec- 
tion loaded by 2 
1000 1b. load 
acting through 
the shear center 
as shown. Find 
the shear stress 
at sections a-a 
and b-b by three 
different methods. 


1" 
a 
vel 


1 CC 


ost, " 


| 
1000 Ala uae 
: 1 


Fes 





Orr 240 





eh ae 
705" Neglect Web in 
| Resisting Bending 


Sey L20"_z10" 7.19" 

1" rer Ter ay 
Fig. Al4.45 Fig. Al4.46 

(3) Determine the shear flow diagram and the 

shear center location for bending about hori- 

zontal centroidal axis for the beam sections 

as given in Figs. Al4.44 to 414.46, 


Fig. Al4.44 F 





Fig. Al4.47 





b1.0 4c 


10," et op" 


fi 10" ———|__ Fig. A144 


(4) Determine the shear center location for the 
beam sections in Figs. Al4.47 and Al4.48. 


As~ 
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sume flange members develop entire bending 
stress resistance. 


> 
Pst 4 


(5) Determine the shear center for the beam 
section of Fig. Al4.49. 
stringers as being effective in bending. 
of stringers (a) and (b) 
All other stringers 1 sq. in. each. 


Assume only the 8 


= 2 sq. in. each. 





(6) Determine the shear center for the un- 
symmetrical beam section of Fig. Al4.50. 
sume sheet connecting the four stringers as 
Areas of stringers shown on Fig. 


ineffective. 





c d 


pao 
50" Fig, Al4. 52 
Fig. Al4, 51 

(7) In Pig. Al4.51, the shell structure is sub- 
jected to a torsional moment M = 50,000 in. 1b. 
The shell skin shown dashed is cut out, thus the 
torsional moment is resisted by the constant 
shear flow on the two curved sheet elements ac, 
and bd. Determine the value of the shear flow. 


(8) Determine the moment of the constant flow 
force system in Fig. Al4.52 about point (0). 
Also find the resultant of this force system. 


ie e pola 8 pio 








+ 7 154. 
Fig.Al4.53 ° fae 54 4 
(9) In Fig. Al4.53, the four stringers a, b, ¢ 
and d have the same area. Assume the webs in- 
effective in resisting bending stresses. De- 
termine the distance (e) to product bending 
about the horizontal axis without twist. 


(10) For the wing cell beam section in Fig. 
Al4.54, determine the location of the shear 
center. Assume webs and walls ineffective in 
bending. 


Boeing 1074 Jet jet Stratoliner i 
Fuselage being Assembi 
- th 9 ER. 
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CHAPTER A 15 
SHEAR FLOW IN CLOSED THIN - WALLED SECTIONS 


Al15,1 Introduction. The wing, fuselage and em- 
pennage structure of modern aircraft is essen- 
tially a single or multiple cellular beam with 
thin webs and walls. The design of such 
structures involves the consideration of the 
distribution of the internal resisting shear 
stresses. This chapter introduces the student 
to the general problems of shear flow distri- 
bution. Chapter Al4 should be covered before 
taking up this chapter. 


Al5.2 Single Cell Beam. Symmetrical About One Axts. 
All Material Effective in Resisting Bending 
Stresses, 


Fig. Al5.1 shows a single cell rectangular 
beam carrying the: load of 100 lb. as shown. 
The problem is to find the internal resisting 
shear flow pattern at section abed. 


100# 





Fig. Al5-1 
Solution 1 


Due to symmetry of material the X cen- 
troidal axis lies at the mid-height of the 
beam. The shear flow equation requires the 
value of Iy, the moment of inertia of the 
section about the X axis. 


ly = aex.15 x 10°+ 2 [Box.05x5*] = 62,5 in. 


From Chapter Al4, the equation for shear 
flow is, 


ay = ~ ez @Ae-- +--+ -- ee - - ee (1) 


This equation gives the change in shear 
flow between the limits of the summation. In 


open sections we could start the summation at a 
free surface where q would be zero, thus the 
summation to any other point would give the true 
shear flow dy. In a closed cell there is no 
free end, therefore the value of ay is unknown 
for any point. 


Equation (1) gives the shear distribution 
for bending about the X axis ithout twist. 
The general procedure is to 4 a@ value of 
the shear flow q, at some point and then find 
the shear flow pattern for bending without 
twist under the given external load. The cen-~ 
troid of this internal shear flow system will 
be the location where the external shear load _ 
Should act for bending without twist. Since 
the given external shear would have a moment 
about this centroid, this unbalanced moment 
must be made zero by adding a constant shear 
flow system to the cell. 


To tllustrate we will assume dy to be zero 
at point 0 on the wed ad. 


Vv; 
do = 0. The term 2 = 100/62.5 = 1.6 
Gao = -1.6 a52A = -1.6x2.5x5x0.1 = -2 lb/in. 


Aq = -2-1.6 aad = -2-1.6x5x20x.05 = -10 


; 
Qo! = -10-1.6 2) zA=-10-1.6x2,525% .05 = 
- 

Gg! = 11 ~1.6 28, 2A = -11-1.6 x (-2.5)5 x 
+05 = -10 

Gea 3-10-16 22 2A = -10~1.6(-5)20 x .05 
2-2 


God = -2-1.6 24 ZA = -2-1.6(-2.5)5x0.150 


Fig. Al5.2 shows a plot of the shear flow 
results. On the vertical web the increase in 
shear is parabolic since the area varies 
directly with distance z. 


The intensity of qy and qzg in the plane of 
the cross-section is equal to the values of q 
found above which are in the y direction. The 
sense of dy and dz, is determined as explained 
in detail in Art. Al4.6 of Chapter Ald. 


Al5.1 





Al5. 2 SHEAR FLOW 





Fig. AlS-2 


Fig. Al5.2 also shows the resultant shear 
flow force on each of the four walls of the 
cell. The resultant shear force on each 
equals the area of the shear flow diagram on 
each position. 


For example, 


Qap = (25-42 y20 = 120 1p. 
Qaa =F H 2x 10 = 6.67 1d, 


Qe = 10 x 10 + 0.667 x 1 x 10 = 106.7 


The internal shear flow force system as 
given in Fig. A1l5.2 will now be checked forw 
equilibrium with given external shear loading 
of 100 lb. as shown in Fig. Al5.1. 


2F, = 100 (external) + 6.67 ~ 106.67 
=0 (check) 
SFy = 120 - 120 = 0 (check) 


Equilibrium of moments must also be 


Satisfied. Take moments of all forces about 
point d. The external load has no moment 
about d. 

mMg = 120 x 10 + 106.67 x 20 


= 3344 in, Ib. clockwise 


Thus we have an unbalanced moment which 
must de made zero if we are to have equil- 
ibrium, 


The unbalanced shear flow of 3334 in.1b. 
can be balanced by adding a constant shear 
in a gounter-clockwise direction around the 


cell. The value of this balancing shear flow 
would equal, 
ey M .  -3334 
Q5 -srFBxao = 8-4 ib/in. 


(A equals area of cell = 10 x 20) 


IN CLOSED THIN-WALLED SECTIONS. 








SHEAR CENTER. 


Adding this constant shear flow to that of 
Fig. Al5.2 we obtain the final shear flow 
pattern of A15.3. 





-6. 34 #/in. 4.15", 
4 Aan r 66 #/in, 
-8. 34 #/in. 
a 2.66 #/in 
1.66 #/in 
-6. 34 #/in. 


Fig. A15-3 


If this constant shear flow of -8.34 was 
not added then the external load of 100 1b. 
would have to be re-located so that it passed 
through the centroid of the shear flow pattern 
in AlS5.2. To find this centroid location, we 
can equation the moment of the internal shear 
flow pattern about some point to the moment of 
the resultant of the system about the same 
point. 


Resultant R = Vary 7+ ary T= /1007 + 0 
= 100 acting down. 


Take moments about point d. Let X equal 
distance to resultant. y 


RX = My (internal system) 
100 ¥ = 120 x 10 + 106.67 x 20 


hence X = 33.33 in. Thus the external load 
would have to be moved 35.33 inches to right if 
the pattern of A15.2 would hold it in equilibrium. 
Since we assume q = zero at point 0, this means 
an open cell with the free end at 0 would bend 
without twist if the external load was moved the 
distance X. 


The student should work this same problem 
by assuming q, at some other point is zero in- 
stead of point O as assumed in the above solu- 
tion. 

Solution No. 2. Shear Center Method. 

In this solution, we determine the centroid 
of the internal shear flow system for bending of 
the closed section about axis X without twist. 
This point is called the shear center. The 
external shear load can then be resolved into a 
shear force acting through the shear center plus 
a torsional moment about the shear center, 


We start the solution, exactly as in solu- 
tion 1, by assuming the shear flow q = 0 at 
point 0. Ina sense we are cutting the cell at 
The resulting 
This open 


O and making it an open section. 
shear flow is as given in A15.2. 
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section will bend without twist if the ex- 
ternal shear load acts through the shear 
center of the open section. 


The closed section will be assumed to 
bend without twist, and the resulting shear 
flow pattern will be determined. 


The equation for angular twist 6 (See 
Chapter A6) per inch length of beam is, 


o =~: “ , Where L equals the length 


of a web or wall. 


or 249 sy Sk 


G t° The right hand side of 


this equation represents the total shearing 
strain around the cell which must be zero for 
no twist of cell. Since G is constant, we 
can assume it as unity as only relative 
values of strain are needed in the solution. 
Thus the total shearing strain 6 around cell 
is proportional to, 


Using the values of q from Fig. A1S.2 
and substituting in (2), 
(10+ 2) 20 , 10x5 


= yah. 2x5 
CS ae -[E3S- 2.08 *~ 05 


, (UL = 10)(.667 x 3} ee 


205 





Since the section and shear flow pattern 
is symmetrical about the X axis, the substi- 
tution above is written for one-half of the 
cell and the results multiplied by 2. when 
the shear flow q varies over a portion the 
average shear flow 1s used in the above 
substitution. 


If the cell is not to twist the relative 
twist of 7000 must be cancelled by adding 2 
constant shear flow q around the cell to give 
a total shear strain of -7000. 


The shearing strain for a constant q 
equals, 


or2%ea[ + 22. Sle = 7000 





O.1 05 205 
hence q = ee 6.36 1b/in. 


Fig. Al5.4 shows the resultant shear 
flow pattern if the constant shear flow of 
-6.36 ts added to the shear flow pattern of 
AlS.2. 


10, 9" 
Vext 2 100# 
. 
C= \ AKA 
a Q2 23.8% Q216, SBA, 
m sic. 
a 


4.36 #/in 












6.36 #/in. 


Za 
a 


bez 7.9% 


The location of the resultant of the shear 
flow force system of Fig. A15.4 will locate the 
horizontal position of the shear center. Due 
to symmetry of the section about the X axis, 
the vertical position of the shear center will 
be on the X axis, because for bending about the 
Z axis, the shear flow would be symmetrical and 
thus, the resultant would coincide with the X 
axis. 


Fig. Al5-4 


Fig. Al5.4 also shows the resultant shear 
load Q on each portion of the cell wall which 
equals the area of the shear flow diagram for 
various portions as shown. 


OFZ = - 56.9 - 43.1 = - 100, which balances 
the external load of 100 lb, 


2Fy = 0 by observation. Take moments about 
point 0, the intersection of axis XX and side ad. 


a — 43.120 + (-23.8 + 16.58)10 
yay = Sanna fsecassiie 


7,90 in. 


Hence the shear center lies on the X axis, 7.9" 
from side ad. 


The moment of the external load of 100 lb. 
about shear center equals 100 x 7.9 = 790 in. 
lb. clockwise. The moment of the internal shear 
flow of Fig. AlS.4 1s zero thus we have an un- 
balanced moment of 790. Therefore for equil- 
ibrium of moments we must add a constant shear 
flow q around cell to develop ~790 in.lb. or 


a ta eee = - 1.98 I/in. 

Adding this constant shear flow to that of 
Fig. AlS.4, we obtain the final shear flow 
pattern which will be identical to that in 
Fig. Al5.3 or the results of solution 1. 


A15,3 Single Cell - 2 Flange Beam. Constant Shear Flow Webs. 


As discussed in Art. Al4.9, the common 
aircraft cellular beam is made up of thin sheet 
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walls and webs which are stiffened by members 
usually referred to as flange members. A 
simplifying common assumption is to assume 
that the flange members alone develop the 
resistance to the bending moment. This 
assumption therefore means that the shear flow 
is constant between flange members. 


Fig. Al5.5 shows a single cell beam with 
two flanges at A and B. Find the internal 
shear flow force syStem when the beam carries 
the external load of 100 lb. as shown. 


Fig. A15-8 Fig. Al5-7 


Fig. A1S-5 


It 1s assumed that the two flanges 
develop the entire bending stress resistance. 
This means that shear flow is constant on each 
web. Let q, and q, be the constant shear flow 
a8 shown in Fig. Al5.6. The sense or direction 
of these shear flows will be assumed as indi- 
cated by the arrow heads in the figure. 


The force system in the plane of the 
cross-section has 2 unknowns, namely q, and 
a, and thus we can solve for q, and q, by 
simple statics. 


To find q, take moments about point A. 
MM, = 100 x 10 = q, (2 x 80.52) = 0 
hence q, = 1000/lb 1.04 = 6.21 lb/in. 


The sign of q, comes out plus, thus the 
assumed sense of q, aS Shown in Pig. Al5.6 is 
correct. 


In the above equation of moments about 
point A, the moment of the constant flow 
system q, about A, equals q, times double the 
enclosed area formed by lines running from A 
to the-ends of the web which carries the shear 
flow q,. In this case the area is the area 
of the cell, or 80.52 sq. in. 


To find the remaining unknown qa, We use 
the equilibrium equation, 


Wz = 05 - 100-10 x 6.21 + 10g, = 0 


IN CLOSED THIN-WALLED SECTIONS. 








SHEAR CENTER, 


hence q, = 16.21 lb/in. (sign comes out positive, 
hence assumed sense of q, is correct). 


Fig. AlS.7 shows a plot of the internal 
shear flow resisting system. 


A single cell beam having only two flanges 
can resist only external loads which are parallel 
to the line AB, and thus a two flange box beam 
is not used very often in atreraft structure. 
When the bending moment in a plane at right 
angles to line AB is small, the resistance of 
the curved panel to compressive bending stresses 
may be suffictent to resist such external bend- 
ing moments and thus be satisfactory. 


A15,4 Shear Center of Single Cell - Two Flange Beam. 


Let it be required to find the shear center 
of the beam as given in Fig. Al5.5. In other 
words where would the external load have to be 
placed so that the beam would bend without 
twist. 








Fig. A15-8 


Fig. Al5-9 Fig. Al5-10 


Fig. Al5.8 shows the resulting shear flow 
system in resisting the 100 1b. external load 
acting as shown in Fig. AlS.5, This shear flow 
system will cause the celi to twist. Therefore 
we add a constant shear flow q to the cell to 
produce zero twist (Fig. AlS.9). The centroid 
of the combined shear flow system will then 
locate the lateral location of the shear center, 


To find q we must write an expression 
which measures the twist when subjected to the 
shear flows of Figs. A15.8 and 9 and equate the 
Tesult to zero, and then solve for the one un- 
kmown q. 


5 


(8 


=i = 0. (Clockwise q is positive) 


Substituting, using the shear flows of Figs. 
A15.8 and Al5.9, 
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_ 46.21 x 10 _ 6.21 x 24.28 , 109 


Oe 7 Os +055 <4 


» 74-28 2g 


hence q = 8.26 1b.in. 

Adding this constant shear flow to that 
of Fig. Al5S.3, we obtain the shear flow of 
Fig. A15.10. 

The lateral position of the shear center 


is given by the location of the resultant of 
the shear flow system of Fig. A15.10. 


resultant R = V uF,” + oFz” 


IFy = 0 


The 


IFz = 10 x 7.95 + 2.05 + 10 = 100 lb. 


Therefore R = 100 lb. 


Equate moments of R about point A to 
moment of shear flow system about A. 


Re = IM, 


100e = 2.05 (2 x 80.52) 
8 >= 3.30 in. 


Thus shear center lies 3.30 inches to 
left of line AB. (See Fig. AlS.10). 


Thus if the given external load of 100 
lb. acts through the shear center, it will 
produce the shear flow system of Fig. A15.10. 
However 1t acts 13.3 to right of shear center, 
hence it produces a clockwise moment of 100 
x 13.3 = 1330 in.1b. on the cell. For 
equilibrium, this moment must be balanced by 
a constant resisting shear flow around cell 
which will produce a moment of -1330. 

2 7 1330_s 

The required 4 = 5-30.55 7 -8.26 lb.in. 
which if added to the shear flow system of 
Al5.10 will give the true shear flow system 
of A1S.8. 


Thus having the shear center location, 
the external load system can be broken down 
into a load through the shear center plus a 
qoment about the shear center. The shear 
flow due to each is then added to give the 
true resisting shear flow. 


It should be noticed that the web or skin 
thickness does not influence the magnitude of 
the shear flow system in a single cell beam. 
A change in thickness, however, effects the 
unit shearing stress and therefore the shear- 
ing strain and thus in computing angular twist 


of the cell, the web and wall thickness does 
influence the amount of twist for a given 
torsional load. In the shear center solution, 
it is known what portion of the shear flow is 
due to torque or pure twist, and also that due 
to bending without twist, which fact is some— 
times of importance. 


TORSIONAL DEFLECTION OF CELL 


The angular twist as given by the final 
shear flow pattern of Fig. A15.8 equals 
20AG = IqL/t, whence 


After finding the shear center location, 
we found that the external load had a moment 
of 1330 in. lb. about shear center, which was 
resisted by a constant shear flow of ~ 8.26 
lb/in. The angular twist under this pure 
torque shear flow should therefore give the 
same result as equation (3) above. 


- 8.26 X 24.28 _ 


~Oa5 =- 10082 


pane 8.26 x10 


which checks the result of equation (3). 


A15.5 Single Cell-Three Flange Beam. Constant Shear 
Flow Webs. 


Area Cell 
= 128, 54 sq. in. 





-Fig. A15.11 


Fig. Al5.11 shows a single cell beam with 
three flange members, A, B and C, carrying the 
external load as shown. A three flange box if 
the flenges are not located in a straight line 
can take bending in any direction and therefore 
1s often used in design because of its simpli- 
city. 


For such a structure, there are six un- 
knowns, namely, the axial load in each stringer 
and the shear flow q in each of the three sheet 
panels that make up the cell. For a space 
structure, we have six static equations of 
equilibrium, thus a three flange single cell 


AEF 
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beam can be solved by statics if we assume 
that the three flange members develop all the 
bending stress resistance, thus producing 
constant shear flow webs, 


Fig. Al5.12 shows the cross section ABC. 
The three unknown resisting shear flows have 
been assumed with a positive sign. (Clockwise 
flow is positive shear flow). These three 
unknown shear flows can be determined by 
statics. 


To find 4 take moments about point B 
and equate to zero, 


Mp = 100 x 5 - 25 x 10 + q.,(128.54 x 2) = 0 


_ 250 
257.08 


To find qa) take ZF, = 0 


hence cq = = - 0.972 lb/in. 


IF, 


100 - 10 x 0.972 - 10q,y = 0 


dap = 9.13 1d/in. 


To find dpe take aFy = 0 
IFy = - 15 X 0.972 ~ 25 - 1Sqne = 0 


hence dpc = - 2.639 1b/in. 

The Signs of dog and Apc Came out negative, 
hence the sense of the shear flow on these cell 
wall portions 1s opposite to that assumed in 
Fig. Al5.12, The resulting shear flow pattern 
is plotted in Fig. A15.13. 


The student should realize the thickness 
of the wall elements does not influence the 
shear flow distribution if we assume the three 
flanges develop the entire resistance to the 
bending moment. 


A15.6 Shear Center of Single Cell-Three Flange Beam, 
Constant Shear Flow Webs. 


Let it be required to determine the shear 
center location for the beam in Pig. AlS.1ll. 
The shear center {1s a point on the beam cross- 
section through which the resultant external 
Shear must act if the cell is to bend without 
twist. 


The shear center location will be deter- 
mined in two steps, first its horizontal 
location and then its vertical location. 


Calculation of horizontal location:~ 


We will assume any vertical shear load, 
as the example, the same vertical shear as used 
in the problem of Art. Al5.4, namely, a 100 
1b. load acting five inches from A, as 
illustrated in the following Fig. Al5.14, 


8.377 





Fig. AlS-14 


Fig. A15-15 


Fig, A15-16 


The three unknown resisting shear flows 
will be assumed with the sense as indicated by 
the arrow heads. 


To find dg, take moments about 8 
IMg = 100 x 5 - ag, (128.54 x 2) 5 0 
dag = 1.945 ld/in. 
IF, = - 15 x 1.945 + 15q,, = 0 
We = 1.945 
2Fz = 100 ~ 10 x 1.945 ~ l0qayn = 0 
Gay = 8.055 lb/in. 


. 


The algebraic signs of the unknown q value 
all come out positive, thus the assumed direction 
of shear flows in Fig. A15.14 is correct. 


To make the cell twist zero, we must add a 
constant shear flew q to the cell (see Fig. 
A15.15). The relative twist under the shear 
flow of Figs. 14 and 15 will be equated to zero. 





y Gl = _ 1:945%20.71 1.945415 , 8.055 x10 
t +08 -025 Far eae 
20.71q 10q , 15q  _ 
*~Tas_ * Toa * Toes = 9 


Whence, q = 0.322 lb/in. with sense as 
assumed in Fig. Al5.15. Adding this constant 
Shear flow to that of Fig. Al15,14 we obtain the 
Shear flow system of Fig. 415.16. The resultant 
R of this shear flow system {s obviously - 100 
1b., Since the external load was 100 lb. The 
location of this resultant R will therefore 
locate the horizontal position of the shear 
center. Equate moment of resultant R about 
point B to the moment of the shear Zlow system 
about B, whence, 


1006 = 1.623 (128.54 x 2) 


or e = 417/100 = 4.17 in. 


(Fig. AlS.16) 


rom line AB. 


Calculation of Vertical Position of Shear Center 
a a ee EE OE Ser Vener 


A convenient horizontal shear load will be 
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assumed acting on the cell. Since we used a 


25 1b. load in the example problem of Art. 15.5, 


we will assume the same load in this solution. 
Fig. Al5.17 shows the loading and the assumed 
directions of the three unknown shear flows. 


A 3 a8 
dea 
dab = 
ack + 
Cc B 1.019 


Fig. AlS~17 


- 648 


Fig. A15-18 Fig. A15-19 


Solving for the three unknown shear flows 
in Pig. AlS.17. 


Mg = - 25 x 10 + dog (128.54 x 2) = 0 


dca = 0,972 1b/in. 

BFy = - 25 + .972 x15 + 1Sagy = 0 
Aep = 0.695 

IF, = 10 x 0.972 - ldap = 0 
dap = 0.972 


A constant shear flow q is now added to 
cell to make twist zero (Fig. 418.18). 


Writing ZqL/t for both loadings and 
equating to zero:- 


Zqb/t = 0.972x 20.71 _ 0,695 x15 , 0.972x10 


20.71q , 10 1Sq_- 
+55 * [04 * Teas = © 
whence, q = - 0,324 lbd/in. 
Adding this constant shear flow to that of 
Fig. AlS.17 we obtain the values in Fig. 
A1S.19, 
R (the resultant) = 25 lb. 


Equating moment of resultant about 8 to 
moment or shear flow system about B, 


Re = IMg 
25e = 0.648 (128.54 x 2) 
Therefore e = 6.65 inches. 
Thus shear center lies 6.65 inches above 3, 


and 4,17 inches to left of B as previously 
found. 


“ therefore be constant between flanges. 


A15,7 Single Cell-Multiple Flange-One Axis of 
Symmetry. 


Fig. Al5.20 shows a single cell beam with 
8 flange members, carrying a 100 lb. shear load. 
The resisting shear flow system will be calcu- 
lated. 
1004 


W/ 


40" 10" 10" - 20" 





Fig. Al5-20 


The beam section which is symmetrical about 
the X axis is identical to the beam section 
relative to flange material which was used in 
example problem 1 of Art. A14.10. 


SOLUTION: - 


Assuming the 8 flanges develop all the 
bending stress resistance, the shear flow will 
Since 
the beam section is a closed one the value of 
the shear flow q at any point is unknown. Thus 
we will imagine the top cover cut between flange 
members a and h, thus making q Zero in this 
panel due to the free end at the cut. We now 
find the internal resisting shear flow system 
for bending of this open section about axis 
x-x under a external shear load V,; = 100 1b. 


The calculations would be exactly like 
those in example problem 1 of Art. Al4.10 and 
will not be repeated here. Fig. A15.21 shows 
the plotted results as recopied from Fig. Al4.@2,. 





Fig. A15-21 
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If 2Fy and iFz are considered for equil- 
ibrium of external and internal loads, they 
will be found to equal zero. 


To check IMy = zero take moments about 
some point such as C, 


MM, = + 100 x 7.5 + 10x 3.75 x 15 -1.25x5 


-~ 1.25 x 10 + 1,25 x 


Therefore to make IM, 
shear flow q equal to M/2A 
= 0.57 lb./in. is required. 


15 = - 187.5 in.lb. 





0, a constant 
(187.5/2 x 11 x 15) 
Adding this con- 


stant shear flow to that in Fig. A1l5.21, we 
obtain the final shear flow pattern of Fig. 
AlS.22. This final pattern is not much 
different from that of Fig. A15.21, the 
reason being that the location of the imaginary 
cut to make q equal zero, was not far from the 
true fact, since the final q in this panel was 
only 0.57, If we had started the solution by 
assuming the web be cut or dn, = 0, then the 
correction constant flow that would be needed 
to satisfy IMy = 0 would have come out q = 
-5.88, since tnis {s the final q in web bc. 
Since the shear flow which is a load on the 
cell wall influences the required thickmess of 
sheet required, it is good practice to try to 
Place the imaginary cut at a point where the 
shear is near zero, so that preliminary 
estimates in routine design relative to shell 
thickmess required will be based on shear flow 
values that are near the final values. 





Fig. A15-22 


A15,8 Single Cell - Unsymmetrical - Multiple Flange. 
Example Problem 1 


Fig, 415.23 shows a 4 flange unsym- 
metrical single cell beam carrying two external 
loads as shown. This beam is identical to the 
one uséd in example problem 1 of Art. Al3.8 
which dealt with bending stresses. 








Fig. Al5-23 


Solution 1. Using Section Properties and Ex- 
ternal Shears with Reference to 


Centroidal Axes (The K Method). 


In Art. A13.8 the calculations for this 
beam section gave - 
Iy = 81.18, I, = 153,58, I, = - 21.33 
Fig. Al5.23a shows the location of x and z cen- 
troidal axes. 


N 








1.0 
6,074 30 
x 2074 
5.926 
+80 40 
10.667 
ts 539 I 
Fig. Al5-23a 


In Art. Al4.8 of Chapter Al4, the method 
of solution was referred to as the K method. 
The shear flow equation (see Bq. 14 of art. 
Al4.8) 1s, 


dy = ~(K,Vy-K, Vz) ERA -(K,Vz-K, Vy) 22a 
“ ~21.33 = 
ka = Txo/Txlg- l* = Se ies. b8 > Las * 
21.33 _ 
Teoie = 7 001775 
Ky = Ig/Iglg - Iyg* = 153.58/12016 = .01279 
Ky = Ix/Iylg - Iyz* = 91.18/12016 = .00674 


For the given beam loading the external 
shear loads at section abcd are, 


Vz = 6000 1b., Vy = ~ 1600 lb. 
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Substituting in the equation for ay as 
given above, 
dy =- [00674 (-1600) - (-.00177 x 6000) ] ExA 
- ([,01279 x 6000 - (~.00177}(~-1s00)] za 


whence 


Qy = 0.16 2xA - 73,91 BZA - - - - ~ - 

In using equation (4) to compute the 
Shear flow pattern we will imagine top panel 
ab cut, thus making the shear flow ay = zero 
in this panel. Subt. in (4) +--- 


Qac =O + 016 X 1 (-5.333) - 73.91 x 1x 
6.074 = ~ 449.78 1b/in. 

dog = - 449.78 + .16 x .8 (-5.333) - 73.91 
xX .B x (~5.926) = = 100.05 

dab = ~ 100.05 + .16 x .4 x 10.667 ~ 73.91 
X .4 (-5.926) = 75.80 

Wha = 75.80 + .16 x .5 x 10.667 - 73.91 


x .5 x 2,074 = 0 


Fig. A15.24 shows the plotted shear flow 
results. This pattern satisfies IF, = 0 and 
Fy = 0, To check equilibrium of moments 


6000#= Vz 





Fig. AlS-24 


Fig. Al5-25 


about a y axis. 
point d. 


Assume a y axis going through 


Mg = 6000 x 8 - 1600 x 6 - 449.78 x 12 
x 16 = - 51160 tn.1bd. 
Thus for equilibrium a moment of plus 
51160 in.1b. is required. This is produced 


by adding a constant shear flow q around the 
cell walls, where 


sit: 
a= oy 
(as 


51160 
2x 160 


area of cell = 


= 159.88 lb.in. 


160) 


Adding this volume of q to those in Fig. 
Al5.24 we obtain the final shear flow resisting 
pattern in Fig. Al5.25. 

Solution 2. Principal Axes Method 

The shear flow system can of course be 
found by referring section properties and ex- 
ternal shear loads to the principal axes of the 
beam section. The equation for shear flow is 
(see Eq. 15 of Chapter Al4), 


V, V, 
y  ~ YB 2 2 ~ PDs x 


(The subscript p refers to principal axes.) 


The section properties about the principal 
axes were computed for this same beam section 
on page Al3.5 of Chapter Al3. The values are:- 


Ixp = 75.38, = 159.34 


Izp 


Fig. 415.26 which was also taken from page 
Al3.5 shows the location of the principal axes 
and the distances from the four flange members 
to the principal axes, 


f ih 
re 





Fig. Al5-26 


Before substitution in equation (5) can be 
made, the given shear loads Vz = 6000, and V, = 
-1600 must be resolved normal to the princ1 pal 
axes. 


Vz, = 6000 cos 159-15'~1600 sin 150-15' 
P = 5367.9 1D. 
Vx, = 6000 sin 15°-15'-1600 cos 159-15" 
2 = ~3121.98 lb. 
Vz, Vx, 
Hence +t 71.21 and 2 = = -19.59 
Xp Zp 
Subt. in equation (5), 
dy = -71.21 2 pA + 19.59 E HA ~ = - -(6) 








Al5. 10 


SHEAR FLOW 





Assume dy = 0 in top panel ab. 


7-71.21 x 4.45 x 1 + 19.59 x (-6.74) 
x 1s 448.92 


dac 


Geq = -448.92 ~ 71.21 (-7.12).8 + 19.59 


(-3.58).8 = ~ 99,41 

Qdp = - 99.41 = 71.21 (-2.90).4 + 19.59 
x 11.80 x .4 5 75.45 lb/in, 

dba = 75.65 = 71.21 (4.82).5 + 19.59 


x 9.75 x .5 = 0 (check) 


These shear flows are practically the 
same as obtained in solution no. 1 as recorded 
in Fig. Al5.24. Discrepanctes are due to 
slide rule accuracy. 


For equilibrium of moments, take moments 
about (b). 


Mp = 6000 x 8 = 1600 x 8 - 448,92 x 12 
x 16 = ~50993 in.1b. 
A constant shear flow q around cell mst 


be added to produce 50993 In.lb. for equil- 
ibrium. This balancing shear flow is, 


q et = 50993 


2a > 3x 160 ~ 159.35 1b/in. 





which 1s the same as in solution no. l. 
Example Problem 2 


Pig. 415.27 illustrates a typical single 
cell wing beam with miltiple flange members. 
The external shear load on this beam section 
is Vz = 1000 and Vy = 400 located as shown. 
The internal shear flow resisting pattern will 
be calculated. 


This beam section is the same as that 
used in example problem 5 of Chapter A3, where 
the calculations of the section properties 
were made, 

The results were: 


Ty = 186.5, I, = 431.7, 


Vz31000Ib+ 2 
He 


Iyz = 36.42 











Fig. Al5-27 
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Solution, The K method of solution will 
be used. 
= S6-3L = .0004598 
k, = peo =BL7 = .oosasz 
es 186.5 


L Es iu 2 
> > - Toran? * eres = 002865 


Ay = (XK Vx-k Vz )EXA = (kK Vz-K Vy) E24 
Substituting in above equation, 


Qy = -(.002355 x 400 ~ .0004598 x 1000)ZxA 
-( 005452 x 1000 = .0004598 x 400) azA 


Qy = -0.4822 ExA -5.268 Bz - - - = - (7) 


Since the value of the shear flow is un- 
known at any point on the cell walls, 1t will 
be assumed that the cell wall is cut between 
flange members 1 and 10, thus making q zero on 
the sheet panel numbered (1-10). Then using 
equation (7) the shear flow is calculated in 
going clockwise around the panel. Columns 1 to 
10 of Table A1lS.1 show the calculations in 
solving equation (7). For explanation on how 
to determine sense of shear flows q, in Columns 
9, 10, and 11, review art. Al4.s of Chapter 
Al4. 


The shear flow values in column 11 would 
be the results if the external loads as given 
were so located as to act through the centroid 
of this shear flow force system. Since they 
do not we will solve for the unbalanced moment 
on the beam section about point (0) the cen- 
troid of the beam cross-section. The moment of 
the shear flow force on a sheet panel between 
any two adjacent flange members {s equal tn 
Magnitude to q times double the enclosed area 
formed by drawing lines from the moment center 
(0) and the ends of the Particular sheet panel. 
Fig. Al6.28 illustrates this explenation. The 
value m in column 12 of the table lists the 
double areas of these various triangular areas, 


Taking moments of all forces both external 
and internal about point (0), 


mM, = 1000x2+400x3+17123 = 20323 tn.1b. 
(17123 equals summation of column 13) 


Thus for equilibrium a negative moment of -20323 
is needed. This moment is provided by adding 4 
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at AH 0.815 [2 437] 
=1 89617517 ]-4. 333] 
3.402) 7-907] 7- 795] 
: 
3.340]-8. 992] 
liz: 888 }=0.659] 
, 3.041 2.988 -7°3271 7. 715] 
32 
= 2.9620. 1 Sais T-Bar) 
= 9.11 }-2.551} 7" 959)-3.276) 
SUES LL 


3 4 3 6 


Arm 


x XA 


4, 396 
6. 446 


717.41 
-13, 54 
~ 9.11 
- 5.44 
= 0.86 

3.14 

7.14 
11.74 





0.534 
1,214 
1.996 

















constant negative shear flow around cell where 
magnitude equals 


20323 


Bx 493 * ~20.6 1b./in. 


git a 
9 * BK 


(493 = area of cell) 


Adding this constant shear flow to that in 
colum 11, we obtain the final shear flow in 
column 14. Fig. Al5.29 shows true shear flow 
pattern. 


Values from col. 14 
Table Al5.1 





Fig. A15-29 
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A15.9 Two Cell-Multiple Flange Beam, Symmetrical 
About One Axis. 


Fig. Al5.30 shows a two cell cantilever 
beam with 10 flange stringers. The cross~sec- 
tion is constant. Let it be required to deter- 
mine the internal shear flow in resisting the 
1000 1b. load acting as shown. For simplifi- 
cation, the top and bottom sheet covering and 
the three vertical webs will be considered in- 
effective in taking bending flexural loads. 
Since the beam section is symmetrical about the 
X axis, the beam will bend about this axis in 
resisting the given external load. The moment 
of inertia of the section about the X axis 
equals 250 in.* 





Fig. A15-30 


Solution 1 (Without use of shear center) 


The internal shear flow is statically in-~ 
determinate to the second degree, since the 





A15. 12 SHEAR FLOW 





shear flow at any point in each cell is unknown. 


Therefore, to make the flexural shear flow 
Statically determinate, 2 value for the shear 
flow q in each cell will be assumed at some 
point, and the flexural shear flow for each 
cell will then be calculated, consistent with 
the assumed conditions. These resulting static 
shear flow systems will, in general, produce a 
different total shearing strain around the 
perimeter of each cell, or in other words, 
produce a different cell twist. ince full 
continuity exists between cells, this condition 
cannot exist, and therefore an unknown constant 
shear flow of q, in cell (1) and q, in cell (2) 
must be added tO make the twist of both cells 
identical. This fact gives us the basis for 
one equation and the other equation necessary 
for the solution of the two unimowns q, and q, 
is given by the requirement of equilibrium, 
namely, that the moment of the external and 
the internal shear forces about any point in 
the plane of the cross section must equal zero. 
In Fig. A15.31 the flexural shear flow has 
been assumed as Zero just to the left of 
stringer c in cell (1) and just right of 
stringer c in cell (2). The balance of the 
flexural shear system consistent with this 
assumption is calculated as follows: 





Fig. Al5-31 


The general shear flow equation is, 
ay = = 7% po, = — 1000 32d = ~4224 
x 250 


Cell (1). Starting tn panel cb where the 
shear has been assumed zero and proceding 
counter-clockwise around cell 


dep = zero (assumed) 


dba = -422A = 0-4x5%0.5 = 10 lb. /in. 


Yaa! = -10-4x5x2 = -50 lb./in. 

datb! = -50=-4x(-5) x2 = +10 1b. /in. 

dp?qt * -10-4x (-5) x0.5 = 0 lb. /in. 

We cannot proceed deyond stringer c' be- 
cause there are two connecting weds with un- 
«own Shear flows. we can zet around this 


difficulty by going back to stringer ce, where 
the shear flow on each side of c was assumed 


IN CLOSED THIN-WALLED SECTIONS. 





SHEAR CENTER. 








Thus the shear flow in the vertical web 
ec’ is determined by the stringer c alone, 
namely 


zero. 


; 
Age! = “AEG 2A 3 ~4x1x"5 = -20 lb. /in. 


We can now continue around cell (2) starting 
with stringer c"” where we were previously 
stopped. | 
4 
Feta! = ror + degt — 425124 
0-20+-4x (-5)120 


date! 7 0 - 4x (-5) 0.5 = 10 lb./in. 
Geta = 10 - 4x (-5) 1 = 30 lb. /in. 


30 -4x5x 1 10 1b./in. 


de'd 


Qa¢ = 10 - 4% 5 x 0.5 = 0, which checks 
the assumed value of q = O in panel cd. 


The shear flows in cell (2) could of 
course been found by starting in panel cd 
where the shear has been assumed zero and 
proceeding clockwtse around cell as for example 


Qe =O 4x5 x 65 = -10 ld./in. 
Qee! = ~10 ~4x5x1 # -30 1lb./in. 
eta! = -3O - 4x (+5) 1 = -10 Lb./In. 
dgtg? = -10 - 4x (-5) 0.5 = 0 1b./in. 


The magnitude of the results are the same 
as previously calculated but the signs are 
opposite, As emphasized previously the shear 
flow calculated together with its Sign is in 
the y direction or ay The direction of the 
shear flow along the cell walls in the xz 
Plane can be determined by drawing simple free 
body diagrams as illustrated in Chapter Al4 but 
it 1s simpler to use the automatic rule of 
Art. Al4.l1. To illustrate, the solution 
started in panel cb and proceeded counter- 
clockwise around cell (1). By the rule this 
means that the shear flows in ‘he xz plane will 
have the same sign as dy: Since the signs of 
dy Were negative, the direction of the shear 
tows in the xz plane will be counter-clockwise 
around celi (1). 


To obtain the shear flow in the vertical 
web cc' it was necessary to start at c and go 
toward c'. This direction 1s counter-clockwise 
with respect to cell (2) or clockwise with res-— 
pect to cell (1). ay for this panel from the 
equation was found to be -20. If we consider 
web cc" as part of cell (1) then the direction 
in solving the summation EZA was closkwise with 
respect to cell (1) and oy our rule the shear 
flow in the Z direction will have the 





Sign to gy or plus 20, which means ¢loci 
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Fig. A15.32 illustrates the unknown con- 
stant shear flow systems q, and q, which must 
act on cells (1) and (2) respectively to pro- 
duce the same cell twist when added to the 
snear flow system of Pig. A1S.31. The sense 
of q, and q, has been assumed clockwise or 
positive in each cell. 





OZZZIIE a Wr 


Fig. A15-32 


The equation for tne angular twist © per 
unit length of beam ts, 


2aGe = zak 


using the shear flow values in Figs. Al5.31 
and 32, the angular twist of each cell will 
be calculated by substituting in the above 
equation. 


For cell (1) 


“is SOx10_10x5, 20x10 





a 10 
24,60, = - a5 ar ett 
3x10g,_10 7 
= 34, Hence, 2A,G0, =1200g, - 333q, 
BECO as ale re atin Bhan di Ra ate cha) Sa a) 


For cell (2) 


~ 10x5x2_,30x10 20x10 3x10, 10, 
2,00,= og * og ag ose * cod 


Since there is continuity between cells, 9, = 
9, . Also since area of each cell is the same, 
A, =A, . Equating (1) and (2), 

1533q, - 1583q. - 10840 =O0-+----+--+- (3) 
One other equation is necessary to solve for 
unknowns q, and q, , and it is given by the 
moments of the external and internal shear 
forces about any point in the plane of the cross 
section, which must equal zero for equilibrium. 


Take moments. about point (b) of the shear 
flow system of Figs. Al5.31 and A15.32 and also 
the external shear load of 1000 1b., which in 
this case has no moment about our assumed 
moment center. 


Mp = SOx 10xXS+20x10xX5+ 10x 30X15 + 200g, 
+ 200g, = 0 


hence, 200g, + 200g, +3000 =O ----<--- (4) 


Solving equations (3) and (4) tor a, and q,, we 
obtain 
q, = -4.07 1b./in. dq = -10.80 1b./in. 
The final or true internal shear flow sys- 
tem then equals that of Fig. A15.31 plus that of 
Fig. AlS.32 when q, = -4.07 and q, = ~10.80 1b./ 
in., which gives the shear flow diagram of Fig. 
A1S.33. 





{Values in 1b./in.) 
A15-33 


Fig. 


Solution 2 (By use of shear center) 

In this solution, we find the flexural 
shear flow for bending about axis X-X without 
twist. The centroid of this internal shear 
system locates the shear center. The moment of 
the external shear load about the shear center 
produces pure torsion on the 2 cell beam. Thus, 
adding the shear due to this pure torsion to 
that of pure bending, we obtain the final re~ 
sisting internal shear flow. 


In bending about axis X-X without twist, 
the shearing strain for each cell as given by 


equations (1) and (2) must equal zero. Hence: 
1200 4, -333g, - 6670 = 0------- (8) 
333g, + 1250g, +4170 = 0------- (6) 
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SHEAR CENTER. 





Solving equations (5) and (6) for q,and qa, 
we obtain qg = - 2.0 1b./in. q, = 5.00 1b./in. 
Therefore, taking these values of q, and q, 

in Fig. Al5.32 and adding the results to that 
of Fig. Al5.31, we obtain the shear flow 
pattern of Fig. Al5.34 which is the shear low 
system for bending without twist about X axis. 
The centroid of this shear system locates the 
Shear ceilter. 


In Fig. A15.34, 
ZV = Q = -10x45-10x28-10x27 = ~ 1000 


1b., which checks the external shear of 1000 
1b. XH = 0 by observation of Fig. Al5.34. 





Fig. A15-34 


To find the horizontal position of the centroid 
of the shear flow in Fig. Al5.34 take moments 
about point ‘a: 


Mg = 10x27x10 +10x28x20 
+ 5x8x1l0-5x2x10 = 8600 in.1b, 


hence, X = 3608 = 8.6" to the rigny of web aa’, 


The external shear load of 1000 1b. acts S$” to 
the right of aa', and therefore causes a moment 
about the shear center equal to (8.6-5.0) 
1000 = 3600 in.lb. To resist this torsional 
moment, a constant torsional shear flow q¢,1) 
and dt(g) must act on cells (1) and (2) 
respectively. 


ean be found 


The values of qt(1) and le 2 som 
of Art. AS. 


by using equations (16) and (17 
of Chapter AS. Thus 


1 AgoAy s a,A 
(1) 2+ 3|—————————— |} T 
AgoA*+ a,,A* * a,4,? 
(10,10, 10) 10 
(cog *y0a* Tom) 100 * az x 200 
10,10,10) 10 


(cag ‘Toa Tog 3) 100% += Og ¥ 200 at 


(0,307, 10) 1f/1sa2007],, 
(08 *T05 "Tas Eh 2 ced: seeke 


(2) =-3 


Since the external torque equals 2600 in.lb., 





the resisting internal torque must therefore 


equal -3600. Therefore, 
dt(1) = .00254(-3600) = -9.17 lb./in. 


Solving for q, (2) 


a Berke + Sieh 
=3i_ siisoooo _|". 


a (2) 

=f ao +d, Cat 7am Wor 100 + - a 1B xz00) 

“2[- — 31180000 ~ STE peso? 
hence: qt(2) = .00245x-3600 = -8.85 1b/in. 


Therefore, if we add to the shear flow sys- 
tem of Fig. Al5.24, a constant shear flow of 
-9.17 1b./in. to cell (1) and -8.85 lb./in. to 
cell (2), we will obtain the true internal re- 
sisting shear flow of Fig. Al5.35, which checks 
solution 1, any discrepancy being due to slide 
rule accuracy, 





Fig. A15-35 


Torsional Deflections 


The angular twist of each cell is the same. 
The value of the angular twist @ per unit length 
of the beam can be found using the shear flow 
pattern of Fig. A1S.35 which 1s the true result- 
ant shear flow, or the pure torsional shear flows 
of 4¢(1) ® -9.17 1b./in. and at (2) = 8.85 1b./in. 
may be used if desired. 


The results will, of course, be the same. 
For example: 


For cell (1) due to Gg (2) = 79.17 1d./in. 
and q¢(2) = -8.95 1b./in. 


= 2ol , (9.17210) ., 9.1710 8.88x10 
OA, See 7Os +3 708 OS 
= 8000 
Gell (2) 
zora= 2b. (2.8510) 5, - 2.85210 9.17 x10 
= 8000 





ANALYSIS AND DESIGN OF FLIGHT VEHICLE STRUCTURES 






Cell (1) Final stresses ~ Fig. AlS.35 


e2gQl_ (14.17 x5)2 (4.17 x%5)2 , 54.17 x10 
eA" 00s.) 08 )SC 


26.68x10 _ 
A = 000 


Cell (2) Pinal stresses 


—2gL..(10.85 x5)2 , (0.85x8)2 , 26.68 x 10 
Sa a CO TA ER CO TR AE 
-19.15 x10 


“Or = 8000 


Al15.10 Three Cell - Multiple Flange Beam. Symmetrical 
About One Axis. 


Pig. AlS.36 shows 2 3-cell box beam sub- 
jected to an external shear load of 1000 lbs. 
as shown. The section is symmetrical about 
axis XX. The area of each stringer is shown 
in parenthesis at each stringer point. The 
internal shear flow system which resists the 
external load of 1000 Ibs. will be calculated 
assuming that the webs and walls take no 
bending loads, or, the stringers are the only 
effective material in bending. The moment of 
inertia about the XX axis of effec.lve material 
equals 250 in* (Note: this beam section is 
tdentical to the two cell’ beam of Fig. A15.30 
plus the leading edge cell (3). 


1000# 





Fig. A15-36 


Solution No. 1 ( 





hout use of shear center) 


The system is statically indeterminate, to 
the third degree, since the value of the shear 
flow q at any point in each cell is unknown. 


The value of the shear flow will be as- 
sumed at a point in each cell and the flexural 
Shear flow for bending about the XX axis will 
be determined consistent with this assumption. 
A constant unknown shear flow ayy and qs 
for cells (1) and (2) and (3) respectively 
will be added to the static flexurel shear 
flow so as to make the angular twist 9 of each 
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cell the same, since if any twisting takes 
place, all cells must suffer the same amount. 
Furthermore, for equilibrium, the moment of 
the internal shear flow system plus the moment 
of the external shear load must equal zero. 


For bending about axis XX, the flexural 
shear flow will be assumed as zero at a point 
just to the left of stringer 4 in cell (3) and 
just to the left and right of stringer c in 
cells (1) and (2) respectively. ne might con- 
sider the cells as cut at these three points. 
Fig. A15.37 shows the flexural shear flow under 
these assumptions. Since the leading edge cell 
(3) has no stringers and the covering is con- 
sidered ineffective in bending, the shear flow 
will be zero on the leading edge portion since 
the shear flow was assumed zero just to the left 
of stringer a. The resulting flexural shear 


flow for the 3 cell section will therefore be 
identical to Fig. Al5.31 and the calculations 
for the flexural shear flow will be identical to 
those in Art. A15.7. 





Fig. Al5-37 


Fig. AlS.38 shows the unknown constant 
shear flows q,, dg, and q, which must be added 
to the flexural shear flow of Fig. A15.37 to 
make the twist 9 of each cell the same. The 
sense of each has been assumed positive in each 
cell. 





Fig. A15-38 
The angular twist 9 for each cell equals 9 = 
aria 
Using the values of q in Figs. 412.37 and 


A1S.38, the value 6G will be computed for each 
cell. 
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SHEAR FLOW IN 


Cell (3) 

iL 
2ea,a = 2h 
20x39.4G = 20%50, 15.72 5 + 10ds ates 
or OG = 10.5q,-2.55q,+127 -------- (1) 
Cell (1) : 
zea,a = 2k 

~ 750x100 2(10x5) , 10x20, 3{10q,) 
20x log = SORE Se 
+ 0a. - Tide 10d hence GG = 6q,-q,-1.67q, 
~33.34------------------ (2) 
Cell (2) 
zone = 2a 
20x100x¢ = - eos) gees) + 10250, 


3x10 xa,, 


Sxl 7a 20a 190s hence ad = 6.25q, - 


1.67q,+20.83 ------------- -- (3) 


Taking moments of the internal shear flow 
systems of Fig. A15.37 and Al15.36 and the ex- 
ternal load of 1000 lbs. about stringer a and 
equating to zero:- : 


IM 


10x20x10+10x30x20-5x 1000 
78.6q,+ 200q, +200q, = 0 
3000 + 78.6q, + 200q, + 200q,=0 - = (4) 


+ 


Solving equations (1) (2) (3) and (4) for the 
unknown 4,, 4g, 4, and 9G we obtain: 


q, = - 2.12 1b./in. 
a. = - 7.09 1d./in. 
4, = -14.5 1bd./in. 
G@=- 19.9 


Adding these constant shear flows to the flex- 
ural shear flow of Pig. Al5.37, we obtain the 
true internal resisting shear flow as shown in 
Fig. A1lS.39. 


CLOSED THIN-WALLED SECTIONS. 








SHEAR CENTER. 





Fig. Al5-39 


Al15.11 Shear Flow in Beam with Multiple Cells. Method of 
Successive Approximations. 


The general trend in airplane structural 
design appears to be to the use of a relatively 
large number of cells. There are various 
reasons for this trend some of which are: 

(1) using multiple interior webs, the detri-~ 
mental effect of shear deformation on bending 
stress distribution is decreased; (2) the fail 
safe characteristic of the wing is increased 
because the wing is-made statically indeter- 
Minate to a high degree and thus failure of 
individual units due to fatigue or shell fire 
can take place without greatly decreasing the 
over-all ultimate strength of the wing; 

(3) the ultimate compressive strength of wing 
flange units is usually increased because 
column action is prevented by the multiple weds 
which attach to flange members. 


In Chapter A6, Art. A6.13, the method of 
successive approximation was presented by de- 
termining the resisting shear flow system when 
a multiple cell beam was subjected to a pure 
torsional moment. This method of approach has 
now been extended to determine the resisting 
shear flow when the beam 1s subject to flexural 
bending without twist*, Using these two methods 
the shear flow in a beam with a relatively large 
number of cells can be determined rather rapidly 
as compared to the usual method of solving a 
mumber of equations. 


PHYSICAL EXPLANATION OF THE METHOD 


Fig. A15.40 shows a 3-cell beam carrying 
and external shear load V acting through the 
shear center of the beam section but as yet un- 
xmown in location. In other words, the beam 
bends about the symmetrical axis X-X without 
twist. The problem ts to determine the internal 
resisting shear flow system for bending without 


* "The Analysis of Shear Distribution for Multi-Cell Beams 
in Flexure by Means of Successive Numerical Approxi- 
mations." By D, R. SAMSON, Journal of the Royal 
Aeronautical Society, Feb, 1954. 
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twist. In this example, it is assumed that the 
bDending moment is resisted entirely by the 
flange members as represented by the smail 
circles on the figure, which means that the 
Shear flow will be constant between the flange 
members. 


The first step in the solution is to make 
the structure statically determinate relative 
to shear flow stresses for bending without 
twist. In Fig. Al5.41 imagine each cell cut 
at points a, b and c as shown. For the given 
shear load V, the static shear flow qg can be 
calculated, assuming the modified section bends 
about axis X with no twist. Fig. AlS.41 shows 
the general shape of this static shear flow 
pattern, 


Fig. A15-40 


Fig. Al5-41 


Fig. A15-42 


Fig. A15-43 


Pig. A15-44 








|| Fig. A15-45 
4s 


y 
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Now consider each cell as a separate cell. 
The static shear flow Qg acting on each cell 
will cause each cell to twist. Since zero 
twist is necessary a constant shear flow qi to 
cell (1), q, to cell (2), and qi to céll (3) 
must be added as shown in Fig. A15.42, and the 
magnitudes of such value as to make the twist 
of each cell zero. However, the cells are 
actually not separate but have a common web be- 
tween adjacent cells, thus the shear flow q! 
acts on web 2-1 which ts part of cell (1), and 
thus causes cell (1) to twist. Likewise cell 
(3) ts twisted by gq) and cell (2) oy both ay 
and q,. Therefore to cancel this additional 
cell twist, we must add additional constant 
Shear flows q!, 43 and q? as shown in Fig. 
A15.43, and considering each cell separate 
again. However, since the celis are not separ- 
ate these additional shear flows effect the 
twist of adjacent cells through the common web. 
AS before this disturbance in cell twist is 
again cancelled or made zero by adding further 
closing shear flows ay, az, az as shown in 
Fig. AlS.44, This procedure {s repeated until 
the closing shear flows become negligible. In 
general the converging of this system is quite 
rapid and only a few cycles are necessary to 
give the desired accuracy of results. 


The total closing shear flows q,, 4, and 
q, are then equal to - 


GQeara+qr+---- 
Gitar arar+--- 
qa, =a, + ay+qg+---- 


The final shear flow on any panel then 
equals, (See Fig. Al5.45) 


Q@tag+Q+ta+a,--------- (1) 
The centroid of this final shear flow 
system locates the shear center of the section, 

relative to bending about the X axis. 


DERIVATION OF EQUATIONS FOR USE IN SUCCESSIVE 


APPROXIMATION METHOD 


Pig. Al5.46 shows cell (2) of the 3-cell 
Qs is the static 


beam shown in Fig. Al5.45. 
shear flow and q,, 4, 

and q, are the re- 
dundant or unimown 

Shear flows. Since 

cell (2) does not twist 
under these shear zlows 
we can write in general, 


tgs O-- ~~ -- (1) 





Substituting the vari- 
ous shear flows on cell 
{2} in Fig. Al5.46 into eq. (1), 


Fig. Al5-46 
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B dg-En ds Stas 2 Eras LEE O--- - (2) 

The subscript (a) on the summation symbol 
implies summation completely around cell (2) 
whereas the subscripts i-s and a-s implies 
summation only along webs 1-2 or 3-2 respect- 
ively. Lis the length of a sheet panel and t 
its thickness. 


Solving equation (2) for q 





2 45.L ae i 
S28 rv ee 3-a 
Ge ST Fr | Toe jt 777 &) 
*t Ee on 


The first term in equation (3) represents 
the proportion of the static shear flow q, 
which must act as a constant shear flow around 
cell (2) to cancel the twist due to qg. The 
resulting value of this first term will be 
given the term q\. 


The second and third terms in (3) repre- 
sent the constant closing shear flows required 
in cell (2) to cancel the twist of cell (2) 
due to the influence of q, and q, in the ad- 
jacent cells acting on the common webs between 
the cells. The ratio in equation (3) before 
di Will be referred to as the carry over 
influence factor from cell (1) on cell (2) and 
will be given the symbol C,._,, and the ratio 
before q, in equation (3), the carry over 
influence factor from cell (3) to cell (2) and 
it will be given the symbol C,_,. Thus 
equation (3) can now be written as, 


da = at CreditCseds --- 





As explained above, q', is the value of the 
necessary closing shear flow for zero twist 
when the adjacent cell shear flows are zero. 
Hence first approximations to the final shear 
flows in each cell can be taken as neglecting 
the effect of adjacent cells, or in other words 
each cell is considered separate. Hence the 
first approximations are, 


a~da 
qe = 4 (5) 
a> ay 
By substituting (5) in (4) a second ap- 
proximation for q, is obtained, namely, 
Ge = WCU *Ceeds ~ 7-H (6) 
OF, 0g > Gy tae Se SH ere (7) 


where qi is the correction added to the first 
approximation. In a similar manner cerrections 
qi and qf are made to the approximations for 
q, and q, . Therefore as a third estimate for 


q,, these further corrections should be added 
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and thus equation (7) becomes, 


Ge = ger Cia (ait ai) +Cs2(a5+a5) - - - (8) 
Thus by repeating the above procedure, 2 
power series of the carry over influence factor 
is obtained. In general the convergency is 
rapid and only a relatively few cycles or oper- 
ations are needed for sufficient accuracy for 
final shear flows. A solution of a problem 
will now be given to show how the necessary 
operations form a very simple routine. 


A15.12 Example Problem Solution. Problem No. 1. 


Fig. AlS.47 shows e cellular beam with 
five cells. The flange areas and the.web and 
wall thicknesses are labeled on the figure. 
The problem will be to determine the internal 
Shear flow pattern when resisting an external 
shear load of Vz = 1000 lbs. without twist of 
the beam. Having determined this shear flow 
system the shear center location follows as 4 
simple matter. 


Fig. Al5.48 shows the assumed static 
condition for determining the shear flow system 
in carrying a Vz load of 1000 1b. without twist. 
The static condition is that all webs except 
the right end web have been imagined cut as 
indicated thus making the shear flow q, at 
these points zero. 


In this example problem it will be assumed 
that the flange members develop all the bending 
tress resistance, which assumption makes the 
Shear flow constant between adjacent flange 
members. 


The total top flange area equals 5.5 in.*, 
and also the total bottom flange area. Due to 
symmetry the centroidal X axis lies at the 
mid-depth point. 


Hence, Iy = (5.5x5%)2 5 275 in.* 


-_% = _ 1000 2 < 
dg = --ph 22k = - Gog Bak = ~3.636 DzA 


Starting at the lower left hand corner, 
the static shear flow dg will be computed going 
counter-clockwise around beam. 

- 3,636(-5)2 = 36.36 1b./in. 
36.36 +3.636(-5)1 = 54.55 1b./in. 
54.55 -3.636(-5)0.S = 63.64 


Gab > 
abc = 
Gea = 
Continuing in like manner around the deam, the 


values of qg aS shown in Fig, A15.48 would de 
obtained. 


The solution from this point onward 1s 
made in table form as shown in Table Al5.2 
which should be located below a drawing of the 
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cellular beam as illustrated, and the numbers 
in the Table should be lined up with respect 
to the cells as indicated. 


The solution as presented in Table 415.2 
is carried out in 17 simple steps. The first 
step as given in row l of the Table is to 
compute for each cell the value for ZqgsL, 

t 


where qg is the static shear flow on each 
sheet panel of a cell; L the length of the 
panel and t its thickness. Values for dg are 
taken from Fig. Al5.48. 


For example, for Cell 1 


3 ag-E 5 2(36.36 x 10}-4; = 18180 


The sign 1s positive because qg is posi- 
tive. (Clockwise shear flow on a cell is 
positive.) Row 1 in the Table shows the values 
as calculated for the 5 cells. 


The second step as indicated in row 2 of 
the Table is to calculate the value of the 
expression & L/t for each cell. 


For example, for Cell 1, 


L._lo ,(10)2, 10 © 
is = “oa * Toa * Tas = 856 
For cell 2, 

L. 10 .2(10), 10 . 
i-p* Tog * Toa *Tor = 950 


The third step as indicated in row 3 {s to 
calculate the value for the L/t of the common 
wed between two adjacent cells. 


For example, for web bb’ between cells 
(1) and (2), 


L 210. 
) a 7 TOR 200 


The fourth step is to determine the 
carry over factor from one cell to the adjacent 
cell. The results are recorded in row 4 of 
the Table. 


Referring to equation (3) for general 
planation, the carry over factor from cell 
i) to cell (2) ts, 


(5) 
rs t/ 2. 200 
Cg sO Saye «2105 


A 


£ 
2¢ 


and the carry over factor from cell (2) to 
cell (1) equals, 








We are now ready to start the solution 
proper by successive approximations. In row 5 
of the Table, the first approximation is to 
assume a value q' added to each cell which will 
cancel the twist due to the static shear flow 
when the cell webs are not cut, but each cell 
is considered separate or independent of the 





other. This constant closing shear flow q' 
equals, 
L 
Zase 
qQg =e Lo: The minus sign is necessary 
= 
t 


decause the twist under the static shear flow 
must be canceled. The values for q' are re- 
corded in row & of the Table. 

For example for cell (1), 

+ = _ 19180 _ 





= -~geg7 = - 21.238 
For cell (2), 
, 27275 _ 
q- 28 eS gEq 28.71 


Steps 6 to 13 as recorded in rows 6 to 13 
of the Table are identical in operation, namely, 
the carry over influence from one cell to the 
adjacent cell because of the common web between 
the cells. As a closing shear flow is added to 
each cell to make the cell twist zero when they 
are considered separate, this result is contin- 
ually disturbed because of the common web. 
Gradually these corrective shear flows become 
smaller and smaller umtil the cells reach their 
true state and possess zero twist. In the 
Table, arrows have been used for two cycles 
to help clarify the operations. 


For example in row 6, the carry over shear 
flow from cell (1) to cell (2) 1s, 


- 6.700 x .2105 = + 1.414 


From cell (2) to cell (1), the carry over value 
is 


(-4.480 - 8.330) 0.2336 = - 3.000 
From cell (2) to cell (3), 


(-4.480 - 8.330) 0.250 = - 3.216 
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Fig. A15-48 
Assumed Static 
Condition for 














Shear Flow qg 
Table A15.2 

Row OPERATION 
1, Zag L/t for each cell | sereo | avats | ae20 «| —=—iaaaa7 ‘| aee0 
2._ 2 L/t for each cell 1250 1333 
3. L/t of ceil web 200 250 250 333 
mina Satry Over Factor (C)__|__.205] 2336 250 [26332007 250 ——=«s 250] 208 SS 
5. Ist Approx, q' 3 -3qg L/t/S L/t} -21. 238 28. 71 231,82 +38, 79 65.910 


6. _q" = Cq! (Carry over) = 6, 100.<~"S -4, 480 | -8. 3802<-7. 170 [-9. 70026, 364 [-17. 560% - 9.700 


T._a'” = Gq" (Carry over) = 3.000 =1. 414 [-4. 4303, 216 1-5. 975<*-3, 372 | -2.580 ~~ 5, 575 


8. ETC (Carry over) ~ 1,362 ~0.631 | +2518 -1.460 [-1.489 -1.837 | -1, 592 -_ 1.489 


9. Carry over - 0.736 ~0, 287 | -0.777__-0. 787 |-0.872 -0, 590 | -0. 396 =_0, 872 
10. Carry over = 0.248 =0.155 | -0.436 -0. 266 |-0.246 -0. 332 | -0. 232 = 0, 246 
11, Carry over = 9, 138 -0, 052 | -0.135_-0.148 ]-0.141 -0. 102 |-0. 065 = 0, 141 





















12. Carry over = 0.044 0,029 -0. 037 = 0.045 
13, Carry over ~0, 009 -0, 012 =~ 0, 003 
M4. quq'+q'+q'e---) =33.47 52. 52 ~63, 39 “73.92 -84.38 | 
18,_1st Reiteration 212.27 <"S* -7.05 


16, q' from row 5 ~21. 238 28.71 231.82 ~38, 79 ~65.91 
~63. 43 


18. 2nd Reiteration 12. 23 ~7.05 [ -16. 70>5=13. 10 [-18, 485-12. 69 | -22. 4400-18. 48 
19. q' from row 5 21. 238 =28.71 31, 82 38.79 =85.91 


20. a -33.47 ~52. 46 -63. 40 ~73.92 -84. 39 
A849 


Fig. Al5-49 
Closing Shear 
Flows to Make 
Twist of Each 
Cell Equal Zero 






















Fig. Al5-50 


Final Shear Flows, 33.51 18.94 i638 tas | 
(Fig. A15. 48 plus Fig. A15. 49) I 10,48 15.61 








2,85 2.10 0.27. 1.18 2.57 
CALCULATION OF SHEAR CENTER LOCATION 
eat BOAT LUN 


in Fig. Al5.47 let x = distance from lert end of beam to shear center. Taking moments about 
upper left corner of the shear flow forces in Figs. AlS.48 and 415.49 and equating to 1000 x. 


1000X = 10(36 .36+54..55+63.64+72.73+81.82)10+ 100 x 10x 50-2 x 100(33,.51 + 52.45 + 63.43 + 73.91 
* 84.39), hence 1000x = 19472 or x = 19.47 inches. 


err rrr 
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In row 13 of the Table, the carry over 
values are so small that the process is termin- 
ated, The final constant shear flow that must 
be added to each cell to cancel the twist due 
to the static shear flow equals the algebraic 
sum of the values from the beginning row 5 to 
row 14. The results are shown in row 14 of the 
Table. 


The results in row 14 are obtained after a 
‘considerable number of multiplications and 
additions of numbers, thus it is easy to make a 
numerical mistake. To check whether any 
appreciable mistakes have been made, we take 
the values in row 14 and consider these values 
of constant shear flow in each cell as that 
causing zero twist if cells cre separate. Then 
bringing the cells together, through the common 
webs causes a disturbance in twist and this is 
made zero by the carry over values. This step 
in the Table is referred to as a reiteration 
and is indicated in row 15. Then adding the 
values in row 15 to the initial approximation 
q' in row 5, which value is repeated in row 16, 
we obtain the final value of q in row 17, The 
values in row 17 are practically the same 
magnitude as in row 14, thus no appreciable 
mistakes have been made. If the difference 
was appreciable, then a second, and if needed, 
even a greater number of reiterations should 
be carried out. In the Table a second reiter- 
ation 1s shown in rows 18, 19, 20 and the 
results in row 20 are practically the same as 
in row 17, 


It will be assumed that the solution was 
stopped after first iteration, and thus the 
values in row 17 are the constant shear flows 
that must be added to the static shear flows 
to produce bending without twist. Fig. Al5.49 
Shows these final closing constant shear flows. 
Adding these values to those in Fig. A15.48 we 
obtain the final shear flows in Fig. A15.49. 


The lateral location of the shear center 
for this given S cell beam coincides with the 
centroid of the shear flow force system in 
Fig. A15.50. The calculations for locating 
the shear center are given below Fig. A15.50. 


Solution 2 of Problem 1 


In solution 1, the assumed static condi- 
tion involved cutting all vertical webs except 
the right end web. Thus the static beam 
section became an open channel section and the 
resulting static shear flows must obviously be 
far different than. the ?inal true shear flow 
values, Since the webs always carry the greater 
Shear flows in bending without twist. This 
fact is indicated by the relatively large num- 
ver of steps required in Table A1S.2 to reach 
a state where successive corrections were small 
enough to give a desired accuracy of final re- 
sult. Thus it is logical to assume a static 


condition where the static shear flows in the 
webs should be much closer to the final values 
and thus hasten the convergency in the succes- 
sive approximation procedure. . 


Thus in Fig. Al5.51, we have assumed the 
top panel in each cell as cut to give the static 
condition. The static shear flow is now con- 
fined to the vertical webs and zero values for 
top and bottom sheet. Table Al5.3 shows the 
calculations for carrying out the successive 
approximations and needs no further explanation. 
It should be noticed that after the first ap- 
proximation was made in row 5, only three carry 
over cycles were needed in rows 6, 7 and 8 to 
obtain the same degree of accuracy as required 
in 8 cycles in Table Al5.2 for solution 1. Fig. 
Al5.52 shows the final shear flows which equal 
the constant shear flows in each cell from row 
9 of Table added to the static shear flows in 
Fig. Al5.S1. These values check the results of 
solution 1 as given in Fig. A15.50, within slide 
rule accuracy. In Table A15.3 no reiteration 
steps were given. The student should make it a 
practice to use such checks. 


Al5.13 Example Problem 2. 
All Material Effective in Bending Resistance. 


The general trend in supersonic wing struc- 
tural design is toward a large number of cells 
and relatively thick skins, thus in general, ail 
cross-sectional material of the wing is effective 
in resisting bending stresses and thus the shear 
flow varies in intensity along the walls and 
webs of the beamcells. Fig. A1lS5.53 shows a ten 
cell beam with web and wall thicknesses as 
shown. It will be assumed that all beam mater- 
ial is effective in bending. The shear flow 
Tesisting system for bending about the horizontal 
axis without twist will be determined. The cen- 
troid of this’ system will then locate the shear 
center. 


Fig. AlS.54 shows the static condition that 
has been assumed, namely, that the upper sheet 
panel in each cell has been imagined cut at its 
midpoint, thus making the static shear flow zero 
at these points. The static shear flow values 
Qs are shown on Fig. AlS.54. To explain how 
they were calculated, a sample calculation wiil 
be given. 


The moment of inertia of the entire cross- 
section about the horizontal centroidal axis is, 


I, for top and bottom skins, 

= (50x 0.125x2.5°)2 

Ix of all weds = (0.912x5°)/12 
Total Ix 


78. 
9. 


ao 





87.5 int 


oy 


For convenience an external shear load 

Vz = 8750 1b. will be assumed acting on this 
beam section. 

Vv, 8750 

Tx 87.5 





22A =-100 E2A 
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Now consider Fig. A15.55 which shows a 
aketch of cell (1) plus half of cell (2). 


IN_ CLOSED THIN-WALLED SECTIONS. 


AS 
previously explained the upper csll panels were 


SHEAR CENTER. 





Starting at point (a) in cell (1) where the 
shear flow is 2ero and going counter~clockwise 
around the cell, the static shear flows are 





assumed cut at their midpoints (a) and (m). as follows: - 
Solution. cut cut cut cut cut 
3 ° ° Qo °o Oo o Oo oO QO 
Fig. A15~51 
Assumed Static 
Condition for 
é Flow ag and 36.36 (1) 18.28 (2) 79.09 (3) 9.09 (4) 09 (8) 18.18 
Resulting qs Values. ! 


Row OPERATION 


1, B.qs L/t for each cell [-2045 | 
22 L/t for each cell L866 | 
{__3. L/t of cell web id 


4. Carry over factor C 


5, Ist approx. q'#-SagL/V/EL/t 


Table Al5.3 





8. EYC (carry over 
9 gtqeqregs o-- 





Fig. Al5-52 
Final Shear Flows 
(Row 9 Plus Fig. A15~51) 
Compare Results with 
Solution I (See Fig. A15-50) 


Example Problem 2 Ten Cell Beam - All Material Effective in Bending. 
Top Skin = . 125 Inches Thick 








10.41 15.60] 





Fig. A15~83 3 
“78 9 =78-78 9 78-78 ° 79-78 
-3— 
Fig, A1S-54-98 


+78 18 


Table A1S.4 








-18 78 -18 78 -78 78 -78 78 


-78 78 

















fo fo 
oo __-0.86f0 0ST 00-56 
{0 -0.2110.25" 00.16 0.25) of 
[ -a11 0.00 -0.13/-0.07 0.05 lo.it of 

0.00 __-0.03}-0.06 ~0.00{-0.07 -~0.06-0.02 -0.07/-0,08 0.0210 _0.0910-03 O10 


~11. 28 ~3.53 1.29 


109.31 


WH 8 aT te 
Fig. AlS-57. Final Shear Flow Values. 


0 








19.32 76.87 ~79.17 76.83 -80.88 15.12 -87.07 GA93 8227 


OF1.97 __ 0-2-1} 


o_o 


1S.42-57.07 98.99 -82.27 73.79 93.04 12.96 72.45 89.55 -$5.29 100.61 


191.59 176.30 
af 


182.07 167.91 181.44] 120.81 








WETS -89.06¢ 72.96 -12.43 63,55 -55.39 100.61 


(Note: Shear Flow at Ends of Webs Equal Sum of Shear Flows in Adjacent Skin Panels. ) 





ANALYSIS AND DESIGN OF FLIGHT VEHICLE STRUCTURES 





Fig. A15-55 


a =-100g"ZA =-100x2.5x2.5x0.125 


= ~78 1lb./in, 


de Gp ~ 1003°ZA =-78-100 (1.25x2.5 
x 0,064) =~78-20 =-98 lb./in. 
dq =-98-2°ZA =~98~100 (-1.25)(2.5x 
¢ 
0.064) = -98+20 = -78 
de =~ 78-2928 =-78-100 (-2.5)(2.5 x 
0,125) = -78+78 = 0 
ate = 0-3°ZA = 0-100 (-2.5)(2.5 x 0.125) 
8 
= 78 
At point (f) there are two other connecting 
Sheet panels so we cannot proceed past this 
joint in calculating the shear flow in the two 
connecting sheets at (f). 


Thus we go back to point (a) and go 
clockwise, 


qq 70 
Qa = 0+ 1002" = 0+100 (2.5x2.5x 0.125) 
a 


78 1b./in. 


With two other webs intersecting at joint 
(f) the shear flow summation cannot continue 
past (f), hence we go to point (m) in cell (2) 
where shear flow is zero due to the assumed 
cut at point (m). 


w= 0 


tum = 0 = 1002"za =~ 100(2.5 x2.5 x 0.125) 
a 


= -78 


Now at Joint (n) we have the shear flow of 78 
magnitude on each top panel, thus the shear 
flow in the vertical web at (nh) equals the sum 
of these two shear flows or 156. 








AS. 23 

Proceeding to (g) 

Qg = tg + 1002%ZA = 156+ 100 (1.25 x2.5x 
h 


094) = 156+29.4 = 185.4 lb./in. 


185.4 + 10024za = 185.4+100 (-1.25) 
g 


(2.5 x .094) = 156 lb.yin. 


atg 


tk = degre 7-156 +78 =-78 

Ur = ~78 ~ 1002 "ZA 2-78-100 (-2.5)(2.5x 
0.125) =~78+78 = 0 

Fig. AlS.56 shows a plot of these calcu- 


lated values. The arrows give the sense of the 
shear flows. 





th 
Uae 


——+_ 7156] 





98 


Fig. A15.54 shows the calculated static 
shear flow values for the entire 10 cells. 


The 
values are recorded at the ends of each sheet 

panel and at the midpoints of each sheet panel. 
Clockwise shear flow in a cell 1s positive shear 


flow, Since an interior web is part of two ad- 
jacent cells, the sign of the shear flow on 
vertical webs is referred to the left hand cell 
in order to determine whether sense is positive 
or negative. 


Having determined the static shear flows 
which will be referred to aS dg, we can now 
start the operations Table Al5.4. The first 
horizontal row gives the calculations of the 
twist of each cell under the static shear flows, 
which {s relatively measured by the term 


Zag for each cell. 


With all material effective in bending the 
Shear flow varies along each sheet. Fig. A15.56 
shows this variation on the sheet panels of cell 
(1). The term Zqg L/t is nothing more than the 
area of the shear flow diagram on each sheet 
divided by the sheet thickness. To illustrate, 
consider cell (1) in Fig. Al15.56. 


Upper sheet panel: - 


Lbs -(0+78) 2.5 +(0+78) 2.5 . 
Zase-—“2 0.15 —COSt«i 
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For lower sheet panel: - 


fags O (Same figure as for upper sheet) 
For left hand vertical web: - 


Treating the shear flow diagram as 4 
rectangle with height 78 and a parabola with 
height 98-78 = 20, 


For right hand web of cell (1), 
The shear flow diagram is likewise made 
up of a rectangle and a parabola. 


L. 1s6x5 
2484 = “0.094 





+ (186.5 ~156)5x 


Therefore for entire cell (1) 


Bag = ~7142 +9342 = 2200, which is the 


value in row (1) of Table AlS.4 under cell (1). 
The results for the other nine cells as calcu- 
lated in a similar manner are recorded in row 
1 of the Table. The procedure as followed in 
the remaining rows of Table 4 is the same as 
explained in detail for example problem 1. in 
Table Al5.4 only one reiteration 1s carried 
through as the values in the bottom or last 
row are practically the same as arrived at after 
the fifth carry over cycle. Adding the con- 
stant shear flow values in the last row in the 
Table to the static shear flow values in Fig. 
A15S.54 we obtain the final shear flow values 
of Fig. AlS.57. The resultant of this shear 
flow pattern is a force of 8750 acting down 
in the Z direction. Its location would be 
through the centroid of the shear flow force 
system. Let xX equal distance from upper left 
hand corner of beam to line of action of shear 
flow resultant, force. 


Taking moments of shear flow force system 
of Fig. AlS.54 plus the constant shear closing 
values in each cell as given in the last row 
of Table Al5.4 and equating to 8750 x, we 
obtain; 


Due to uniform static shear flow on each 
Webs — 


M = (156 x5)(5+10+15 +20+25+30+35 
+40 +45) +78x5x50 = 175000 


Due to parabolic static shear flow in eachweb:- 
M = (29.4x5x0.667)(S+10+15+20+ 25) 
+ 25.3x5x0.667(30 +35) + 22.5 x5 x 0.667 
(40 + 45) + 20x5x 0.667 x50 = 22520 


Due to constant closing shear flows as 


IN CLOSED THIN-WALLED SECTIONS. 






SHEAR CENTER. 


listed in last row in Table A15.4: - 


M = +(-11.31 +3.57 - 1.33 - 1.17 - 2,88 - 9.07 
~ 4.27 -5.04+5.55 + 22.51) 2x25 =-520 


Total Moment = 175000 + 22520 - 520 = 187000 
hence X = 197000 /8750 = 22.5 in., which equals 
the distance from left end of beam to shear 
center location. 


Referring to the final shear flow values 
in Table A15.57, it will be noticed that the 
final results are not much different from the 
assumed static shear flows with the possible 
exception of the two end webs. If we had 
assumed all the webs cut except one to form the 
static condition, then Table A1S.4 would have 
required several times as many carry ‘over cycles 
to obtain the same accuracy of final results. 


A15,14 Use of Successive Approximation Method for Multiple 
Cell Beams when Subjected to Combined Bending and 
Torsional Loads, 


The internal shear flow resisting force 
system for a beam subjected to bending and twist- 
ing loads at the same time is carried out in two 
distinct steps and the results are added to 
given the true final shear flow system. First, 
the shear flow resisting system is found for 
being without twist as was explained in this 
chapter, The results of this first step locates 
the shear center. The external load system is 
then transferred to the sheat center, which 
normally would produce a torsional moment about 
the shear center. The internal resisting shear 
flow system to balance this torsional moment is 
then handled by the successive approximation 
method as explained and illustrated in detail 
in Art. A6.13 of Chapter A6. 


A15.15 Shear Flow in Cellular Beams with Variable Moment 
of Inertia. 


The previous part of this chapter dealt 
entirely with beams of constant moment of iner- 
tia along the flange direction. In airplane 
wing and fuselage structures, the common case 
is a beam of non-uniform section in the flange 
direction. In cases where the change of the 
cross-sectional areas is fairly well distributed 
between the various flange members which make up 
the beam cross section, the shear flow results 
as given by the solution for beams of constant 
moment of inertia are not much in error. For 
beams where this is not the case, the shear flow 
results may be considerably different from the 
actual shear flows. This fact will be illus- 
trated later by the solution of a few example 
problems. 


A15,16 The Determination of the Flexural Shear Flow 


Distribution by Considering the Changes in Flange 
Loads. (The AP Method. ) 


Fig. AlS.S8 shows a single cell distributed 
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flange beam. Consider the beam acts as a canti- 
lever beam with the bending moment existing at 
section (A) being greater than that existing at 
section (B) and that the bending moment produces 
compression on the upper surface. By the use of 
the flexural stress equations, the bending 
stress on each stringer can be found, which if 
multiplied by the stringer area gives the 
stringer axial load. Thus at beam section (B), 
let P,, P,, P,, etc. represent the axial loads 
due to a bending moment M. The external bending 






Fig. A15-58 


Fig. A15-59 


Fig. Al5-60 


Fig. Al5-61 


moment at section (A) 1s M + AM, hence the 
stringer axial loads at section (A) will equal 
P, + aP,, P, + AP,, P, + AP, etc. These 
Stringer axial loads are shown on Fig. A1S.58. 


Imagine the upper sheet panel 2, 2', 3, 
3' 1s cut along line (a-a). Furthermore con- 
sider stringer number (3) cut out and shown as 
a free body in Fig. A1l5.59. Let dy de the 
average Shear flow per inch over the distance 
don the sheet edge bb. It has been assumed 
positive relative to sense along y axis. 


For equilibrium of this free body, 
aFy = 0, hence 4P, + ayd =0 
whence dy = - aP/a 


For a free body including two stringers or 





flange members, see Fig. AlS.60. Again IFry = 0, 


whence AP, + AP, + ay =0 
(AP, + AP,) 


= -sSaa 
or dy a ‘ 


Therefore starting at any place where the 


value of ay is known, the change in the average 
shear flow to some other section equals 
4p 
Oy s8 S52 Sas SiS Ss Soke esas (1) 


If the summation is started where dy 1s zero 
then equation (1) will give the true average 
shear flow ay 


Fig. 415.61 shows sheet panel (3,3',4,4') 
isolated as a free body. Taking moments about 
corner 4' and equating to zero for equilibriwm, 

mM: = AUF yo qxbd = 0 


‘+ 


whence, gy = AP,/d ~------- 

Thus for rectangular sheet panels between 
flange members the shear flow qy or q, equals 
the average shear ay: 


The same rules as previously presented to 
determine the sense of qy or qg after having ay 
can be used and will not be repeated here. 


To show that equation (1) reduces to the 
shear flow equation previously derived and used, 
consider a beam with constant cross-section and 
take a beam length d = 1 inch. Then, 


iM = Vyd = VZ(1) = Vy 


ap =z, stay 


r (where A = area of 
x ly : 


stringer ) 
From equation (1) dy = - 24P 
Substituting value of AP found above, 


---e+- (3) which is the 
shear flow equation previously derived for beams 
with constant moment of inertia. 


Al5.17 Example Problem toe Compare Results in Using 
Equations (1) and (3). 


Fig. Al5.62 shows a square single cell bean 
with six flange stringers. Between points B and 
C, the beam has 4 constant flange section which 
is shown in Section B-B. The numerals beside 
each stringer represent the area of the stringer. 
Between points B and D, the flange material 
tapers uniformly with the flange material at 
point A as indicated in Section A-A. It should 
be noticed that the increase in flange area is 
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SHEAR CENTER. 





19008 1000# 





1 ro 
pares 
SECTION A-A SECTION B-B TO ge 
1,2 5x52x2= 250in# Ix 3x5¢x2= 150in 

Fig. A15-62 
obtained by increasing only corner stringers b 
and c. The shear flow on section A-A will be 
computed using equation (3) which applies only 
to beams with constant section and also by 
equation (1) which applies to beams with vary- 
ing moment of inertia. 
Solution 1. Using Shear Flow Equation for 
Beams of Constant Cross-Section. 


(Equation 3) 


Since qy at any point on the ceil is un- 
known, it wilt be assumed that the upper sur- 
face on Section A~A is cut through the midpoint 
of flange stringer (a), thus making the shear 
flow qy equal to zero on this free surface. 
One-half of stringer (a) thus acts with each 
side of the top surface. In this solution the 
webs and walls will be. assumed ineffective in 
resisting bending stresses, thus the shear flow 
is constant between adjacent stringers. 


Starting at midpoint of stringer (a) and 
going counter-clockwise around cell, 


qd = 0 (assumed cut) 





V; 1000 
se IZA 3 - x5x0.5=-10 lb/in 
ac es aso 
dca = -10 
1000 
Geo! * -10- 350 x5x2=-~ SO lb/in. 


Proceeding around the cell the balance of the 
Shear flow could be calculaved, but due to sym- 
metry enough values have been found for the 
shear flow to draw the complete shear flow pic- 
ture for bending about the X axis when it is 
assumed that one-half of the area of stringer 
(a) acts with each adjacent wed. Fig. Al5.63 
Shows the resulting shear flow diagram. The 
resultant of this shear flow pattern is a 

1000 1b. force in the Z direction and its 
location through the midpoint of the box since 
the flow ts symmetrical. The external load of | 
1000 1b, also acts through the midpoint of the 
cell hence the external load ts in equilibrium | 


with the shear flow system of Fig. A15.63, which 
therefore is the final shear flow system for 
this method of solution. 





2 Fle 
7 eo 
“A, As 

A 3 

Fig. Al5-83 Fig. Al5~64 


Solution No. 2. 


Considering AP Loads in Flange 
Stringers. (Squation 1) 


1000 x 50 = 50000 
in.lb, 
1000 x 30 = 30000 
in.1b. 


Bending moment at section AA = 


Bending moment at section BB = 


Considering Section B-B: 
Bending stress intensity at midpoint of 
stringers by the flexural formula: 


Oy 2% ss 


150 


Axial load in each of the stringers a, b, and 
e = 1000 x 1 = 1000 lb. 


1000 psi. 


Considering Section A-A: 


Op 3-9 = SOAS = 1000 pss. 


Axial load in stringer (a) = 1000x1 = 1000 lb. 


Axial load in stringer (b) or (c) = 1000x2 = 
2000 1b. 


These resulting axial loads are shown act- 
ing on the portion between points A and B in Fig, 
A15.65, which equals the results as shown in Fig. 
A1S.66. 





Fig. A15-65 *, 


Fig. A15-66 


Having found tne AP flange loads over a 
length (d) of 20", the shear flow can be com- 
puted by equation (1). 


It will be assumed that one-half of the AP 
load in stringer (a) will flow to each adjacent 
wet. However, there is no 4P load in stringer 
(a) hence dap = Qag = 0. Then from equation (1), 


Mp = o~z Pes 0-280 = ~ 80 lb./in. 
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1000 _ 
20 


Qprat = -50+ 2-280 = -50- 0 


Due to symmetry the left side of cell would 
give the same results. The results are plotted 
in Pig. Al5.64. Since the increase in section 
moment of inertia between beam points B and A is 
increasing at the same rate as the external 
bending moment, the average shear of 50 1b./in. 
is constant between the two beam section A and 
B. Comparing Figs. 63 and 64, we find the 
first method gives a shear flow of 10 1b./in. 
in the top and bottom webs, whereas actually it 
is zero, This seems reasonable since the entire 
increase of flange area was placed in stringers 
bd and c. 


Example Problem No. 2 


The same beam as in Problem 1 will be used 
except that the cross-sections at beam points B 
and A are as shown in Fig. AlS.67. The increase 
in flange area between beam points B and A has 
been placed entirely in stringer (a) which 
changes from 1 sq. in. at B to 3 sq. in. at A. 


Section 
BeB 


Fig. Al5-67 





The results of using equations (3) and 
(L} relative to the shear flow pattern are 
given in Figs. Al5.68 and Al5.69 respectively. 
(The student should check these results.) It 
should be noticed that the true shear flow is 
greater in the top and bottom skin than that 
given by equation (1) which applies only for 
beams of constant cross-section. 





Fig. A15-68 Fig. A15-69 


A15.18 Shear Flow in Tapered Sheet Panel. 


Major atreraft structural units such as 
the wing, fuselage, etc., are tapered in both 
plan form and depth and therefore the sheet 
panels between flange members usually are 
tapered in width. Fig. AlS.70 shows a canti- 
lever beam tapered in depth and carrying a 
load V at its end. The flange reactions at 
the left end have been found by statics. A 
free body diagram of the web is shown in Fig. 
Al5.71. Take moments about point (0) and 
equate to zero. 


va 
™M, +(#) b, - 4,2,d 50 





Fig, Al5-71 
whence q. 


But V = 
dD. 2 
a (yo 
From Fig. Als.71 
=_V¥ .4,d db 
= =p , hence a, = 3h. 
Sa By a 7 + a 
Substituting value of q in (4) 


eae 


Thus having the shear flow on the stringer 
edge of the sheet panel, the shear flow on the 
large end of the tapered panel can be found by 
equation (5). 


A15.19 Example Problem of Shear Flow in Tapered 
Multiple Flange Singie Cell Beam. 


Fig. AlS.72 shows a tapered single cell 
beam with 6 spanwise stringers or flange members. 
The beam is loaded by a 1000 1b. load located as 
shown. Assuming the webs ineffective in bending 
the internal resisting shear flow pattern will 
be determined. 


In this solution the shear flow at Station 
120 will be determined by considering the 4P 
flange loads over a length of 30" or between 
Stations 90 and 120, 


Consider section at Station 120:- 


Bending stress Ip aC: = TOOO ZO XS. alex 


T= 150 = 1833.33 


psi. 


The horizontal component of the axial load 
in a stringer equals oyA (where A = area of the 
stringer). 


/ LC 
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Fig. AL5-72 


Par 





f-}-——— 120" 


Sec. Sta, 120 


hence, the horizontal components, of stringer 
loads are, 


Pa = 4 x 1333.33 = $333.33 1b. 
Py = 3 x 1333.33 = 4000 lb. 
Po = 2 x 1383.23 = 2666.7 1b. 


Consider beam section at Station 90:- 


1000 x 90 x 4.25 
271 


hence stringer loads are, 





Oy = = 1411.5 pst. 


Pa = 3.25x 1411.5 = 4587.4 
Py = 2.50x1411.5 = 3528.7 
Po = 1.75x1411.5 = 2470.1 


n 
a 


The change in axial load AP in the 
Stringers between stations 90 and 120 equals 
the difference between the above loads, whence 


QP, = 746, APy = 471, AP, = 196.6 


Fig. A15.73 shows these AP loads acting 
as wing portion. Since shear flow is unknown 
at any point, assume q equals zero in web aa’. 
The average shear flow in each sheet panel 
over a length d = 30 inches.can now be calcu~ 
lated by using equation (1). 


ZAP 


dy = data ~~T>» Agrg = 0 (assumed) 


29-746. 
Wy (ap) = 0 -—gg- = - 24.87 1b. /in. 


Fig. Al5-73 





IN CLOSED THIN-WALLED SECTIONS. 





SHEAR CENTER. 











Since panel ab is tapered in width from 6° 
at station 120 to 5.5" at station 90, the shear 
flow %X (ap) at station 120 can be found from 


equation (5). 


8x (ap) = - 24.87x5.5/6 = - 23.2 lb./in. 
FY (pe) = - 24.87 - 471/30 = - 40.57 

9x(pe) = - 40.57x5.5/6 = - 37.2 

WY (ee) = - 40.57-196.6/30 = - 47.12 
Geet) 3 - 47,.12x8.5/10 = - 40.0 lb./in. 


Since the 4P loads are the same on the 
lower stringers but tension the shear flow cal- 
culations if continued would give the same 
values as found on the top surface. Pig. A1S.74 
shows the shear flow pattern on station 120. 


IN PLANE FORCES PRODUCED BY INCLINATION 
OF FLANGE MEMBERS 





Since the box tapers in depth and width, the 
flange stringers are not normal to section 120, 
thus X and Z force components are produced on 
section by the stringer loads. 


These in plane force components are:- 
For stringers a and a', 


Py = 5333.33 x2/120 = 88.9 lb. 
Pz = 5333.33 x 3/120 = 133.3 lb. 


a 


For stringers b and b’, 


Py = 4000 x 0/120 
Pz = 4000x3/120 = 100 1b. 


u 
o 


For stringers c andc', 


Py 5 2666.7*2/120 = 44.4 lb, 


P, 2666.7 X3/120 = 66.7 lb. 


*Z 


Fig. AlS.74 shows these in plane force 
components due to the flange axial loads. 
10004 
133.3 4 199 
+3 


Pad tt 


88.9. 





Fig. Al5-74 











ANALYSIS AND DESIGN OF FLIGHT VEHICLE STRUCTURES 





The forces in Fig. Al5.74 will be checked 
for equilibrium. 


aF, = 1000 -266.6 ~200-133.4-10x40= 0 
2Fy = 0 by observation. 
Take moments about stringer (a), 


mM, =-3x 1000 + 200x6+133.4x12+10x40 
X 12+ (+88.9 -44.4)10+23.2x6x10 
+37.2x6x10 = 8670 in.1b. 


For equilibrium a 
moment of -8670 1s 
needed, which is 
provided by a constant 
Shear flow q = M/2aA > 
-8670/240 = ~36.1 1b./in. 
Adding this constant 
shear flow to that of 
Fig. AlS.74 gives the 
final shear flow as 
shown in Fig. A1S.75. 





Fig. Al5=75 


Solution No, 2 


This same beam and loading will now be 
Solved using the shear flow equation derived 
for beams of constant cross-section. 


Since the stringers are not perpendicular 
to the beam cross-section they have a z force 
component which thus assists in carrying the 
external shear load in the z direction. These 
Pz components at station 120 have been calcu- 
lated in the other-solution. 


BP, *~ (2x133.3+2x100+2x66.7)=-600 1b 


Total Vz (external) = 1000 lb. 


Let Va, 
cell walis, 


net) be shear load to be taken by 


Vernet) = Ye-2Pz = 1000-600 = 400 1b. 


Calculation of static shear flow assuming 
q in sheet panel aa” is zero. 


yap) = 2(net) aza = “2x sxazi7s 
Tx 450 lb. in. 


This corresponds to value of 23.2 in 
previous solution (see Fig. AlS.74). 


< 400 7 
I ye) = 17.8 +75gx5x3 = 31.1 1lb./in. 
As compared to 37.2 in Fig. Al5.74. 
Q(gg1) F SLeL +29 x8x2 = 40.0 d.1n. 


which is the same as in Fig. A15.74. 


abe 
tE> 
te Fig. A15-79 
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Taking moments about point a of the forces 
in Fig. AlS.74 but replacing the shear flows in 
the top and bottom panels by the values found 
above, we would obtain an unbalanced moment of 
7970 in.1b. instead of 8670 previously found. 
The correcting shear flow would then be g = 
-7970/240 = -33.2 instead of ~36.1 as previously 
found. The final shear flow pattern would be 
as shown in Fig. Al5.76, which values should be 
compared to those in Fig. Al5.75. 


Fig. Al5-76 





Al15. 20 Problems 


1000 c - 2000 Ib, 
1atefe— 127 









Fig. Al5-77 


Fig. A15-78 


(1) Determine the resisting shear flow pattern 
for the loaded single cell beam as shown in 
Fig. Al5.77. Assume load P 3 zero in this 
problem, Assume all material effective in bend- 
ing. Make two solutions, one of them involving 
the use of the shear center. 


(2) Same as problem (1) but add load P = 1000 1b. 
(3) Pig. AlS.78 shows an unsymmetrical single 
cell beam loaded as shown. Assume all material 


effective in bending. Determine resisting shear 
flow diagram. 500 tb 


400 Ib. 
be 
a 


Fig. 
a" 15-80 


4 sq. in. 





(4) Figs. A15.79 and A15.80 show two loaded 
single cell - 2 flange beams. Assume the flanges 
develop all the bending resistance. Determine 
the shear flow resisting pattern by two solu- 
tions, namely, witnout and with use of shear 
center. 


(S) Fig. AlS.81 shows a single cell - 3 flange 
beam subjected to loads as shown. Assume the 3 
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flanges develop the entire bending resistance. 
Determine the internal shear flow resisting 
system. 

300 lb. 
100 Ib. ie 





Fig. Al5-81 


Fig. A15-82 


(6) Find shear center location for beam in 
Fig. AlS.81 if the 3 flanges provide the entire 
bending resistance. 


(7) Find the internal resisting shear flow 
pattern for the 3 flange~single cell beam of 
Fig. Al5.82. Assume webs or walls ineffective 
in bending. 


(8) Determine shear center location for beam 
of Pig. Al5.82. Webs and walls are ineffective 
in bending. 


{ 2000# 


Top Skin .03 


Fig. A15-83 
Bottom Skin .03 


3 4 
ee 6 panels at 5'' = 30" — 


(9) Fig. Al5.83 shows a multiple flange-single 
cell beam section. Find resisting shear flow 
System if webs and skin are ineffective in 
resisting bending stresses, All skin flange 
members have area of 0.1 sq. in. each. 





(10) Find shear center location for beam 
section in Fig. Al5.83, if webs and skin are 
ineffective in bending. 


pe Ib. 





3 
5 

All flange areas 
5" 20.1 sq. in. 
§" each, Skin 


5: thickness = .035 


Pig. A15-84 


IN CLOSED THIN-WALLED SECTIONS, 


SHEAR CENTER. 


(11) Pig. Al5.84 shows a multiple flange-circu- 
lar beam section. Find the resisting shear 
flow pattern when carrying the external shear 
load of S000 1b. as located in figure. Assume 
cell skin ineffective in resisting beam bending 
stresses. 


1000 tb. 
t V= 3000 lb, 


fore lb, 0.5 a 
Fr my 
15” 

As 
piosaoy 


Fig. Al5-85 





4 panels a 5" = 20" 


Fig, Al5-86 


(12) Determine the shear flow resisting system 
for the beam section of Fig. Al5.85. The 6 
flanges have areas of 0.2 sq. in. each. Skin 
is ,032 thickness. Assume skin ineffective in 
bending. 


(13) Find the shear flow resisting system for 
the unsymmetrical beam section in Fig. Al5.86. 
Flange areas and skin thicknesses are given on 
figure. Assume skin ineffective in bending. 


(14) Determine shear center location for beam 
section in Fig. A15.86. 













500 1b. 
ee 10008 * 
oF i 
.05 
ar 02 
05 
}—1 9 : 
Fig. A15-87 Fig. Al5-88 


(15) Fig. Al15.87 shows a 2 cell beam section. 
Consider all material effective in resisting 
bending stresses. For the given beam loading 
determine the internal resisting shear flow 
system. 


(16) Find shear center location for beam section 
in Fig. Al5.87. All material effective in bend- 
ing. 


(17) For the 2 flange-2 cell beam in Fig. A15.88, 
determine the resisting shear flow pattern when 
beam section is loaded as shown. Webs are in- 
effective in bending. 


(18) Fig. Al5.89 shows a 4 cell beam section 
with 6 flange members. Assume walls and webs 
ineffective in bending. 


(a) As a first problem assume that the lert 
and right curved sheet panels are removed, 
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yan gar ger 








04) Cell ; .03 





‘[s" 5a" gor 


12 —— an 
Fig. A15-89 


leaving a 2 cell beam section. Find the 
resisting shear flow system under the 
given loading. 


(b) Now add the left curved sheet to form 
cell (1) thus giving a 3 cell beam. Find 
shear flow system. 


(c) Now add the right curved sheet to 
form cell (4), thus giving a 4 cell beam 
section. Find the shear flow system. 


a 2000 1b. 
Fig. Al5-90 


ee 04 
3 [05 |.05 Los 104 Lo¢ |.o3 \.03 |.04 +04 
' i 


Bottom Skin .04 
10 panels a 6" = 60" 





.05 05 (6" 
= 





(19) Pig. Al5.90 shows a 10 cell multiple 
flange beam section. Area of each of the 22 
flange members equal 0.3 sq. in. Assume webs 
and skin ineffective in resisting bending 
stresses. Find internal resisting shear flow 
system for 2000 lb. shear load acting through 
shear center of beam section. Find location 
of shear center. For solution use method of 
successive approximation. 


0.1 08 

ii = 
O.t 208 
T ceils a 6" = 42" 


Fig. A15-91 


(20) Find the shear center for the 7 cell beam 
section of Fig. Al5.91 for bending about xx 
axis without twist. All beam material effect- 
ive in .ending. For solution use method of 
successive approximation. 


(21) Pig. Al5.92 shows a single cell-6 flange 
tapered beam carrying a 1000 1b. load as shown. 
Calculate resisting shear ?low pattern at 
section A~A by two methods. (1) By AP method 
over a distance of 20 inches between sections 
A-A and B-3, and (2) By using general shear 


flow equation for 
beams of constant 
section. Compare 

the results. All six 
flange members have 
0.2 sq. in. area 
each at section A~A 
and taken uniformly 
to 0.1 sq. in. at 
end C-C, 


Li oe 
. ab 
+ Bot Se 
Le seed AnglB Te 
_—120"-—__1 


(22) Add two interfor webs to the beam of Fig. 
A15.92, connecting flange members a-a” and b-b", 
thus making it a 3 cell beam. Find the shear 
flow resisting pattern at section A-A by the 

4P method. 






Fig, A15-92 


B ,s004 400%, 


Loo 





A 
L. ed — al 
Fig. A15-93 


(23) Fig. Al5.93 shows a circular single cell 
beam with 8 flange members. The area of each 
flange member is 0.1 sq. in. throughout the beam 
length. For the given 400 lb. external loading 
determine the resisting shear flow pattern at 
section A-A using the AP method over a distance 
of 25 inches between sections A-A and B~B. 
Assume cell wall ineffective in resisting bend- 
ing stresses. 
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CHAPTER A-16 


MEMBRANE STRESSES IN PRESSURE VESSELS 
ALFRED F. SCHMITT 


Al16.1 Introduction. 

The structural designer is often called 
upon to develop a vessel which is to contain a 
fluid under pressure. Occasionally the design 
of such a vessel is not critical from either a 
weight or shape standpoint and almost any suit- 
ably strong sealed vessel will suffice. More 
often, the strength, weight and form of such a 
unit are closely prescribed and rigidly con- 
trolled. Thus, the pressurized cabin of a 
modern aircraft is a sealed pressure vessel con- 
taining an atmosphere at near sea level pres- 
sures and whose functional requirements tnclude: 


i - the transmittal of heavy loads from 
the tail surfaces and from internal dead loads, 


ii - the necessity for nonstructural cut- 
outs for doors and windows, 


{11 - an efficient shape from both the aero- 
dynamic and space utilization points of view, 


iv - a minimum of weight. 


Structurally, the most efficient form of 
pressure vessel {S one in which the lateral 
pressures are supported by tensile stresses 
alone in the curved walls of the vessel. Sx- 
amples of such shapes are those assumed >y 
pressurized rubber balloons and canvas fire 
hoses and by the free surface of a drop of 
water (in which the surface tension forces pro- 
vide the support). The walls of these vessels 
have zero bending stiffnesses and hence have the 
properties of a membrane. The stresses develop- 
ed, lying wholly in tangential directions at 
each point, are called membrane stresses. 

In shells of technical importance, the 
walls do, of course, have some bending stiffness 
and hence may carry some transverse loadings by 
flexural stresses. Indeed, the boundary con- 
ditions imposed on the.shell may be such as to 
necessitate some localized bending near edges 
and seams. An efficient pressure vessel design 
is one in which the configuration minimizes these’ 
departures from a true membrane stress system, 
i.e., minimizes the degree of local bending 
stresses induced. 


Al6.2 Membrane Equations of Equilibrium: Shells of 
Revolution Under Rotationally Symmetric Pressure 
Loadings. . 
Consider the equilibrium of a differential 

element cut from the shell of revolution of Fig. 

Al6-1. (The figure is drawn to resemble a 

familiar folding paper Christmas bell, since 

Such an object may aid in visualization.) The 

element is cut out by the intersection of a pair 


of adjacent meridian curves and a pair of ad- 
jacent parallels. 





Fig. Al6.1 


The radii Ry and Ry shown on the figure 
are found by erecting local normals to the sur- 
face of the element at its corners. Ry is the 
radius of curvature of the meridian curve: it 
may be either positive (inward pointing), nega~ 
tive (outward pointing as in Fig. Al6-1), or in- 
finite (at inflection points or straight-line 
meridian segments). Ry is the radius of curva- 
ture of the section normal to the meridian 
curve. For simple forms of pressure vessel Rt 
is always positive; all radii Ry point inward 
and intersect the axis 0-0, although not gen- 
erally normal to 0-0 (see radius Ry erected from 
point C of Fig. Al6-1). 

Fig. Al6-2 is a detail of the surface ele- 
ment. The forces per unit length* in the merid- 
ional and tangential directions are denoted by 
Ny and Ne, respectively. Shear stresses are 


tthttt 
~ 


-_ 
o 
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Fig. Al6.2 


R. 
* 
* Hereatter referred to as "stresses" although their 
units are pounds per inch rather than psi, 


Al6.1 








Al6, 2 






absent due to the symmetry o Me 
included angles between the pairs of meridional 
and tamgential forces are dsy/Rm and dst/Rr, 
respectively. 

Summing forces normal to the differential 
element, one has 





ds dst 
ds¢ Nn Got d8n Ne Ge = P dsm OSt 


Be 
or, 
Mag Ne ep ise ere Sere tee Ss 2he = Q) 
Ro Re 


Here p is the internal pressure, positive out- 
ward. Note that the shell wall thickness does 
not enter eq. (1). The pressure p may vary in 
the meridional direction but is constant in the 
tangential direction by hypothesis (rotational 
symmetry assumed). 

Eq. (1) 1s one equation containing two un~ 
knowns. Another equation may be obtained by the 
condition of equilibrium of a portion of the 
shell above or below a parallel circle. Thus in 
Fig. Al6-3, the pressures acting downward on the 
lower portion of the shell are equilibrated by 
the upward vertical components of the meridional 
stresses, Ny. 





Fig. A16.3 


Summing forces vertically 


pn (Ry sin $)* 22 n (Ry sin >) N, sin > 


Solving, 


Eqs. (1) and (2) determine completely the 
membrane stress state in the rotationally sym- 
metric shell problem: the problem is thus seen 
to be statically determinate. 

We note that eq. (2) should not be used in 
cases of hydrostatic oressure loadings. The 
basic concept 1s that of shell equilibrium, and 
consequently for this class of problems the 
manner of shell support must be considered. 
Thus, in the tank of Fig. Al6é-4a, the upper cy- 
lindrical portion requires no meridional stress- 
es since the load is reacted at the supporting 
ring 0-0. (In these analyses the structural 


weight, which always requires some stresses for 
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its support, is neglected.) In the lower hem- 





Fig. Al6. 4a 


Fig. A16. 4b 


ispherical portion meridional stresses are re- 
quired as shown in Fig. Al6é-4b. Hence, in this 
class of problems it is best to derive the nec- 
essary second equilibrium equation (correspond- 
ing to eq. 2) by considering the individual 
characteristics of the structure. 


A16.3 Applications to Simple Pressure Vessels. 


Example Problem 1 

Determine the membrane stresses in a cylin~ 
drical pressure vessel of circular cross section 
(radius Ro), having hemispherical ends, 1f the 
internal gas pressure is p, Also find the 
greatest combined normal stress. 





Fig. Al6.5 


SOLUTION: 


In the hemispherical ends Ny = Ny by 
symmetry and, of course, Ry = Ry = Ro. 
Hence eq. (1) is sufficient to determine the 
stresses in this portion of the structure. One 
has 








Stress = 


In the cylindrical portion the radii are 


Ry = (the curve of Fig. Al6-5 is the meridian 
curve and this is a straight line for 
the cylindrical portion). 


Eq. (1) becomes 
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Ne = p Ro 
R 
stress = Ne = P T° 
t t 


The meridional stress in the cylindrical portion 
is found from eq. (2): 








= D Re 
Xn 2 
R 
Stress = 2-2 
2t 


Since shear stresses are absent everywhere 
in the meridional and tangential directions, 
these are the directions of principle stresses. 
Hence the greatest combined normal stress is 
identically equal to the greatest meridional or 
tangential stress as just computed. It is seen 
to be 


Smax =P Ro/t . 


Example Problem 2. 

an {mportant problem in pressurized cabin 
design concerns the shape of the end bulkheads. 
While hemispherical bulkheads (such as used in 
Example Problem 1) are highly desirable from a 
stress standpoint, such forms are uneconomical 
as regards space utilization. On the other ex- 
treme, a flat bulkhead, while providing far more 
useful volume, cannot resist the pressure load- 
ing by membrane stresses and hence is structur- 
ally inefficient. A compromise configuration is 
that shown in Fig. Al6-6, in which the bulkhead 
is a spherical surface of low curvature, 
("dished head") supporting the pressure loading 
by membrane stresses, A reinforcing ring, 
placed at the seam, resists the radial component 
of these stresses. Problem: find the com- 
pressive load acting in the reinforcing ring. 


Xpcoegd 


i 


My 





Fig. A16.6 


Solution: as shown in the exploded view, Fig. 
Al6-6b0, the radial components of the 2ulkhead 
stresses are resisted by the reinforcing ring, 
the cylinder wall being presumed to offer no 

resistance to concentrated transverse forces. 


For this case > = arc sin se = 21.79. 


From eq. (1), with Ny = Ny = Ny, 


2.7 Ro D 
Ny = ye 
Therefore 


Np cos $ = 2:7 Rep (.929) 


= 1.25 Ro p 


Finally, the compressive ring load, F, is (ref. 
Fig. Al6-6c) 


n 
a= ("1.05 Re p sin One d= 2.5 RED 


° 


In computing reinforcing ring stresses 
from this result it {s necessary to include 
some effective skin from the adjacent shell 
walls when the ring cross sectional area is 
figured. 


Example Problem 3. 

Another form of bulkhead used to close a 
circular pressure cylinder is elliptical in 
section as shown in Fig. Al6-7. Such a bulk- 
head shape provides tangential meridional forces 
at the seam (requiring no reinforcing ring as in 
the last example) and yet is reasonably efficient 
as regards space utilization. Problem: de- 
termine the membrane stresses in such a bulk~ 
head. 





Fig. Al6.7) |x 


Solution: In cartesian coordinates the equation 
of the bulkhead meridian is 

x? a 
Hea 


o 


From the calculus, the radius of curvature of 
this meridian curve is 


: (2 + (&) ea ; (aty? + bta2y8/2 


Rn d*y atb* 
ax? 


Tne radius Rt is found most readily by ob- 
Serving that it is normal to a tangent to the 
meridian curve (see figure). After finding the 


4 


qv 
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slope of the tangent (angle $), one computes 
Ry = x/sin >. The results are 


< o?x 
sin $= age py 


(aty? + p*x)*/? 
MSS pe 


The meridional stress is found from eq. (2) 
Thus, 





R aya 452 )2/a 
= PRt Lp (aty? + b*x*) 
Ny = 25 = 5 > 


Substituting the expressions for Rm, Ry and Np 


into eq. (1) ome finds 
— . (aty* + ptxt)t/s atb? 
Ny =P v7 Lm Satyr oR) 


Of particular interest are the stresses at 
the seam. Here y= 0 and x=a. One finds 


= BA 


Me > 
mead) 


This last result is important since it in- 
dicates that compressive tangential stresses are 
possible if a>bd V2. As will be seen below, 
such a situation is undersirable because of the 
large resultant difference in radial expansions 
between the cylinder and bulkhead (the bulkhead 
actually contracts radially if Ny is negative) 
Producing high secondary bending stresses in the 
vessel walls. 


Example Problem 4. 

Determine the weight per unit length of the 
double-cylinder fuselage cross section as a 
function of the internal pressure, allowable 
stress and the geometric parameters of Fig. 
Al6-8. For structural efficiency it is desired 
to maintain equal membrane stresses in the skin 
and floor. 


Fig. A16,8 


SOLUTION: 


From eq. (1} the "hoop™ loadings in the 
upper and lower cylindrical lobes are 


Ny = PRU 
Np =pRu . 
Summing forces horizontally at the floor joint: 
Nr = p (Ry cos di + Ry COS Ga) 


Assume all stresses are equal and are given by 
Ss. 


sy = 8 = p Ry/ty 
sy =s =p Ri/ty 
spes= 2 (Ry cos a, + Ry COS de) 


Letting the weight density of the material 
be w, the weight per unit length (axially) along 
the cabin is (w times the developed length of 
walls and floor). 


Waw}2 tyay (n+ ai) + 2 tERy (nm ~ aa) 
+2 te Ry sin aa}. 


Solving for the various thicknesses from above 
and substituting, one finds (to obtain a result 
symmetric in appearance use was made of the 
fact that Ry sin a. = Ry, sin de) 


= BP tng 1 
es Rg (xn - as + 3 sin 2 a o 


Re (r - os + 3 sin 2 4) 


Since one may show that the cross sectional area of this 
fuselage is 


AsRO(.- ais gain 2a.) + RE fr - on +9 sin 2as), 


an important consequence of this calculation is that the ratio 
of shell weight to shell volume is 





and is therefore independent of the combinations of Ry, Ri, 
G,andQ@, used. The designer is thus free to choose these 
shape parameters so as to satisfy other requirements. 


Example Problem 5. 

Determine the membrane stresses in a 
conical vessel of height h and half apex angle 
a. The cone forms the bottom of a large vessel 
filled with 2 liquid of specific weight w and 
having a head of liquid H above the cone. The 
complete unit is supported from above. 
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Fig. A16.9 





SOLUTION: 


The meridian curve of the cone has a 
radius of curvature Rq =Seand, at any point a 
distance y down from the top of the cone, the 
radius Ry is 


= (h-y) tana 


Re cos a 


Then from eq. 1, at any level y 


w (H+ y) (n+ y) tana 


Ne =p Be = cos a 


To find the meridional stresses Ny in the 
cone, the equilibrium of a segment of height 
n- y is considered (Fig. Al6-Sb). Summing 
forces vertically, 


Ny + 27 (h - y) tan a cosa = 
n(n -y)* tan *a+w (H+ y) + 


+wH (nh ~y)* tan*a + (hy) 


Solving 


w tana 


my ge in-n[aryega-y] 





Al8.4 Displacements, Boundary Conditions and Local 

Bending in Thin Walled Shells. 

It is appropriate at this point to examine 
some of the forezoing illustrative cases to de- 
termine whether or not the membrane stresses 
computed gave setisfactorily accurate measures 
of the shell stresses. Anticipating the answer, 
we State that, while the membrane analysis will 
give the primary stress system in a shell~like 
pressure vessel, a careful (and often lengthy) 
analysis of induced bending caused by boundary 
effects will reveal localized secondary stress 
peaks. In static strength analyses of properly 
designed* vessels it is the practice to neglect 





*yarious codes and standards give proportions of common 
vessels which will correctly limit secondary stresses. 
See for example reference (1). 





these secondary stress peaks, arguing that local 
yielding of the material will level them out. 
However, such stress peaks may prove to be of 
great importance in cases of repeated loadings 
wherein fatigue failure is considered likely. 

To point up the major weakness in the mem- 
brane analysis one need only compute the radial 
displacements in the two different elements that 
make up the pressure vessel of Fig. Al6-5, viz., 
the cylinder and the hemispherical bulkhead. By 
Hooke’s law, the tangential strain in the cyl~ 
inder is 


(p = Poisson’s 


ex: 
Stey, = 8 (St -H Sm) Patio, = .3 for 


aluminum) 
a BRei(pe ¢) = a5 BR 
gt e Et 


By integration the radial displacement of any 
point on the cylinder is seen to be (ref. Fig. 
Al6=10). 





Vv, 
fee Sey. = Etgyz, 608 9 R.de = 
° 
R? 
Fig. A16. 10 +85 = 


Adjacent to the seam, the tangential strain 
in the hemispherical bulkhead is 


wee yy) = a5 Fe 
“tpixHD ~ apn 7 PRE 





Hence, by integration 


R 
= ps 
Spixnp = +35 “Ep 





Thus the cylinder tends to expand more than 
the bulkhead - a situation prevented by the seam 
between these elements. It follows then that 
the seam experiences a transverse shearing action 
as indicated in Fig. Al6-1l. These shear forces 
in turn produce bending moments in the shell 
wall as shown on the figure. 





Fig. Al6.11 








Al6.6 


While it is not our purpose here to take up shell bending 
in detail, some indication of the character and magnitude of 
these bending stresses should be available to place them in 
proper perspective. The most striking thing about these wali 
moments is that they are quickly damped out, becoming neg- 
ligibly small (down to 1% of their maximum value) at a distance 
of about 4/Rot from the seam. Thus, for an imstance, ina 
circular cylindrical sheil of 40" radius and . 065" wall thick- 
ness, these moments are so damped at 6.5" from the seam. 


The next important consideration is an appreciation of 
the magnitude of these secondary bending stresses. For the 
case of the pressure vessel of Fig. Ai6-5, the meridional 
stresses are increased about 30% at the point of maximum 
moment, while the tangential stresses are increased only 
about 3%. Fortunately, in this class of vessel, the tangential 
stresses are the ones designed by (they are twice as great as 
the meridional stresses) and hence the secondary stresses 
have little importance for this case {see Chap. 11, pp. 389-422 
of reference 2), In other configurations one is not always so 
fortunate, and detailed anaiysis may be required. (see refer- 
ences 3, 4, 5 and 6). 

The situation at the seam of the above 
vessel is typical of many seams or boundaries 
where elements are joined which would experience 
different expansions if loaded separately. 

Among such seams and boundaries are those: 


4 - where the meridional curvature changes 
abruptly. It changes from Ry = Ro 
to Ry =e at the seam in Fig. Alé-5. 

11 = where a sudden change in direction of 
the meridian curve cecurs. In Hxample 
Problem 5, above, considerable shell 
wall bending would be induced near the 
seam. In fact, a reinforcing ring 
would probably have to be added at the 
seam as was done in Example Problem 2, 
above.* 

iii - at which structural members of differ- 
ent stiffnesses and different loadings 
join. In Example Problem 2, the cyl- 
inder tends to expand the most, the 
bulkhead quite a bit less and the re- 
inforcing ring, being loaded in com- 
pression, tends to contract. Other 
seams and/or boundaries of this type 
are those where an abrupt change in 
shell wall thickness occurs (addition 
of a doubler) or where a shell is fast- 
ened into a foundation. 


Good design tends to minimize the magnitude 
of the secondary bending stresses by avoiding 
combinations of elements which would have highly 
incompatible distortions. Thus, the analysis of 
Example Problem 3 shows that if one closes a 
circular pressure cylinder with an elliptical 
bulkhead in which a = 2 b, compressive tangen- 
tial stresses would develop in the bulkhead. In 
such a case the bulkhead would tend to contract 
radially while the main cylinder would tend to 
expand as always. Thus, the shear and induced 
moment at the seam would be aggravated, produc- 
ing (as it happens) a tangential maximm stress 





* certain details of the design of such reinforcing rings are 
given in the codes and standards. 
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13% above the membrane stress (as against only 
3% above for the hemispherical bulkhead} (ref- 
erence 2, p. 410). For this type of bulkhead, 
boiler codes sometimes permit 4 ratio of a/b as 
high as 2.6, however. 


Al6.4 Special Probiems in Pressurized Cabin Stress 

Analysis. 

Because of functional requirements over 
and above those of a simple oressure vessel, 
the pressurized cabin shell of an airplane nas 
@ mumber of stress analysis problems pecullar 
to its configuration. Several of the more 
general of these will be considered ‘ere. 


DISTRIBUTION OF STRESSES BETWEEN SHELL 
AND STRINGERS, 


To stabilize the shell wall in transmitt- 
ing heavy tail loads through the fuselage, 
longitudinal stringers are added. These 
same stringers will also help to carry the 
meridional pressure loads. The skin and 
stringers must, of course, have equal strains 
in the longituditudinal directions but, because 
the skin is in a two-dimensional state of stress, 
they cannot have equal longitudinal stresses: 
hence the following anelysts. 

Let the meridional (longitudinal) stresses 
in the skin and stringers de Sm and s,, respect~ 


ively. st will de the tangential (hoop) stress 
in the skin. From eq. (1) we again have 
= pe 
ps aa 


If N ts the total number of stringers, each of 
cross sectional area Ap, then equilibrium longi- 
tudinally requires 

pnRo =2nR,t S, + NAS. 


The condition of equal longitudinal strain in 
the skin and stringers yields 


He = Sy = Sy - Hy St 


where u is Poisson’s ratio (= .3 for aluminum). 
Solving these three equations one finds 











R, 
sp = BS 
~pR (L+2y0)_pR (1+ .6 a) 
8a “St Tea 7 oe T+ a) 
—~pRe (l-~2u)_ po 4 
SL = "St (+a) a Wa) 


where a = NA; /2n Rot is the ratio of total 

stringer area to skin area. A little study will 
show that t(i + a) is a sort of “effective shell 
wall thickness”: it is the result of taking all 


the cross sectional area (skin plus stringers) 
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and distributing it uniformly around the peri- 
meter. On this basis, the results are a little 
disappointing: the stringers are carrying only 
40% of the stress one might expect if the net 
longitudinal load (p n Rg) were distributed 
evenly over the entire cross sectional area 

(2 nm Rot (1 + a)), 

The meridional skin stresses are reduced by 
the factor (1 + .6 a)/{1 + a) from what they 
would be without the stringers. For structures 
of usual proportions this decrease may amount to 
20 to 30% but clearly can never exceed 40%. In- 
asmuch as the bending stresses due to tail loads 
will be superposed on these pressure membrane 
stresses, the reduction is certainly beneficial*. 


INTERACTION BETWEEN RINGS AND SHELL. 


Because of the necessity for transmitting 
various concentrated loads from within the cabin 
and from the wings and tail to the main shell 
and because it 1s also necessary to provide some 
lateral restraint which will stabilize the 
stringers and skin against an overall instabilit 
failure, the pressurized fuselage of an airplane 
contains a considerable number of rings and 
frames distributed along the length of the shell. 
These rings are seldom, if ever, spaced closely 
enough such that they can be considered effect- 
iva in carrying a part of the hoop stresses (in 
the way the stringers were effective in carrying 
part of the meridional stress). Rather, they 
act more like widely spaced restraining bands 
having the effect shown exaggerated in Pig. 
Al6-12. 


Fig. A16.12 Restraining rings along a press- 
urized tank. The action is representative of a 
fuselage with widely spaced rings inside. 


It 1s obvious that the rings in this case 
will produce secondary bending stresses in the 
skin and hence may have a detrimental effect on 
the simple membrane stress system. Squally 
harmful are the tensile loadings developed in 
the rivets Joining the skin and rings. Detailed 
analyses which will permit quantitative evalu- 





* If one looks at the problem from the point of view of a 
stiffened shell, loaded primarily by bending and shear ioads 
from the tail, on which the pressure membrane loadings are 
to be superposed, an interesting effect appears. Because 
the internal pressure tends to stabilize the curved skin 
panels on the compression side, the effective width of skin 
acting with the stringers is increased. The section proper- 
ties of the cross section may then change in such a way as 
to produce little or no variation in the maximum fiber 
stresses. Indeed, the maximum tensile stresses may actu- 
ally be reduced by the addition of the internal pressure load- 
ing! (see reference 7). 





ations of these effects in a specific case are 
to be found in references 2 (pp. 3595-406), 6 
and 8. 

One proposed solution to the ring-shell 
interaction problem is the floating skin’. 
Basically, the idea is to reduce the radial 
stiffness of the connection between the shell 
and the rings so as to allow the shell to ex- 
pand freely under the pressure loading. The 
connection between ring and skin must still re- 
tain its shear stiffness so that ring loads may 
be transferred to the shell wall by tangential 
shear flows. Fig. A1l6-13 shows the basic idea 
of the radially flexible connection. Many 


ee a ee 


Fig. Al6.13 Ring skin cross 
section showing the action of 
a radially flexible connection. 





variations of this type of "mount" suggests 
themselves, some of which may have merit for 
other reasons. For instance, the transmittal 
of wind and other vibration noise into the 
cabin of a high speed transport is a problem 
which might be treated simultaneously by the 
proper choice of connection between the ring 
and the shell. 


The various cutouts in the shell of a 
pressurized cabin require special considera- 
tion if an excessive weight penalty is to be 
avoided. 

Consider the panei removed from the pres- 


surized cylinder of Fig. Al6~l4a. Following a 
= sat 
vee we BA 
ry “ft 





t 

J 
Fig. Al6, 14 ot 
common practice in dealing with cutouts, we 
determine what forces the panel-to-be-removed 
applies to the main structure around the border 
of the cutout, and then superpose a set of 
equal but opposite, self-equilibrating stresses 
to cancel these. The cutout border is then un- 
stressed and the panel may be removed without 
disturbing the new stress system in the main 
structure. 
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In examining the figure to determine what 
sort of canceling stress system must be supplied, 
we see that the tangential hoop stresses border- 
ing the cutout cannot de canceled by a self- 
equilibrating set since they have a radial com- 
ponent. However, the radial component of these 
stresses will actually be supplied by the door 
or window pressing outward against its frame. 
Hence, it {s only the component of the hoop 
stresses along a chord which need to be canceled 
(Fig. Al6-14b)*. 

The immediate problem becomes one of de- 
signing a structure to effectively support a set 
of uniformly distributed self-equilibrating 
stresses acting in the plane of the chord con- 
necting the upper and lower edges of the opening 
(Fig. Al6-15a). 





Fig. A16.15 


All that appears necessary to support the 
stress system is to provide horizontal headers 
at the top and bottom of the cutout, which, as 
beams, will carry the loads across to the sides 
of the frames where the loads cancel (Fig. Al6- 
15d). For cutouts of usual sizes in pressurized 
fuselages, the stress system to be supported in 
this manner is quite large and it proves un- 
economical to design a single horizontal frame 
member of sufficient bending stiffness to resist 
them. Instead, the shell wall itself is em- 
Ployed to help carry these loads across. The 
skin {s used to form a beam of considerable 
depth, the skin being the web of this beam, with 
the horizontal frame member and one or more 
longitudinals forming the beam flanges (Fig. Alé- 
16¢). 

Because of the heavy shear flows and direct 
stresses developed, the skin is usually doubled 
in this region. Additional stringers may also 
be added to relieve the stresses. The rings 
pordering the cutout (and forming part of the 
frame) are extended some distance above and be- 
low the cutout proper (unless they coincide with 
a regukar ring location, in which case they 
carry all the way around). 


*Clearly one of the design requirements will be to make the 
frame sufficiently stiff in bending against radial forces so 
that the door or window can bear up evenly against the 
frame. 


Fig. Al6-16 shows the typical cutout 
structural arrangement. While analytical 
approaches have been tried, it is probably 
safe to say that the true elastic stress dis- 
tribution in such a configuration cannot be 
computed. The necessity for avoiding nigh 
intensity stress concentrations (with their 
attendant fatigue likelihood) makes empirical 
information most useful in such cases. On 
the other hand, a simple rational analysis, 
based on principles outlined above, will very 
likely suffice for a static strength check and 
for most design purposes. {Also see refersnce 
8, pp. 16-23). 

The above discussion has concentrated 
attention on the problems of carrying the hoop 
stresses around a cutout. The longitudinal 


! pressure stresses, while being smaller them- 


selves, are intensified by dending stresses 
from the tail loads. Hence, the longitudinal 
stresses across the cutout may make this con- 
dition (or the combination) most severe, 





Fig. Al6.16 Structural arrangement 
around a cutout, Most or all of the 
shaded skin area would probably be 
doubled. 


LARGE DEFLECTIONS OF PLANE PANELS; "QUILTING". 


The use of flat skin panels in a pressur- 
ized fuselage cannot always be avoided. Since 
the thin skin has little bending stiffness, it 
cannot support the lateral pressure as a beam 
("plate™, more correctly) and hence must deflect 
to develop some tensile membrane stresses which 
will then carry the loading. The resultant 
bulges of the rectangular skin panels between 
their bordering stiffeners give a "quilted" ap- 
pearance to the surface. 

Even in the case of curved skin panels 
quilting will occur: if the internal stiffening 
framework (transverse rings and frames and 
longitudinal stringers) is relatively rigid and 
is everywhere tightly fastened to the skin, 
then each skin panel is restrained along its 
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four sides (borders) against the radial expan- 
sion normally associated with the shell membrane 
stresses. The result is a sort of three-dimen- 
sional-case of the behavior depicted in Fig. 
Al6-12". ( 

From a structural viewpoint, the unfortun- 
ate aspects of quilting lie in the high concen- 
tration of stresses occurring near the panel 
edges and in the tensile loadings on the rivets 
which join shell to stiffeners. The aerodynan- 
ic characteristics of a quilted surface are 
highly undesirable in a high performance air- 
plane; hence again quilting is to be avoided. 

Computations of stresses in quilted panels, 
inasmuch as they involve large, nonlinear de- 
flections, are difficult. An additional (and 
quite necessary) complication is that of having 
to introduce the stiffness properties of the 
bordering members. The reader is referred to 
Chapter A.17 for a further discussion of the 
problem. A simplified approach, indicative of 
trends, is given there along with further ref- 
erences to the literature. 


A16.5 Shells of Revolution Under Unsymmetrical Loadings. 

Problems in which the shell of revolution 
experiences unsymmetrical loadings are not un- 
cormon in aircraft structural analysis. The 
nose of a fuselage, the external fuel tank and 
the protruding radome are shelis of revolution 
which may be loaded unsymmetrically by external 
aerodynamic pressures. Again, the same external 
fuel tank shell receives an unsymmetric internal 
hydrostatic pressure load from the weight of 
fuel directed normal to the shell axis. 

Because of the unsymmetry of the problem, 
membrane shear stresses are now present and so 
the analyst must solve not two, dut three equa- 
tions in three unknowns (Ng, Ng and Ng). More- 
over, these become differential rather than 
algebraic equations. 

Because the derivation of the differential 
equations of equilibrium is rather lengthy, and 
because their general solution cannot be written 
(rather, only specific solutions for certain 
cases may be be found), no details are repro- 
duced here. The reader is referred to pp. 373- 
379 of reference 2 for the derivation of the 
equations and for an example problem. 


* One design which reauces quilting in the curved skin, 
fastens rings and irames to the inner surface of "hat" section 
stringers only. Thus the ring is not directly fastened to the 
skin which is therefore not continuously restrained around 
each ring circumference. The result is a modified floating 
skin. 
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Section of DC-8 Fuselage being Lowered into Hydrostatic Test Tank. 





CHAPTER A-17 
BENDING OF PLATES 
ALFRED F. SCHMITT 


AI7.1 Introduction. 

It was seen in the last. chapter that thin 
curved shells can resist lateral loadings by 
means of tensile-compressive membrane stresses. 
As will be seen later, thin flat sheets, by de~ 
flecting enough to provide both the necessary 
curvature and stretch, may also develop mem- 
brane stresses to support lateral loads. In the 
analysis of these situations no bending strength 
is presumed in the sheet (membrane theory). 

In contrast to the membrane, the plate is 
a two-dimensional counterpart of the Deam, in 
which transverse loads are resisted by flexural 
and shear stresses, with no direct stresses in 
its middle plane (neutral surface). 

The skin may also be classified as either a 
plate or a membrane depending upon the magnitude 
of transverse deflections under loads. Trans- 
verse deflections of plates are small in compar- 
ison with the plates’ thicknesses - on the order 
or a tenth of the thickness. On the other hand, 
the transverse deflections of a membrane will be 
on the order of ten times its thickness.* 

Unfortunately for the engineers’ attempt at an orderly 
cataloging of problems, most aircraft skins fall between the 
above two extremes and hence behave as plates having some 
membrane stresses. 

Plate bending investigations have for a 
longtime been important in aircraft structural 
analyses in their relation to sheet buckling 
problems, Recently they have assumed new im- 
portance with the introduction of thick skinned 
construction and still more recently with the 
use of very thin low aspect ratio wings and 
control surfaces which behave much like large 
plates, or even are plates in some cases. 

It is the purpose of this chapter to pre- 
sent briefly the classic plate formulas and 
some applications. Appropriate references are 
cited in lieu of an exhaustive treatise, which 
could hardly be presented in one chapter (or 
even one volume) as witness the voluminous 
literature on the subject. 








A17.2 Pilate Bending Equations **. 

Technical literature in this field abounds 
with many excellent and elegant derivations of 
the plate bending equations (references 1 and 2, 
for instance). Rather than labor the subject 


* As will be seen later, the presence or absence of mem-~ 
brane stresses is not wholly dependent upon the magnitude 
of deflections, but is also determined by the form of de- 
flection surface assumed by the sheet (in turn dependent upon 
the shape of boundary and loading). 





**the assumptions implicit in the following analysis are 
spelled out in detail in Art. Al7.5, beiow. 
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with another such, we write the equations down 
by a direct appeal to past experience and 
intuition. 

Fig. Al7-1 shows the differential element 
of a thin, initially flat plate, acted upon by 
bending moments (per unit length) My, and My about 
axes parallel to the y and x directions respect- 
ively. Sets of twisting couples My (= - Myx) 
also act on the element. 


x¥ 
{Twisting 





couples shown 
Y iv by right hand 
xe 
vector rule.) 
ye Fig. AIT.1 


As in the case of a beam, the curvature in 
the x,2 plane, 3*w/ax*, is proportional to the 
moment My applied. The constant of proportion~ 
ality is 1/EI, the reciprocal of the bending 
stiffness. For a unit width of beam I = t*/12. 
In the case of a plate, due to the Poisson 
effect, the moment My also produces a (negative) 
curvature in the x, 2 plane. Thus, altogether, 
with both moments acting, one has 

a7 w_ 12 
ax? Et® 


(My - 2 My) 


where is Poisson’s ratio (about .3 for alumin- 


um). Likewise, the curvature in the y, z plane 
is 

atw. 12 

cyt eee ees 


These two equations are usually rearranged to 
give the moments in terms of the curvature. 
They are written 








a7 Ww a7 w 
ey, (34 ti a) Se yee (2) 
= 37 Ww ’ 
o(# +n Ba)---------- (2) 
where D = 5t°/i2 (1 - 4") 


The twist of the element, 3a*w/axoy 





(= a*w/ayax) is the change in x-direction- 
ton (and 


irect 


slope per umit distance in the y-d 
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(and visa versa)***, It is proportional to the 
twisting couple Myy. A careful analysis (see 
references 1 and 2) gives the relation as 


) a7 w 
¥ oxey 


Myy =D (1 - 


Equations (1), (2) and (3) relate the applied 
bending and twisting couples to the distortion 
of the plate in much the same way as does 
M = EI d*y/dx® for a dean. 

While a few highly instructive problems may 
be solved with these equations (see reference 1, 
pp. 45-49 and reference 2, pp. 111-113), they 
are of little technical importance. Hence we 
move on to consider bending due to lateral loads. 

Fig. Al7-2 shows the same plate element as 
in Pig. Al7-1, but with the addition of internal 
shear forces Qy and Qy {corresponding to the "Vv" 
of beam theory) and a distributed transverse 
pressure load q (psi). With the presence of 
these shears, the bending and twisting moments 
now vary along the plate as indicated in Fig. 
Al7~2a. (For clarity, the several systems of 
forces on the plate element were separated into 
the two figures of Fig. Al7-2. They do, of 
course, al] act simultaneously on the singie 
element). 





, MyM, area, 
~ 
My 
" x 
vy 
Thre 865 
Fig. Al7.2, The differentials are increments which 


should be written more precisely as, for instance, 
da, = (aa, /ay)ay. 


The next relations are obtained by summing 
moments in turn about the x and y axes. For ex- 
ample, we visualize the two loading sets of Fig. 
Al7-2 acting simultaneously on the single ele- 
ment, and sum moments about the y axis. 


My dy + (Myx + d My) dx + (Qy + d Qy) ox dy = 


(the + 4 My) dy + Myy ax 


Dividing by dx dy and discarding the term of 
higher order gives 





Oe = aM . othe 
ax ay 
or, 
se pee 
& ax Oy 7 - ae 8) 





“** If w, the deflection function, is a continuous function of 
xX and y (aa it must be, of course, in any technically im- 
portant plate problem) then at each point 34w/dxdy = 
o*w/Sydx, as is proven in the calculus. 





In a similar manner, a moment summation about 
the x axis ylelds 


5 2 OMy, oO My 
ey ay ax 


(Equations (4) and (5) correspond to V = ¢M/dax 
in beam theory). 

One final equation is obtained by summing 
forces in the z direction on the element: 


3 8 
GE Sen gy See See ee st 

Equations (4), (5) and (6) provide three 
additional equations in the three additional 
quantities Qy, Qy and q. The plate problem is 
thus completely defined. 

To summarize, we tabulate below the quan- 
tities and equations cbtained above. For com- 
parison, the corresponding items from the 
engineering theory of beams are also listed. 





Bending 
Characteristic; Stiffness 


Loadings 


"Hooke’s 
Law* Distortion 
Relation 


Equiliorium 








Tf 





Forces 














Finally, one very important equation is 
obtained by eliminating all internal forces 
(Mx, My, Mxy» Qx, Gy) between the above six 
equations. The result (which the student 
should obtain by himself as an exercise) is a 
relation between the lateral loading q and the 
deflections w*: 








* the corresponding equation for a simpie beam is 
Q/EI = dty/dxs. 






The plate bending problem is thus reduced 
to an integration of eq. (7). For a given 
lateral loading q (x, y), 4 deflection function 
w (x, y) is sought which satisfies doth eq. (7) 
and the specified boundary conditions. Once 
found, w (x, y) can de entered into eqs. (1) to 
(S) to determine the internal forces and stress— 
es. 


A17.3 An Dlustrative Plate Bending Analysis. 

Assume a lateral loading applied to a rec- 
tangular plate having all edges simply supported 
(hinged). The coordinates are chosen as in Fig. 
Al?7-3. With foreknowledge of the general use- 
fulness of the result, we assume 2 sinusoidal 
loading of the form 


4 = Gp sin BEX sin RAY -------- (8) 
m,n21,2,3, ~---%- 
a(x) y 
a —_ 


Fig. A17.3 Sinusoidal loading on a 
rectangular plate. Sections through 
the loading shown for m=3, n=2. 


To find the resulting deflected shape of 
the plate we try a solution of the form 


WS Ayn sin 2E% sin BEY 


> 


where Ay, is the unknown deflection amplitude. 
This trial deflection function is known to sat- 
isfy the boundary conditions on the plate since 
at x = 0, a and at y= 0, dD We have 

w=0O (zero deflection at the supported 
edges ) 


at w_ 3atw (zero moment at the hinged 
ax "ay" . 


edges: see eqs. 1 and 2) 


t remains only to find the value of Ag, which 
will satisfy eq. (7). Substituting (&) and (g) 
into (7) one obtains 








m*n* m2n? nn? néné _ 
Aen “Ze + 2 Am Wg pe * Amn > * 
Sa7/D * 
or 
MEX any 


*the common factor sin 





a sin —)> has been divided out. 
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wo 


1 
(give 
a? 33) 


Hence the required deflection surface (and the 
solution to the oroblem’} has the equation 


—— max nnuy 
we m* n?\? sin ——— sin ——-_ - (10) 
Dat tat 8 


The maximum deflection is seen to occur 
where the trigonometric functions have values 
of unity and q is also a maximum. 

If eq. (10) is substituted into eqs. (1), 
(2) and (3) one obtains 





In a similar manner the transverse shears 
may be found from eqs. (4) and (5). 
With such results as these the plates’ 


stresses may be determined as desired. For 


example, the maximum direct bending stresses 
are seen to occur where the shear stresses (due 
to Myy) are zero, Thus 


Mc Myt 6™% 
sx (- 9) = 


and hence 






s. = 
MAX t?n 


The reader having a familiarity with Fourier series 
methods will recognize immediately that the above analysis 
provides the key to the solution of the problem of any general 
loading q (x, y) on the same plate. Such an application is 
made by determining the proper combination of sinusoidal 
pressure terms (each of the form of eq. 8) such that their sum 
will closely represent the desired loading. The sum of the 
corresponding deflection functions (each of the form of eq. 10) 
gives the desired solution. Details of this type of analysis are 
to be found in reference 1 on pp. 113-176 and 199-256. 

In common with all problems which are 
formulated in terms of a partial differential 








** the uniqueness of solutions to the differential equation of 
the form of eq. (7) is a classical proof appearing in num- 
erous advanced texts on mathematics and mathematical 
physics. Since the equation is known to have a unique 
solution, then any solution found for it is the one ana 
oniy correct solution. 
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equation, the solution of the plate 
lem depends strongly upon the Sound: 
(ooth the shape of the boundary and types of 
support provided there}. The above example may 
be said to nave been deceptively easy Decause of 
both the simple shape of the boundary and the 
type of support. Plate problems wherein the 
plate planform is not a simple geometric f 
must be solved by numerical means. *s to 
type of support, 2 full discussion of boundary 
conditions for plates is to de found in refer- 
ence 1, pp. 89-95. 


vending prob- 





y conditions 








Alt, 4 Compilations of Results for Plate Bending Problems. 
Fortunately for the practicing engineer, it 
is not necessary to perform analytic computations 
as discussed above for the great majority of 
practical plate problems. Problems of the type 
4llustrated above, plus the myriad variations 
possible, became very fashionable exercises 
amongst mathematicians following the discovery 
by LaGrange of eq. (7) in the year 1811. The 
results of many researchers’ labors have Deen 
compiled in varicus forms for handy reference. 
A common and important case is that of 2 
uniformly loaded rectangular plate (Fig. Al7-4). 
The major engineering results are the values of 
the maximum deflections and the maximum stresses 


developed. These may be put in the form (a is 
the length of the short side): 
« 
Wax 2 bos -- - - - - w--- eee (12) 
=3 72% 
Sn Ps eS ee ae ie (a3) 


where the coefficients a and B are given in 
Table Al7.1 for the four most common edge 
conditions. 


Fig. Al7.4 


Similar presentations may be made for many 
dozens of other cases. With the ready availa- 
bility of comprehensive catalogings of these 
problems in references devoted to the purpose, 
there appears to be little virtue in duplication 
here. Hence the following list of selected 
references 1s presented. Additional references 
are to be found in turn within these works. We 
note that, because of the linearity of the plate 
bending problem, superposition of solutions is 
possible to extend even further the usefulness 
of these extensive listings. 





TABLE AlT.1 


t Stress and Deflection Coefficients for a Uniformly 





{ Loaded Rectangular Plate Having Various Edge 
Conditions : 
i i Long Sides | Short Sides | 
| All Sides Pinned, Pinned, All Sides 
!  Binned Short Sides | Long Sides | Clamped 
| | Clamped 
| 


Clamped | 









a lp.atasa 








1.2 [0616 | 3756 | 03401 . 
-0770 | .4518 |. 














7498 | 0284 











Rectangular Plates Under Various Loadings 


@ S. Timoshenko, "Theory of Plates and Shells", 
pp. 113-176, 199-256. 


@ J. P. Den Hartog, "Advanced Strength of 
Materials", pp. 132-134. 


@® R. J. Roark, "Formulas for Stress and 
Strain", pp. 202~207. 


Circular Plates Under Various Loadings 


(same three references, in order) 


® pp. 55-84, 257-287. 
@ pp. 129-132. 
pp. 194-201, 209-211. 


AlT.5 Deflection Limitations in Plate Analyses. 

In the introductory remarks of this chap- 
ter it was stated that a plate may be distin- 
guished from a membrane by the small order of 
its deflections (on the order of a few tenths 
of its thickness). We will re-examine this 
statement here to show that this is not so 
much a definition as it is an accuracy limita~ 
tion imposed by one of the assumptions made in 
the plate analysis. 

There are several familiar assumptions 
from beam theory which, of course, carry over 
here, inasmuch as the plate anaiysis resembles 
the beam analysis rather closely. These “beam 
theory assumptions" are: 


i - elastic stresses only are presumed, 


ii - small slopes (so that 37w/3x? and 
a*w/ay” are-good approximations to 
the curvatures), 


at least one transverse dimension 
(length or width) be large compared to 
the thickness so that shear deflections 
may be neglected. 
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However, the beam theory assumptions do not 


place a very severe restriction on the magnitude 
of deflections permitted. Deflections of sev~ 
eral times the plate thickness would be per- 
missible if these were the only restricting 
assumptions. 

In deriving the plate bending equations it 
was assumed that no stresses acted in the middle 
(neutral) plane of the plate (no membrane 
stresses). Thus, in summing forces to derive 
eq. (6), no membrane stresses were present to 
nelp support the lateral load. Now in the sol- 
utions to the great majority of all plate bend- 
ing problems (solved as in Art. Al17.3), the de- 
flection surface solution found ts a non—de- 
velopable surface, i.e., a surface which cannot 
be formed from a flat sheet without some strech- 
ing of the sheets’ middle surface*. But, if 
appreciable middle surface strains must occur, 
then large middle surface stresses will result, 
invalidating the assumption upon which eq. (6) 
was derived. 

Thus, practically all loaded plates deform 
into surfaces which induce some middle surface 
stresses. It is the necessity for holding down 
the magnitude of these very powerful middle 
surtace stretching forces that results in the 
more severe rule-ot-thumd restriction that plate 
bending formulae apply accurately only to prob= 

ems in which deflections are a few tenths of 
the plates” thickness. 





AlT.6 Membrane Action in Very Thin Plates. 

There is still another source of middle 
surface strains in plates: this is the re- 
straint against in-plane movements offered by 
the edge supports. While not important in prob- 
lems wherein deflections are limited in accord- 
ance with the restriction of the last article, 
such restraint does assume great importance in 
the case of large deflections of very thin 
plates which support a major share of the load 
by membrane action. It is, in fact, useful to 
consider the limiting case of the flat membrane 
which cannot support any of the lateral load dy 
bending stresses and hence has to deflect and 
stretch to develop both the necessary curvatures 
and membrane stresses. 

The two-dimensional membrane problem is a 
nonlinear one whose solution has proven to be 
very difficult. Rather than attempt to treat 
the complete problem, we can study a simplified 
version whose solution retains the desired 
general features. The one-dimensional analysis 
of a narrow (unit width) strip will be treated. 
This strip is cut from an originally flat mem- 
orane whose extent in the y-direction is very 
great (Fig. Al7-Sa). 





*The cone and cylinder are examples of developable sur- 
faces, the sphere is a nondevelopable one. It is a familiar 
experience that the skin of an orange cannot be developed in- 
to a flat sheet without tearing. 


(a) 





Fig. A17.5 


Fig. A17-Sb shows the desired one-dimen- 
sional problem which now resembles a loaded 
cable. The differential equation of equilib- 
rium ts obtained by summing vertical forces on 
the element of Fig. Al7-Sc (draw with all 
quantities; loads, deflections, slopes and 
curvatures shown positive). One obtains 

‘ 








dw dw 9 
st) x = +qdx=0 
x + dx x, 
or 
far-g ----- ~ eee eee = (4) 


where s is the membrane stress in psi. 
Eq. (14) is the differential equation of 





@ parabola. Its solution is 
wath (a-x) ------------ - 05) 


The (as yet) unknown stress in eq. (15) 
can be found by computing the change in length ‘ 
of the strip as it deflects. This "stretch" is 
given by the difference between the curved arc 
length and the original straight length (a). 
Thus: 


a 
= ds-a * 


a 


‘a 
= | Vaw? + dx* - a 


#) «x-a 


a 
J 

= /.+(% 
‘ dx, 
° 


Since the slope dw/dx is small compared with 
unity, we use the binomial theorem to write 


aw\?}*/" 1 faw\? 
("=i 


‘here "ds" is the differential arc length of the calculus 
and has no kinship with the s which denotes the membrane 
stress throughout the remainder of the analysis. 
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Hence 


Substituting through the use of eq. (15) and in- 


tegrating we find 
a3 


6-53. 


24st 
Now by elementary considerations 


34 


oor 


Equating these last and solving we find 


aqyiyss 
s = say [a (42)")2. - - - - - 2-7 -- (15) 
If eq. (16) is substituted into eq. (15) 
one gets for the maximm deflection (x = 5 ) 
ass 
max * 360.0 ($2)! 6.2512 2-7 (17) 


Equations (16) and (17) display the essen- 
tial nonlinearity of the problem, the stress and 
the deflection both varying as fractional ex- 
ponents of the lateral pressure q. 

Solutions of the complete two-dimensional 
nonlinear membrane problem have been carried 
out*, the results being expressed in forms iden- 
tical with those obtained above for the one~ 
dimensional problem, viz., 


Wax = 1a & (y” eer cc error ee (18) 
Stax = [= ()"] peta eeee (19) 


Here "a" ts the length of the long side of the 
rectangular membrane and ni and ng are given in 
Table Al7.2 as functions of the panel aspect 
ratio a/b. 

The maximum membrane stress (smax) occurs 





“The work of Henky and Foppl is summarized in reference 3, 
pp. 258-290 and in reference 4. The partial differential 
equation solved is given in reference 1 on p. 344 (eq. 202) 
and the approximate method of solution usually employed is 
sketched out on pp. 345, 346 of this same reference. The 
teader who would compare presentations amongst these ref- 
erences should note the differences in the definitions of the 
plate dimensioning symbols ‘'a" and "b"'. 


at the middle of the long side of ‘he panier: 


We note that the limiting case, a/b = 0, cor- 
responds to the one-dimensional case analyzed 
earlier. - Unfortunately, an extrapolation of 
these two-dimensional results to that limit 
does not show agreement with the one-dimen- 
sional result. Presumably the discrepancy may. 


be traced to the excessive influence of inac~ 
curacies in the assumed deflection shape of the 
membrane as used in the approximate two-dimen- 
sional solutions. 

Experimental results reported in reference 
4 show good agreement with the theory for 
square panels in the elastic range. 







TABLE Al7.2 





Membrane Stress and Deflection Coefficients 
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AlT.7 Large Deflections in Plates **. 

In the previous articles of this chapter 
the results of analyses were outlined for the 
two extreme cases of sheet panels under lateral 
loads. At one extreme, sheets whose bending 
stiffness is great relative to the loads applied 
(and which therefore deflect only slightly) may 
be analyzed satisfactorily by the plate bending 
solutions. At the other extreme, very thin 
Sheets, under lateral loads great enough to 
cause large deflections, may be treated as mem~ 
branes whose bending stiffness is ignored. 

As it happens, the most efficient plating 
designs generally fall between these two ex- 
tremes. On the one hand, if the designer is 
to take advantage of the presence of the in~ 
terior stiffening structure (rings, bulkheads, 
stringers, etc.), which is’ usually present for 
other reasons anyway, then it is not necessary 
to make the skin so heavy as to behave like a 
"pure" plate. On the other hand, if the skin 
its made so thin as to necessitate supporting 
all pressure loads by stretching and developing 
membrane stresses, then permanent deformation 
results, producing "quilting" or "washboarding". 

The exact analysis of the two-dimensional 
plate which undergoes large deflections and 
thereby supports the lateral loading partly by 
its bending resistance and partly by membrane 
action is very involved. A one-dimensional 


** The discussion to follow will be concerned primarily with 
problems dealing with the support of a uniform pressure 
load on a flat skin panei. It may, therefore, help the 
reader to fix his ideas if he visualizes the discussion as 
applied to the probiems of analysis of a single rectangular 
sin panel taken between the stringers and bulkheads of a 
seaplane huil bottom. Equaily useful is the picture of the 
very nearly flat panel between rings and stringers in the 
slightly curved side of a large pressurized fuselage. 
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analysis, parallel to that of Art. Al7.6, is to 
be found in reference 1, pp. 4+10. A more 
elaborate two-dimensional analysis is shown on 
pp. 347-350 of this same reference. 

An approximate solution of the large de- 
flection plate problem can be obtained by adding 
together the flat plate and membrane solutions 
in the following way: 

Solve eq. (12), the plate bending relation, 
for q; call it q', 


1 = Myax Et? 


q 
aa‘ 


Now solve eq. (18), the membrane relation, for 
a; call it q", 


qr = “tax Et 


n,* a 


The sum of these two pressures gives the total 
lateral pressure, called simply, q. 


q=q'+q" 
Shes, 1 Et» 
1a em ae at "MAX - - - ~ - - (20) 


Eq. (20), we see,.is based upon summing the in- 
dividual stiffnesses of the two extreme be- 
havior mechanisms by which a flat sheet can 
support a lateral load. No interaction between 
stress systems is assumed and, since the system 
is nonlinear, the result can be an approximation 
only. 
Eq. (20) is best rewritten as 


qat _ 1 (Mmax\/ay , 2 (wma) 
Se (PVG) ae CX) 


Fig. Al7-6 shows eq. (21) plotted for a 
square plate using values of a and n, as taken 
from Tables Al7.1 and Al7.2. Also plotted are 
the results of an exact analysis (reference 5}. 
As may be seen, 2q. (21) is somewhat conserva- 
tive inasmuch as it gives a deflection which is 
too large for a given pressure. 








250 


oO 005 w/t 1.0 1.3 2.0 


Fig. Al7.6 Deflections at the midpoint of a simply 
supported square panel by two large-deflection 
theories. 





The approximate large-deflection method 
outlined above has serious shortcomings insofar 
as the prediction of stresses is concerned. 
For simply supported edges the maximum combined 
stresses are known to occur at the panel mid- 
point. Fig. Al7-7 shows plots of these Stresses 
for a square panel as predicted by the approxi- 
mate method (substituting q’ and q” into eqs. 
(13) and (14) respectively and cross plotting 
with the aid of Fig. Al7-6*). Also shown are 
the maximum stresses computed by the exact 
large-deflection theory (reference 5). 





100 at 150 200 250 


ove 


Bt 
Fig. Al7.7 Large-deflection theories’ mid- 
panei stresses; simply supported square panel, 


Because of the obvious desirability of 
using the results of the more exact theory, some 
of these are presented in Table Al7.3. The 
treatment of additional cases (other types of 
edge support) may be found in reference 6, pp. 
221, 222. 


TABLE Al?.3 


Large Deflection Plate Coafficiens 


Rectangular 
(Gnitorm Pressure Load (q), Siamly Seported Edges) 





opb?/B3/ 3.30 | 5.80 
jem om 10 | 200 





ve | oe we | tae 
agp?/e| 
yetedl 120 


aat | 1.16 | 10,30 
4s 





Note - 1. ap = “bending areas” compooent of strei 
2. og? “memprane stress” component of ravers, 
3. tou areca + og > tye 





Al71.8 Considerations in the Applications of Large-De- 
flection Plate and Membrane Analyses. 

Before concluding this chapter it is 
pertinent to note several serious omissions in 
the developments outlined above with regard to 
their application to flat pressure-panel 


analyses within a ship hull or fuselage. The 


*but using ng = .260 in eq. (19), This value gives the 
stresses at the center of a square panel whereas ng = 
. 356 in Table Al7. 2 is for stresses at the panel edge. 
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large-deflection plate and the membrane analyses 








were dev2loped for applications where the plate 
bending analysis appeared inadequats. However, 
these analyses themselves presumed conditions 
seidom encountered in practice. 

FIRST, the analyses assume unyielding sup- 
ports on the boundaries of the sheet panel. In 
practice, the skin is stretched across an elas- 
tic framework of stringers and bulkheads. It 
follows, therefore, that the heavy membrane 
tensile forces developed during large deflec- 
tions will cause the supports to deflect towards 
each other thereby increasing the plate de- 
flection and relieving some of the stresses. 

A simple one-dimenstonal analysis for a 
membrane strip having elastic edge supports 
(parallel to the analysis of Art. Al7.6), shows 
errors on the order of 25 per cent are likely if 
the framework elasticity 1s neglected (reference 
7), At this writing no two-dimensional treat- 
ment of this problem is known to the writer. 

SECOND, it is seldom that the analyst has 
to check a panel for lateral pressure loads 
alone. Most often, the entire "field" of panels 
on the framework of stringers and bulkheads must 
simultaneously transmit in-plane loadings from 
the tail load bending stresses and the cabin 
pressurization stresses. 

Inasmuch as the large-deflection plate and 
membrane analyses are nonlinear, it follows that 
correct. stresses cannot be found by 4 straight 
superposition. The magnitude of the error in- 
troduced by such a procedure is difficult to 
estimate in the absence of an exact analysis. A 
one-dimensional analysis, parallel to that of 
Art. Al7.6, but with elastic supports and axial 
load, is given in reference 7. These results, 





which indicate the effect of the axial load to 
be quite important, may be used as a guide in 
lieu of more complete two-dimensional studies. 
The interested reader is referred to the orig- 
inal work for details. 
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CHAPTER A18 
THEORY OF THE INSTABILITY OF COLUMNS AND THIN SHEETS 


{BY DR. GEORGE LIANIS) 





PART 1 
ELASTIC AND INELASTIC INSTABILITY OF COLUMNS 


A18.1 Introduction. 


Part 1 of this chapter will be confined 


to the theoretical treatment of the instability 


of a perfect elastic column and an imperfect 
elastic colum. The column is the simplest of 
the various types of structural elements that 
are.subject to the phenomenon of instability. 
The theory as developed for columns forms the 
pasis for the study of the instability of thin 
plates, which subject is treated in Part 2. 


A18.2 Combined Bending and Compression of Columns. 


Consider a column with one end simply 
supported and the other end hinged (Fig. Al8.1) 
under the simultaneous action of a compressive 
load P and a transverse load Q. Without the 
load P the bending moment due to Q would be:- 





Fig. A181 
On the lower portion of the column 
My et SS {a) 
On the upper portion 
mF 205s) Oe) --------- (>) 
Due to the deflection u(z), the axial 


load P contributes to the bending moment by 
the amount:- 


Thus the total bending moment at section 2 
will be:- 


- M# pu + 582 on upper portion - ~ - - (d) 
M= Put gre) (ez) on lower portion (e) 


From mechanics of simple bending, we have 
the deflection equation, 











d7u M 
Be cay. GPRS Oe SS res (1) 
Thus the deflection u(Z) of the column 
is, 
a*u Qaz 
Elgg 7 Pa- TT. (0 22 21- a) 
au (1-a) (1-2) 
El qt Pu- 2 L , 


(Lea Z221) ----- (2) 


If we tntroduce the notation, 


P 
ek --------------- (3) 


The general solution of eq. (2) is: 
uC, cos Kz +Ca sin kz - $2 is 


(O#z21- a) 


us Cy cos Ka + sin ke - q Graytied), 


(l-aszal)-------- (4b) 


where Cy, Cg, Cy, and C, are constants of 
integration to be determined from boundary 
conditions. 


For eqs. (4), since u = 0 for z # 0 and 
21, 1% follows that: 


At z = (1 - a) the two portions of ths 
deflection curve given by (4a) and (4b) 
respectively must have the same deflection and 
slope. From these two conditions we determine 
Ca and G. 


Al3.1 











~ _Q sin Ka 


2-2 sin K(1l-a) 
” PK sin i ’ 


PK tan RI ~~ ~~ ‘() 
Substituting (f) and (g) tnto eq. (2), 
we obtain: 


= 2 Sin Ka _@ 
“SK sin ki 12 Kz -Gr2z , 
(Ol@ 2:82. =a) SS ape ee (5a) 
= Q Sin K(i-a) Q(1-a) (1-2) 
use sin sin K(1-z) SS 
CO eR ED Bs as ee ee aes ad (5b) 


If load Q is applied at the middle of the 
column the maximum deflection is:~ 





Kl 
Q tan = 
= 2 Qu 
Umax 3 "Gprocccccce (6) 


Klin 
It 18 obvious that for = Fos 


tan, Thus the maximum deflection of 
Column becomes inZinite for KI = 7 and trom 
eq. (3). 

mel 


Per = —— 
14 


wee eee eee (7) 


Equation (7) is an important equation 
derived first by Euler. It gives the critical 
compressive load which causes infinite deflect- 
jon in a column and it specifies the ultimate 
strength of a column tn compression. 


It is obvious from eq. (7) that Buler’s 
critical load ts independent of the magnitude 
of the transverse load Q. It seems, therefore, 
that even in the absence of the transverse 
load Q, the maximum deflection becomes infinite 
under the action of only a compressive load as 
eSiven by eq. (7). 


Al8.3 Elastic Stability of a Column. 


The above conclusion as to the critical 
load was based on purely mathematical reasoning. 
We have found a critical value of a compressive 
load which causes infinite deflection. 


Far more important, however, 1s an in- 
vestigation of the stability of a column which 
should be based on physical arguments. The 
question arises as to what happens before the 
load P reaches its critical value as given 
by eq. (7) and also how the column behaves if 
this critical value is exceeded. 


An elastic system is called stable under 
given loads when infinitesimal loads added to 


THEORY OF THE INSTABILITY OF COLUMNS AND THIN SHEETS 






the body would cause only infinitesimal changes 
in the displacements and the body recovers if 
the added loads are removed. When the dis- 
placements are continuously increased with 
little or no further increment of loads, the 
system is unstable. If the body will remain 
in the displaced position after the removal 

of the disturbance, the body is said to be in 
neutral equilibrium. Having these definitions, 
we will not investigate the behavior of the 
column before and after the critical load is 
Teached, 


Pig. Al8.2 


Assume, as shown in Fig. Al8.2, that a 
simply supported column loaded by an axial load 
P is bent by a small disturbance. If the 
deflection is u, the bending moment due to P 
is Pu. 

From basic mechanics, we know that, 


SI 
FZ = 7M, whence 
ae 


The exact expression for the curvatuve of 
the neutral axis is:- 


zs s where s is the arc length of the 


s? 


deformed axis, and 9 the angle between the 





tangent to the curve and the z axis. Thus, 
do = 
ElggtPuso ------+---- (8b) 
Differentiating (8b) with respect to s 
and since S = sin @, we obtain: 
a 
at $3+psinezo wee eee (8c) 
Multiplying (8c) by dO and noting that:- 
2°8 og 2 Wy (90, ‘ 
ae? de = as ¢ Gs , and integrating 


de, de 
BI/ a (qs) + P sin ode = c, or 


EL 49,2 as 

S G) = PCOS OE CO ses ae (8d) 
ee = pr 20 

Since at end A, 9 = a and M = EI as? 


we find that C = - P cos a. 
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Now let k = oe 


Bees ap ee (88) 
Then eq. (8d) becomes, 
Ll de 
pers - 
VE as k Y cos @=cos a , or 
ds =- 3 ik Fs 8 (8f) 


V 2k"(cos @-cos a) 


The total length of the column in the 
deflected shape is given by:- 
le 


fas=- EC) i ccreh 


® /2x (cos o-cosa 


or 1= /® 8 


—_ — - - - - (81) 
~ axy sin* 3 -sin*e/2 


a 


Denoting sin 2 by p and introducing a new 


variable g :- 


sin $= p sin g 


Equation (81) then becomes, 


de 


Tt 

2/2 2K 
Lle= ——_—_—_———— = => 
rs Tag * 


tL 
where K = / 2 de 


9 Jip? sin® g 


complete elliptic integral of the first kind, 
and it can be found in tables. If a and 
therefore p is very small, “hen p? sin? @ can 
be neglected in equation (€j) and then 


is called the 





tt 
=2 7? agekhan J 
1= <4 aspen P 
aa 
Whenda Pes BEL, on Le eke (8k) 
1? 

The deflection at the midpoint of colum 
is:- 92 0, du =ds sin 0, and from Eq. (8f) 
u(ze Pisoage /* a Si Oe -- = (81) 

/sin* > - sin* 
2 
or in terms of @:- 
a 
6 = 2 rPain gag >. ------ (8m) 


From equation (83) and equation (8k), we obtain 





See) ec ee ee, (en) 
Por EL wes h en 





Let us now write the bending moment M = 
PS at the middle point in non-dimentional form: 


Since p = sin $ is a function of a so ts the 
elliptic integral KX and the ratios a and = 
calculated from equations (8a) and (80). 
P 6 

s— is a function of = calculated by 
Por L 


means of tables giving elliptic integrals. 
Thus m can be plotted against 6/1 as shown in 
Fig. A18.3. 


Thus 


oA 


Saft 


Fig. A18.3 





Let us now examine the stability of 
various equilibrium configurations. Assume 
that a load P* is acting on the column and 
the column has 4 certain maximum deflection 6 
where P* does not correspond to 4. 


The non-dimensional maximum bending 
moment is:- 


The m* versus 6/1 curves are straight lines. 

The colum is in equilibrium if m= m*, or in 
other words, if the m'(6/1) curve intersects 

the m(6/1) curve. 


We see from Fig. Al8.g that these curves 
intersect at the origin only if P*< Por. The 
column, therefore, has only one possible 
equilibrium form, for example, that for which 
6/1 = 0, which is the straight form. When 
P* > Por, there are two points of intersection, 
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one when 6/1 = O and the other (point A) for 
which 6/1 #0. The column thus has two 
possible equilibrium forms, one straight and 
one bent. 


At P/Por = 1, or at point (A), a bifurcation 
of equilibrium occurs and the column starts 
to acquire two possible neighbor positions 
of equilibrium, the straight and the bent. 


Let us now assume that at 6 = 0, the {c) Above P/Por = 1, the column has two possible 
column is displaced by a small disturbance equilibrium positions 6/1 = 0 and 4/1 #0. 
and acquires a deflection 6. for P* < Poy, 
we see from Fig. 3 that m>m*. Thus P* {fs 
not sufficient to maintain the column in 
equilibrium in the bent form and it will spring 
back to its straight form. Thus for P*< Py,, 
the straight form is stable. 


Thus as far as initiation of instability is 
concerned, the Huler load as given by Bq. 7 can 
be considered as the critical load. The question 
arises whether this load has a practical use 

for design purposes. A logical design criterion 
is obviously the maximum load which a column can 
sustain, We observe from Fig. Al8.4 that the 
load P increases for increasing displacement 6. 
This behavior is due to the development of large 
deflections due to bending. However, over a 
considerable range of deflections 5, the P + 6 
curve {s practically horizontal (for instance, 
between points A and B the ratio 6/1 varies 

from zero to ™0.4). For such large deflections 
for which the column load does not change 
practically, it is obvious that the column 
ceases to function properly. Therefore, from 
this point of view, the Euler load can be con- 
sidered that which characterizes the maximum 
strength of the column. 


If P* > Poy, then m+ >m. Thus m* will 
bend the column still further. This means 
that if P* » Por, the straight form of 
equilibrium is unstable. The column will 
continue to bend until m* becomes equal to m 
(point A in Fig. 3). If the column ts dis- 
placed further from A, the deflection becomes 
larger than 6, and m »m* at the new position. 
The column will spring back to point A. Point 
A 1s therefore stable. 


At P = Pop, the m* versus 6/1 line is 
tangent to the m curve at the origin. There- 
fore, for an infinitesimal disturbance, the 
column will remain in equilibrium at the 
displaced position since for such small 
disturbances m* remains equal to m. The column 
is therefore in neutral equilibrium. 


The rising part of the curve BD holds ag 
long as the material behaves elastically. At 
some point 3, however, inside the almost flat 
portion of the curve. the inner fibers of the 
column acquire maximum stress equal to the 
yield stress. If we carry out an elastic- 
plastic analysis of the subsequent behavior, 
we observe that the curve drops almost 
immediately. Again this maximum load Pp is 
very near the Euler load. For design purposes, 
therefore, the Euler load, which is a buckling 
load, is a very good approximation to the 
ultimate load which the column can sustain. 


Al8.4 The Failure of Columns by Compression. 


In discussing the stability of a colum 
in the previous section, it was shown that 
below the critical Euler load (Eq. 7), the 
straight form is stable, above the Py, the 
bent form is stable and at Poy the equilibrium 
is neutral. By plotting the curve P/Por versus 
6/1 as shown in Fig. Al8.4, we observe the 
following behavior. 

Another argument will confirm the above 
conclusion. In discussing the ouckling of 
columns in the previous paragraphs, we have 
assumed that the column is initially straight, 

Pp centrally loaded and made of 

| homogeneous material. Actual 

columns, however, are imperfect 

due to initial crookedness (for 
instance, due to unavoidable 
tolerances in their manufacture), 
due to slight load eccentricities 
and due to lack of complete 
homogenity. Therefore, a certain 
amount of bending is always 
present even for small loads. 


(a) Below P/Pgr = 1, there is only one 
equilibrium position, 6/1 = 0. 


Let us now examine the 
behavior of such initially tm- 
perfect columns by assuming a 
certain initial deflection uy 
of the column axis (see Fig, 
Al8.5). For small deflections, - 





Fig. Al8.4 
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A185 





the change of curvature due to subsequent 
vending (after loading) is:- 


dy Gu du 
8 > ae az 


In the differential equation of deflection 
one can prove that 1/R ts the change of 
curvature which for an initial straight column 
coineides with the curvature itself. Thus in 
the present case, where the bending moment is 
Pu, the equation of deflection becomes:- 








Let us express Ug in Fournter sertes:~ 


oe muz 
uy = 8, sin == 
9 = BO T 
a 
Substituting (10) in (9), we find the 
solution which satisfies the boundary 
conditions (u=0 forz 20, 221) is:- 


u 23 on sin 7 ---+---- (lla) 
n=L 
where On * Bn weer ee eee (11>) 
1 - P/Py 
ala 
= ON EL 
Py = ~~“ 


The deflection of the column at the center 
18i- 


Smax = &2 - 53 + 5, ---- = = - -(12) 


If we plot the deflection versus the load 
we obtain the curve (Fig. Al8.6), which 


P/Por 





Fig. A18.6 


approaches the horizontal line P/Pgp = 1 
asymptotically. This curve, however, is valid 
for small deflections for which the approxi- 
mation:—- 








eee az* ~ az* is valid. 

By a treatment similar to that in the 
previous paragraph, we will find that for 
large deflections the load deflection curve 
raises after the point I (curve FIH). Due to 
the onset of plasticity, the actual curve 
drops at the point I* (curve FII*H*). The 
failing load at I* can be either greater or 
smaller than Poy, but it is usually very near 
to tt. 


In the above discussions we have shown 
that for all practical purposes the Euler 
buckling load can be considered as the ulti- 
mate load which a real or practical column 
can sustain. Besides its closeness to the 
actual ultimate load, the critical load can 
be easily calculated from equation (7) with- 
out the necessity of carrying out a lengthy 
calculation which will include the initial 
imperfections and plastic effects. 


It should be noted, however, that the 
buckling load given by equation (7) is valid 
when the uniform stress due to 4 compressive 
load (o = P/A, where A is cross-sectional 
area) is below yield stress. If o is above 
the yield stress, the theory of plasticity 
predicts another value for the buckling load. 
Referring now to equations (11) we find:- 


Py = n*Por (Per from equation 7) 
Sy = nes 
l-=S7” 
n*Por 


Thus as P approaches Poy, we see that 


ot eo Oa ae 3: os + 9/8 etc. 
= &, 3 8, 


Thus 6, >= 6, >= 6, and:- 


In a buckling test we measure 5 = 6pay 
- 5, where 6 is the initial deflection at the 


middle point. Thus:- 
6 = by, & = oy and 
a Por m 
>= 








Als. 6 


If in a buckling test we plot 6/P versus 
6, we can obtain the critical load experi- 
mentally without knowing the initial deflection 


6,. It ts simply the inverse of the slope of 
this curve. 


A18.5 Buckling Loads of Columns with Various End 
Conditions. 


From the conclusions reached in the 
previous discussion, we can consider the 
buckling problem as an instability problem of 
an initially straight column. Thus we assume 
a certain deflected position near the straight 
configuration as another possible equilibrium 
form and seek the loads under which the non- 
straight form is possible. Furthermore, only 
a small deflection analysis is necessary. 


The general differential equation of 
bending-buckling is:- 


dtu 
dz* 





: 
eet beg --------- (4) 


and the general solution is:- 


uC, sin kz + C, cos kz +C,z+C, - ~ (15) 
The coefficients C,, C,, C, and C, 

depend on the conditions of the end supports. 

The various end conditions are:~ 


au du _ 








Free end:- Gy=0 , Gy =0 
dtu 

Pinends + u=0 , az * 0 

Fixed end:-u20 , Mao 


dz 


Thus we have 4 end conditions. These 
give systems of four linear homogenous 
equations. A trivial solution of these is 
the zero solution. For the buckling state, 
however, C,, Cy, Cy, C, are not all zero. 

The condition of non-zero solution of the 
above system is that the determinant of the 
coefficients of C,, Cs, Cs and C, ts equal to 
zero. From this equation, we calculate the 
buckling load. 


For example, in a simply supported beam, 
2 
(u 20, o 2 0, at both ends), the end 
conditfons furnish give 
C+ 20 , G =0 
C, sin kl + C, cos kl + Cyl + C, = 0 


For buckling we must have:- 
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Sin kl 
- sin kl 


cos ki 


oror 


- cos kl 
or sin kl 20 orkienn (n=21, 2,3-- -) 


whence Py =~ -~------- - (1éa) 

Thus for Py equal to the right nand side 
of equation (16a), we have a possible form of 
equilibrium of the bent form. The smallest 
value of Py occurs at n= 1, and this is the 
buckling load: 


2 
Por =e eStore Gre Ers.t Sele 

The buckling load for other end conditions 
can be derived in similar manner. 


INELASTIC COLUMN STRENGTH 
Al8,6 Inelastic Buckling. introduction. 


Euler’s theory of buckling is valid as 
long as the stress in the column nowhere ex~ 
ceeds the elastic limit of the column material. 
We have seen that the analysis for perfect and 
imperfect elastic columns leads to the same 
result, namely, equation (7). 


The case of the inelastic buckling, that 
is, instability under axial load exceeding the 
elastic limit stress, presents some difficulties. 
AS we will see, the perfect column analysis 
leads to a different expression for the critical 
load than for the perfect column. This is due 
to the fact that in the plastic stress range, 
the material behaves differently under loading 
and unloading, as illustrated in Pig. Al8.7. 
Let us now examine the two cases: 


Loading 









=—— 





4 
ee 
7 Unloading 


, 


Stresso 





Deformation ¢ 
Fig. Al8.7 
Al8.7 Perfect Column. Reduced Modulus Theory. 
Let us assume that the perfect column is 


first compressed uniformly up to the stress o. 
To study the critical value, ger, of o for wrich 





the column becomes unstable we assume:- 


(1) That the displacements are small so that 
the relation between the radius of 
curvature R and the deflection u of the 
elastic axis is, 


d*u 
az? 





a 
R 


(2) Plane sections remain plane, therefore 
the change of strain due to bending at a 
distance h on the plane of bending is, 





(3) The stress-strain relation follows the 
Simple tension curve for the material. 


(4) The plane of bending is a plane of 
symmetry of the cross-section. 


Assume now a column with the cross-section 
as shown in Fig. Al8.8a be compressed in the 


6 
6s bo, 


S04 


i 
' 
etg—t—n, 4 


1 
! 
I 
ly dA, 





Fig. A18. 8b 
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plastic stress range and that the compressive 
stress prior to instability-be-o. To consider 
the condition of buckling, let the column be 
Slightly deflected transversely. The stress 
on one side of the column will then increase 
due to the bending following the stress-strain 
curve, while on the other side the stress will 
decrease and will therefore follow the un- 
loading elastic line shown in Fig. Al8.8b. 


For small changes of the stress, on the 
first side, the variation of stress is related 
to the variation of strain by:- 


6S, = Ey (o) be, 


where Et (g) is the slope of the stress-strain 
curve at stress g. On the second side the 
changes will follow the elastic relation, 

that ts, 


The distribution of the compressive (-) 
stress and the tensile (+) stress due to 
bending is shown in Fig. Al8.8a. The stress 
becomes zero on line (a a+), which ts ata 
distance e from the centroid c. For 
equilibrium of stresses on the cross-section 
we have, 


- £% osc + £72 og,aa = 0 - - ~- (20) 


and for equilibrium for moments, 


~6%* 68, (nyre)aa + £9 


® 6S,(he-e)dAsPu - - (21) 


Due to the linear distribution of stress, 
we have:- 





oo, 
08, == hy 
2 
to, 0 Tt (22) 
os, => hn, 


Introducing now (17d), (18), (19) and 
(22) in equation (20), we obtain, 


Ey Q. + HQ. = 0 


where, 


ee Sy aie SB) 


Qa = L7*hds , Qe = L*8hgda - - ~ (24) 


are the moments of the cross-sectional areas 
to the right and left of line a a+. 


From eq. (21) we obtain, 





BI qge * Pu ------------ (25) 
where, 

_ El, + B le 

B= po tte rc cree (26) 


E is the so-called reduced modulus, and 
I, and I, being the moment of inertia of the 
two sides. 


We observe that the position of the 
neutral axis in terms of the axial stress is 
given by eq. (24), while the buckling eq. (25) 
is similar to the elastic buckling eq. (14). 
However, the value of K here is not given by 
eq. (3), but by, 


K= 


ae 
qi 
‘ 
1 
1 
' 
1 
1 
1 
t 
‘ 
t 
‘ 
‘ 
‘ 
nD 
NX 


Therefore all the results of the previous 
analysis will be valid for the case of in- 
elastic buckling. For instance, for a simply 











supported column according to eq. (7), we will 
have, 


3g 
Ger = TEL ~~ ---------- (28) 
Since E is a function of Ogr given by eq. (28) 


and the value of Ey at the unknown der, the 
calculation of the critical stress requires a 
trial and error simultaneous solution of 
equations (23), (26) and (28). 


A18,3 Imperfect Column. Tangent-Modulus Theory. 


The tangent-modulus theory, originally 
proposed by Engesser (Ref. 1), is based on the 
assumption that at the critical state, no 
stress reversal takes place, and the critical 
stress, therefore, is determined only by the 
tangent modulus Et. This theory was abandoned 
early Since according to the previous dis- 
cussion with the classical definition of 
instability (perfect column, bifurcation of 
equilibrium) strain reversal does take place. 
In recent years, however, this tangent modulus 
theory has been proved useful. 


Under the assumption of no strain reversal 
both sides of the cross-section in Fig. Al8.8a, 
will be characterized by the same linear stress 
distribution, corresponding to the tangent- 
modulus E&. Thus the buckling equation will be, 


d7u a 
Bel oe + Pus 


and the critical stress for simply supported 
end conditions becomes, 


= MEE1 
Al? 





ot 


Since I, + Is =I and E = Et, it follows 
from (26) 

E> Ey and gp> op --------- 

The critical stress ot, therefore pre- 
dicted by the tangent-modulus theory is 
smaller than or from the reduced modulus 
theory. Although for perfect columns, the 
assumption of no strain reversal is in 
contradiction to the material behavior in the 
plastic range, most experiments have given 
results more closely to the results by the 
tangent-modulus theory. 


To resolve this controversy, Shanley 
(Ref. 2), proposed the following explanation. 
For simplicity, let a two-flange buckled 
column be formed by two rigid legs (see Fig. 
Al8.9) joined in the middle by a plastic 
hinge. Assume that this column starts to 
buckle as soon as ot iS reached. By consider- 
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Fig. Al8.9 


ing the 
load Pr 
Shanley 


effect of a load P above the critical 
corresponding to tangent-modulus, 
proves the relation, 


P 


a 
o 
arts 
+ 
Rle 
t 
my 
oat 
a8 
Ne 


where 


It must be emphasized that the buckled con- 
figuration is a stable one similar to that 
considered in the refined Euler’s theory. 
Shanley has recognized the fact. that such a 
stable configuration may exist after exceeding 
the tangent modulus load. 


If R = P/Pe , Shanley found that the 
relation between the variation of stress due 
to bending and the compressive strain er 
corresponding to o¢ is:- 








be, 2 (-R) 
Concave side: ae oa 
et Rer™ (1+t) 
-~+- + (33) 
Se, 2 (R+1) 
Convex side: Sire a 
et =. (1+7} 
In Fig. Al8.10, Se, /ey and 6¢,/er are 
plotted against R for t = 0.75. We observe 


that while the strain on the concave side 
increases very rapidly and reaches an infinite 
value at the reduced-modulus load, the strain 
on the convex side decreases initially very 
Slowly. Due to this picture we can conceive 
that in a real column, which has initial im- 
perfections, the compressive strain will 
increase more rapidly. Furthermore, the 
rapid increase of 5e, will cause a fast re- 
cuction of Et. The column, therefore, loses 
its usefulness after the tangent-modulus has 
been slightly increased. Thus the tangent- 
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modulus, even though it does not actually 
define an unstable configuration, it repre~ 
sents the lower limit of a spectrum of possible 
buckled configurations, the upper limit of 
which ig the reduced modulus load which 
corresponds to infinite deflections. 


‘mus to summarize, sufficient experi- 
mental results are available to show that the 
failing stress of a column in the inelastic 
range can be found by replacing E by the 
tangent modulus Ey in Zuler’s equation, or, 


= re JE ------- (34) 


——, r2 
(Lr) 
Figs. Al8.11 and 12 show how experimental 
results check the strength as given by the 
Euler equation using the tangent-modulus Ey. 


or 
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PART 2 
THEORY OF THE ELASTIC INSTABILITY OF THIN SHEETS 


Al18.9 Introduction. 


Thin sheets represent a very common and 
important structural element in aerospace 
structures since the major units of such 
structures are covered with thin sheet panels. 
Since compressive stresses cannot de eliminated 
in aerospace structures, it is important to 
know what stress intensities will cause thin 
sheet panels to buckle. Equations for the 
buckling of thin sheet panels under various 
load systems and boundary conditions have 
been derived many years ago and are readily 
available to design engineers. Part C of this 
book takes up the use of the many buckling 
equations in the practical design of thin 
sheet structural elements. The purpose of 
this chapter is to introduce the student to 
the theory of thin plate instability or how 
these buckling equations so widely in use by 
design engineers were derived. For a broad 
comprehensive treatment of the subject of 
instability of structural elements, the student 
should refer to some of the references as 
listed at the end of this chapter. 


A18.10 Pure Bending of Thin Plates. 


To derive the theory of instability of 
thin plates, we must first derive the theory 
of the pure bending of thin plates. 


In the following the analysis will be 
confined to small deformations. Let x, y be 
the middle plane of the plate before bending 
occurs and 2 be the axis normal to that plane. 
Points of the x, 
y plane undergo 
small displace- 
ments, w in the 
z-direction, 
which will be 
referred as the 
deflection of 
the plate. The 
Slope of the 
middle-surface 
in the x- and 
y-directions 
after bending are 


x 





= = ow 
ki yt HS 


For small de- 
flections, the 





curvature of the middle surface can be found 
ow 
oy’ 
as compared to unity, as it has been done for 
the curvature of beams. Thus the curvature 
of the deflected middle surface in planes 
parallel to xz and yz planes respectively are: 


approximately by omitting powers of ae 


a 2 2 ow 
Ry 3x* 


wk op BN eee 
> By 
Another quantity used in the problem of plates 


is the so-called twist of the middle surface 
given by: 


1 a*w 
ig) GONE pot he ate a) She ee (ab 
Ryy  9xdy (3p) 


The strains can now be expressed by means of 
curvatures and twist of the middle surface. 
In the case of pure bending of prismatic bar 
@ rigorous solution was obtained by assuming 
that cross-sections of the bars remain plane 
after bending and rotate so as to remain 
perpendicular to th: deflected neutral axis. 
Combination of such bending in two perpen- 
dicular directions brings us to pure bending 
of plates. 





Fig, 2b 


Let Fig. (2a) represent a thin rectangular 
plate loaded by uniformly distributed bending 
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My, My per unit length at its edges. These 
moments are considered positive when they are 
directed as shown in the figure, i.e. when 
they produce compression in the upper surface 
of the plate and tension in the lower. Let 
also (Fig. 2b) be a rectangular element cut 
out of the plate with sides dx, dy, t. The 
thickness t 1s considered very smail compared 
with the other dimensions. Obviously the 
stress conditions at the edges of all such 
elements will be identical to that of Fig. 2a. 
Assume now that the lateral sides of the 
element remain plane during bending and rotate 
about the axes so as to remain normal to the 
deflected middle surface. Due to symmetry 
the middle surface does not undergo any 
extension and it is therefore the neutral 
surface. 


From the geometry of the above described 
form of deformation the displacements in the 
X, y, 4 directions can be found as follows: 


A point B on the middle surface has been 
displaced to B* by W in the z-direction. An 
element of surface dzdy has rotated by an 
angle equal to the slope of the deflected 
middle surface in the direction so as to 
remain normal to the middle surface. See 
Fig. 3. 





Fig. 3 
This angle for small displacements is obviously 
equal to x » Thus the horizontal displacement 


Uy in the x-direction of a point at distance z 
trom the middle surface is: 


Uy 3 -% = (The sign ~ indicates 
negative displacement for positive z). 


In a similar manner we find the displacement 
in the y-direction. The complete displacement 


system is: 
Uy * -23t > uy * -23t, ug =w({x,y) ~- (2) 


The corresponding strains are: 


ofw z 


ox* Ry ” 





em B- 2% 
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Since we treat the problem of plates as,a plane 
stress problem, we find by means of Hook’s law 


qt (+ 


ox * (rey?) Ry * Ry’ 
Ez ,a°w a*w 
Oat Vag). Sons (4a) 
Gr = EZ ies = 
z* (-v) ‘Ry * R’ * 
Ez a*w atw 
~ Gey) SFT VaR mon (4b) 


These normal stresses are linearly distributed 
over the plate.thickness. Their resultants 
Must be equal to My and My respectively: 


pve Ox Z dydz = Mydy 
-n/2 
pe Gy 2 dxdz = Mydx 
-h/2 


Substituting from (4) we find: 


oy age ae 

Mx = -0 Sor + ve - - - - - - (58) 
aw a*w 

My = -D Gor +U Set ee (5b) 
ene? 


where D = aay = the flexural rigidity of 


the plate. If besides the flexural moments My, 
My, there are uniformly distributed twisting 
moments Mxy and Myx along the sides of the 
Plate of Fig. 2a, these must be equal to the 
resultant of distributed shear forces Oxy, Oz, 
along the sides of the element of Fig. 2b. 


From eq. (3) we obtain: 


fw 











Oxy = OK * Rey = 202 Seep (4e) 
Myydx = [2 ge dxdz , Mygdy = 
-h/2 
h/2 a 
f OyyZ dydz , Mxy = Myx = 
n/2 yx! » Ty = Myx 
3*w 
DQ) aroy ST SP ee (Se) 


Equations (5) give the moments per unit length 
for pure bending and twisting of a plate. 
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Al8.11 The Differential Equation of the Deflection Surface. 


To develop the theory of small deflections 
of thin plates we make one more assumption. 
At the boundary of the plate we assume that 
its edges are free to move in the plane of the 
plate. 





Fig. 4 


Thus the reactive forces at the edges due to 
the supports are normal to the plate. With 
these assumptions we can neglect any strain 
in the middle plane during bending. 


Let us consider, Fig.4, an element dxdy 
of the middle plane. Along its edge the 
moments My, My, Myy are distributed. These 
are the resultants of the bending and twisting 
stresses distributed linearly along the 
thickness of the plate (see eqs. 4 and 5). 

If the plate 1s loaded by external forces 
normal to the middle plane in addition to the 
above moments there are vertical shearing 
forces Qx, Qy, acting on the sides of the 
element of Fig. 4. 


Og = / 2 orsar, dy = SP? aypaz ~ (6) 
- -n/2 


n/2 


Let q be the transverse load per unit area 
acting normally to the upper race of the 
plate. Considering the force equilibrium in 
the z-direction of the element of Fig. 4 we 
find: 


8x Ry 
"ax Say + FY dydx + adxdy = 0 or = 
Rx  SQy 
ax tay 7220 ----- (6a) 


Taking the equilibrium of the 
in the x-direction we obtain: 


moments acting 
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Se 
a 
<< 
‘ 
R 
a 
< 
+ 
&£ 
g 
A 
ca) 
1 
° 
] 
7 





ax ay TO = ~~ (60) 
From the moment equilibrium in the y-direction 
we find: 


Athy aM 


me Uh = 
ay ax 7 x = 0 


By eliminating Qy, Qy from 6 a,b,c, we find 
the equilibrium relation between the moments: 
aM a*My 


37M, 
xy 
ax? * ay? 7? 


axay ~ 





<q ---- (7) 


To represent this equation in terms of the 
deflections w of the plate, we make the 
assumption that the expression (5) derived for 
pure bending holds approximately also in the 
case of laterally loaded plates. This 
assumption is equivalent to neglecting the 
effect on bending of the shearing forces and 
the compressive stress Gz- This ts en ex~ 
tension of the engineering theory of bending 
of beams. As in the case of beams it gives 
good approximation for bending of plates under 
transverse loads. 


Introducing equation (4) tnto (7) we find: 


3‘w tw atw qa 
aye t qcal fay? =D (8) 


axt * ays * 2 axtaye =D 7 TO 


The problem of bending of plates ts thus 
reduced to integrating eq. (8) for w. The 
corresponding shearing forces in terms of the 
displacements are found from eqs. 4 and 6d 
and c: 





AMyy My a a*w aw 
Se Sy * Se = 7 Oa Get ge) oo > (2) 
aMy at, 3 aw atw 
gy Ba ee  - -- 
ay ax ay ‘ax ay* 


The above analysis is suffictent to seek 
solutions of specific problems. ‘The general 
procedure is to find approximate solution of 
the fourth order differential equation (8) 
which satisfies the given boundary displacement 
and force conditions. 


A18.12 Strain Energy in Pure Bending of Plates. 


In evaluating the strain energy of a thin 
Plate we shall ignore the contribution of the 
shear strains which are generally small for 
small deflections, 
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Fig. 5b 


The strain energy stored in a plate 
element 1s obtained by calculating the work 
done by the moments M,dy, and M on the 
element during bending. Since the sides of 
the element remain plane during bending the 
work done by Mydy is obtained by taking half 
the product o* Mydy and the relative angle 
of rotation of the two sides of the element. 
Since the curvature in the x-direction 1s 
- » the relative angle of rotation of the 
sides 1 and 2 of distance dx will be - 2% ax. 


3x" 
Thus the work due to Mydy ts: 


2 ofw 


QVy 3 - Mx Gye dxdy = = - - ~~ (a) 


Similarly the work due to Mydx is: 


#2)tiL 3*w 
dy 2-3 My Shady ------- (b) 


The twisting moment Myty also does work 
against rotation of the element about the 
x-axis. The relative angle of rotation of the 





2 
two sections 1, 2 ts obviously Sar dx. Thus 
the work done by Myydy is: 
avib: 3o7w 
Wyy = 3 Muy Gygy OGY -- - 7 - (c) 
and the work due to Myxdx = Myydx is: 
si aw gy, 2 < 
Wyx = 3 My Gygy dy (a) 


(It is noted that the twist does not affect 
the work produced by the bending moments, 
neither the bending affect the work produced 
by the torsional moments). 


Thus the total strain energy per unit 
volume of the plate is: 
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dVy + aVy + dVyy + dVyx 








axdy 
aL a*w a*w a?w 7 
2 [- Me ge 7 My aye * hy Seay] 7 > > 720) 


Substituting My, My, I in terms of the dis- 
placement from eqs. (5)'we find: 


wsty aw, aes 
Yor 3) Get ye - 








a*w tw a*w ya 
2a-v) [3 “ay” Gray? ] 


This expression will be modified later when we 
will consider the superposition of compressive 
loads in the plane of the plate which are 
related to the problem of plate buckling. 


A18.13 Bending of Rectangular Plates. 


The general differential equation for 
bending plates was given in section C2.3 
(eq. 8). Two very useful methods of solution 
have been widely used, namely, the Fourter 
Series Method and the Energy Method. Both 
methods will be developed in the following 
for rectangular plates and various edge- 
supporting conditions. The edge support 
conditions are classified as follows: 


a) Built-in edge or Fixed: The deflection 
along the built-in side is zero and the tangent 
Plane to the deflected middle surface is 
horizontal. Thus if for instance the x-axis 
coincides with the built-in edge these con- 
ditions are: 


ead 


Sy)y 207° ~-- - -(12a) 


a 


bd) Simply supported edge: The deflection 
along the simply~supported side is zero and the 
bending moment parallel to this side is also 
zero. Thus if the plate is simply supported 
along the x-axis we have: 
tw 3") 


(w) 30 (My) vag Gye * Sx y= * 0 - - -(12b) 
c) Free edge: The bending moment, 

twisting moment and shear force along the free 

side is zero. Thus if the free side coincides 

with the straight line x = aL we have: 

M) 2, = 9 (Mxy) 2, = 0 Qy)  =0 
x= XY 'xsa a 


However, as was proved by Kirchoff two boundary 
conditions are only necessary to find a unique 
solution of the bending problem. He has shown 
that the two last equations of the above 
conditions can be replaced by one condition. 
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Ses oy & 


Expressing the condition (M3) pea = 0 in terms 


of w we find the final form of the boundary 
conditions along the free edge: 


( 7S 


ama. 
ax* " ay* ‘xza 





In the following solutions for various 
edge conditions will be developed. 


1. Simply supported rectangular plates 


Let a plate with sides a and b and axes 
X, Y, as shown in Fig. 6, be simply supported 
around the whole periphery and loaded by 2 
distributed load q =f (x,y). 


Two methods of solutions will be 
developed: 


a) Navier solution by means of double 
Fourier Series: 


We can always express f (x,y) in the form 
of a double trigonometric (Fourier) series: 


aes 
a= t(xy) = 2 2 agn sin [ sin SY - (za) 
mel m1 


where: am = see (x,y) sins sina axdy 


Fig. 6 


The boundary conditions are: 


WsO0,My =O atx=0,x=4 





WO,My =O aty=0,y=b, or: 
3 

(l)Wso (2) Ze =0 atx=0,x=a 
a, 

(3) = 0 (4) Tieo aty=0,y=b 


These boundary conditions are satisfied if we 
take: 


oo oo 
We f Ef Coy sin = sin 
m=1 n=l 


nny 
D 





--~ (14a) 


By substituting in eq. (18) with q given by 
eq. (13) we find: 


co 80 a 








4 ay 2 mx nny 
2 = Con Gz* 7) sin ——sin == 
msl n=1 
yet nny 
5 2 2 am sin SS sin WY sp rte (14d) 
mel n=1 
This relation is identity if: 
ay 
Con = ———}2 _,_ 
n*D & + ay 
and thus: 
2 
Waa s 2 8M sin BE stn BY 
m=] n=1 & +> 
eons (lac) 


In the case of a load q, uniformly distributed 
over the whole surface we have: 


ft (x,y) = q. = const. 


mux nny 


4g, a 
ss a —_— 
aon = Se £ LP sin » Sin = dxdy = 
16¢ 
Um 77777 (2.88) 
where m, n are both odd integers. If either 


or both are even amn = 0 and substituting in 





(14e): 
169, 2° oo mx nny 
we aD z z sin=—~ sin ae 


m=1,3,5 n=1,3,5 a 
23, Sy an @5+ 2D) 


---+-- (15d) 
with maximum deflection at the center, 
16% 08 oa ae 
“x *Fep 2 z (-1) 
M=1,3,5 n=1,3,5 1D n?.2 


mn Gr + pz) 
This is a rapidly converging series and a 


Satisfactory approximation 1s obtained by 
taking only the first term. For a square 
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plate this approximation becomes: 


Wmax ~ (tor V = 0.3) 








Aa" = 9 0454 908° 
nD En* 


which is by 2-1/2% is error with the exact 
solution. 


The expressions for bending and twisting 
moments are not so quickly convergent. To 
improve the solution another series solution 
can be developed as follows: 


b) Levy alternate Single series solution: 


The method will be developed for uniform 
load q, = const. Levy suggested a solution in 


the form: 
20 
We 2 Ym (y) sin ea eee (16) 
m=) 


where Yn is a function of y only. Each term 
of the series satisfies the boundary conditions 
wo, 2s atx=a. It remains to 
determine Yq so as to satisfy the remaining 

2, 


two boundary conditions w = 0, 3. OQaty=bd, 


A further simplification can be made if 
we take the solution in the form 


WoRW +W. -- + ---+---5-- (172) 


where 


a 
w = 2a (x* - 2ax* + a®x) - - - - - (17d) 
is the deflection of a very long strip with 
the long side in the x-direction loaded by a 
uniform load q, supported at the short sides 
x = 0, X =a, and free at the two long sides. 
Since (17b) satisfies the differential 
equation and the boundary conditions at x = 0, 
xX =a, the problem is solved if we find the 
Solution of: 





fw, 3*w, otw, 
axe * Fax ay? aye 79 7 > = 28) 


with w, in the form of (16) and satisfying 
together with w, of eq. (17b) the boundary 


conditions w =o, ahs Oaty=st 2 (see 


Fig. 7). 
Substituting (16) into (18) we obtain: 


oo anaom tt 
3. (yea ee Yq) -sin BE =o 


m=1 a? at 








- + - -(198) 


il 
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Fig. 7 


v 
where for symmetry m=1,3,5... 


This equation can be satisfied for all values 
of x if: 

m_ am*n? "mnt 

Ym + 
a* a’ 


Yn 








The general solution of (19d) ts: 
. 
Ym (y) 2 [4m cos h 2+ By MY sin yp DY 
a a a 
my mny may 
+ Cm sin hast Dn cos n ay 


- = + -- -(20) 


Since the deflection is symmetric with 
respect to the x-axis it follows that Cy = 


Dm = 0. Thus: 
w 2 ahs (xt - 2ax* +a*x) +e . 
m=1,3,5 
(Aq cos nam. By Y sinh wy) sin = 
or 


wea (ee + Am cos nav 2g 


sin n SY) sin 


where m = 1,3,5. Substituting this 
expression into the boundary conditions: 


w=0, =O forg= we find: 


wie 


pe 


=0. ~ 





4m COS Bh Gq + dm By Sin h Og toy 


- -(21a) 


(an + 2Bq) cos A Gq *4q Bg Sinha, = 0 
where dy = mnb/2a 


From these equations we find: 








= 2(am tanhdg + 2) 





An = 
n° m® cos hay 
3 Bn re Spates (21b) 
ném® cos han 
Thus: 
% oo 
w = 498 z i 7 (n tanh dn +2) 
nm*D m*l1,3,5 m° 2 cos hay 


cos n22aY . Om - 2 sinn2ey| 


bd 2 coshan db dD 


The maximum deflection occurs at the middle 
x= a yo: 





: ie meL 
= 403° = 4) ® Qq tan hag +2 
Wax = = 
n*D m1,3,5 m® 2 cos hag 
------- (21d) 


The summation of the first series of terms 
corresponds to the solution of the middle of 


a uniformly loaded strip, eq. (17>). Thus: 
oo m-1 
-o mat act (12 
“nox * Zag “Do z 
n°D m=1,3,5 mh 
Oy tanh dg + 2 
2coshag j-~ ~~~ 77 (21e) 
This series converges very rapidly. Taking a 


square plate, a/b = 1, we find from (21a): 


= 3 


2 e@.t.c. 


=t 
a, em? ts 


5 qa* 4qa* 





Max * gag G- - (0.68562 - 0.00025+....) 
? 
D 
= 0.00406 ee 


We observe that only the first term of the 
series in (2le)} need to be taken into con- 
sideration. 


The bending moments are found by substi- 
tuting (21c) into eqs. (5). The maximum 


bending moments at x #3 >y =O are: 
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Xe m-1 
Monae = Sg-+ Gvea*n® oz (1) * 
m21,3,5 
av 
n (Am -7 Bn) 
m-1 
qa" ea 2 
(My max = UAG- - (1-Y)qa*n z (+1) 
121,3,5 
n* (in +5 Ba) SYS Srserets. (212) 


c) Solution by means of the principle 
of virtual work 


From the discussion of the method (a) we 
can represent w in double Fourier Series: 


pet Re mmx n 
We 2 2 Cg sin sin 


> - - - (22a) 
m=l nsl 

The coefficients Cyn may de considered as the 

co-ordinate defining the deflection surface. 

A virtual displacement will have the form: 


2 mx ONY: «Sneath 
Ow = OCan - Sin ==. sin == (22b) 


The strain energy V, can be found dy substi- 
tuting (22a) into eq. (6). After a few 
algebraic manipulations we find: 


eo oo 


Daz 


=ttad 





Let us now examine the deflection of the plate 
of Fig. 6 with a concentrated load P at the 
point with co-ordinates x = , y=n. The 
increment of strain energy due to the incre-~ 
ment of the deflection by: 





bw = SCnn sin sin ------ (24a) 
is found from (23) 

‘ . a 
ov, = Cun Ga + Ba)? 6 Gun ~ = - ~ (240) 


The increment of the work of the load P is: 


OW = P6Cgn sin 2S sin SL 


From 6V; - OW = O we obtain: 
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Since 6Cgn is arbitrary its coeffictent must 


be zero. Thus: 
4p sine sin 221 
Cun 3 = 
n*abD (r+ pa)? 


ap oo 


sin BE. gin aa 


We 2 fF a 
n*abD ey nel a e Bye 
‘at pF 
max nny 
» sin-=—, SS SS a ee (24d) 


This Series converges rapidly. For a square 
plate (a/b = 1): 


eo =o 





a 
Wax =SE gk 7 - - = -(248) 
m=1 n=l (m? + n?)? 


By taking only the first four terms we find 


2 
Mina # 0.01121 PB 


which 1s 3-1/2% less than the correct value. 


(2) Rectangular plate with two opposite 


edges simply Supported, the third edge free 


and the fourth edge built-in or simply 


supported. 


x 


Fig. 8 
yy B. 
Assume that the edges x = 0 and x = 4 are 
simply supported, the edge y = b free and the 
edge y = 0 built-in (Fig. 8). In such a case 
the boundary conditions are: 


aw 





w= 0, Sor = 0, for x = 0, x =a (a) 
ow 
w= 0,375 0, for y = 0 {b) 
ea, wy 26 ~~ (28) 
ax" ay* Zi 








[SF +20 oe] = 0 for y = b (c) 
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Let us consider the case of a uniform load q. 
we write the deflection in the form: 


WW. + Wy 


where w, is the deflection of a simply 
supported strip of length, a, which for the 
system of axes of Fig. 8 can be written (see 
Levy’s method in previous section): 


— 49a* . z mex 


Mee San mae ees 


and w, is represented by the series: 





co 
“= 2 Ym (y) sin BE - . ~ ~ (260) 
n=1,3,5 
where w, deing a solution of 
ow, = a* Ww, ot wy 
axe * ays * ® axtay? = ° 


is found as in the previous section: 
= @ mny ar ay 
Yo = = (Am cosh + By = sinh SY + 


Cy sinn FY+p, BY cosh MY) - ~(26a) 


It is obvious that the two first boundary 
conditions are identically satisfied by w = 

W, + Wa. The coefficients Am, Ba, Cy, Dy 

must be determined so as to satisfy the last 
four boundary conditions. Using the conditions 
(25d) we obtain: 


= 4 
‘n= Teme 


Cm = = Op 


By the conditions (25¢) we find: 


By = at, SSPVU(I-V) cos a B+ 2 C08 Na -YCI-Vi8y stn n Bye (1-Y*) 
nae (SUV(L-V) cosh By © (LUI"Bg* * C°U* Steed 
4 (3-¥1 (Lev) sinh By cog h Sqr Y(LeV sinh ByU(1-V1Bq COs N Bye(1-1/)* Bq 


néat (SV) (L-vicos RY 3, + FLAY)" By" + (1ev)* 


oye 


Substituting Am, Bm, Cm and Dm in eq. (26d) we 
find the déflection. The maximum deflection 
occurs at the middle of the free edge, 


A18.14 Combined Bending and Tension or Compression of 
Thin Plates. 


In developing the differential equations 
of equilibrium in previous pages, it was 
assumed that the plate is bent by transverse 
loads normal to the plate and the deflections 
were so small that the stretching of the middle 
Plane can be neglected. If we consider now the 
case where only edge loads are active coplanar 
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with the middle surrace (Fig. 9) we nave a 
Dlane stress problem. If we assume that the 
Stresses are uniformly distributed over the 
thickness and denote by Ny, Ny» Nyy, Nyy the | 
resultant force of these streSses ber init 
length of linear element in the x and 
y-directions (Fig. $) it 1s obvious that: 


Ny = hoy , Ny = hay 


Nxy = Nyx 2 hogy = hoy, 





Fig. 9 


The equations of equilibrium in the absence 
of body forces can be written now in terms of 
these generalized stresses Ny, Ny, Nyy by 
substituting from aq. (27) to the equations 
of equilibrium 

aNx — aNxy aNy — aNxy 
ax * ay 7%, ay ” ax 





=O---- - (2g) 


On the other hand if the plate is loaded by 
transverse loads the stresses give rise to 
pure bending and twisting moments only. 
equations of equilibrium for the latter have 
been given in before (see eqs. 65°75. 8). If 
both transverse loads and coplanar edge loads 
are acting simultaneously, then for small 
vertical deflections the state of stress ts 
the superposition of the stresses due to 

Ny, Ny, Nyy and ‘9 » Myy. For large 
Pie, W etectis, oF the’ plate, however, 
there is interaction of the coplanar stresses 
and the deflections. These stresses give rise 
to additional bending moments due to the non- 
zero lever arm of the edge loads from the 
deflected middle surface, as in the case of 
beams. When the edge loads are compressive 
this additional moments might cause instability 
and failure of the plate due to excessive 
vertical deflections. 


In this chapter the problem of instability 
of plates will be examined. 


When the edge loads are compressive and 
give rise to additional bending moments eq. (8) 
Must be modified. 





Fig. 10a 


Consider an element of the middie survace 

dx, dy (Fig. 10a). The conditions of forse 
equilibrium in the x, y-directions are given 
by ¢q. (28). Consider now the projection of 
the stresses Ny, Ny, Nyy in the z-dtrection: 


(a) Projection of Ny: From Fig. loa it 
follows that the resultant projection is: 


ow Wy OW aw ay 
~ Mx OY Bet (Nx +B cx) Ge + Sar ax) 


and neglecting terms of higher order: 


a 
wi, oN OW, even titted Suk 
(hy + ax * ax? ~ (a) 


(b) Projection of Ny: By similar argument 
we find that this projection is equal to: 


fw. aNy ow 
ou SAY OM Scan atie ais. aso, 
(Ny ay + ay ay? (b) 


* 





Fig. 10b 
{c) Projection or Nyy and Nyx: 
we find: 


From Fig. 10b 





ow ON: ow | 3"w 
~ May ay * Oley +a ae) G+ Seay ot) 


and neglecting terms of higher order: 


’ 3*w_, aN. aw 
(Nyy Seay + xe 3y) dxdy 





Similarly we find the projection of Nyy = Nyy: 
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3?w xy OWS, Weer thai a 
Ney gray * “Spo + Gx) Oey a 
Thus in eq. (6a) the terms given by (a), (b), 
(¢) and (d) should be added (divided of course 
by dxdy): 
+ Ye ge De py De oy OH 
ay ~ 1 * Nxvaxt* Ny ay? MY axay 
oNx , ONxy, aw aye Sos = mp 
OS aye Ect x OF (e) 


But due to the equation of equilibrium (28) the 
two terms inside the parentheses in (e) are 
zero. Thus: 


Se = + a+ 


+ QNyy sa os =0 





Ny Sor ra 
Eq. (29) replaces eq. (6a) when edge loads are 
Present. fqs. (6d) and (6c) are, however, still 
valid since they exnress moment equilibrium 
of the element dxdy in wnicn tne contriouvion 
or Ny, Ny,» Nyy is aye Thus eliminating Qy, 
Qy between (Bb), 6c) and (29) we find: 





+y = aw, otw ot 
Viw = at ay? ay 


L 3°w a?n a*w 
DT (A+ Ny Syat Ny ay? * xy Seay) 





- - - -(30) 


Eq. (30) replaces eq. (128) when edge loads 
are present and the deflections are large so 
that instability might occur. 


The distribution of the coplanar stresses 
Nx; Ny, Nyy can be found from eqs. (28) by 
solving the plane stress problem. In the 
following the above theory will be applied to 
rectangular plates. 


A18.15 Strain Energy of Plates Due to Edge 
Compression and Bending. 


The energy expression for pure bending, 
eq. (11), must be complemented to include the 
contribution of the edge coplanar loads. 
Assume that first the edge loads are applied. 
Obviously the strains due to the stresses 
Nx, Ny, Nyy are: 


ix -YNy), ey = Te (Ny -UNyx), 


The strain energy is: 


Vay SASS Olxeg + Nye + Ney yxy) axey = 
she // (NS + Ng ~ QUghly + 2(1V Nyy?) “= - (a) 
2h Ny RE ee 5 


During bending due to transverse loads 
or/and due to buckling we assume that the edge 
loads and consequently Ny, Ny, Nyy, remain 
constant. Its variation is thus zero and we 
do not consider it in the following. Let us 
apply now the transverse load that produces 
bending. (We can also consider bending due to 
other transverse disturbance, which is the 
case of buckling). If u, v, are the displace- 
ments of the middle surface due to the coplanar 
loads (which are assumed constant across the 
thickness) and w the bending deflection of the 
plate it can be shown that the strains are: 


= SU, L (aWys 

&x =a te GD) 
w2v Sy Ow, a 

ey ar ey 


- du aw ow 
inthe eH ------ 0 
Let us apply now bending with constant coplanar 
stresses. Due to stretching of the middle 
surface the energy 1s: 


JI (Nxex + Nyey +Nxy Tyy) dxdy + - - - (c) 


Introducing (b) into (c) and adding the strain 
energy due to bending, eq. (11), we find the 
total change of strain energy due to bending 
which ts: 





Vy 2 LS [Nx Soe ty B+ thy BE + S] axay + 
$1 [m% BE)4 + ty (BR) + atgy SE. Boxay + 
Bol | eee Soe 
aay [St Se. Se] aay ~~ (a) 


Here u, v are the additional coplanar displace- 
ments after bending has started. It can be 
shown by integrating by parts that the first 
integral is the work done during bending by the 
edge loads. For instance taking a rectangular 
plate this integral becomes: 


ae [me 3 ax Ny = Nxy 3%] ey 
> [mica] «| meg ]2) ay + 6% (| Mya] + | yf ax 


£25>|a a(S « ay +o Be + er i} axdy - - (0) 
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Obviously the first two integrals represent 
the work done by the edge loads while the 
Second integral is zero due to the equilibrium 
equations (28). Thus the work of the edge 
loads is: 


nih Be 25) axay- - (f) 


av 
iy 2 7 [iy Bony 
We assume now that for small deflections 
the stretching of the middle surface of the 
plate 1s negligible. (This is the so-called 
inextensional theory of plates). In this case 
by zeroing the strains in eq. (bd) and subdsti- 
tuting in (f) we find: 


aw aw 


win #-3 / [sx (Br eyy Sy * 2Nxy 3x ° - Boxes 


In the strain energy expression, eq. (a) 
the first two terms cancel each other and the 
strain energy 1s due only to bending: 

= 2 hya 


= hous (Sy ay” 


2(1-) (2s ee. +} dxdy - - (32b) 


In the absence of transverse loads the work 
of extermal forces is simply due to the edge 
loads: 





WewW --2---+---- eee 
Expressions (32b) and (c) will be used in 
solving the buckling problem by means of the 
principle of virtual work. 


Al8.16 Buckling of Rectangular Plates with Various Edge 
Loads and Support Conditions. 


General discussion 


In calculating critical values of edge 
loads for which the flat form of equilibrium 
becomes unstable and the plate begins to 
buckle, the same methods and corresponding 
Treasonings as for compressed bars will be 
employed. 


The critical values can be obtained by 
assuming that the plate has a slight initial 
curvature or a small transverse load. These 
values of the edge loads for which the lateral 
deflection w becomes infinite are the critical 
values (see Part 1 for similar treatment in 
columns). 


Another way of investigating such 
instability is to assume that the plate buckles 
due.to a certain external disturbance and then 
to calculate the edge loads for which such a 
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buckled configuration (deflections different 
from zero) is possible. It was found in the 
case of column that this latter solution 
(Quler’s solution) approaches asymptotically 
the first at the limit where the deflections 
become extremely large but for even small 
deflections the edge load acquires a value 
very near the Zuler’s critical value. Th 
latter technique is mathematically more 
convenient and it gives for plates also a very 
good estimate of their compressive strength. 
In the following we shall use this latter 
approach by assuming a plate with edge loads 


and no transverse load. iq. (30) becomes in 
this case: 

atwy atwil ay a aw, 
Sart? ayt y" 3x Sa ty T+ hy Sat oxay’ 





By solving eq. (33) we will find that the 
assumed buckling made is possible (w # 0) for 
certain definite values of the edge loads, the 
smallest of which determines the critical icad. 
The energy method can also be used in investi-~ 
gating buckling problems. in this method we 
assume that the plate is initially under the 
plane stress conditions due to the edge loads 
and the stress distribution is assumed as known. 
We then consider the buckled state as a possible 
configuration of equilibrium. The change of the 
work is given by eq. (32a). We interpret here 
was & virtual displacement though we do not use 
the variation symbol 6. Thus the increment of 
work 6W is given by (32a) and the increment of 
strain energy 5Vy is given by eq. (32b). If 
6w<6V; for every possidle shape of buckling the 
flat equilibrium is stable. If OW=éVy for a 
certain shape of buckling then the flat con- 
figuration is unstable and the plate will buckle 
under any load above the critical load. If 
OW = 6V,, the equilibrium is neutral and fron 
this equation we find the critical load. The 
critical load therefore 1s found from the 
equation: 

1 oWya owWya ow ow 
-si// Ee + Ny(S5) + ENxy S° ay 


ae 
(S57 Say) sexey 


3 | axay = = 


D Siw Sew, atw 3tw 
3 Se Sy co Se 


Here w is a certain assumed deflection which 
Satisfies the boundary conditions (virtual 
deflection). 


A18,17 Buckling of Simply Supported Rectangular Plates 
Uniformly Compressed in One Direction. 


Let a plate of sides a and » (Fig. 11) 
simply supported around its periphery be com- 
pressed by load Ny uniformly distributed 
along the sides x = o and x =a. From the 
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obvious solution of the corresponding plane 
stress problem we find that the state of 
stress 1s everywhere a simple compression 
equal to Ny (the load at the periphery). 


The deflection surface of a simply 
supported plate when bending takes place have 
been found previously (see eq. 14a). Its 
general expression can be written in a double 
Series form: 


00 
wa % 2 Opn sin. sin BY - - ~ (5a) 
m=] n=l 


The increment of strain energy found by 


substituting (35a) in the right-hand side of 
(24) is: 


ov 24 





t Cun’ Bs + ap - - - (35d) 
ml n=l 
The increment of work done by the external 
forces is found by substituting (35a) into the 
left-hand side of eq. (34) and Ny = const, 





Nx = Nyy 20, Thus: 
ei ad awa = 
WES Nx £ 4 Gy) axay 
nbd oo oo 
aq Nx 2 2 m* Cy* --~---- (35¢ ) 
mel n=l 


From the equality 6W = 
obtain: 


OV, solving for Ny, we 


oo 2 
na*D & 2 Cgn* OF a + a)* 
‘ m=1 n=l - -- (354) 
ar) 
2 2 oe Cay* 
m=1 nel 





Here Cmn 1S arbitrary. We are interested, 
however, to find that values of Cyn which make 
Ny minimum. To that effect we use the follow- 
ing mathematical reasoning: 


Imagine a series of fractions: 


ols 
reo 


alo 


If we add the numerators and the denominators 
we obtain the fraction: 








This fraction has some intarmediate value 
between the maximum and the minimum or the 
fractions (a). It follows that if we wish to 
make the fraction (b}), which is similar to the 
fraction of eq. 35d, a minimum, we must take 
only one term in the numerator and the corres- 
ponding term in the denominator. Thus to make 
the fraction of eq. (35d) minimum, we must put 
ali the parameters Ci,, Cia, Car .... except 
one, zero. This is equivalent to assuming that 
the buckling configuration is of simple 
sinusoidal form in both Seen t ons: 1.e. 


Won = Can sin = sin 2 , 


expression for Cyn obtained by dropping all the 
terms except Cyn becomes: 


The minimum 


n’a*D n* 
Ny = z a + 57)" 
It is obvious that the smallest value of Nx is 
obtained by taking n=1. This means that the 
plate buckles always in such a way that there 
can be several half-waves in the direction of 
compression but only are half-wave in the 
perpendicular direction. Thus for n=l, eq. 
(35e) becomes: 





yi - - = - = (36a) 


The value of m (in other words the number of 
half-waves) which makes this critical value 
the smallest possible depends on the ratio 
a/o and can be found as follows: 


Let us express (36a) in the form: 


where k is a numerical factor depending on (Ay, 
From (36a) and (36b) we have: 


If we plot k against = for various values of the 


integer m= 1, 2, 3, ..... we obtain the curves 
of Fig. (12). From these curves the critical 
load factor k and the corresponding number of 
half-waves can readily be determined. It is 
only necessary to take the corresponding point 


eS as the axis of abcissas and to choose that 


curve which gives the smallest k. In Fig. 12 
the portion of-the various curves which give 
the critical values of k are shown by full 
lines. The transition from m to (m + 1) halr- 
waves occurs at the intersection of the two 
corresponding lines. From eq. (36c) we find: 


‘I> 
i 4 
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a 
&2Jm ml) ---------- (36a} 


Thus the transition from one to two half-waves 
occur for: 


from two to three for 
$=V2 (Hl = V6 


and so on. 


The number of half-waves increases with the 
ratio a/b and for very long plates m ts very 
large. 


a 
pun 


This means that a very long plate buckles in 
half-waves the lengths of which approach the 
width of tha plate. The buckled plate is 
Subdivided into squares. 


The critical value of the compression 
stress is: 
= (NxJor . __kn®E +t 
h 12(1-y*) ob? 
(t = thickness) 


oxy 


A18.18 Buckling of Simply Supported Rectangular Plate 
Compressed in Two Perpendicular Directions. 


Lat (Fig. 15) Ny, Ny the uniformly distri- 
buted edge compressions. Using the same as 
before expression for the deflections (eq. 35a) 
and applying the energy equation (33) with 
Ny, Ny = constants (which ts the solution of 


the corresponding plane stress problem) we find: 
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y Fig. 13 
ana 2, a2 Wana 
n n*n m’n? on?n a 
Ny A + Ny Sja7 = Der + sf )* ~ (37a) 
and by introducing the parameter: 
= 22D By 
99 FSM Ot ttt toe (379) 
We obtain: 
a 
oy? + gyn? 7 = = - (372) 





Taking any integer m and n the corresponding 
deflection surface of the buckled plate is given 
by: 


mu nm 
hon = Can sin. sin SY 





~--- (38) 


are 


and the corresponding ox, oy 
which is a straight line tn the diagram Sys Oy 
(Fig. 14). By plotting such lines for various 
pairs of m and n we find the region of stability 
and the critical combination of ox, dy which ts 
on the periphery of the polygon rormed by the 
full lines of Pig. 14, 


Sy 
mS \ 
2: \ 


s 


given dy (37c) 









ox 


Fig. 14 


A18.19 Buckling of Simply Supported Rectangular Plate 
Under Combined Bending and Compression. 


Let us consider a simply supported 
rectangular plate (Fig. 15). Along the sides 


xX = 0, X =a there are linearly distributed 
edge loads given by the equation: 
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which is 4 combination of pure bending and 
pure compression.- Let us take the deflection 
again in the form: 


i) oo 
we 5 = Cyn sin 
m=l n=l 


TX .sin = 





~- - (39b) 





Fig. 15 


Substituting in the right-hand side of 
eq. (34) we find the variation of strain 
energy: 


= pn apnt ee ma”. 
AV, =D + 22 Cm *Gatys)* ---- - (39¢ ) 
while the increment of work is: 
ai apd Ly (Mya = 
Wes LL No (L-AS) (GO) dxdy = 
oo ane 
Nol ae SS cqamint Aa F men 
4 } e 2% Cony D 2 a 
oo ap2% 92 Cnn Cm nt 
ZR Cis x} - - (39d) 
n=1 n@n=l 151 (n*~1#)* 


Equating (39c) and (39d) and solving for Ng 
we find: 





---- (39e) 


The coefficients now Cyn are so adjusted that 
(Noler becomes minimum. By taking the 
derivative of expression (38e) with respect 
to each coefficient Cmn and equating these to 
zero we find: 
a aa an ana 
Deaan* Gz+E5)* (olor {can Soe - 4355 


a 
+f 16 F Om nt 
Bane a eet 
n® 1 (n?-1*)* 
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We examine for each value of m the solutions of 
the system (38f). Starting from m = 1 and 


denoting: 

Scr = ae --- eee eee » (39g) 
we obtain from (39f): 
Cin fa + nt25} -Ser an a-3)] - 

Bloor 2h 2 aos eee ee ee (39h) 


These are homogeneous equations in 4.,, aig ... 
etc. The system possesses a non-zero solution 
(which indicates the possibility of buckling of 
the plate) if the determinant of eq. (39h) is 
zero. From this condition an equation is 
obtained for der. Obviously the system (39h) 
is of infinite number of equations (n= 1, 2, 
3... ). A sufficient approximation is 
odtained by taking a large but finite number 
of terms and find the solution of the finite 
determinant (using for example digital 
computers). Thus a curve of oor versus a/b ts 
obtained for m= 1 like that of Fig. 12. 
Repeating the same calculation form = 2,3... 
etc., we find similar curves of two, three, etc. 
half-wave lengths. The regions of the curves 
with minimm ordinates define the region of 
stability as in Fig. (12). 


A18,20 Inelastic Buckling of Thin Sheets 


The problem of the inelastic buckling of 
thin sheets has been extensively studied by 
various authors. The main difficulty in such 
studies is in reference to the stress-strain 
relations of plasticity under complex states 
of stress. Many controversial discussions 
have appeared in literature without resolving 
the theoretical difficulties. For this reason 
we will not develop the theory of inelastic 
buckling in this chapter. Some of the better 
references on this subject are listed below. 


Chapter C4 presents the plasticity 
correction factors to use in calculating the 
inelastic buckling strength of thin sheets. 
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Courtesy of The Boeing Company, Seattle, Washington -. 


This multiple exposure photograph of a Boeing supersonic transport mode! shows the variable-sweep wing 
in three configurations: forward for takeoff and landing, swept part way back for transonic flight, and swept 
completely back as an arrow wing for 1800-mile-an-hour supersonic cruise. 


SPECIFICATIONS (Basic Design) 


Gross Weight 
Payload 
Range 
Takeotf Distance (Max. gross weight) 
Landing Distance 
Cruising Speed 
Takeoff Speed 
Approach Speed 
Wing Span (forward Position) 
(aft position) 


Length 
Height 





430, 000 pounds 

150 passengers 
4,030 miles 

6, 000 feet 

5, 800 feet 

1, 800 miles an hour (Mach 2.7) 
175 miles an hour 
136 miles an hour 
173 feet, 4 inches 
86 feet, 4 inches 
203 feet, 10 inches 
48 feet, 4 inches 











CHAPTER A19 
INTRODUCTION TO WING STRESS ANALYSIS 


A19.1 Typical Wing Structural Arrangement 


For aerodynamic reasons, the wing cross- 
section must nave a streamlined shape commonly 
referred to as an airfoil section. The aero- 
dynamic forces in flight change in magnitude, 
direction and location. Likewise in the vartous 
landing operations the loads change in magni- 
tude, direction and location, thus the required 
structure must be ome that can efficiently 
resist loads causing combined tension, com- 
pression, bending and torsion. To provide 
torsional resistance, a portion of the airfoil 
surface can be covered with a metal skin and 
then adding one or more internal metal webs to 
produce a single closed cell or a mu tiple cell 
wing cross~section. The external skin surface 
which is relatively thin for sudsonic aircralt 
is afficient for resisting torsional shear 
stresses and tension, but quite inefficient in 
resisting compressive stresses due to dDending 
of wing. To provide strength efficiency, span- 
wise stiffening units commonly referred to as 
flange stringers are attached to the inside of 
the surface skin. To nold the skin surface to 
airfoil shape and to crovide a medium for 
transferring surface air pressures to the 
cellular deam structure, chordwise formers and 
ribs are added. To transfer large concentrated 
loads into the cellular beam structure, heavy 
ribs, commonly referred to as bulkheads, are 
used. 








Figs. Al$.1 and AlsS.2 illustrate typical 
structural arrangements of wing cross-sections 
for subsonic aircraft. The surface skin is 


Pig oT ee % 
Rove cs ta ee 
Fig. b tte 


Fig. ¢ i 4 


Fig. Ai9.1 











relatively thin. In general the wing structural 
flange arrangement can be classified inta two 
tybes; (1) the concentrated lange type where 
flange material is connected directly to in- 
ternal weds and (2) the distributed f 
where stringers are attached to sxin between 
internal webs. 











Fig. AS.3 shows several structural 2 73—~ 
ments Por wing cross-sections for superscnic 
aircraft. Supersonic airfoil shapes are 
relatively chin compared to subsonic aircraft, 






Distributed Flange Type of Wing Beam. 
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Fig. Al9.2 Common Types 
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To withstand the hich surface prassures and to 
obtain sufficient strength much Ker wing 
skins are usually necessary. Modern milling 
machines permit tapering of skin thicknesses. 
To obtain more flange material integral flanse 
units are machined on the thick sxin as illus- 
trated in Fig. k. 











Fig. J 


So 


Light Weight Core 


iio 


Fig. Al9.3 Wing Sections - Supersonic Aircraft 





In a cantilever wing, the wing bending 
moments decrease rapidly spanwise from the 
maximum values at the fuselage support points. 
Thus thick skin construction must be rapidl. 
tapered to thin skin for weight efficiency, but 
thinner skin decreases allowable compressive 
stresses, To promote better efficiency sand- 
wich construction can be used in outer portion 
of wing (Fig. 1). A light weight sandwich core 
is glued to thin skin and thus the thin skin ts 
capable of resisting high compressive stresses 
since the core prevents sheet from Suckling. 


A19.2 Some Factors Which Influence Wing Structural 
Arrangements 


(1) Light Weight: + 


The structural designer always strives for 
the minimum weight which 1s practical from.a 
production and cost standpoint. The hisher the 
ultimate allowable stresses, the lighter the 
structures. The concentrated flange type of 
wing structures as illustrated Fig. (a, > and c} 
of Fig. Al9.1 permits high allowable compressive 
flange stresses since the flenze members are 
Stabilized by both web and covering s » thus 
eliminating column action, which permits design 
stresses approaching the crippling stress of the 
flange members. Since the flange members are 
few in number, the size or thickness required ts 
relatively large, thus giving a nigh crippling 
stress. On the other nand, this type of design 
does not develop the effectiveness of the metal 
covering on the compressive side, which must be 
balanced against the saving in the welent of the] 
flange members. 











In the distributed type of flange arrange- 
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ment {(F 
the compression 
is attached to closely s 
gations. However, the 





the cell covering. T 
flange allcwable compressive 
is not practical to space wing 
12 to 18 times the flange stringer 
if shere were no other controllin 
could easily make caiculations 
which of the above would oro 
general, if the torsional °ore 
are small, thus requiring only 
the concentrated #1: 
should prove the 


In general, should de 
placed to sive the inertia in 
the Z direction, which means itn seneral that ¢ 
flanze material should be placed between the 1. 
and 50 per cent or wing chord rrom the leading 


edge. 

The secondary or distributing structure act 
of the structural box beam should be made as 
light as possible and thus in general the farther 
forward the rear clesing web of the box beam, the 
lighter the wing structure as a whole. 

In the layout of the main spanwise Slange 


members bends or changes in direction should be 
avoided as added weight is required in splicing 
or in transverse stiffeners which are necessary 
to change the direction of the load in the flange 
members. If flange members must de spliced, care 
Shoule be taxen not to splice them in the region 
of a maximum cross-section. Furthermore, in 
general, the smaller the number of fittings, the 
ighter the structure, 











(2) Wing- Fuselage Attachment: 


the low wing or the 


If the airplane is of 
ig 33 wing structure can 


high wing type, the entire 
continue in the way of the airplane oody. How- 
ever, in the mid-wing type or semi-iow wing 
type, limitations may prevent extending the 
entire wing through the fuselage, and somes of 
the shear webs as well as the wing covering 

must de terminated at the side of ‘he ‘fuselage. 
If a distributed flange type of cell structure 
were used, the axial load in the flange string- 
ers woulc nave to be transferred to the members 
extending through the fuselege. To provide for 
this transfer of 2a: loads requires structural 
weight anc thus a concentrated flange type of 
tox structure misht orove the best type of 
structure. 

















(3) Cut-outs in Wing Surface: 


The iceal arrangement where continuity or 
structure is maintained over the entire surface 
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of the structural box is seldom obtained in ac= 
tual airplane design due to cut-outs in chs 
wing surface for such items as retractable 
landing gears, mail compartments and bomb and 
un bays. f£ the distributed 7lange type of 
box beam is used, they are interrupted at each 
cut-out, which requires that means must be 
provided for drifting the flange loads around 
the opening, an arrangement which adds weight 
because conservative overlapping assumptions 
are usually made in the stress analysis. The 
additional structure and riveting to provide 
for the transfer of flange load around large 
openings adds considerably to the production 
cost. 


For landing gears as well as many other 
installations, the wing cut-outs are confined to 
the lower surface, thus a structural arrangement 
as illustrated in Fig. Al9.4 1s quite common. 
The upper surface is of the distributed flange 
type whereas the lower flange material 1s con- 
centrated at the two lower corners of the box. 
In the normal flying conditions, the lower sur- 
face is in tension and thus cell sheet covering 
between the cut-outs is equally effective in 
bending if shear lag influence 1s discounted. 
For negative accelerated flying conditions, the 
lower surface is in compression thus sheet cov= 
ering between corner flanges would be ineffec- 

ive in bending. However, since the load fac- 
tors tn these flight conditions are approximate- 
ly one half the normal flight load factors, this 
ineffectiveness of the lower sheet in bending is 
usually not critical. 


Cut-outs Likewise destroy the continuity of 
intermediate interior shear webs of such 
sections as illustrated in Pigs. (c and 1), and 
the shear load in these interrupted webs must 
be transferred around the opening by special 
the cut-out, which 


bulkheads on each side of 
means extra weight. 


Fig. Ald.4 





In many cases, 
are necessary due to r plant installations, 
landing gear wells, etc. Furthermore, in many 
airplanes, it is desiratle to make the leading 
edge portion removable for inspection of the 
many installations which occupy this space in 
the portion of the wing near the fuselage. If 
such is tne case, man inte rowed should 
De lecat near the front of the wing section. 


-outs in the leading edge 


power 
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the lower side of the wing. They are usually 


fastened to two spanwise stringers with screws 
and the removable panels are effective in re- 
shear Load. 


sisting bending and (See Fig.Al9.5) 











Removable panel for 
assembly and inspection 
purposes. 


Cutouts in the wing structural box destroys 
the continuity of the torsional resistance of 
the cell and thus special consideration must be 
given to carrying torsional forces around the 
cut-out. This special problem is discussed 
later. 


(4) Folding- Wings: 


For certain airplanes, particularly Carrier 
based Naval airplanes, it 1s necessary that pro~ 
vision be made to fold the outer wing panels up- 
ward. This dictates definite ninge points be- 
tween the outer and center wing panels. Ifa 
distributed flange type of structure is used, 
the flange forces must be gathered and trans- 
ferred to the fitting points, thus a compromise 
solution consisting of a small mumber of span- 
wise members is common practice. 


(5) Wing Flutter Prevention: 


With the high speeds now obtained by modern 
airplanes, careful attention to wing flutter 
prevention must be given in the structural lay~ 
out and design of the wing. In general, the 
critical flutter speed depends to 4 great ex- 
tent on the torsional rigidity of the wing. 

When the mass center of gravity moves aft of the 
25 per cent of chord point, the critical flutter 
speed decreases, thus {it {s important to keep 
weight of the wing forward. At high speeds 
where “compressibility” effects become important, 
the torsional forces on the wing are increased, 
which necessitates extra skin thickness or 4 
larger cell. Designing for flutter prevention 
ts a highly specialized problem. 


(6) Ease and Cost of Production: 


The airplane industry is a mass production 
industry and therefore the structural layout of 
the wing must take into account production 
methods. The general tendency at this time is 
to design the wing and body structure, so that 
sub-assemblies of the various parts can be made, 
wnich ars finally brought together to rorm the 
final assembly of the wing pa: . To make this 
process efficient requires consideration 
in the details and layout the wing structure, 


Photograph AlS.6 illustrates the sub-assembly 
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Photograph A19. 6 


Designing To Facilitate Production. 


Photographs by courtesy of North American Aviation Co. 
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break-down of She structural parts of an air- 
plane of a ieading airclane company. Fabri- 
cation and assembly of these units permits the 
installation of much equipment defore assembly 
of the units to the final assembly. 








A19.3 Wing Strength Requirements 


Two major strengtn requirements must be 
Satisfled in the structural design of a wing. 
They are: - (1) Under the applied or limit 
loads, no part of the structure must be 
stressed beyond the yield stress of the mater- 
fal. In general, the yleld stress is that 
stress which causes a permanent strain of 
0,002 inches per inch. The terms applied or 
limit refer to the same loads, which are the 
maximum loads that the airplane should en- 
counter during its lifetime of operations. 

(2) The structure shall also carry Design Loads 
without rupture or collapse or in other words 
failure. The magnitude of the Design Loads 
equals the Applied Loads times a factor of 
safety (F.S.). In general, the factor of 
safety for aircraft 1s 1.5, thus the structure 
must withstand 1.5 times the applied loads 
without failure. In missiles, since no human 
passengers are involved, the factor of safety 
{ts less and appears at this time to range 
between 1.15 to 1.25. 


Aircraft factors of safety are rather low 
compared to other *ields of structural design, 
chiefly because weight saving is so important 
in obtaining a useful transportation vehicle 
relative to userul load and performance. 

Since safety is the paramount design require- 
ment, the correctness of the theoretical design 
must be checked by extensive static and dynamic 
vests co verify whether the structure will 
carry the design loads without fatlure. 


A19.4 Wing Stress Analysis Methods 


In many of the previous chapters of this 
book, internal forces were calculated for both 
statically determinate and statically inde- 
terminate structures. The internal loads in a 
statically determinate structure can ce found 
by She use of the static equilibrium equations 
alone. The over-all structural arrangement of 
members is necessary, but the size or shape of 
no individual member 1s required. In other 
words, design consists of 7inding internal 
leads and then supplying a member to carry this 
load sarely and efficiently. In a statically 
indeterminate structure, additional equations 
beyond She static equilibrium equations are 
necessary to find all the internal stresses. 
The additional equations are supplied trom a 
consideration of structural distortions, which 
means that the size and shape and xind of 





material for members of the structure must be 
knewn Defore internal stresses can be deter- 
mined. This fact means a trial and error method 





is necessary. Another important distinction is 
that a statically determinate wing structure 
has just enough members to produce stability 
and if one member is removed or fails, the 
entire structure will usually fail, whereas a 
statically tndeterminate structure has one or 
more additional members than are necessary for 
static stability and thus some members could 
ail without causing the entire structure to 
collapse. In other words, the structure has 
a fail safe characteristic in that a redistri- 
bution of internal stress can take place if 
some members are over loaded. In general, 
statically indeterminate structures can be 
designed lighter and with smaller overall de- 
flections. 


METHODS CF STRESS ANALYSIS FOR STATICALLY 





INDETERMINATS. iG_S' CTURES 
Two general methods are commonly used, 
namely, 
(1) Flexural beam theory with simplifying 


assumptions. 


Solving for redundant forces and stresses 
by applying the principles of the elastic 
theory by various methods such as virtual 
work, strain energy, etc. 


The second method {s no doubt more accu- 
rate since less assumptions are necessary. A 
wing structure composed of several cells and 
many spanwise stringers 1s a many degree re- 
dundant structure. Before the development of 
nigh speed computing machinery, so~called 
rigorous methods were not usable because the 
computing requirements were impossible or 
entirely impractical, However, present day 
computer facilities have changed the situation 
and rigorous methods are now being more and 
more used in aircra?t structural analysis. 
A7.9 and 48.10 in Chapters A7 and A8 present 
matrix methods for finding deflections and 
stresses to de used with computer facilities. 


art. 


A19.5 Example Problem i. 
Wing. 


3-Flange ~ Single Cell 


Fig. AlS.7 shows a portion of a cantilever 

To provide torsional strength a single 
closed ceil (1) ts formed Dy the interior web 
AB and the metal skin cover forward of this 
web. Thin sheet is relatively weak in resist- 
ing compressive stresses thus 3 flange stringers 
A, B and C are added to develop efficient bend- 
ing resistance. The structure to the rear of 
spar AB is referred to as secondary structure 
and consists of thin metal or fabric covering 
attached to chordwise wing ribs. The air load 
on this pertion ts therefore carried forward 
by the ribs to the single cell deam. 


wing. 





A wing is subjected to many flight condi- 
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tions. The engineers who calculate the applied 
loads on the wing usually refer the resulting 
shears and moments to a set o2 convenient x, y¥ 
and z axes. Fig. AlS.7 Shows the locaticn of 
these reference axes. The job of the stress 
engineer is to provide structure to resist 
these loads safely and efficiently. The general 
procedure is to find the stresses or loads in 
all parts of the cell cross-section at several 
stations along the spanwise direction and from 
these loads or stresses proportion the required 
arsas, thicknesses and shapes. 


In this example, the internal leads wil 
be calculated for only one section, namely, 
that at Station 240. It will be assumed that 
the design critical loads from the critical 
flight condition are as follows. 


My # 1,100,000 in.lb. Vz, = 11,500 lb. 
Mg = 80,000 in.1b. Vy = 700 1b. 
My = 460,500 in.1d. 


Fig. Al9.8 shows these shears and moments 
referred to the reference axes with origin at 
point (0). Moments are represented by vectors 
with double arrow head. The sense of the 
moment follows the right hand rule. 
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buckle under relatively low stress. 
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SCLUTION. 

ASSUMPTIONS: ~ It will de assumed ‘hat the 
3 flange stringers A, B and C develop the entire 
resistance to the vending moments about the 2 
and X axes. For skin under compression this 


assumption is nearly correct since the skin will 
Since sheet 
this assumption is 





can take tensile str 
conservative. However, since the thin sneet 
cover must resist the shear stresses we will 
make this conservative assumption. The main 
advantage of this approximate assumption is 
that it makes the structure statically deter- 
minate. 





sses, 





Fig. Al9,.@ shows tne wing cut at Station 
240, The unknown forces are the three axial 
loads in the stringsrs A, 3 and C and che three 
shear T10WS days Gao 2nd Gye on the three sheet 
panels, making a total of 6 unknowns and since 
there are 6 static equilibrium equations avail- 
able for a space structure, the structure is 
statically determinate. 


Since the size and shape of 
A, B and C are unknown, we guess 
locations as indicated by the dots in Fig.Al9.8. 
The axial load in each of the 3 stringers nas 
deen replaced by its x, y and z components as 
Shown on the figure. The external applied loads 
are given at the reference origin (0) as shown 
in Fig. Al9.S. 


flange members 
their centroid 


We now apply the equations of equilibrium 
to find the 6 unknowns. 


To find Cy take moments atout 2 
points A and B, 


axis through 


Mz (ap) = - 22 Cy + 50000 = 0, whence 
Cy = 3636 lb. 


The result comes out with a dlus sign thus 
indicating that the assumed sense of tension 
was correct. 


To find By 
v 
thru (A). 


take moments about an X axis 


Mya) 7-11 By +i 
0.125 = 0 


100,000 + 2636 
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= ~9065 _ 


Whence, By = 100,043 1b. tension as 
assumed. 


To find Ay take IFy = 0 


iFy = - 100,043 - 3636 + Ay =0, 
whence, Ay = 103679 1b. and com- 
pression as assumed. 

Since the direction of the 3 stringers is 


known, we can find the X and Z components of 
the stringer loads by simple geometry. 


The y, x, and z length components of the 
three stringers from the dimensions given in 
Pig. Al9.7 are found to be, 





The force components are therefore: - 


= 103679 x 3/240 = 1296 lb. 
103679 x 6.2/240 = 2679 lb. 
= 100043 x 3/240 =.1250 1b. 
100043 x 6.2/240 = 2584 lb. 
= 3636 x 3/240 = 45 lb. 

Cy 3 3636 x 20.93/240 = 316 1b. 
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Fig. Al9.9 shows these forces applied in 
the plane of the cross-section at Station 240, 
together with the unknown shear flows and the 
external forces acting in the plane of the 








cross~section. 
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To find dpe take moments about point (a’) 


Mg: = + 2679 x .5 - 2584 x 11.5 - 316 
x 0.375 - 45 x 22 + 700 x 12 
~ 11500 x 39 + 460,500 ~ ape 
(665) = 0 
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whence dpe = ses 13.66 1b./in, and 


having the sense as assumed. 


In the above moment equation the moment of 
the shear flow Qne about point (a') equals Ae 
times twice the area of the cell or 665. 


To find dao take IFy 50 


SFx = = 2679 + 2584 + 316 + 22 dag - 22x 
13.66 - 700 = 0 


whencs dag = 35.45 lb./in. with sense as 
assumed. 


To find dap take IFz = 0 


2Fz = = 1296 - 1250 + 45 + 35.45 x 0.5 ~ 
11.5 x 13.66 + 11500 - 11 dap = 0 


whence, dap = 805 lb./in. 


The loads on the stringers and sheet panels 
have now been determined. The axial load in the 
stringers is practically equal to their y com 
ponent since axial load equals their y force 
component divided by the cosine of a small 
angle. The stress engineer would find similar 
stresses at a number of stations along the span. 
These 6 stresses are generally referred to as 
primary stresses. Usually in most structures 
there are secondary stress effects which must 
be considered before final member sizes can be 
determined. For example, internal webs of a 
box type beam are designed usually as semt- 
tension field beams. Tension field beam theory 
shows that the flange members are subjected to 
additional stresses besides the primary stresses 
as found above. The subject of secondary 
stresses and the strength design of members 
and their connections to carry given stress 
loads is taken up in detail in Volume II. 


A19.6 Example Problem 2. Metal Covered Wing With Single 
Externai Brace Strut. 


In Chapter AZ, the stress analysis of an 
externally braced fabric covered monoplane wing 
was considered. To provide sufficient torsion- 
al strength and rigidity, two external brace 
struts were necessary. However, if a wing is 
metal covered, a single external brace strut 
can be used, Since the closed cell or cells 
formed by the metal sheet covering and the in- 
ternal webs provide the torsional resistance 
and the wing can be designed as asimply sup- 
ported beam with cantilever overhang. an 
excellent example of this type of wing struc- 
ture is the Cessna aircraft Model 180 as shown 
in the photograph. An excellent airplane 
relative to performance, ease of manufacture 
and maintenance. 


To introduce the student to the general 
approach of stress analyzing such a wing struc- 
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ture, a limited cussicn with a few calcula-— 
“s ed 


u aiscu 
tons will be presented. 





ai Se, ik 
Cessna Aircrait Modei 180 
Metal Covered Wing with 
One External Strut 
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Fig. A1Q.11 








Fig. Al9.10 and Als,11 
dimensions anc general str 
monoplane wing with one externa 
The wing panel is attached to fusel: 
Single pin fittings at points A and B with pin 
axes parallel to x axis. The mating lugs of 
the 7ittings at peint A are made snug fit Dut 
those at B with some gap, thus drag reactt 
of wing loads on fuselage is resisted entire 
at fitting A. Since the fittings at A and B 
cannot resist moments about x axis, it 1 
necessary to add an external brace strut DC to 
make structure statie. The pansl structures 
consists of a main spar ACE and a rear spar BF. 
The entire panel is covered with metal skin 
forward of the rear spar. 










A simplified air load has ceen assumed as 
snown in Fig. Al9.12, namely, a uniform load 
w = 30.27 1lb./in. of span acting at the 3O per 
cent of chord point. ‘When this resultant load 
is resolved into z ¢nd x components the results 
are Wz = 30 lb./in. and wy = 4 1d./in. as shown 
in Fig. Al9.12. 


The general physical accion of the wing 
structure in carrying these air loads can be 
considered as 3 rather distinct actions, 
namely, (1) The front spar ACE resists the 
bending moments and shears due to load wy., 
(2) The skin and webs of the two-cell tube 
resists all monents about y axis or broadly 
speaking torsional moments, (3) the entire panel 
cross-section resists the bending moment and 
flexural sheer due to drag load wy, with the 
top and bottom skin acting as webs and the two 
spars as th. flanges of this box beam, 


General Calculations: - 


The unknown external reactions (see Fig. 
Al9.11) are Ay, Az, Ax, By, Bz and OC., ora 
total of 6, Since 6 static equations of 
equilibrium are available, the reactions are 
statically determinate. Reaction DC is also 
the load in brace strut DC. 


To find reaction DC take moments about x 
axis through points A, 3 





My (ag) = (- 170 x ZO x 170/2) + DC(80/ 
=O 


whence, DC = 8879 lb. (The sisn comes out 
plus so the sense assumed in Fig. Ai9.11 was 
correct.) The load in the strut ts therefore 


8979 lb. tension. 


To find By, take moments about a Zz axis 
threugh point (A). 


Mz(a) = - (4.x 170 x 170/2) + 27 By 20 


whence, By = 2141 ld. acting with sense 
assumed. 
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To find Ay take IFy points A and B. This couple force equals the 


BFy = 2141 - 8979 (80/99.4) + Ay = 0 
whence Ay = 5085 1b. 


To find B, take moments about y axis 
through (A). 


IMy(a) = + (30x 170 x 3) - 27 Be = 0 
whence Bz = S67 1b, acting as assumed. 
To find Az take ZF, = 0 


BFz = 170 x 30 - 567 ~ (8979 x 59/99.4) 
+ Ag 20 


whence Az = 796 1b. acting as assumed. 


The fittings at A and B should be designed 
to take the reactions at these points as found 
above. The external strut DC and its end 
fittings must carry the tension load of 8979 lb. 


The next step is to find the stresses and 
loads on the structural parts of the wing panel. 


Since the spar ACE mu“ resist the bending 
moments about x axis the airloads in Fig. 
A19.12 are moved to the spar centerline as 
shown in Fig. Al9.13. 


30#/in. 


t My=3 x30 = 904 
TF as 


Fig. A19.13 





The torsional moment of 90 in. 1b. per 
inch of span ts resisted by the cellular tube 
made up of two cells (1) and (2). In many 
designs the leading edge cell ts neglected in 
resisting the torsional moments due to many 
cutouts, etc., thus cell one could be assumed 
to provide the entire torsional shear resist- 
ance and the shear flow for this case would be 
q =M,/2A where equals the torsional moment 
at a Biven panel Section and A the enclosed 
area of cell (1). If both cells were con- 
sidered effective then the sheet thickness is 
necessary before solution for shear flow can 
be computed. Refer to Chapter A6é for computing 
torstonal shear flow in multiple cell tubes. 


The maximum torsional moment would be at 
the fuselage end of the wing panel and its 
magnitude would be 170 x 90 = 15300 In. lb. 
Since the top and bottom skin is not attached 
to fuselage, this torsional moment must be 
thrown off on a rib at the end of the panel 
and this rib in turn transfers this mament in 
teams of a couple reaction on the spars at 





moment divided by distance between spars or 
15300/27 = 566.7 lb. 


Front spar (ACF) loads due to wy, = 301d/in: 


0 tb. /in. 


ttt eee Pa pe raty 






Fig. A19.14 


-— 


Fig. Al9.14 shows free body of front spar 


et 


ACE. To find strut load DC take moments about 
(A). 
My = (- 30 x 170 x 1170/2) + 60 (DC x 80/99.4) 


=0 


whence DC = 8979 lb. 
value previously found. 


Tension which checks 


The y and z components of the strut re- 
action at C will then be, 


7226 1b. 


Cy = 8979 (80/99.4) 


Cz = 8979 (S9/99.4) = 5329 lb. 
These values are indicated on Fig. A19.14. 

To find Ay take ZFy = 0 

EFy = - 7226 + Ay = 0, hence Ay = 7226 lb. 
In finding the reaction Ay previously, the value 
was 5085 lb. The difference is due to the drag 


bending moment which tends to put a tension load 
on front spar and compression on the rear spar. 


Wa=4#/in. 
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Fig. A19.15 


Fig. Al9.15 shows the air drag load of 4 
lb./in. The bending moment on panel at a 
distance y from the wing tip equals wy (y)(y/2) 
= 4y*/2 = 2y*. The axial load Py in either 
spar at any distance y from tip thus equals 
vending moment divided by arm of 27" or Py = 
ey 7/27 = .074y*%. The axial load at points A 


and B thus equal .074 x 170*%= 2141 1b. (tension 
in front spar and compression in rear spar). 
Thus each spar 1S subjected to an axial load 
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increasing from zero at tip to 2141 lb. at 
fuselage attachment points and varying as y*. 
At point C on from spar the axial tension lead 
would be .074 (90°) = 600 1b. 


The design of the front spar between 
points C and § would de nothing more than a 
cantilever beam subjected to a bending forces 
Plus an axial tensile load plus a torsional 
Shear flow, The design of the spar between 
points C and A is far more complicated since 
we have appreciable secondary bending moments 
to determine, which must be added to the pri- 
mary dending moments. Fig. Al9.15a shows a 

ree body of spar portion AC. 


w30 
ons ttt tte td aga00580%45 
} 


Fig. A19. 15a 


The lateral load of 30 1b./in. dends the 
beam upward, thus the axial loads at A and Cc 
will have a moment arm due to beam deflection 
which moments are referred to as secondary 
moments. To find deflections the beam moment 
of inertia must be known, thus the design of 
this beam portion would fall in the trial and 
error procedure, Articles AS.23 to 28 of 
Chapter A5 explain and illustrate solution of 
problems involving beam-column action and such 
a procedure would have to be used in actually 
designing this beam portion. 


The rear spar BF receives two load systems, 
namely a varying axial load of zero at F to 214] 
ib. at B and the web of this spar receives a 
shear load from the torsional moment. The 
Tear spar is not subjected to bending moments, 


In Fig. A9.10 the secondary structure 
consisting of chordwise ribs and spanwise light 
stringers riveted to skin are not shown. This 
secondary structure is necessary to hold wing 
contour shape and transfer air pressures to 
the box structure. This secondary structure 
is discussed in Chapter A21. The broad subject 
of designing a member or structure to withstand 
stresses safely and efficiently is considered 
in detail in later chapters. 


A19.7 Single Spar - Cantilever Wing - 
Metal Covered 


A single spar cantilever wing with metal 
covering is often used particularly in light 
commercial or private pilot aircraft. 


Suppose in the single spar externally 
braced wing of Fig. Al9,11, that the external 
brace strut DC was removed. Obviously the wing 
would be unstable as it would rotate about Ainge 
fittings at points A and 8, To make the 


Structure stable the single pin fitting at (a) 
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would have ts be replaced oy two ?ittings, one 
on the upper flange and the other on che lower 
flange in order to de able to resist a My 
moment. Fig. Al9.16 shows this medification. 
The fitting at B could remain as before, a 
pin fitting. 


single 





Fig. Ald. 16 


The stress analysis of this wing would consist 
of the spar AE resisting all the My moments and 
the Vz shears and acting as a cantilever beam. 
The torsional moment about a y axis coinciding 
with spar AE would be resisted by shear stresses 
in the cellular tubes formed by the skin and the 
spar webs. The dreg bending and shear forces 
would be resisted by the beam whese flanges are 
the front and rear spars and the web being the 
top and bottom skin. 


A19.8 Stress Analysis of Thin Skin - Multiple Stringer 
Cantilever Wing. Introduction and Assumptions. 


The most common type of wing construction 
is the multiple stringer type as illustrated by 
the six illustrative cross-sections in Fig. 
Al9.2. A structure with many stringers and 
Sheet panels is statically indeterminate to 
many degrees with respect to internal stresses. 
Fortunately, structural tests of complete wing 
structures show that the simple beam theory 
gives stresses which check fairly well with 
measured stresses if the wing span is several 
times the wing chord, that sweep back is minor 
and wing is free of major cutouts and discon 
tinuities. Thus it is common procedure to 
analyze and design a wing overall by the beam 
theory and then investigate those portions of 
the wing where the beam theory may be in arror 
Sy using more rigorous analysis methods such as 
these explained and illustrated in art. A8.10 
of Chapter A8. 


ASSUMPTIONS - BEAM THECRY 


In this chapter the wing bending and shear 
stresses will ve calculated using the un- 
symmetrical beam theory. The two main assump- 

ions in tnis theory are: - 


(1) Transverse sections of the > 
plane before tending remain plane 
of beam. This assumption means t 


nal strain varies ¢cirectly as the 
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the neutral axis or strain variation is linear. 


(2) The longitudinal stress distribution is 
directly proportional to strain and therefore 
from assumption (1) is also linear. This 
assumption actually means that each longitudinal 
element acts as if it were separate from every 
other element and that Hook's law holds, 

namely, that the stress-strain curve its linear. 


Assumption (1) neglects strain due to shear 
stresses in skin, which influence 1s commonly 
referred to as shear lag effect. Shear lag 
effects are usually not important except near 
major cut-outs or other major discontinuities 
and also locations where large concentrated 
external forces are applied. 


Assumption (2) is usually not correct if 
elastic and inelastic buckling of skin and 
stringers occur before failure of wing. In 
applying the beam theory to vractical wings, 
the error of this assumption is corrected by 
use of a so-called effective section which is 
discussed later. 


A19.9 Physical Action of Wing Section in Resisting External 
Bending Forces from Zero to Failing Load. 


Fig. AlS.17 shows a common type of wing 
cross-section structural arrangement generally 
referred to as the distributed flange type. 


(stringers) 





Fig. Ai9,17 
The corner members (a) and (b) are considerably 
larger in area than the stringers (c). The 
skin is relatively thin. Now assume the wing 
is subjected to gradually increasing bending 
forces which place the upper portion of this 
wing section in compression and the bottom 
portion in tension. Under small loading the 
compressive stresses in the top surface will 
be small and the stress will be directly pro- 
portional to strain and the beam formula 
Og = MyZ/Iy Will apply and the moment of 
inertia I, will include all of the cross- 
section material. As the external load Is in- 
creased the compressive stresses on the thin 
sheets starts to buckle the sheet panels and 
further resistance decreases rapidly as further 
strain continues, or in other words, stress is 
not directly proportional to strain when sheet 
buckles. Buckling of the skin panels however 
does not cause the beam to fail as the stringers 
and corner members are lowly stressed compared 
to their failing stress. The stringers (c) 


are only supported transversely at wing rib 
points and thus the stringers act as columus and 
fail by elastic or inelastic bending. 


The 


corner flange members (a) and (b) are stabilized 
in two directions by the skin and webs and 
usually fail by local crippling. 


Now continuing the loading of the wing 
after the skin has buckled, the stringers and 
corner members will continue to take additional 
compressive stress. Since the ultimate strength 
of the stringers is less than that of the cor- 
ner members, the stringers (c) will start to 
bend elastically or inelastically and will take 
practically no further stress as additional 
strain takes place. The corner members still 
have considerable additional strength and thus 
additional external loading can be applied until 
finally the ultimate strength of the corner 
members is reached and then complete failure of 
the top portion of the beam section takes place, 
Therefore, the true stress ~ strain relationship 
does not follow Hook's Law when such a structure 
is loaded to failure. 


In the above discussion the stringers (c) 
were considered to hold their ultimate buckling 
load during considerable additional axial 
strain. This can be verified experimentally 
by testing practical columns. Practical col- 
umns are not perfect relative to straightness, 
uniformity of material, etc. Fig. Al9.18 
shows the load versus lateral deflection of 
column midpoint as a column is loaded to failure 
and fails by elastic bending. Fig. Al9.19 shows 
similar results when the failure is inelastic 
bending. 


Fig. Ai9. 18 Fig. A19.19 


P = Load 
P = Load 


6 = Central Deflection 6 = Central Deflection 
The test results show that a compression 
member which fails in bending, normally con~ 
tinues to carry approximately the maximum load 
under considerable additional axial deformation. } 
Thus in the beam section of Fig. A19.17 when 
the stringers (c) reach their ultimate load, 
failure of the beam does not follow since cor- 
ner members (a) and (b) still have remaining 
strength. 


Al19.10 Ultimate Strength Design Requirement 
The strength design requirements are: - 


Under the applied or limit loads, no 
structural member shall de stressed above 
the material yield point, or in other 
words, there must be no permanent de- 
formation or deflection of any part of the 
structure. 
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(2) Under the design loads which equal the 
applied loads times a factor of safety, 

no failure of the structure shall occur. 
The usual factor of safety for conventional 
aircraft is 1.5, or the structure must 
carry loads SO percent greater than the 
applied loads without failure. The higher 
the stress at failure of a member the less 
material required and therefore the less 
structural weight. The stress engineer 
thus tries to design members which fail in 
the inelastic zone, 


The bending stress beam formula a, = Mc/I 
does not take care of this non-linear stress- 
Strain action and thus some modification of the 
moment of inertia of the beam cross-section is 
necessary if the ultimate strength of a wing 
section is to be computed fairly accurately. 
The stress engineer usually solves this problem 
by using a modified cross-section, usually 
referred to as the effective cross-section. 


A19.11 Effective Section at Failing Load. 


In order to use the beam formula which 
assumes linear stress-strain relation, 
corrections to take care of skin buckling and 
stringer buckling must be formulated. The 
effectiveness of the skin panels will be con- 
sidered first. 


When a compressive load is applied to a 
sheet stringer combination, the thin sheet 
buckles at rather low stress. For further 
loading the compressive stress various over 
the panel width as illustrated in Fig. Al9.20. 
The stress in the sheet at the stringer attach- 
ment line is the same as in the stringer since 
it cannot buckle and therefore suffers the same 
strain as the stringer. Between the stringers 
the sheet stress decreases as shown by the 
dashed line in Fig. Al9.20. This variable 


Stress condition is difficult to handle so the 
stress engineer makes a convenient substitution 
by replacing the actual sheet with its variable 
stress by a width of sheet carrying a uniform 
Stress Distribution on 


Stress Distribution on 





Fig. A19. 20 
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Fig. A19. 21 

stress equal to the stringer stress. in Fig. 
AlS.21 Qw is the effective sheet width to zo 
with each stringer. The total stress on the 
effective widths carrying a uniform stress equal 
to the stringer stress equals the total load on 
the sheet panels carrying the actual varying 
stress distribution. The equation for effective 
width is usually written in the “orn, 


+ 2w = kt (E/ast)* 

a widely used value for K = 1.9, whence 
Qn 21.90 t (E/ogy)* 
Ost = stress in stringer 


Therefore if we know the stress in the 
stringer we can find the width of sheet to use 
with the stringer to obtain an effective section 
to take care of the sheet buckling influence. 


Effective Factor for Buckle¢ Stringers. 


Consider the beam section in Fig, Al9.17. 
If we take a stringer (c) and attach a ptece of 
Sheet to 1t equal to 2w, the effective width 
and test it in compression and brace it ina 
plane parallel to the sheet, the resulting test 
stress versus strain shortening curve (c) of 
Fig. Al9.22 will result. The length of the test 
Specimen would equal the rib spacing in the 
wing. The corner members (a) or (b) in Fig. 
A1S.17 being stabilized in two directions will 
fail by local crippling, thus if a short plece 
of this member ts tested to failure in com- 
pression the test curve (A) in Fig. AlS.22 ts 
obtained. Curve (C) shows that the stringer 
holds approximately {ts maximum load for 4 
considerable strain period. Curve (A) shows 
that for the same unit strain member (a) can 
take considerable higher stress. If we take 
a unit strain of .006, the point at which the 
maximum stress of 47000 is obtained in member 
(a) (see point (3) on Curve A) then the stress 
at the same strain for member (C) will be 38000 
(see point (2) on Curve C). 


* The buckling of sheets ia taken up in detail in 
Volume II. 
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Fig. A19. 22 


For stress analysis procedure using the 
beam formula, we assume a linear stress vari- 
ation from zero to 47000 psi. Since stringers 
(c) can only take 38000 psi at the same strain, 
or in other words, stringer (c} {s less effect~ 
ive than members (a) and (b). The effective- 
ness factor for stringer (c) equals its ulti- 
mate strength divided by the ultimate strength 
of member (a) or 38000/47000 = .908. 


Al19,12 Example Problem 


The wing section in Pig. A1l9.23 is sub- 
jected to a design bending moment about the x 
axis of 500,000 in.1lb., acting in-a direction 
to put the upper portion in compression. The 


problem is to determine the margin of safety 
The material 


for this design bending moment. 
is 2424 aluminum alloy. 





Fig. A19. 23 
SOLUTION 


The beam formula for bending stress at any 
point 15 dp = MyZ/Iy. To solve this equation 
we must have the effective moment of inertia 
of the beam cross-section. The bottom surface 
being in tension under the given design vending 
moment is entirely effective, however the top 
surface has a variable effectiveness since tne 
skin, stringers and corner flange members nave 
different ultimate failing stresses. 


From equation (1) the effective width of 





sheet to use with each rivet line depends on 
the stress in the stringer to which it is 
attached. The failing stress for the stringer 
will be used, which means that the failing 
stress of the stringers and corner flanges must 
be known before the effective width can be 
found. For this example the zee stringers have 
deen selected of such a size as to give an 
ultimate column failing stress of 38000 psi, 
and the corner flange members have been made of 
such size and shape as to give a failing stress 
of 47000 psi. These failing stresses can be 
computed by theory and methods as given in 
Volume II. The sizes have purposely been 
selected to given strengths represented by the 
test curves of Fig. Al9.22. 


The effective width with each rivet line 
from equation (1) would be, 


For zee stringer 2w = 1.90 x .04 (10.5 x 
10¢/38000)* = 1.25 inches 


Thus the area of effective skin = 1.25 x 
.04 = ,05 in.*, The area of the zee stringer 
is 0.135 sq. in. which added to the effective 
skin area gives 0.185 sq. in. which value ts 
entered in Column (2) of Table I opposite zee 
stringers numbered 2, 3 and 4 in Fig. Al9.23. 
The same procedure is done for the corner mem- 
bers 1 and 5 with the resulting effective areas 
as given in Table I. On the bottom side wnich 
is in tension all material ts effective. The 
skin width equal to one-half the distance to 
adjacent stringers ts assumed to act with each 
stringer. Taking the area of the angle section 
as 0.11 and adding skin area equal to 6 x .035 
= .21 or a total of 0.32 sq. tn. which value is 
shown in Column 2 of Table I opposite stringers 
7, Sand 9. The areas of the lower corner 
members plus bottom skin and web skin would 
come out as recorded in the Table. 


The next step is to correct for stringer 
effectiveness in compression. The failing 
stress for the zee stringer was given as 38000' 
and for the corner members 47000 psi. The 
effectiveness factor for the zee stringer thus 
equals 37000/47000 = .808. This factor is re- 
corded in Column 3 of Table I. for the corner 
members 1 and S and all the tension members the 
factor is of course unity. The balance of 
Table I gives the calculation of the effective 
moment of inertia ZAz* about the x neutral axis. 


The compressive stress intensity at the 
centroid of the zee stringers thus equals, 


Sp = MyZ/Iy > 500,000 x 5.57/59.30 = 46600 psi. 


The true stress equais the effectiveness 
factor times this stress = .808 x 46600 = 
37400 psi. The failing stress equals 38000 
hence margin of safety = (38000/37400) ~1= 
.Ol or ome percent. 
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TABLE Al9.1 










Stringer 





Stringer [Effect- 
Area . 
Stringe: Plus Effect- | ive 2 Az! | za2'-z 
Number iveness| Area 
Effective: Factor | (A) 
Skin | Fac 








[-1.920] -3. 63 | 5.50] 
{-1.480/ -3.66 | 4.28 


-1.480| -3.66 | 4.28 
-1.480| -3.66 | 4.28 
1.920] -3.63 | 5.50 
~2.897 159.80 





















































= distance from @, x axis to centroid of stringer area 


2 sD Az'/ZA = -2.897/2,981 = ~. 97 in. 








On corner members (1) and (S) the com- 
pressive stress = 500,000 x 5.47/59.80 = 


45000 psi. With the failing stress being 
47000 the margin of safety is 2 percent. 


Now suppose we would have omitted con- 
sideration of the stringer effectiveness factor 
and omitted column (3) of Table I. Carrying 
through the calculations of Table I, the value 
of Z would be -0.76" and Ix would be 63.08. 

Tne stress intensity on the zee stringers 
would then be 500000 x 5.36/635.08 = 42500 psi. 
Since the failing stress for stringer is 38000 
the margin of safety would be (38000/42500) - 1 
= a negative 10.5 percent. The previous result 
was a plus 1 percent, thus a difference of 11.5 
percent in the results. 


Tne purpose of this simple example problem 
was to emphasize to the student that failure of 
real aircraft stiffened skin structures occurs 
under non-linear stress-strain conditions and 
the elastic theory must be modified :f fairly 
accurate estimates of the failing strength of 
a composite structure is to be obtained. 
A19.13 Bending and Shear Stress Analysis of Tapered - 

Multiple Stringer Cantilever Wing. Unsymmetrical 
Beam Method. 


In general cantilever wings are tanered in 
doth depth and planform. Fig. AlS.24 illus— 
trates a typical structura2 layout of the outer 
wing panel for a small airplane. The structure 
consists of a front and rear beam (spar) with 
Spanwise stringers between the two beams. 
Tapering in cross-sectional material is obta 
by decreasing Size of members by cutting or? 
portions of the spanwise stringers and corner 
flanges and ae reasing the skin and web thick- 
ness. 


ned 





The stress analysis of this wing would 
show the resulting dending and shear stresses 
for a number of spanwise stations for the cri 
cal design load conditions. In this example 
solution the bending longitudinal stresses will 
be determined on cross-sections at two stations, 
namely, stations 20 and 47.5, and the shear 
stresses will be determined for station 20. In 
this example problem, the leading edge cell will 
be consicered ineffective as weil as any struc- 
ture to rear of rear deam, hence structure is a 
one cell beam with multiple stringers. A second 
solution including she leading edge cell to fora 
a two cell beam will also de presented. 


ANALYSIS FOR BENDING LONGITU! 





STRESSES 


Longitudinal stresses (tension or com- 
pression) are produced by external forces normal 
to the cross-section and by bending moments 
about x and z axes. The stress equations area: 


SP/A+-+------------ (2) 
where On = longitudinal stress . 
P = external load acting through cen~ 


roid of effective wing cross-section 


A = effective area of cross-section. 


For any given flange member with area (a) 
the load Py on the member would be, 


Py = Opa - - - - ee ee ee ee = 8 (3) 


The stresses due to bending moments are 
from Chapter Al3, Art. A13.S: - 


Op = -(Ks Mg-Ki Mx)x - (Ka My-Ky Mz)2- (4) 


where Op = bending stress with plus being ten- 
sion eee 

Ki = Ixg/(Ix Ig - Ixz%) 

Ka = Ig/(Iy Iz - Iz”) 

Ks = Iy/(Iy Ig - Ixy") 


The normal component of “he axial load tn 
a flange member equals op a) where (2) is the 
area of the flange member. Since the angle be- 
tween the normal to the beam section and the 
centroidal axis of a stringer is generally quite 
small, the difference Detween the cosine o2 2 
small angle and unity is negligible and thus 
the normal component can be considered as the 
axial load in the stringer. 


can 3e solved, 


e@ equations 2 
ec be known 


ive cross-se 
the sloments 
Mertia about x and 


pod 
ct 


NO cts 





be 
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Fig. A19.24 Structural Layout of Tapered Cantilever Wing 
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Fig. Al9.26 WING SECTION STATION 47.5 
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Fig. Al9.25 shows the cross section at 
Station 20 divided into 14 longitudinal untts 
numbered 1 to 14, Since the external load con~ 
dition to be used places the top surface in 
compression, the skin will buckle and thus we 
use the effective width procedure to obtain the 
skin portion to act with each stringer. Fig. 
A1l9.25 shows the effective skin which is used 
with each flange member to give the total area 
of numbers (1) to (7). The skin on the bottom 
surface being in tension is all effective and 
Fig. Al9.25 shows the skin area used with each 
bottom flange member. 


The next factor to decide is the stringer 
effectiveness as discussed and explained itn the 
previous example problem. For the structure of 
Fig. AlS.25 we will assume that the compressive 
failing stress of the stringers is the same as 
that for the corner members, thus we will have 
no correction factor to take care of the 
Situation of flange members having different 
ultimate strengths. 


Table Al9.2, columns 1 to 11, and the 
calculations below the table give the calcula- 
tions for determining the section properties 
at Station 20, namely A, Ixy, Ig and Ixg. 
Table Al9.3 gives the same for wing section at 
tation 47.5. The areas in column (2) are less 
since sizes have changed between Stations 20 
and 47.5. 


Calculation of longitudinal stress due to 
My and My bending moments: - 


The design bending moments will be assumed 
and are as follows: - 


Station 20 Myx = 1,300,000 in.1b. 
Mz = = 285,000 in.1b. 

tation 47.5 My = 1,000,000 in.1b. 
Mz = = 215,000 in.1b. 


The moments about the y axes are not 
needed in the bending stress analysis but are 
needed in the shear analysis which will be made 
later. 


To solve equation (4) the constants Ki, 
K, and K, must be known. 


For Station 20 from Table Al9.2, Iy = 


230.5, Iz = 1030 and Iyg = - 50, whence ~ 
Ky = Ixg/(ly Iz - Ing?) = -50/(230.3 x 10.30 
- 50*) = -50/235500 = -.0002125 
K, = 12/235500 = 1030/235500 = .004378 
Ky = 1,/235500 = 230.3/235500 = .00098 





Substituting In equation (4) 


op = - [.00096 x - 285000 - (-,0002225 x 
1300000) | x ~ [004878 x 1,300,000 - 
(-.0002125 x - 285000)] 2 


whence, dp = 3.3 x - 5639 2- ------- (5) 


Column 12 of Table Al9.2 gives the results 
of this equation for values of x and z in 
columns 10 and 11. Multiplying these bending 
stresses by the stringer areds, the stringer 
loads are given in column 13. The sum of the 
loads in this column should be zero since total 
tension must equal total compression on a sec- 
tion in bending. 


Stresses at station 47.5: 


Iy = 187.4, I, = 700, Ixg = -35.4 (Table 
A19.3) 
K, = 35.4/(157.4 x 700 - 35.47) = 


-35.4/108950 = -.000324 
700/108950 = .00643 
157.4/108750 = .001447 


Op = - [.001447 x -215000 - (-.000824 x 
1,000,000)] x ~ [(.00643 x 1,000,000 - 
(~.0024 x -215000)] z 


whence 
GO, = -14.5 x -6560 z 


Column 12 of Table A19.3 gives the results 
of this equation and column 13, the total 
stringer loads at station 47.5, 


The stresses in column 12 of each table 
would be compared to the failing stress of the 
flange members to obtain the margin of safety. 


ANALYSIS FOR SHEAR STRESSES IN WEBS AND SKIN 


The shear flow distribution will be cal- 
culated by using the change in axtal load in 
the stringers between stations 20 and 47.5, a 
method commonly referred te as the AP method. 
For explanation of this method, refer to art. 
Al5.16 of Chapter Al5. 


The shear flow in the y direction at a 
point n of the cell wall equals, 
n 
= AP 
We ere, 
° 


Semin eee Se Ss (6) 


where dg is a known value of shear flow at some 
point o and the second term is the change in 
shear flow between points o and n. 


Oa 








Ald. 18 ANALYSIS OF WING STRUCTURES 





TABLE Als.2 
SECTION PROPERTIES ABOUT CENTROIDAL X AND Z AXES 


Wing Section at Stztion 20 (Compression on upper surface) 










































1 | 3 | 4 s | os a 9 12} 13 
7 # | 
ister Ace | 2 az | aze2 x | ax | ax | AX'Z* Fy Paya 
T oe r : 
L 648 | 5.50 3.56 19.61 -9.10 0,06 oO 0.36 -37660 | +24290 i 
z | 1353] $190] 2108 | 12:30 5.65 199} 21.30 11.78 =39940 | -14070 } 
3 | [300] 5:85} 1.76 | 10.28] 11:20 3:36| 37.60 19.67 739620 | -11890 | 
4 | i300| 5.55 | lies | 9125 | 16.as 3105 | 85.00 28.10 -37950 | -11370 | 
renee T Y i 
S 300] 5.0s | 1.sz | 7.65 | 22.40 6.72 | 180,50 34.00 -38115 | -10510 
6 353] 4.40 | 1:55 | 6.33 | 28.00 9189 | 277.00 43550 | 31450 | “11090 
7 630| 3.53 | 2:24 | 7.95 | 38.72 23/15 | 826100 30,00 -26560 | -18700 | 
8 692 | -a.40 | -5.81 | 48,90 | 35.72 24.70 | 381.00 | -208.00 40750 | 28230 | 
t i 1 
rg | .270] -8.50 | -2.30 | 19.55 | 27.80 7.30} 208,00 41280} 11180 | 
10 270 | -8.50 | -2.30 | 19133 | 22160 6:10 | 138,00 41250 | 11170 | 
ii | lieo | -a:30 | 21:33 | 11!05 | 16:70 2167] 44.60 { 40100 | 6430 
12 | .27 | -8.00 | -2.16 | 17.30 | 10.90 2.94] 32.00 38400 | 10390 | 
13 | (27 |-7!s0 } -2!02 | 15:20 3.60 1281 8.45 35570 | 9600 
14 76.50 | +5100 | 32:50 | - 9.10 toa! oo 29850 | 23020 
96.44 | 2700 i | 0.00 























mu 


General Notes: 
See Fig. Al9.25 for Section at Station 20. 
Reference axes X'X’ and 2'Z' are assumed as shown. 
Properties are calculated with respect to these 
axes and transferred to the centroidal X and 
2 axes. 


Ra 








i Tx » 238 ~ 5,584 x 1.276% = 230,3 in.? 


Tz = 2700 ~ $.584 x 17.32 » 1030 in.4 


Ixz = -163.8 = 5.584 x-1.175 x 17.3 © -50 O «= 3.3 X% - 5639 7 











TABLE Al9.3 


SECTION PROPERTIES ABOUT CENTROIDAL X AND Z AXES 


Wing Section at Station 47,5 (Compression on upper Surface) 
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2 3 | 13 
Flange Area 
No. oA Pecya 
}___ 
-18700 | 
-12990 : 
{ .10710 | 
i -1l0z00 | 
~35075 | - 9320 
-31360 | -10000 
pO 
-27030 | -12880 
} 41080| 22770 | 
; 43090) 10140 | 
43180 | lo16éo | 
-_0, 40 41900 $240 














TEIE | -6190 | +1162 
235 | -e.28 | -1147 
+80E | -5.40 | ~3,27 








17.70 | 











iz a0 | 159.1 | 
Zw» +2,80/4.61 © -0.61" i 
General Note : 
See Fig. Al9.26 for section at Station 47.5 
Reference axes X'X' and Z'Z' are assumed as shown. 
Sh = -14.5 X - 6360 Z 


[4.82 








X os 71.3/4.61 « 15,50" 


Ix = 159.1 - 4,61 x61" 2 157.4 


Tz = 1904 - 4,61 x 15,5" « 700 


Iyz 2-78 - 4.61 x -.61 x 15.5 - 35.4 
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AP equals the changes in stringer axial load 
over a distance d in the y direction. 


Since the cell in our problem is closed the 
value q, at any point is unknown. We assume it 
zero on wed 1-14 by imagining that the web is 
cut as shown in Fig. Al$.27. Equation (6) thus 
reduces to, 


AP 
qyF aS See ee ee ee (7) 
Columns 1 to 5 of Table A19.4 show the solution 
of equation (7). The shear flow values of q 
in column S are plotted on the cell wall in 


Fig. Al9.27, remembering that dy = Gy = dz. For 


rules giving direction of qx and qg refer to 
Chapter Al4, Art. Al4.6. 


374.6 





Catculation of Flexural Shear Flow Assuming q 2 zero in 
Web Between Flange Members (1) and (14). 


(Shear values are average between stations 20 and 47. §) 


~ 243900 
14070 
~11890 
-11370 
10510 
=11090 
-16700 
28230 
11180 
11170 
6430 
10390 
9600 
23020 


ae el] 


For equilibrium of all the forces itn the 
plane of the cross-section IMy must equal zero. 
for convenience we will select a moment y axis 
through the c.g. of the cross-section. The 
moment of the shear flow q on any sheet element 
equal q times double the area of the triangle 
formed by joining the c.g. with lines going to 
each end of the sheet element. These double 
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areas are referred as m values (See Fig. Alg.27). 
Column 6 of Table Alg.4 records these double 
areas which were obtained by use of 4 planimeter. 
Column (7) gives the moment of each shear flow 
about the c.g. and the total of this column 
gives the moment about the c.g. of the complete 
shear flow system of Fig. Al9.27 or a value of 
256060 in.1b. 


The double areas (m) can be found approxi- 
mately as follows: 


The moment of 
the shear flow q on 
the web (2-3) about 
point 0 equals q 
times twice the area 
(A, +A,). In most 
cases, the area A, 
can be neglected. 





By simple 
geometry, the area 
A, = 1/2 (X, Z, ~ X,2Z,). 


The moment of the 
shear flow q on web (2-3) thus equals q (X, Ze 


~X, Z, ). Since values of X and 2 for all 
flange points with reference to section (c.g.) 
are given in the Table Al9.2, it is unnecessary 
to use the planimeter except for regions of 
sharp curvature. 


MOMENT OF EXTERNAL LCADS 
ABOUT c.g. OF STATION 20 


As stated before the engineers in the 
applied loads calculation group supply the shears 
and moments at various spanwise stations. We 
will assume that these loads are: Vy = 12000 
1b., Vx =+2700 1d., My =- 390,000 in.lb. The 
location of the reference y axis used by the 
loads group will be assumed as located at point 
O in Pig. Al9.28 relative to cross-section at 
Station 20. 





Fig. A19. 28 


Therefore moment of external loads about 
c.g. 18, 
IMe.g, = 12000 x 35.35 - 2700 x 11.8 - 390000 
= 41800 in.1b. 


Moments Produced by Inclination of Flange Loads With 
Beam Section. 


Since the flange members in general are not 
normal to the beam sections, the flange loads 
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have components in the Z and X directions. 
Columns (4) and (7) of the Table Al9.5 give the 
values of these in plane components. The slopes 
dx/dy between stations 20 and 47.5 are found oy 
scaling from Fig. Al9.24. Fig. Al3.29 shows 
these induced in plane forces as found in Table 
Al9.5. 





TABLE Al3.5 


In Plane Moments About Section ¢.g. Produced by in Plane 
Components of Flange Loads 


Station 20 
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Fig. 419.29 In plane forces produced by flange 


axial loads. 


The moments of these in plane components about 
the section c.g. are given in Columns (5) and 
{8) of Table AlS.S. In general, these moments 
are not large. 


Total Moments of All Forces About Section 3.8. 
at Station 2 





Due to flanges = 7160 ~ 2224 = 4826 in.lb. 





(Ref. Table als$.s) 


Due to assumed static shear flow = 256060 
in.lb. (Ref. Table A19.4) 
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Due to external loads = 41800 in.1d. 


Then 


256060 + 


total unbalanced moment = 4636 + 


the 
418CC 302796 in.id. 
For equilibrium, this must de balanced by 
a constant shear flow q,. 


hence 
3027 9 
a= é =. ae = - 328 lb./in. 
(Note: 461.5 = total area of cell} 


The shear stresses q, 
{8) of Table Al9.4. 


are listed in Colum 
The final or resultant shear flow ay at any 
peint therefore equals 
dr F=Q* 4, 


The resulting values are given in Column 9 
of Table al9.4. Fig. AlS.30 illustrates the 


results graphically. 





Final shear flow diagram. For val- 
ues see Column 9 of Table Al9.4. 


Fig. A19. 30 


Having determined the shear flows, the 
shear stress on any panel would be q/t. In 
checking the sheet for strength in shear and 
combined shear and tension, interaction rela~ 
tionships are necessary. The strength design 
of sheet panels under combined stresses ts 
covered in considerable detail in Volume II. 


A19,14 Bending and Shear Stress Analysis of 2-Ceil 
Multipie Stringer Tapered Cantilever 
Wing. 


A two-cell beam is also quite common in 
wing structural design. A two-cell structure 
in bending and torsion is statically indeter- 
minate to the second degree since the shear 
flow at any one point in each cell is unknown. 
However, due to continuity between cells the 
angular twist cf each cell must be the same, 
which gives the additional equation necessary 
for solving a two-cell beam as compared to the 
single ceil analysis. 


Example Problem 
To avoid repetition of similar type calcu- 
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lations as was used in the previous single cell 
problem, the Dending and shear stresses will be 
determined Zor the same structure as in the 
previous example except that the leading edge 
cell is considered effective, thus making a 
2-cell structure. Since there are no spanwise 
stringers in the leading edge, very little skin 
on the compressive side will be effective. On 
the tension side, the leading edge sxin would 
bea effective in resisting bending axial loads 
and thus the moment of inertia would be slightiy 
different from that found in example problem l. 
Stnce this problem is only for the purpose of 
{illustrating the use of the equations, the 
leading edge skin will be neglected in computing 
the bending flexural stresses. With this 
assumption, the bending stresses and flange 
loads at stations 20 and 47.5 are the same as 
for the previous problem. (See values in colum 
12 and 13 of Tables Alg.2 and Al9.3.) 





Shear Flow Calculations: - 

To compute the static shear flow, each cell 
is assumed cut at one point as shown in Fig. 
AlS.31, and thus the shear flow is zero at 
points (a) and (>). 


Fig. A19.31 





cen(t) by 
Area = 83.5 Cell (2) 


Area = 461.5 sq. in. 


Table Al9.6 (Column 5) gives the value of 





The first 7 columns of this table are 
as in Table Al9.4, since no stringers 
added to cell (1), and the shear q is 
zero in cell (1}. 


the same 
have been 
assumed 


To make the twist of each cell the same and 
also to make the summation of all torsional 
forces zero will require two unknown constant 
shear flows, q, in cell (1) and q, in cell (2). 
Thus two equations will be written, nameiy: 


9.59, ------- ee ee ee ee (8) 
Mog, 2 0-------------- (3) 
The twist 6 per unit length of a cell 
equals 
Gah sant. ast sees oes (10) 
2AG 


The moculus of rigidity G will be assumed con- 
stant and thus will be omitted. 

Consider cell (1): 
Columns 10 and 11) 


(Refer to Table AlS.6, 


Area of cell (1) 


3.5 sq. in. 


a sslzqit+za L/t +2 q, L/t 
> 2A. 2 a 
2 
% -seas|° + 1278 q, - 230 a, |» whence 
6, = 7.65 qa, - 1.378 dg - - - > - - - (a) 


For cell (2): 




































































the static shear ?low under these assumptions. rea of cell (2) = 461.5 sq. in. 
TABLE 419.6 
| SHEAR FLOW - 2 CELL - MULTIPLE FLANGE TAPERED SEAM 
| (Average Shear Plow Between Stations 20 and 47.5) 
3 1 4 s 6 7 13 14 
ep | jas q ar = 
at Sta.|.Qe 2aP nq Celt ag 
47.5 27.5 | 37.5 a} "@) 44,44 
~ + 4 im 2 
art i. .4| 10000] 5.75] .04 {14a 29g00)/ 0 | -317 | -110.2 
cie710 -8| 10780) 5.30} 104 | 137 33700 | 9 | -317! ~ 71.2 
ro200 | +8| 12120) 5.301 .04 137 ; 39600| oO | -317| - 28.2 
Deceeaos| 3 16] 14100] 5.50) 104 | 1 137 { 4s400/ 0 | ~317 1423 
10000 | se +8} 16340} 5.30) 104 {437 | j Sia00} 0 | -317! 57,6 
TiSge0 | gelo | 284-2] 42,0] 17500/ 5.50! .04 | 137 | $6700 | o |-317! 97.2 
“Bbrs0 | tag. 7 | 993.2}197.0 | 108900] 12.25 | .o32 382 2lisoo| 0 | -317; 236.2 
iold0 : 2 371g 258-3! 47-4; lsgool 5.5 | .032 172 61000; oO |-317{ 37.5 
lolso | 236.71 386-7} 37.2] 11a00] 5.0 | .032 | 156 49400; 0 | -317) 9 
3240 | 1agl2 | 280.01 40.8] 12420) $.8 | 032! 181 30650] 9 | -317/ - 37 
410. Tae 1g | 236-8! 42.2] 1og00] 5.3 ; .032! 181 42900] 9 | -317| - 80.2 
3470, calt | 201.21 38.0| eso] 5.3 | .032! 166 33400] 9 | -317| -115.8 
13600 | 160.3 | 160.1] $4.0 9650| 5.5 | .032 > 172 27600 Qo -HI7 | -156.9 
| °F} 0 | 204 o | 11.75] 0511 230| 230] 0 | o | -62.8| -317| -254.2 
' T 
| o [371 33.5 | 032 | 1o48! ai 62.8 | -62.8 | 
{ i 
7: T 7 
j | j 256060 | Lo jre7a| 2a69 | 0 | 733050 | | 
NOTES: 1 « length of web sheet between flange aembers. Col. 4» (Col. 2+ Col, 3)/27.5 


t = web thickness. 
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1 


9," 2x 461.5 


[ zez0s0 ~ 230 4, + 2469 aa] 


@, = 794 - .2495 q, + 2.678 gq, - - - - (bd) 


For continuity 9, must equal ¢,, hence 
equating (a) and (b): 

7.699 q, - 4.056 q, - 79420 ---- (c) 

For equilibrium the summaticn of all mom- 
ents in the plane of the cross~section about the 
section (c.g.) must be equal to zero, or 


EMog, = 9 


The moment of the external loads about the 
section c.g. 1S the same as in previous problem. 


M 


=4 
external forces = 71500 in.1b. 


The induced moment due to the in plane 
components of the flange axial loads is likewise 
the same as in previous problem (see Table 
Al19.5). 


M 


= 1 
“due to flange loads ago6) insib 


The torsional moment due te the static 
Shear flow from Column (7) of Table Alg.6 equals 
256060 in.ib. The torque due to the unknown 
constant shear flows of q, and q, 1s equal to 
twice the enclosed area of each cell times the 
shear flow in that cell, whence 


nN ) = 2x83.5 q,+2x461.6 


qd, = 167 4, +923 aq, 


due to q, and q, 


Therefore Meg, = 167 4, + 923 q, + 
502796 = 0 ----~- 

Solving equations (c) and (d), we obtain, 
q, = -62.8 Ib./in., a, = -317 lb./in. 


These values are listed in columns (12) and (13) 
of Table Al9.6. The final or resultant shear 
flow Gp On any Sheet panel equals the sum of 
q+ qd, + q,. The results are shown in colum 
(14) of Table Al9.6. Fig. Al9.32 shows the 
potted shear flow pattern. Comparing this 


figure with Fig. Al9.30 shows the effect of 
adding the leading edge cell to ‘the single cell 
of the previous problem. 
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Ai9.15 Bending Strength of Thick Skin - Wing Section 





Figs. 1 and k of Fig. Als. 
approximate shapes for airfoils ¢ 
aircraft. Such airfotls nave relatively low 


thickness ratios and since supersonic military 
aircraft have comparatively nigh wing Loacings, 
it {s necessary to go to thick skin in order to 
resist the wing bending moments efficiently. 
The ultimate compressive stress of such struc- 
tures can be made rather uniform: and occurring 
at stresses considerably above the yteld point 
of the material. Since structures must 
the design loads without failure, it is 
sary to be able to caiculate the ultimate bend- 
ing resistance of such a wing section if the 
margin cf safety is to be given for various 

j load conditions. 














The question of the ultimate bending 
resistance of beam sections that fail at stresses 
beyond the elastic stress range 1s treated in 
Article Al3.10 and example problem 7 of Chapter 
Al3 and should be studied again before vro~ 
ceeding with the following example problem. 


Al19.16 Example Problem 


To illustrate the procedure of Art. 
a portion of a thick skin wing section as 


illustrated in Fiz. Al19.34 will be considered. 


Al1Z,10, 


L 6" 


SSS gee. gt! 





Fig. Al9.34 


For simplicity the section has been symmetrical 
about the x-x axis. The material is aluminum 
alley. In this problem the meterial stress- 
strain curves will be assumed she same in doth 
tension and compression. The problem {s to 
determine the margin of safety for this team 
section when subjected to adesign bending 
moment My = 1,850,000 in.1b. 


SOLUTION: 


Since it is desirable 
formula op = MyZ/Ix, 1t is 
a modified beam section to correct for the non- 
linear stress-strain relationship since the 
give structure will fail under stresses in the 
inelastic zone. The maximum compressive stress 
at surZace of beam will be assumed at 50CCO psi. 
{ This value could de calculated from a consider— 


to use the bean 
necessary to obtain 








a 
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ation of crippling and column strength of the 
stiffened skin, a subject treated later. 


Curve (A) of Pig. Al9.35a is a portion of 
the compressive stress-strain diagram of the 
aluminum alloy material from zero to 50,C00 psi. 


Due to symmetry about the x-x axis, we 
need only to consider one half of the beam 
section. We divide the upper hai? of the beam 
section into a horizontal strips, each 3/8 inch 
thick. Each beam portion along these horizontal 
strips can be placed together to form the areas 
labeled (1) to (8) in Fig. b of Fig. A19.35. 
Since plane secticns remain plane after bending 
in both elastic and inelastic stress zones, 

Fig. c shows the beam section strain picture. 


Fig. A19,35 
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Unit Deformation 
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Table Al9.7 snows the calculations for 
oodtaining the modified moment of inertia of the 
cross-section to use with the linear beam 
formula. 


TABLE Al9.7 




















az] 2.38 _| 
u eso oa eons 


fo-ais/49200|aa100] 1.599 0.324 [1.6975] 0.02, 
reise ocr focsas[ oi 
cal roool-srno 2 oof 188] 0-02 


2 87.76 
—_~ 
Ig = 115.52 





Col. (2) = 
Cal. (3) 
Col. (4) 
Col. (5) 
Col. (6) 
Col. (7) 
Col. (8) 


Area of Strip 
Stress at midpoint of strip as read from Curve(A) 
Stress at midpoint of strip as read from Curve (B) 
Nonlinear Correction Factor K = 0,/0,' 
Modified Area = Ae = KA 

Arm from Neutral Axis to Midpoint of Strip 
Modified section moment of inertia 











Tne values in column (3) of Table Als.7 
represents the true compressive stress at the 
midpoint of a strip area when the beam is 
resisting its maximum or failing bending’moment. 
The values in column (4) represent the com- 
pressive stress at the midpoint of the strip 
areas if the bending stress is linear and vary- 
ing from zero at neutral axis to 50000 psi at 
adge of beam section (Curve B of Fig. Al9.35a). 


To illustrate, consider strip area number 
(2) in Fig. b of Al9.35. Project a horizontal 
dashed line from midpoint of this strip until it 
intersects curves A and 83 at points (a) and (>) 
respectively. From these intersection points 
project downward to read values of 48000 and 
40600 psi respectively. 


In using the linear beam formula, the 
stress intensity on strip (2) would be 40600 
but actually it is 48000. The ratio between 
the two is given the symbol K. Thus to modify 
the linear stress to make it equal to the 
nonlinear stress we increase the true strip 
areas by the factor K, giving the results of 
column (6). 


The modified moment of inertia (column 8) 
equals Ty = 115.52. 


The design bending moment was 1,850,000 
in.1lb. 


Consider point at midpoint of strip (1) 
Z = 2,8125 inches 


Op = My Z/Ty = (1,850,000 x 2.8125)/115.52 
= 45100 psi. 


This stress is based on the modified strip 
areas. The true stress zy OM strip 1 thus 


equals Koy = 1.049 x 45100 = 47400. The allow- 
able stress at failure equals 49200 from column 
(3) of Table Al9.7. Hence margin of safety = 
(49200/47400) = 1 = .04 or 4 percent. 


The margin of safety for points other on the 
beam section will likewise be 4 percent. For ex- 
ample at midpoint of strip(3), Z = 2.0625. K=1.34 


whence Oo, =[/(2,850,000 x 2.0625)/118.52 ]1..34 


= 44400. 
whence margin of safety = (46000/44400) 
- 15 .04 


The moment of inertia without modifying 
the strip areas would come out to be Iy = 104.42 
hence the stress at midpoint of strip (1) would 
calculate to be apy = (1,850,000 x 2.8125)/104,.42 
= 49900. The allowable str.ss for linear stress 
yartation would be 46900 from column (4) of 
Table. Hence margin of safety would be 
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(46900/49900} - 1 = +,06. The elastic theory 
thus gives a margin of safety 10 percent less 
than the strength given when true stress-strain 
or non-linear relationship is used. 


If the same comparison was made for bending 
about Z axis of this same beam section the 
difference would de considerably more than 10 
percent as more beam area 1s acting in the 
region of greater descrepancy between curves A 
and B. 


A19.17 Application to Practical Wing Section 


A practical wing section involves these 
facts: - (1) The section is unsymmetrical; 
(2) external load planes change their direction 
under different flight conditions; (3) the 
material stress-strain curves are different in 
tension and compression in the inelastic range. 


Since the stress analyst must determine 
eritical margins of safety for many conditions, 
it would be convenient to rave an interaction 
curve involving My and Mz bending moments which 
would cause failure of the wing section. This 


the 


interaction curve could be obtained as follows:- 


(1) 








Choose a neutral axis direction and its 
location. 

(2) Assuming that plane sections remain plane, 
and taking the maximum strain as that 
causing failure of the compressive flange, 
use the stress-strain curve to determine 
the longitudinal stress and then the 
internal load on each element of the cross- 
section. A check on the location of the 
assumed neutral axis is that the total 
compression on cross-section must equal 
total tension. Since the location was 
assumed or guessed, the neutral axis must 
be moved parallel to itself? to another 
location and repeated until the above 
check is obtained. 


Find the tnternal resisting moment about 
the neutral axis and an axis normal to the 
neutral axes. Resolve these moments into 
moments about x and z axes or My and Mz. 
These resulting values of My and are 
bending moments which acting together will 
cause failure of the wing in bending. 

(4) Repeat steps 1, 2 and 3 for several other 
directions for a neutral axis which results 
will give additional combinations of 

and Mz, moments to cause wing failure. Thus 
an interaction curve involving values of 
My and Mz which cause failure of wing in 
bending is obtained and thus the margin of 
safety for any design condition is readily 
obtainable. 
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Al9.18 Shear Lag Influences 


In the beam theory, the assumption 
plane sections remain o. 
beam involving sheet and stringer 
this assumption means that the sheet pani 
have infinite shearing ri ity, which of course 
4s not true as shearing stresses produce shear- 
ing strains. The effect of sheet zanel shear 
strains is to cause some stringers to resist 
less axial load than those calculated Dy veam 
theory. This decreased erfectiveness of 
stringers is referred to as "Shear lage" effect, 
since some stringers tend to lag back from the 
position they would take if plane sections re- 
main plane after bending. 


thas 
Ina 

















In general, the shear lag ef? 
stringer structures is not appreci. 
for the following situations: - 


c she 
Sle excep 


mt 


ei 
ai 


(1) Cutouts which cause one or more stringers 
to be discontinued. 

(2) Large abrupt changes in external load 
applications. 

(3) Abrupt changes in stringer areas. 


In Chapters A7 and A8, strains due to 
shearing stresses were considered in solving 
for distortions and stresses in structures tn- 
volving sheet-stringer construction. Sven in 
these so-called rigorous methods, simplifying 
assumptions must be made as for examples, shear 
stress is constant over a particular sheet 
panel and estimates of the modulus of rigidity 
for sheet panels under 2 varying state of 
buckling must be made. The number of stringers 
and sheet panels in a normal wing is large, 
thus the structure {s statically indeterminate 
to many degrees and solutions necessitate the 
use of hizh speed computors. Before such 
analyses can be made, the size and thickness of 
each structural part must be known, thus rapid 
approximate methods of stress analysis are 
desirable in obtaining accurate preliminary 
sizes to use in the more rigorous elastic 
analysis. 


To illustrate the shear lag problem in its 
Simplest state, consider the three stringer~ 
sheet panel unit of Fig. AlS.36. The three 
stringers are supported rigidly at B and equal 
loads P are applied to the two edge stringers 
labeled (1) at point (A), The center stringer 
(2) has zero axial loed at (A), but as end B is 
approached, the sheet panels transfer some of 
the load P to the center stringer by shear 
stresses in the sheet. At the support points B 


the transfer of load from side stringers to 
center stringer is such as to make the load in 
all three stringers approximately equal or 
equal to 2P/3, 
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Fig. A19. 36 


The theoretical load in center stringer 
can be calculated by methods of Chapter A7 and 
A8, and the results would give the solid curve 
of Fig. Al9.37. To simplify the solution, it 
is common practice to assume the load distri- 
bution in the center stringe. to vary according 
to the dashed curve in Fig. A19.37 which 
indicates that in a distance 3b, the load 2P 
is equalized between the three stringers. 


2p/3|~—— --—~—. 


| —— Theory 


\ 77> Approximate 
2 PP: 







Load in 
Stringer 
(2) 


B Ls a4 
Fig. A19.37 


Al9.19 Application of Shear Lag Approximation to 
Wing with Cut-Out. 


Pig. Al9.38 shows the top of a multiple 
stringer wing which includes a cut-out in the 
surface. The stringers (5), (6) and (7) must 
be discontinued through the cut-out region. 


Zee 














Root 
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Fig. A19.38 


It is assumed that the effectiveness of 
these 3 interrupted stringers is given by the 
triangles in the figure. At deam section 1-1 
these stringers nave zero end load. The 
stringer load is then assumed to increase 
linearly to full effectiveness when it inter- 
sects the sides of this triangle whose height 
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equals 3b. At beam section 2-2 stringers (5) 
and (7) have become effective since they inter- 
sect triangle at points (a) on section 2-2. At 
section 3-3 point c, stringer (6) becomes fully 
effective. 


To handle shear lag effect in a practical 
wing problem another column would be inserted 
in Table Al9.1 between columns (3) and (4) to 
take care of the shear lag effect. The shear 
lag effectiveness factor which we will call R 
would equal the effectiveness obtained from a 
triangle such 4s illustrated in Fig. A19.38. 


For example, the shear lag factor R at 
beam section 1-1 in Fig. Al9.38 would be zero 
for stringers (5), (6) and (7) and one for all 
other stringers. At beam section 2-2 stringers 
(5) and (7) have a factor R = 1.0 Since they 
are fully effective at points (a). Stringer 
(6) 1s only SO percent effective since section 
2-2 is halfway from section 1-1 to point (c), 
thus R = 0.5 for stringer (6). At beam section 
3-3, stringer (6) becomes fully effective and 
thus R = 1.0 for all stringers. The final 
modified stringer area (A) in column (4) of 
Table AlS.1 would then equal the true stringer 
area plus {ts effective skin times the factors 
KR. The procedure from this point would be the 
same as discussed before. Thus shear lag ap- 
proximations can be handled quite easily by 
modifying the stringer areas. Using these 
modified stringer areas, the true total loads 
in the stringers are obtained. The true stresses 
equal these loads divided by the true stringer 
area, not the modified area. 


Al9.20 Approximate Shear Lag Effect in Beam Regions 
where Large Concentrated Loads are Applied. 


Wing and fuselage structures are often re- 
quired to resist large concentrated forces as 
for example power plant reactions, landing gear 
reactions, etc. To illustrate, Fig. Al19.39 
represents a landing condition, with vertical 
load. The wing is a box beam with 7 stringers 


Top Surface A 


eye ness Trim | 





Fig. A19.39 
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and flange members. Fig. (a) shows the bending 
moment diagram due to the landing gear reaction 
alone. The internal resistance to chis Dending 
moment cannot be uniform on a beam section 
adjacent to section A-A because of the shear 
strain in the sheet panels or what is called 
Shear lag effect. To approximate this stringer 
effectiveness, a shear lag triangle or length 
3b is assumed, and the same procedure as 
discussed in the previous article on cut-outs 
is used in finding the longitudinal stresses. 
It should be understood that the bending moments 
due to the distributed forces on the wing such 
as air loads and dead weight inertia loads are 
not included in the shear lag considerations, 
only the forces that are applied at concentrated 
points on the structure and must be distributed 
into the beam. A side load on the gear or 
power plant would produce a localized couple 
plus an axial force besides a shear force as in 
Fig. Al9,39. The resistance to this couple and 
axial force would likewise be based on the 
effectiveness triangle in Fig. Al9.39. 


A19, 21 Approximation of Shear Lag Effect for Sudden 
Change in Stringer Area 


Stringers of one size are often Spliced to 
stringers of smaller size thus creating 2 dis- 
continuity because of the sudden change. in 
stringer area. 


Pig. A19.40 shows the stringer arrangement 
in a typical sheet-stringer wing. Stringer 3 
is spliced at point indicated. The stringer 
area Ag is decreased suddenly oy splicing into 
a stringer with less area Ay. 


Top Surface of Wing 





Fig. A19. 40 


To approximate the shear lag effect, 
assume the area of stringer B at splice point 
to be the average area of the two sides or 
(A, + A,)/2. This average area is then assumed 
to taper to A, and A, at a distance 3d from the 
Splice point. The shear lag effectiveness 
factor R will therefore be greater than 1.0 on 
the side toward the smaller stringer A, and 
less than one on the side toward the stringer 
with the greater area Ag, Since the average 
area was used for the splice point, 


A19.22 Probiems 


(1) Fig. Al9.41 shows a cantilever, 3 stringer, 
Single cell wing. It is Subjected to a 
distributed airload of 2 lb./in.? average 





z 
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Fig. Al9. 41 


intensity acting upward in the z direction 
and 0.25 lb./in# average intensity acting 
rearward in the x direction. The center of 
pressure for Z forces {s on the £5 percent 
of chord line measured from the leading edgs 
edge and at mid-height of spar AB for the 

x air forces. Assume the 3 stringers 4, 

B, C develop the entire resistance to ex- 
ternal bending moments. Find axial loads 
in stringers A, 8, C and the shear iow in 
the 3 sheet panels of cell (1) at wing 
stations located 50", 100" and 150" 2rom 
wing tip. Consider structure to rear of 
cell (1) as only carrying airloads forward 
to cell (1) and not resisting wing torsion 
or bending. 


Fig. A19. 42 
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Fig. AlS.42 shows a monoplane wing with 
one external brace strut. The wing is 
fastened to fuselage by single pins at 
points (a} and (b). The fitting at (b) is 
designed to take off drag reaction. The 
airloads are wz = 40 1b./in. of wing span, 
with center cf pressure at 30 percent of 
chord from leading edge and acting upward, 
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(3) 


and Wy, = 5 1b./in., acting to rear and 
located at mid-deptn of wing. Find re- 
actions at points (a), (b) and (d). Find 
axial loads on front and rear spars. Find 
primary bending moments on front spar. 

Find shear flow on webs and walls. Neglect 
structure forward of front spar and rear- 
ward of rear spar. 


Fig. Al9.43 shows a portion of a single 


Table A gives the stringer areas at sta— 
tions 0 and 150. Assume stringers have 
linear variation in area between these two 
stations. Use 30t as effective skin with 
compression stringers. 


Find axial loads in stringers at stations 
150 and 130 and determine shear flow 
system at station 150. 


cell - multiple stringer cantilever wing. (4) Same as problem (3) but add an internal 
The external air loads are: wed of .04 thickness connecting stringers 
(3) and (8). 
Wg = 100 lb./in. acting upward and whose 
center of pressure is along a y axis coin- (5) Same as problem. (4) but add a leading edge 
ciding with stringer (3). cell with radius equal to one-half the 
front spar depth. Take skin thickness as 
Wy = 6 1b./in. acting to rear and located .04 inches. 
at mid-depth of wing. 
TABLE A 
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* North American Aviation FJ3 "Fury Jet''. View Shows Bottom Wing Skin. 
Note Integral Construction of Skin and Stringers. 





North American bre” Wing. View Sh 
of Outer Wing Panel. Note Thick Skin. 





CHAPTER A20 
INTRODUCTION TO FUSELAGE STRESS ANALYSIS 


A20.1 General. In general the purpose of an air- 
plane is to transport a commercial payload or a 
military useful load. The commercial payload 
of a modern airliner may be 100 or more pass— 
engers and their baggage. These passengers 
must be transported safely and comfortably. 

For example, an airliner flies at high altitudes 
where temperatures may be far below zero and 
where the air density is such as not to sustain 
human life. These facts mean that the body 
which carries the passengers must be heated, 
ventilated and pressurized to provide the 
necessary safety. Air travel must be acceptadle 
to the passengers, thus the airplane body must 
shield the passengers from excessive noise and 
vibration, end furthermore efficient, restful 
and attractive furnishings must be provided to 
make travel enroute comfortable and enjoyable. 
The portion of the airplane which houses the 
passengers on payload is referred to as the 
fuselage. Fuselages vary greatly in size and 
configuration. For example, the fuselage of a 
supersonic military airplane may nouse only one 
passenger, the pilot, the remainder of the 
fuselage interior space being used to house the 
power plant, to provide retracting space for 
landing gear, and to house the many mechanical 
and electronic installations which are necessary 
to fly the airplane and carry out the various 
operations for whicn the airplane was designed 
to accomplish. Many groups of engineers with 
various backgrounds of training and experience 
are therefore concerned with the design of the 
fuselage. The structures engineer plays a very 
tmportant part because he is responsible for 
the strength, rigidity and light weight of the 
fuselage structure. 


A20,2 Loads. Basic Structure. 


The wing, being the lifting body is sub- 
jected to large distributed surface air forces, 
whereas the fuselage is subjected to relatively 
small surface air forces. The fuselage is sub- 
jected to large concentrated forces such as the 
wing reactions, landing gear reactions, empen- 
mage reactions, etc. In addition the fuselace 
houses many items of various sizes and weights 
which therefore subject the fuselage to large 
inertia forces. In addition, because of high 
altitude flight, the fuselage must withstand 
internal pressures, and to nandle these internal 
pressures efficiently requires a circular cross—- 
section or a combination of circular elements. 


The student snould refer to Chapter A4 for 
further discussion of loads on aircraft and also 


to Chapter AS, where example calculations of 
fuselage shears and moments are presentec. 


The basic fuselage structure is essentially 
a single cell thin walled tube with many trans- 
verse frames or rings and longitudinal stringers 
to provide a combined structure which can absorb 
and transmit the many concentrated and distri- 
buted applied forces safely and efficiently. 
The fuselage is essentially a beam structure 
subjected to bending, torsional and axial 
forces. The ideal fuselage structure would be 
one free of cut-outs or discontinuities, how- 
ever a practical fuselage must have many cut- 
outs. Fig. (a) shows the basic interior fuse- 
lage structure of a small airplane with skin 
removed. It consists of transverse frames and 
longitudinal stringers. Photographs 1, 2 and 3 
illustrate fuselage construction of late model 
large aircraft. 





Fig. (a) 





PHOTO, NO. 1 
Fuselage Construction of Fairchild F-27 Transport 
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PHOTO. NO. 2 
View Looking Inside of Rear Portion of Fuselage 
of Beechcraft Twin- Bonanza Airplane. 


PHOTO. NO. 3 
Fuselage Construction of Boeing 
707 Jet Airliner. 


(FOR GENERAL DETAILS OF DOUGLAS DC-8 FUSELAGE CONSTRUCTION SEE PAGE Al15. 32} 
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A20.3 Stress Analysis Methods. 
Section. 


Effective Crass- 


It 1S common practice to use the simplified 
beam theory in calculating the stresses in the 
skin and stringers of a fuselage structure. If 
the fuselage 1s pressurized, the stresses in the 
skin due to this internal pressure must be added 
to the stresses which resist the flight loads. 
In wings the skin in the middle region of the 
airfoil is relatively flat and thus the skin is 
usually considered as made up of flat sheet 
panels. In fuselages, however, the skin is 
curved and curved sheet panels have a higher 
eritical compressive buckling stress than flat 
panels of the same size and thickness. In 
small airplanes, the radius of curvature of the 
fuselage skin is relatively small and thus the 
additional buckling strength due to this curva- 
ture may be appreciable. A simple procedure of 
approximately including the effect of sheet 
curvature will now be explained. 


Fig. 420.1 illustrates a distributed 
stringer type of fuselage section. Assume that 
external loads are applied which produce bending 
of the beam about the Y axis with compression on 
the upper portion of the cell. 







compression 
side 


tension 
side 


a Fig, A20.1 


Up to the point of buckling of the curved sheet 
between the skin stringers, all the material in 
the beam section can be considered fully effec- 
tive and the bending stresses can be computed 
by the general flexure formula op = Mz/ly, 
where ly is the centroidal moment of inertia of 
the entire section. When a bending compression 
stress is reached which causes the curved sheet 
vetween stringers to buckle, a re-arrangement 
takes place in the stress distribution on the 
section as a whole. Theory as well as experi- 
mental results indicate that the ultimat>? com- 
pressive strength of a curved sheet with edge 
stringers can be approximated by the following 
two assumptions. 





A20.3 
(1) A small width of sheet w, on each side of 
the attachment line of skin to stringer ts 
considered as carrying the same compressive 
stress as the stringer, as was discussed in 
Chapter Al9. These effective sheet widths 
W, are shown as the blackened elements ad- 
jacent to the stringers on the compressive 
Side in Fig. A20.1. 

{2) The remainder of the curved sheet between 
stringers, namely, D-(w, + w,) carries a 
maximum compressive stress Sor = SEB t/r. 
This value for dor is conservative. £ is 
the modulus of elasticity of the skin 
material, t the skin thickness, and r the 
radius of curvature of the skin. These 
curved sheet elements are shown by the 
hatched skin lengths in Fig. A2ZO.1. 


Since the thin curved skin between the 
stringers normally buckles under a compressive 
stress far below the buckling strength of the 
stringers, the curved sheet is treated as an 
element with varying effective thickness which 
depends on the ratio of the curved sheet buck- 
ling stress dgy to the bending stress oy exist- 
ing at that point for bending of the fuselage 
section. Hence the effective sheet thickness 
for the curved sheet panels can be written, 


qtiafenc at ss Sih ah 


te = t (d¢p/op) 
or an effective area can be written 


Ag = b't (Ogp/oy) - - - - - = -- - = (2) 
where b' is the width of curved sheet between 
the effective sheet widths w,, w,, etc. (See 
Fig. A20.1). 


To illustrate this approach in obtaining 
the effective cross-section of a fuselage 
section, an example problem will be presented. 
The example problem will be broadened to some 
extent for the purpose of introducing the stu- 
dent to design procedure. 


A20.4 Example Problem. 


Let it be required to determine the stringer 
arrangement for the approximate elliptical 
shaped fuselage section shown in Fig. A20.2. 


The following data will be assumed: - 


Design bending moment about y axis = 160,000 
in. lb. (producing compression on upper portion), 
Zee stringers, one inch deep and with an area 
equal to 0.12 sq. in. shall be used. 

The ultimate compressive strength of the zee 
stringer plus its effective skin and a length 
equal to fuselage frame spacing {s assumed to 
be 32000 psi. The skin thickness ts .032 and 
all material is (2024) aluminum alloy with E = 
10,3C0,0C0 psi. The fuselage stringers are to 
be symmetrical about section center lines. 


44 
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Height = 50" 
Width = 30” 





y x 
Fig. A20.2 
Symmetrical about 
the Z axis 
2 92 33 
Location of stringers 
3 below Y'-Y' same as 
above Y’-Y". 
Solution: 


Tne first thing to do is to determine ap- 
proximately how many Z stringers will be re- 
quired so that a section can be obtained to 
work with. Since the internal resisting mom- 
ent must equal the external bending moment, one 
can guess at the tnternal resisting couple in 
terms of total compressive flange stress and an 
effective internal couple arn. 


Por elliptical and circular sections with 
distributed flange material, the approximate 
effective resisting arm of the internal couple 
ean be taken as 0.75 times the height n, and 
the average tension or compressive stress as 
2/3 the maximum stress. Thus equating the 
external bending moment to the internal resist- 
ing moment an approximate total area A, for the 
compressive side of the fuselage section can be 
obtained. 

My = A, (.67 Oy)(.75 nh), whence, 

160000 
+75 X50 X .67 x 32000 





Ac = 


= 2.0 sq. in. 


Part of this total area is orovided 
effective skin area. The effective 
use with each rivet line equals w = 


by the 
width to 
ct VE7os¢- 


We will take C = 1.7 which ts a commonly used 
value. . 
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w= 1.7x .082710,500,C00/32000 = .975 tn. 


which equals a width of .975/.032 = 30.5 sheet 
thicknesses. Since the bending stress decreases 
to zero as the neutral axis is approached, enc 
since the curved sheet between the Z stringers 
can carry loads up to its duckling str th, 2 
preliminary value cf effective width w = 40t 
will be assumed acting with each stringer. 
total area of stringer plus effective skin 
equals 0,12 + 40 x .032% = 0.16 sq. i 
number of stringers requirec is there 
0.16 = 12. 





Thus 


Fig. A2Z0.2 shows how the stringers were 
placed to give 12 stringers on the top nalr. 
Since the skin on the lower half is in tension 
and therefore fully effective, the neutral exis 
will fall below the center line and thus the 
two stringers on the center line will be con- 
sidered as part of the required 12 stringers. 

A fuselage cross-section has now been obtained. 
The desired final result is that the meximum 
compressive stress will be near but not over 
32000 psi. The procedure from this point is 
still a trial and error process since the 
effective sheet on the compressive side depends 
on the magnitude of the compressive bending 
stress which in turn ts influenced by the amount 
of effective sheet and the buckling load carried 
by the curved sheet. 


Using the 
of Fig. A20.2, 


preliminary stringer arrangement 
Tables A2O.1 and A20.2 sive the 
calculation of the e*fective moment of inertia 
of the section about the horizontal neutral 
axis, Table A20.1 deals with the stringers and 
the effective sheet elements and Table A20.2 
deals with the curved buckled sheet elements. 


In the trial No. 1, the following assump- 
tions are made: 


(1) A width of 30 thicknesses of skin act 
with each stringer cn the upper or compressive 
side. 

(2) The area of the curved shest between 
the effective sheet widths as found in (1) is 
modified to give an effective area by multi- 
plying by a K factor of Gpr/Op, nhere Gor 18 
the buckling compressive stress and dp is the 
bending stress at the center of the curved skeet 
element assuming 32000 at the extreme upper 
fiber of the beam section and zero at the hort- 
zontal center line, with linear variation in 
detween these points. 


: Since the entire skin on the lower half 
s effective, 2 more logical assumption would 

2 to guess at the location of the neutral axis 
and use a variation of a, between the neutral 
axis and the extreme fiber. This approach will 
not be used in this example. 
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TABLE A20.1 
TRIAL NO. 1 ; TRIAL NO. 2 _| 
; I . 
1 2 3 4 s | 6 7 821] 238, lo {| 1 12 
n Explanatory Notes for Table A20.1 
| { ay Se tae a aan pediee ee aes 
$ {ws i ‘ « 
a= i: |S é|/z = @ TRIAL xO. 1 
to| Area . 38 $2 Be. Col, 1 For numbering of stiff- 
aol a Arm az‘ " pots ast Ba eners and sheet elements, sce 
ESleqin. 2 4 1 [oa Se Fig. A20.2. 
2 a be PE $i Col. 2 Stiffener area = .12 + 
| ——— 30 x .032 x .032 2 .15 
2, 45 3.63] 87.8] 27.58|-30020 | 1.0 | sq. in, For stiffeners 
5 4) 01s +30! 72.6] 25.38 |-27700 | 1.03 2, 4, 6, 8, 10, Below 
; a 6 2.73 21.58 }-23550 | 1.12 the centerline each 
ag 16.68 |~18200 | 1.28 stiffener 15 considered 
glo 10.28 |-11200 | 1.66 acting separately, The 
12 3.38|- 3680 | 2.38 entire skin between 
13 -0.18 stiffeners is consider- 
3 -3.52]  § . ed as a unit. 
~6.72{ 3 s Col. 3 All arms z' are neasur- 
-9.92/ 2 3 4.5 ed to horizontal cen 
(22,42 é s terline axis. 
i|-14.82 é 
16,92] 4 a TRIAL NO. 2 
-18.62| a 6 z = distance to neutral 
}-20.32} 3 8 axis as found from re- 
-20, 82 2 z sults of Trial No. 1, 
21.52} 4 a 7 oy = 1600000 2/1470 
8 « effective width based 
~12,23( 714.3] on stress in Col. 7 












































Element 


Buckled sheet 
e 
Feawer 








Explanatory Notes for Table A20.2 















Trial No. 1 2 
Col. 1, 2, 3, 4 (see Fig, A20.1 for meaning of terms) 12 Z = distance to neutral axis 
Col. $ £ e 10,300,000 for aluminum alloys as found in results of Trial 
Col, 6 Cy varies as a straight line from 32000 at No. 1 
top of cell to zero at centerline Col. = 1600000 2/1470 
| Col. 9 z‘ = distance from centroid of element to Col, 14 ed ou stress Oy of Col. 13 


centerline axis of cell 





Results of Trial 





Results of Trial No. 2 
Considering resuits of both Tabies and multiplying by 2 since Total effective area = (2.627 + .183)2 «= 5,62 
only one half of cell was considered: 


az = (-2,86 + 3,24)2 = 0.76 
fa = total effective area = (2.49 + .266)2 g 


Z = .76/5.62 = .135" above N.A. of trial 1. 
= 5.51 sq. in. < 
Tyq = 20673 + 71.3) - 5.62 x .195° » 1489 
Saz' = (-12.29 + 2.92)2 = -18.62 
Zw Saz’/Da = -18,62/5.51 =» -3,38" 


Iya = 2(714,3 + 52) - 5.51 x 3038". 1470 in.* 
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Due to the symmetry of the section, Tables 
A2Q.1 and A20.2 zive calculations for only one- 
half of the material, thus the results are 
multiplied by two. General explanatory notes 
are given below each table, 





The results of trial No. 1 give a neutral 
axis 3.38" below the center line and 2 moment of 
inertia of 1470 in.*. In Trial No. 2, the er- 
fective sheet widths are based on the moment of 
inertia of 1470, The resuits of trial No. 2 
give a moment of inertia of 1489 tn.* with a 
neutral axis .125" above the first location. If 
a third trial were used, making use of the 148S 
moment of inertia, the change would be quite 
small since the effect of a small change in 
stress on the effective sheet width is negligi- 
ble. 


a 


The compressive stress on stringer No. 2 
using the resulting moment of inertia and 
neutral axis location, therefore becomes 

OH = MyZ/ly = 160000 x 27.45/1489 = 29500 

psi 


The allowable stress was 32000, hence the 
margin of safety is (32000/29500) - 1 = .08 or 
elght percent. Ifa smaller margin of safety 
was desired some material would be eliminated 
and the calculations of Tables A20.1 and A20.2 
would be repeated. 


Calculation of Shear Stress tn Skin at Neutral 
Axis 


The equation for the shear flow q at some 
point on the skin is, 


qs Go - 7 i (3) 
¥ 

Due to symmetry of cross-section about the Z 
axis the shear flow do is zero at a point on 
the center line Z axis. The summation of the 
term az between a point on the Z axis and the 
neutral axis is given in Table 420.3. The 
values of areas (a) and arms (z) are taken 
from Tables A20.1 and A20.2. 


TABLE A20.3 





+021(28,28 - ,13) 





| 

(2) { .152(27.58 i 

(3) | .039(27.08 i 

| (4) | -153¢25.38 . {i 
| (s) -022(23, 68 . | 
| (8) «156(21,58 = 3.34 | 
(7) +018 (19.18 = 0.28 | 

| (8) «16116,68 =. =z 2.66 ; 
i (9) +031(13, 48 = O41 
* qo) | +173(10.28 ~ . | 

: ay +055(6,58 - . i ! 
| (22) 1 2212(3.38 = = 0. i 
tal 2 97 











FUSELAGE STRESS ANALYSIS 


Ga, = Go * zy 2ae 
=o+ {el re.s7 = o1s2 v, Iee/in, 


Tne shear stress v = g/t = .0152 V,/.032 = 412 


Tre 


average shear stress on the s Ci 
be tay. = V2/eht = Vz/2x50x .032 = .312 Vz. 





Thus for this shape of cross-section an 
stringer arrangement the maximum shear stress 
is .413/,312 times the average shear stress or 
approximately 4/3 times as large. 





The procedure as given above is quite con- 
Servative relative to the true or actual margin 
of safety, because 4 linear variation of stress 
with strain has been assumed and failure of the 
Section is assumed to occur when the most remote 
stringer reaches its ultimate compressive stress. 
Actually in a static test of a fuselage to 
destruction, the fuselage section as a whole 
will not collapse wren one stringer buckles, 
but will continue to take increasing load until 
other stringers have reached their ultimate 
Strength. Furthermore, in a typical fuselage 
Structure, stringers of various sizes, shapes 
and tnerefore different compressive strengths 
are used, and thus to obtain a better neasure 
of the ultimate strength of a fuselage section, 
modifications in stress procedures are made to 
measure stringer effectiveness. This subject 
was discussed in some detail in Arts. il and 12 
of Chapter AlS, To tllustrate stringer effect- 
iveness in fuselage bending stress analysis, 4 
simple example problem will be presented. 


A20.5 Ultimate Bending Strength of Fuselage Section. 
Exampie Calculation, 


Fig. A20.3 shows the cross~section of a 
circular fuselage, The Z stringers are arranged 
Symmetrically with respect to the center ling 
Z and X axes. 


Three sizes of 2 stringers are used as 
tilustrated in fig. A20.4 and are labeled 8.; 
S, and S,. These symbols are used on Fig. 
A20.3 to indicate where each type of stringer 
1s used. The stringers on each side of the 
Section are numbered 1 to 13 as shown on Fle. 
AZ0.3, Fig. A20.5 shows a plot of the stress- 
strain curve for the three stringer types loaded 
in compression and with a column length equal to 
the fuselage frame spacing. Fig. A20.5 also 
shows a tension stress-strain diagram for the 
material which is aluminum alloy (2024). The 
ultimate bending strength will be calculated 
for dending which places the upper sortion in 
compression. 
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Since the location of the neutral axis ts 
unknown, @ location will be assumed, namely, 7 
inches below the center line axis as shown in 
Fig. AZ0.3. The entire calculations for deter- 
mining the effective moment of inertia cah best 
be done in Table form, as shown in Table AZ0.4, 
Due to symmetry about the Z axis only one~nalf 
of the structure need be considered since the 
results can be multiplied by two. 








Column (1) lists the stringer numbers 
relative to location and Column (2) according 
to types S,, S, and S,. Column (3) gives the 
stringer area. On the tension or lower side of 
the section, the skin ts all effective and that 
area of skin halfway to each adjacent stringer 
is assumed to act with stringers numbered 9 to 
13 and this skin area {ts recorded in Column (5). 
On the compressive side the skin is only 
partially effective. The effective width w for 
each stringer rivet line depends on the stringer 
stress. We will take the effective width w = 
l.ot VE7ogp. The effective area Ag will then 
equal wt. These effective skin areas are re- 
corded in Column (5). In solving this equation 
the stringer stress Ogp has been taken as -36500 
psi on stringer number (1), and then varying 
linearly to zero at the neutral axis as indi-~ 
cated in Column (4). This assumption {s not 
true but accurate enough to obtain effective 
skin areas, To illustrate, consider stringer 
number (1). The effective area Ag equals wt* = 
1.9 x .032*(10,300,000/36500)% = .032 sq. in. 
Column (6) gives the sun of the stringer and 
effective skin areas or Ag + Ag. 


Assumed 7 
Neutral Axis 


9 

r Te 
uy os 8 08 1k Te 038 
es ae is 


Stringer S, Stringer S, Stringer S, 
Area = .135 Area = .18 Area = . 08 


Fig. A20.4 


In this example problem, the effectiveness 
of the curved sheet panels between the sheet 
effective widths will be neglected since its in- 
fluence is small. It could be included as il- 
lustrated in the previous example problem. 
Column (7) lists the distances from the assumed 
neutral axis to the centroid of each stringer- 
Skin unit. We now assume that plane sections 
remain plane or a linear strain variation. 
Referring to Fig. A20.5, it is noticed that when 
a@ unit strain of .006 is obtained in stringer 
S, type the compressive stress 1s 36500, which 
represents its ultimate stress. Stringer (1) 
is of S, type and is located fartherest from 
the neutral axis. Sub. Fig. (a) of Fig. A20.3 
shows the strain diagram with .006 at stringer 
(1) and varying as a straight line to zero at 
the neutral axis. Column (8) of Table A20.4 
records the unit strain at each stringer cen- 
troid. The true stress at each stringer point 
due to ‘hese strain values {s read from the 
curves on Fig. A2O.5 and recorded in column (9) 
of the Table. It should be noted that stringer 
(3) although closer to the neutral axis than 
stringer (1) carries a higher stress than 
stringer (1). This is possible because when 
stringer (1) reaches its maximum-stress, it 
bends Dut continues to hold the same stress with 
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TABLE A20.4 
SPene chact eo 
1 2 3 4 5 6 7 8 9 10 ll 12 13 
fot ele eee ll meee ee ieee oe ie Co aee | 
Effect- Total s 
Stringer Stringer | Linear | ; a Arm Unit Stress 2 
id Area | Stress | 'V@ Skim | Stringer | “7: | strain | ATe. | K=o/o*| KA | kazt | pA4., 
No. | Type Ag oy ‘Ae A (in) € o ‘ 
a —— = 
1 S. 0. 135 36500 . 032 «167 -36500 1.00 - 167 | 5.96 213 
t 
2 8, 0.135 -34700 . 034 . 169 -36500 1,05 178 6,00 203 
-——_——]———+—__+-— 
3 Sa 0, 180 -31000 . 036 216 -39100 1,26 +272 8.25 250 
[a 
0.135 26800 159 t 





124 


-31500 1. 






































increasing strain, but stringer (3) which has 
not reached its maximum strength of 39000 
continues to take increasing load. 


Since we wish to use the beam formula op = 
MyZ/Ix in computing stresses, we must modify the 
stringer areas to give a linear stress variation 
since the formula is based on a linear stress 
variation. The stringer modification factor K 
equals the ratio of the true stress in column 
(9) of Table to linear stress value in column 
(4) or K = o/o*. The results are recorded in 
column (10). The modified stringer areas are 
then equal to KA and are recorded in column 
(11). Column (12) gives the first moment of 
the modified areas about the assumed neutral 
axis, giving a total value or -3.16. 


The distance Z from the assumed neutral 
axis to the true neutral axis is thus, 





Z = 2 KAZ*/2KA 
= 75-16 _ * 
my @elsg re 
The true N.A. would fall about .70 tnches 


below assumed position. The effect on total 
Sum of Column (13) would de negligible, thus 
Table A20.4 will not be revised. 


Column (13) gives the calculation of the 
effective moment of inertia with Z* being equal 


























to Z. The effective moment of inertia is there- 
gore twice the sum of Column (13) or 3252. 


Calculation of Ultimate Resisting Moment. 


The 


maximum stress at the most remote 
stringer which is number (1) is 36500. From 
the beam formula, 


M 


Op1x/Z 
(36500 x 3252)/35.7 + 0.7 
3,260,000 in.1b. 


This bending strength when compared to any design 
vending moment about the X axis would give the 
margin of saraty relative to bending strength. 


If the moment of inertia nad been computed 
without regard to non-linear stress variation, 
or in other words, using K equal 1 for all 
stringers the neutral axis would have come out 
4.9 inches below the centerline axis and the 
moment of inertia would have calculated to be 
2362 in.*. The resisting moment developed 
would then be (36500 x 2382)/33.6 = 2,800,000 
in.los. Thus the true strength ts 25 percent 
greater than the strength for linear stress 
variation. This result explains why such 
structures test overstrength if designed on 
linear stress variation basis. 


After stringer stresses are obtained 
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using the modified areas of Table A20.4, the 
true stringer areas must be used to find the 
true stringer loads, which must be used in the 
Shear flow analysis. 


A20,6 Shear Flow Analysis for Fuselage Structures 


The shear flow analysis can be made once 
the effective cross-sections of the fuselage 
are obtained. The procedure is the same as was 
illustrated Zor wing structures in Chapter Als. 
To illustrate, two example problems will be 
presented. 
Example Problem 1. Symmetrical Tapered Section. 

Fig. A20.6 shows a portion of a tapered 
circular shaped fuselage structure that might 
be representative of the rear portion of a 
fuselage for a small airplane. Since this 
example is only for the purpose of illustrating 
Shear flow analysis, {t will be assumed that 
the 16 stringers are the only effective mater- 
fal. In an actual stress analysis, the effect- 
ive cross-section would have to be used as 
illustrated in previous articles A20.3 to A20.5. 


The problem will be to determine the 
stringer stresses and the skin shear flow stress 
system at Station (0) under a given load system 
at Station (150) as shown tn Fig. A20.6. 


Solution No, 1 - Solution by Considering Beam Properties 
at Only One Section. 


If the change in longitudinal Stringer or 
flange material is fairly uniform this method 
can de used with little error in the resulting 
shear flow stresses. 


Moment of inertia of section at station (0) 
about centroidal Y axis: 


Area of all Stringers = .1" 











Frame spacing = 15" 
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Ty = (157 x .2 x2) + (15.867 + 10.617 + 5.747) .1 
x £= 180 in.* 


Table AZ20.5 gives the necessary calculations 
for determining the flange bending stresses and 
the net total shear load to be taken by the cell 
skin. Since the cell is tapered, the stringers 
have a Z component, thus the stringer axial 
loads nelp resist the external shear load. 
summation of column (8) of Table A20.5 gives 
333.4 1b. for a summation for half the fuselage 
section. 


The 


Hence, net web shear at station 0 equals: 


Vy, 


wed = Yext. * Verange = 2000+ (2 x -333.4) 


1233.2 1b. 


The results in this particular problem show 
that at station O the flange stringer system re- 
sists one third of the external shear load. At 
station 150 the web system will resist the en- 
tire external shear load of 2000 lb. since the 
load in the stringers is zero. 


In actual design the net web shear should 
be used since in many cases it will decrease 
the sheet thickness required one or more gauges. 


Calculation of Flexural Shear Flow. 


Ve(wep) = * 2 _ 1333.2 


q=a- = q, =a 2 am 
9 y ° ~ “Iso 

3% ~ 7.403 az-----+--~+~--- (A) 

Due to symmetry of the section about the Z 


axis, the flexural shear flow {n the web at the 
center line ts zero. Therefore, do will be taken 
as zero and the summation in equation (A) will 


20008 2000+ 


16 | L 
5H 
15 3 ——[S[S[>S= | 
is" | ——— SSS 
oa 13.86" 4 i 
—stiffeners jt0.61%" gee Be 2a" 
5.74" t 7 0 - 
13, 5 4 +48 
i 
u 
32 6 SS 
4 
° 
10 
9 ; Section at Station 
Section at Station 0 — —_—_ 150" 150 
STA.0 Length not to scale STA. 150 
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A20.10 


FUSELAGE STRESS ANALYSIS 





TABLE A20.5 


ora 


17700 
23100: 
25000 


ee GEES 
oBFBoBEBo 
aw 
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Shear taken by stringers = 


*1/2 of stringer one is assumed acting with each half of 
cell. 


NOTES: 
Col. 4 on2 -Mz2/Ly = -2000 x 150 x 2/180 = -1667z 


Col. 5 Total x component of load in stringer member. 
For practical purposes, it equals axial load in 
Stringers since cosine of a small angie is 
practically one. 


Col. 6 The slope of the stringers in the z and y 
directions can be calculated from the dimen- 


sions of the two end sections and the length of 
the cell. (see Fig. A20. 6) 


Col. 8 The in plane components of the Stringer axial 
& loads at station 0, 


start with stringer (1) 








94.,7 9- 7.40 x .05 x 15 = ~ 5.55 lb. /in. 


ne 


Gan = ~ 5-55 - 7.40 x .1 x 13.86 = - 15.80 


Qa, = ~ 15.80 - 7.40 X .1 x 10.61 = ~ 23.66 


G4, = ~ 23.66 - 7.40 x .1 x 5.74 = ~ 27.91 

The torsional moment T about the centroid 
of the section at station (0) equals 5 x 2000 = 
10000 in, 1b. (clockwise when looking toward 
station 150). Due to the symmetry of the sec~ 
tion at station 0, the in-plane components of 
the stringer loads produce zero moment about 
the section centroid. 


For equilibrium a constant internal shear 
flow q, is necessary to make 2 My = 0 


qre = 729000 
+ PA 2xnx 15? 





= -7.06 ld./in. 


Adding the torsional shear 2low q, to the 
flexural shear flow q, the 2ollowing results 
are obtained: 

Gig = -7.06 + 5.55 = -1.51 Ib. /in. 

Gas = 77.06 + 15.80 = 8.74 








15.60 


a 


4g, = -7-06 + 23.66 


= -7.06 + 27.91 


20.85 


ate. 


a 
' 


Fig. A@0.7 shows the results in graphical 
form, on the left side of the section the shears 
are of the same sign and therefore add tog. 








Shear flow system 
#/in. 


L6“bE- 





Fig. 20.7 


Solution No. 2. Shear Flow by Change in Stringer Loads 
Between Adjacent Stations. AP Method. 

The shear 2low will de calculated by con- 
sidering the change in the 2x‘a2 load in the 
longitudinal stringers between fuselage sec- 
tions at stations (0) and (30). 





Fiz. A20.8 shows the beam section at sta- 
tion 30, the stringer areas >eing the same as 
at station 0, dut the section as a whole is 
smaller due to the taper of the cell. 





area of each 
stringer = .10 





Fig. A20.8 . 8 


Table A20.6 gives the calculations for the 
flexural shear system. The procedure is the 
same as illustrated for wing structures in 
Chapter Alg. 


the results of column i3 with the 
flexural shear flow as found by solution No. 1, 
we find the second soluticn sives a maximum 
shear flow of 28.95 1d./in. against alue of 
27,91 2or the first soluticn. t method 
deals with the properties at only 5 Section 
and this cannot include the effects change 

in moment of inertia on the shear <low. 


Comparing 
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A20. i1 
TABLE A20.6 
re 
1 2 3 4 5 6 7 | a | 9 10 11 12 13 
Sta. 0| Sta. 30 Sta. 0] Sta. 30 | String AP Panel Flexural Shear 
Stringer Area | Area | Sta. 0 /Sta. 30) Sy= | Gp-= [Sta. 0 30 Taper APK Flow 
No. a a Arm Arm | -1667Zj -1522Z) Py= | Px= |- (Cal. 8 - Col. 9}j Corr. “0 = > APK 
. sq. in. | sq. in, z Zz (psi.) | @si.) | Opa! dpa 30 Factor = 2-39 
K Ib. /in, 
ue -05 05 15,00( 14.00} -25000; -21300 [-1280 | -1085 6.17 -935 5.76 
5. 76 
2 .10 -10 13.86{ 12.93 | -23100 } -19700 [-2310 | -1970 11.33 +935 10. 60 
ro SPO OT 16, 36 
3 -10 -10 10.61| 9.90] -17700 | -15050 |~1770 | -1505 8.83 935 8.25 
24.61 
4 .10 | .10 | 5.74] 5.36] - 9550] 0155 |- 955 [- 915 | 4.65 .938 | 4.34 
28.95 
5 .10 -10 0 0 o- Qo | o | o 0 0 9 
28.95 
6 10 | .10 [-s.74]- 5.26] 9550) iss] 955] ais ~ 4.65 .935 |- 4.34 
24. 61 
7 -10 +10 }-10.61]+ 9.90] 17700; 15060 | 1770] 1505 - 8.83 +935 |- 8.25 
= 16.36 
8 .10 +10 | -13,86]-12.93] 23100] 19700 1970 +11.33 +935 |-10.60 
5. 76 
9 +05 -05 | -15.00] -14.0 25000} 21300 | 1250 | 1065 - 6.17 935 }- 5,76 
cd 
NOTES: 
Col. 6 Op = ~2000 x 150 z/180 = -1087 z 
Col. 7 Gp = -2000 x 120 2/157. 2 = -1522z 
Col. 10 Change in axial load in each stringer between stations 0 and 30 divided by distance between Stations. This 
result represents the average shear flow induced by the loading up of each stringer between stations 0 and 30. 
Col, 11 The width of a skin panel at Station 0 is 5. 88 inches and 5. 5 inches at Station 30, The shear flow on the edge 
of the panels at Station 0 equals (5. 5/5.88) AP/30. (See Art. A15.18 of Chapter A15 for explanation). This 
refinement is usually neglected and the average values as given in Col. 10 are used which are conservative. 
Col. 13 Due to symmetry of structure, the shear flow is zero on z axis. Thus shear flow at any station equals the 
progressive summation of the shear flow values in Col. 12. 
EES eeeeeemeeeneneeeeeee eee | 


second method is recommended for practical 
analysis procedure. 


Since the section is symmetrical, there are 
no moments induced by the in-plane components of 
the stringer forces at station 0. 


The torsional shear flow forces are the 
same as in solution method No. 1 and these are 
added to the values of column 13 of Table A20.6 
and give a pattern similar to Fig. 420.7. 


A20,7 Example Problem. Tapered Circular Fuselage 
with Unsymmetrical Stringer Areas. 


Fuselage cross-sections are seldom 211 sym- 
metrical relative to stringer and skin areas 
because the practical fuselage has cut-outs such 
as dcors, etc. To {llustrate the unsymmetrical 
case a Simplified case will be presented. 


2 


Fig. AZ0O.9 shows portion of a tapered 
fuselage. The stringer areas are such as to 
make the cross-sections unsymmetrical relative 
to bending material. 


Again for simplicity, we 


will assume the stringers are the only effective 
material. In actual design practice the effect- 
iveness of the skin and each stringer would have 
to be considered as explained in Articles A20.4 
and S. 


The problem will be to determine the 
stringer stresses and the skin shear flow val- 
ues at station (0) due to the given external 
loads of Pz = 4000 lb., Py = 1000 1b. and Py = 
1500 acting at station (150) as shown tn Pig. 
A20.9. 


SOLUTION: 


Since we choose to use the AP method in 
finding the shear flow system at station (0), 
we will find the stringer loads at two stations, 
namely, station (0) and station (30). The first 
step is to find the moment of inertia of each 
fuselage section about centroidal z and y axes 
and the product of inertia about these axes. 
Table 420.7 (Columns 1 to 11) gives the calcu- 
lations of the section properties for station 
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Fig. A20.9 










ee 
(1) ht 6 


3" 














Z Sta. 150 
* ! 2 
Le X | 
Section at Sta, 150 
——_———— 150" ae 


zz Sta. 0 
The skin stringers are located symmetrically with respect to she 
Section at Station 9 centerline axes, however che stringer areas as given tn( ) on 
the figure are not symmetrical with these axes. It is assumed in this problem that 
the stringers taper uniformly between the values as given for station O.and 150. 
The cell would of course have interior transverse frames which are not shown on the 
figure. 








TABLE A20.7 












Section Properties at Sta. 0 Total Stringer Loads at Sta, 0 


Ces F/La | Py =aGpy~-do) 








= -1500/3, 40 = (2) (12+ 13) 


10 . 0 
210 - s 
80} 10.5 | 12.00 
80 |-10.5 | 12.00 40 
g ~20 1-18.98] 8.48 80 
~22.50/ 0 "i 
~18.98)- 8.48 
-10. 50} -12. 00 | -3.15 


Reference Axes 2’ and Y' are taken as the centerline axes. General Notes: 
(see Fig. A20.9) 










9216 
3673 























Col. 12 Oy = 307. Oy - 936. 1z 
Location of centroid and transfer of properties to 
centroidal axes. Col. 14 Since the total tensile stresses equal to 
: total compressive stresses in bending, 
2 = -2,90/3. 40 = -. 855" the sum of Col. 14 should equal the ex- 


a ternal applied normal load. 
y = 8.40/3. 40 = 2. 46" 


Ty = 643.9 - 3.40 x 855? = 641.4 
Iz = 403.2 - 3.40 x 2.46 = 382.6 


Izy = -37.7 - 3.40 x 2. 46 x -.855 = -30.55 




































ANALYSIS AND DESIGN OF FLIGHT VEHICLE STRUCTURES A20. 13 
TABLE A20.8 
a 
Section Properties at Sta. 30 Total Stringer Loads at Sta. 30 
i 4 5 6 xf 
ya. lr 
Go= Fa 
Stringer Arm 
No. yt 7 = -1500/2.98 | a(oy + a) 
= 

11.2 ci fe E 7651 
- 7.92] 1 z . 5 2159 
0 ‘ +2195 
7.921 1 5 : s -1615 

Tt. 20 

11. 20 

7,92 

0 
= 7,92 
=11. 20 




















Reference Z' and Y' axes are taken as the centerline axes. 
Z = -3, 29/2.98 = -1. 10" 

y = 6. 28/2.98 = 2.11 Z -669e Section at 
Ty = 520.2 - 2.98 x 1,10? =516.6 & 
Iz = 299.2 - 2.98 x 2.112 = 286.0 : 








Igy = -26.3 - 2.98 x 2.11 x -1.10 = -19.4 


ek a 
Fig. A20.10 


“hn 
z 
(0) and the similar columns of Table A20.8 gives My = 4000x120+1500x 8.10 = 492150 in.1lb. 
¢ ° 
weedeat tons for svetton: (50) Mz = -1000 x 120+1500x2.11 = 116820 in.1b, 
Before the sending and shear stresses can Py = -1500 1b., Vz = 4000 lb., Vy = -1000 
be calculated, the external bending moments , lb. 
shears and normal forces at stations (0) and (30) 
must be known. Calculation of Bending Stresses. 
At station (0): - Station (0): 
The bending moment about y neutral axis at Op = -(KMy = K My) y - (KMy -K.Mz) 2 
station (0) equals, wiere 
My = Pz (150) + Py (7.85) Ky = lyz/(Iylg = Tyg?) 
= 50+ 1 7.85 = 611800 in.1d. 
4000 x 150+ 1500x 7.85 = 411900 in.1d K, = 1g/(Iyle = lyn) 


. 


Py (150) - Py (2.46) K, = Iy/(Iylz ~ lyz?) 
~1000 x 150 + 1500 x 2.46 = -146310 in.1b. 


Substituting values from Tables A20.7 and 


The Shears at station (0) are ¥z =P, = A20.8: 


A000 Lost end Vyas: 2 y<sy-L009 Abs K, = -30,55/(641.4x 382.8 - 30.552) = 
The normal load Py at station (0) referred = -30.55/244670 = ~.0001248 
to centroid of section equals Py = -1500 lb. 
K, = 382.6/244670 = .00156 


In a similar manner, the values at station 
(ZO) are, (see Fig. A20.10) K, = 641.4/244670 = ,00262 





A20. 14 


Substituting K values in equation for dp: 


~ [00262 x -146310 ~ (~. 0001248 x 
611800) | y - [00186 x 12300 - 
(-.0001248 x -146310) | 2 


sds) 


whence 


Gp = 307.0 y -936.1 z (plus op 1s tension) 


Station (30): 


K, = -19.4/(516.6 x 286 - 19.44) 
= -19,4/147620 = -.CO001315 


286/147620 = 001936 


516.6/147620 = .0035 


Op = ~ [20086 c -116800 ~ (~. 0001815 x 
4s2150)] y - [-co19s6 x 492150 - 
(~.0001315 x 116820)] 2 


whence 


OD = 44.3 y- 937.72 
Column (12) in Tables A20.7 and A20.8 zives the 
results of solving the equations for dy. 


Since an external load of 1500 1b. is act~ 
ing normal to the sections and through the 
section centroids, an axial compressive stress 
Gq 18 produced on the sections. (See Columns 
15). The total load P, in each stringer equals 
the area of the stringer times the combined 
bending and axial stresses. (See column 14 of 
each table). 


Calculation of Flexural Shear Flow q. 


Table A20.9 gives 
tions to determine the 


the necessary calcula- 
shear flow at station (0) 
based on the change in stringer loads between 
stations (0) and (30). The correction of the 
average shear due to the taper in the skin 
panels as was done in example problem (1), 
Table AZO.6, column (11), 1s omitted in this 
solution since it tends toward the conservative 
side. Since the effective cross section is un- 
symmetrical, the value of the flexural shear 
flow q at any point is unknown thus a value for 
q at some point is assumed. In Table A20.9 

the shear flow q in the web aj is assumed zero. 
Column (5) gives the results at other points 
under this assumption. 


Moment of Shear Flow about Intersection of 


Centerline Axes 


For equilibrium in 
section at station (0}, 


the plane of the cross 
the summation of the 
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internal and x= 
ust De Zero. Column (7) of Tablé 
moment of the flexural shear 
(See notes and Fig. below 






the plane, of all 


TABLE A20.9 


SHEAR FLOW CALCULATIONS 


Sess Px at Px at} 


37 
$7 


a 55. 
[2 fae 1eeT 2239 =2153] 2.57 


aerate rn -1615 
=50i1 
[1 —T92i6[-71001-70. 53 





252.0 {29000|-32 
150.04] 6601-52 
202.46} 7270|-52]-16.13 


125.20] 202,46] 5100/-52 
pie 2514971 180.04] 2240]-52]-97.07 
252.0 0 5 


-52) 




















(2) and (3) from tables 
A20,7 and A20.8 
- (4) APy = “[Pxsta. 0 


- Pasta, 30] 


. (6) m = double areas 
(see Fig, a). 

. (7) mg = moment of 
shear flow q on 
each web element 
about 0° (Fig. a) 





Moments Due to In Plane Components of Stringer Loads. 


Since the stringers are not normal to the 
Section at station (0), the stringers have in- 
plane components which may produce a moment 
about the intersection of the symmetrical axes 
which has deen selected as 2 moment center. 
Table A20.10 gives the calculations for the in- 
plane components and their moments about point 
of. 


Moment of Externai Load System About Point (0), 


The 1000 lb. load at station (150) acting 
in the Y direction nas a moment arm of 7" about 
the point 0' of station (0). 


Hence external moment = 1000 x 7 = 7000 
in.ld. 
Therefore the total moment about the 


assumed moment center 0' = 
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A20.15 
zg 
TABLE A20. 10 
MOMENTS DUE TO IN PLANE COMPONENTS 
OF STRINGER LOADS 
0 
32 610 te 
173 152 1820 
245 214 | 2560 
69 154 
3809 0 9 Of .050 190 0 
2634) .0188 49 930) .0421} 111 }- 941 
1246| .0266 33 346] 0233 23 348 
dm fom | dn 
NOTES: 
Col. (2) from Table A20.7 
Col. (3) equals the slope Fig. A20,11 

















of stringers 
in y and z 
directions. 
(see Fig. A20. 9) 
Col. (5) Values of z' 
and (8) and y' from 
Table A20. 7. 
Fig. b shows 
the Py and Pz 
components from 
Cols. (4) and (7). 





’ 
ms af, 18 
Total moment about 0’ = Looking Toward Sta. 150 


-1634 + 1612 = ~22"4 





92670 
-22 


due to shear flow q 
due to in plane components of 
stringers. 


7000 due to the external loads. 





Total= 99648 in. 1b. 


Therefore for equilibrium a moment of 
-99646 18 required which can be provided by a 
constant shear flow q, around the ceil, hence 


= 799648 _ 


ot = 987 = 
di 23K = sy057 * -52 1b./in. (957 


enclosed area of cell) 


This value of q is entered in column 8 of 
Table A20.9. The resulting shear flow in any 
wed portion dy equals the algebraic sum ofq 
and q,. (See Col. 3, Table 420.9). Fig. 
A2O.11 shows the results in graonical form. 


A20.8 Discontinuities - Shear Lag - Pressurization 
Stresses - Combined Stresses. 


A practical fuselage has many cut-outs. 
The approximate effect of these discontinuities 
ag well as the shear lag effect at sections 





Shear flow distribution. 


where large concentrated loads are applied can 
be determined by the procedure given in Articles 
18 to 20 of Chapter Al9. A more rigorous 
analysis can be made by the application of the 
basic theory as given in Chapter A8. 


The problem of shell stresses due to tn~ 
ternal pressures is presented in Chapter Al6. 
The strength design of the fuselage skin in- 
volves a question of combined stresses. The 
broad problem of the strength design of struc- 
tural elements and their connections under all 
types of stress conditions is covered in Volume 
it. 


A20.9 Problems, 





(1) | 
{ Skin .035 
Fig. A20. 12 
t 
Fig. A20.12 shows the cross-section of a 
circular fuselage. All stringers have same 





area, namely 0.12 sq. in. 
-C3S inches. 


Skin thickness is 
Stringers are 1 inch in depth. 
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All material is aluminum alloy. §& = 10,500,000 
psi. The ultimate compressive strength of 
stringer plus its effective skin is 35000 Dsi._ 
For effective sheet width use w = 1.9t (E/ogp)®. 
For buckling strength of curved panels use 

Ocp = .d Et/r. Determine the ultimate bending 
moment that the fuselage section will develop 
for bending about horizontal neutral axis. Use 
linear stress distribution. Follow procedure 
as given {n example problem in Art. AZ20.4. 


(2) 


Fig. A20.13 shows 

the cross-section of a 
rectangular fuselage. 
The dots represent 
stringer locations. 
Three types of string- 
ers are used, namely, 
8,,S,andS,. Fig. 
A20.14 shows the 
ultimate compressive 
stress-strain curve 
for each of the three 
s, stringer types and 

also the tension 

stress-strain curve 

of the material. 


4 spaces @7"=28" 


Sa S$, SS, og. 





=40"" 


5 spaces @8". 


& 
Fig, A20. 13 


S. 


Determine the ultimate bending resistance 
of the fuselage section about the horizontal 
neutral axis if the maximum unit compressive 
strain is limited to .008. Refer to art. A20.5 
for method of solution. 


ADDITIONAL DATA. Area stringer S, = .12 sq.in.; 
8, = .25 sq.in.; 5, = .08 sq.in. E = 10,500,000 
psi., 


(3) Fig. A20.15 shows a tapered circular 
fuselage with 8 stringers. The area of each 
stringer is 0.1 sq.in. Assume stringers develop 
entire bending resistance. Find the axial load 
in stringers at station (110) due to Pz and Py 
loads at station (0). Also find shear flow 
system at station 110 using AP method. Use 
properties at station (90) IN OBTAINING AVERAGE 
SHEAR FLOWS. 


Py = 23004 Pz 


f f F 5=500# 
: 2° 
a4 
Tio Sta.0 3 
> 110" __ az 


Fig. A20.15 Ux 

















(4) 


Same as Problem (3) but change area or 
stringer no. (2) to 0.3 sq. in., thus making an 
unsymmetrical section. 


A20.10 Secondary Stresses in Fuselage Stringers and Rings. 


The stresses that are found in the 
stringers or longerons of a typical fuselage by 
use of the modified beam theory or by the more 
rigorous theory of Chapter AS, are referred to 
as primary stresses. Because of the necessity 
of weight saving, most fuselage structures ars 
designed to permit skin buckling, which means 
that shear loads in the skin are carried by 
diagonal semi-tension field action. This 
diagonal tension in the skin panels produces 
additional stresses in the stringers and also 
in the fuselage rings. These resulting stresses 
are referred to as secondary stresses and must 
be properly added to the primary stresses in 
the strength desig of the individual stringer 
or ring. Chapter Cll covers the subject of 
these secondary stresses due to diagonal semi- 
tension field action tn skin panels. It is 
suggested to the student that after studying 
Chapters Al9 and AZO, that Chapters ClO and Cll 
be referred to in order to obtain a complete 
stress picture for skin covered structures. 


CHAPTER A21 
LOADS AND STRESSES ON RIBS AND FRAMES 


A2l.1 Introduction. For aerodynamic reasons the 
wing contour in the chord direction must de 
maintained without apprectable distortion. 
Unless the wing skin is quite thick, spanwise 
stringers must be attached to the skin in order 
erase the bending efficiency of the wing. 
to nold the skin-stringer wing surface 
and also to limit the length 
of stringers to en 2ffictent column compressive 
strength, nal support or brace untts are 
required. ese structural untts are referred 
to as wing ribs. The ribs also have another 
major purpcse, namely, to act as a transfer or 
distribution unit. All the loads applied to 
the wing are reacted at the wing suoporting 
points, thus these applied loads must de trans- 
rea into the wing celluler structure com- 
posec of skin, stringers, spars, ate., and then 
reacted at the wing support points. The annlied 
loads may be only the distributed surface air- 
leads which require relatively light tnternal 
ribs to provide this carry throuzh or transfer 
requirement, to rather rugzved or heavy ribs 
which must absord and transmit large concen- 
trated appliec loads such as those from landing 
gear reactions, power plant reactions anc fuse- 
lage reactions. In between these two extremes 
of applied load masnitudes are such loads as 
reactions at supporting points for ailerons, 
flaps, leading edge nigh lift units and the 
many internal dead weight loads such as fuel 
and military armament and other installations, 
Thus ribs can vary from a very light structure 
which serves primarily as a former to a heavy 
structure which must receive and transfer loads 
involving thousands of pounds. 


to in 





d 


















Since the airplane control surfaces (verti- 
cal and horizontal stabilizer, etc.) are nothing 
more than small size wings, internal ribs are 
lixewise needed in these structures. 


The skin-stringer construction which forms 
the shell of the fuselage likewise needs in- 
ternal forming units to nold the fuselage 
cross-section to contour shape, to limit the 
column length of the stringers and to act as 
transfer agents of internal and externally 
applied loads. Since 2 fuselace must usually 
have clear internal space to house the vayload 
such as passengers in a commercial transnort, 
these internal fuselage units which are usually 
referred to as frames are of the open or ring 
type. Fuselage frames vary in size and strength 
from very light former type to rugged heavy 
types which must transfer large concentrated 








loads into the fuselaze shell such as those 
from landing gear reactions, wing reactions, 
tail reactions, power clant reactions, etc. 
The dead weisht of all the payload and fixed 
equipment inside the fuselace must be carried 
to frames by other structure such as the 
Tuselage floor system and then transmitted to 
the fuselage shell structure. Since the dead 
weight must be multiplied by the design accel- 
eration factors, these internal loads become 
quite large in magnitude. 


Another important purpose or action of ribs 
and frames is to redistribute the shear at dis- 
continuities and practical wings and fuselages 
contain many cut-outs and openings and thus 
discontinuities in the basic structural layout. 


A21.2 Types of Wing Rib Construction. 
Figs. A21.1 to 6 illustrate the comnon 


types of wing construction. Fig. 1 illustrates 
a sheet metal channel for a leading edge 3 


Fig. A2t.3 


A21.1 
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Fig. A21.4 
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Ribs in 3 Spar Wing. 


Fig. A21.5 






Fig. A21.6 


stringer, single spar, single cell wing 
structure. The rib {s riveted, or spot-welded, 
or glued to the skin along it doundary. Fig. 

2 shows the same leading edge cell but with 
spanwise corrugations on the top skin and 
stringers on the bottom. On the top the rib 
flange rests below the corrugations, whereas 
the stringers on the bottom pass through cut- 
outs in the rib. Fig. 3 illustrates the gen- 
eral type of sheet metal rib that can de 
quickly made by use of large presses and rubber 
dies. Figs. 4 and 5 illustrate rib types for 
middle portion of wing section. The rib 
flanges may rest below stringers or be notched 
for allowing stringers to pass through. Ribs 
that are subjected to considerable torstonal 
forces in the plane of the rib should have some 
shear ties to the skin. For ribs that rest 
below “stringers this shear tie can be made by 
a few sheet metal angle clips as illustrated in 
Fig. S. Fig. A21.7 shows an artist's drawing 
of the wing structure of the Beechcraft Bonanza 
commercial airplane. It should be noticed that 
various types and shapes of ribs and formers 
are required in airplane design. Photographs 
A21.1 to 3 illustrate typical rib construction 
in various type aircraft, both large and small. 
Since ribs compose an appreciable part of the 
wing structural weight, it is important that 
they be made as light as safety permits and 
also be ‘efficient relative to cost of fabrica- 
tion and assembly. Rib development and design 
involves considerable static testing to verify 
and assist the theoretical analysis and design. 


A21.3 Distribution of Concentrated Loads to Thin 
Sheet Panels. 


In Art. Azl.1 1t was brought out that ribs 





were used to transmit external loads into the 
wing celluler beam structure. Concentrated 
external loads must be distributed to the rib 
oefore the rib can transfer the load to the 
wing beam structure. In other words, a con- 
centrated load applied directly tothe edge oz 
a thin sheet would cause sheet to buckle or 
cripple under the localized stress. Thus a 
structural element usually called a web stirt- 
ener or a web flange is fastened to the web and 
the concentrated load goes into the stiffener 
which in turn transfers the load to the web. 

To set the load into the stiffener usually , 
quires an end fitting. In general the distri- it 
buted air loads on the wing surface are usually 

of such magnitude that the loads can be distri- 

buted to rto wed by direct bearing of flange 

normal to edge of rib web without causing local 
buckling, thus stiffeners are usually not 

needed to transfer air pressures to wing ribs. 


2o= 


EXAMPLE PROBLEM ILLUSTRATING TRANSFER OF CON~ 
CENTRATED LOAD TO SHEET PANEL. 


Fig. A21.8 shows a cantilever beam com- 
posed of 2 flanges and a web. A concentrated 
load of 1000 1b. is applied at point (A) in the 
direction shown. Another concentrated load of 
1000 1b. is applied at point (£) as shown. 


To distribute the load of 1000 1b. at (A), 
a horizontal stiffener (AB) and a vertical 
stiffener (CAD) are added as shown. A fitting 
would be required at (A) which would be attached 
to both sti?feners. The horizontal component 
of the 1000 1b. load which equals 800 1b. is 
taken dy the stiffener (AB) and the vertical 








component which equals 600 lb, is taken dy the 
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Fig. A21.7 General Structural Details of Wing for Beechcraft "Bonanza" Commercial Airplane. 


vertical stiffener CD. The vertical load at E 
would be transferred to stiffener EF through 
fitting at E. The proplem is to find the shear 
?lows in the web panels, the stiffener loads 
and the beam flange loads. 


Lo 10" + 10" te nee 10" =f 


iG lange 








flange 
Fig. A21.8 





% Will be assumed that the beam 
develop th entire resistance to beam 

ending moments, thus shear flow is constant 
on a wed pansl. 





The shear flows on wed panels {1} and (2) 
Will be computed treating sac 
the 1000 lb. load as acting separately and the 
results added to give the final shear flow. 








Figs. AZ1.9 and A21.10 show free bodies of that 
portion including web panels (1) and (2) and 
stiffeners CAD and AB and the external: load at 
(A). In Fig. A2l.9 the shear flows q, and q, 


4 q 

{a> Pe 9 

on a! (a) al (4) 

‘Je 4.800 3 A 

3g. He) We y aatt (2) $600 Ib, 
<== te 


ac 


a Hees a a 


Fig. A21, 10 


iwith the sense as shewn, Taking 
moments about point E, 


MMe = 800x3-12x10q, = 0, whence q, = 
20 lb./in. 


ify = €00-20x10-10q, = 0, whence a, = 
60 lb./in. 
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PHOTO. A21.3 Rib Construction and Arrangement in High Speed, Swept Wing, Fighter Type of Aircraft. 
North American Aviation - Navy Fury - Jet Airplane. 
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Referring to Fig. A2l.10, 


Mg = 600x10-12x10q, = 0, whence q, = 
50 1b. in. 
ary = -560x10+10q, = 0, whence q,= 


50 1b./in. 


Combining the two shear flows for the two loads, 


q, = 20 + 50 = 70 


2 


ib./in. 


a 
u 


a 60 ~ SO = 10 lb./in. 


Fig. A2l.11 shows the results. Fig. 
A2Z1.12 shows stiffener AB as a free body, and 
Fig. A21.13 the axial load diagram on stiffener 
AB, which comes directly from Fig. A2l.11 by 
starting at one end and adding the shear flows. 


800#(tension) 
B A Fig. A21.13 


a, =70 
BSS S800 
qa=10 * 





Fig. A21,i1 


Fig. A21. 12 


Fig. A21.14 shows a free body of the 
vertical stiffener CAD, and Fig. A21.15 the 
axial load diagram for the stiffener. 


7, 9P D 

ay yt 
" = 70, 
+5 A Ay 30 630# (tension) 
gr Ie "F600 

| =104 

C Cc 

Fig. A21.14 Fig. A21.15 


The shear lows q, and q, could of course 
be determined using both components of forces 
at (A) acting simultaneously. For example, 
consider free body in Fig. A2l.15a. 


j— 10" 
Foals 
as | 9 


{ie ir yA = 300% 
Teoo Wb. gw 
qa i 3 


pes" 


Fig. A2i. 15a 


aFx = 800 - 10g, ~ 10g, = 0 ----- 


uw 


IFy -600 + 99, - 34,57 O0------ 


Solving equations (1) and (2) gives, 


Q. = 70 1b./in., q,= 10 1b./in., which 
checks first solution. 


The shear flow q, in web panel (3) is ob- 
tained by considering stiffener EBF as a free 
body, see Fig. A21.16. 


IFy = l2q,+10x3-9x70 


-1000 = 0 
F 
7 i} whence, q, = 133.33 lb./in. 
AN 
2 as 4,270 The shear flow q, 
tL could also be found by 
B 0 treating entire beam to 
3" aa7* y right of section through 
r E panel (3). For this free 
1000 body, 
Fig. A21. 16 BFy = -600- 1000+ 12q, = 0 


whence, q, = 133.23 


Fig. A21.17 shows diagram of axial load in 
stiffener EF as determined from Fig. A21.16 by 
starting at one end and adding up the forces to 
any section. 


After the wed shear 
flows have been determined 


Be EY the axial loads in the 
beam flanges follow as 
B 570 lb, the algebraic sum of the 
shear flows. Fig. A21.18 
zg 1000 Ib: shows the shear flows 
(tension) 


along each beam flange 

as previously found. The 
upper and lower beam flange loads are indicated 
by the diagrams adjacent to each flange. 





100# tension 


; Fig. A21. 18 
3900# compression 


In this example problem the applied extern- 
al load at point (A) was acting in the plane or 
the beam web, thus two stiffeners were suffi-~ 
client to take care of its two components. Often 
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loads are applied which have three rectangular 
components. In this case, the structure should 
be arranged so that line of action of applied 
force acts at intersection of two webs as 
{llustrated in Pig. A21.19 where a load P is 
applied at point (6) and its components Pz, Py 





Fig. A21.19 


and Py, are distributed to the web panels by 
using three stiffeners S,, S, and S, inter- 
secting at (0). 

In cases where a load must be applied 
normal to the web panel, the stiffener must be 
designed strong enough or transfer the load in 
bending to adjacent webs. 


In this chapter, the webs are assumed to 
resist pure shear along their boundaries. In 
most practical thin web structures, the webs 
will buckle under the compressive stresses due 
to shear stresses and thus produce tensile 
field stresses in addition to the shear 
stresses. The subject of tension field beams 
is discussed in detail in Volume II. In gen- 
eral the additional stresses due to tension 
field action can be superimposed on those 
found for the non-buckling case as explained 
in this chapter. 


STRESSES _IN WING RIBS 
A21.4 Rib for Single Cell 2 Flange Beam. 


Fig. A21.20 illustrates a rib in a 2= 
flange single cell leading edge type of beam. 
Assume that the air-load on the trailing edge 
portién (not shown in the figure) produces a 
couple reaction P and a shear reaction R as 
shown. These loads are distributed to the cell 
walls by the rib which ts rastened continuously 
to the cell walls. Let q = shear flow per 
inch on rib perimeter which is necessary to 
hold rib in equilibrium under the given loads 
P and R. 


Taking moments about some point such as (1) 
of all forces in the plane of the rib: 


mM, = -Ph + 24q 20 
hence 


Q > Ph/2a. (A = enclosed area of cell) 
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Fig. A21. 20 





With q known the shear and bending moment 
at various sections along the rib can be deter-~ 
mined. For example, consider the section at 3-3 
in Fig. A21.20. Fig. 421.21 shows a free body 
of the portion forward of this section. 


The bending moment at section B-B equals: 


Mp = 2qA. where A, is the area of the 
shaded portion. 


Let Fy equal the horizontal component of 
the flange load at this section. 


Fig. A221 





Fy = Mp/a = 2qA,/a 


The true upper flange load Fy = Fy/cos 0, 
and the lower flange load equals Fy = Fy/cos 0,. 


The vertical shear on the rib web at 3~3 
equals the vertical component of the shear low 
Q minus the vertical components of the flange 


loads. Hence 
Vwep = 24> Fy tan 0, - Fy tan o, 
=qa- Eak. (ton 8, + tan 9,) 


Ilustrative Problem 


The rib in the leading edge portion of the 
wing as illustrated in Fig. A21.22 will be 
analyzed. 


A distributed external load as shown will 
de assumed. 
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Solution: 


The total air load aft of bean = $x40/2 = 


160 lb. The arm to its c.g. location from the 
beam equals 40/3 = 13.33". 
at the beam flange points due to the loads on 
the trailing edge portion equals: 

P = 160x*13.33/10 = 213.2 lb. (See Fig. 
421.23) 


Shear reaction V, = 160 lb. 





Fig. A21. 22 


cot P= 213.2 lb. 


10" 
Vy 
160 





P= 213.2 Ib. 
Fig. A21. 23 


Let q be the constant flew reaction of the 
cell skin on the rib perimeter which is neces- 
sary to hold the rib in equilibrium under the 
applied air loads. 


Take moments about some point such as the 
lower flange (1). 

IM 5 -213.2x10+3x15*7.5+2x159.3 9 
= 0 


whence, q = 12¢2/278.6 = 4.42 Lb./in, 


With the applied forces on the rib known, 
the shears and bending moments at various 
sections as desired can be calculated. For 
example, consider a section B-B, 2.5" from the 
leading edge. Fig. Ael.24. 


Bending moment at section B-B = 
8x2.5x1.25+4.42x2«"15.4 = 16i in.ld. 


Hence the reactions 





Area of Shaded 
Portion = 15.4 sq. in. 


Fig. A21. 24 





A21.5 Stresses in Rib for 3 Stringer Single 
Cell Beam. 


Fig. A21.25 shows a rib that fits into a 
single cell beam with 3 stringers labeled (a), 
(bo) and (c). An external load is applied at 
point (a) whose components are 5000 and 3000 
lbs. as shown. Additional reactions from a 
trailing edge rib are shown at points (b) and 
(c). A vertical stiffener ad is necessary to 
distribute the load of 5000 1b. at (a). The 
following values will be determined: - 


(1) Rib web shear loads on each side of stiff- 
ener ad. 


(2) Rib flange load at section ad. 


(3) Rib flange and web load at section just 
to left of line bc. 


Fig. A21. 25 ae 





"84 °3000 tb. Gta 
5000 


fom 150" —— 


SOLUTION. t will be assumed that the 3 string- 
ers develop the entire wing beam bending resist- 
ance, thus the wing shear flow is constant be- 
tween the stringers. The wing rib is riveted 

to the wing skin and thus the edge forces on 
the rib boundary will be assumed to de the same 
as the shear flow distribution. In other words, 
the three shear 210WS Gages Apa and dop Hold the 
external loads in equilibrium. The sense of 
these 3 unknown shear flows will be assumed as 
shown in Fig. A2l.25. 


To find dga¢, take moments about point (b) 











= -2(A, + Aa) Gade * 5000 x 15 - 800 
x 11.5 =0 
-2(60 + 160) adage + 75000 ~ 


5750 = 0 


whence, dadc = 157.3 1lb./in. with sense as 
assumed. 


To find dep take ZFz = 0 
EF, = 5000 + 200 - 157.3 x 11.5 - 11.5 
Geb = 0 
whencs, cp = 295 1b./in. 
To find Qphq take Fy = 0 
BFy = -S0O + 3000 + 500 ~ 157.3 x 15 
-15 dpa = 0 
whence, Qnq = 42.7 1d./in. 


With these supporting skin forces on the 
rib boundary, the rib is now in equilibrium 
and thus the web shears and flange loads can 
be determined. Consider as a free body that 
portion of the rib just to the left of the 
stiffener ad centerline as shown in Fig. A21.26. 





Fig. A21. 26 


To find flange load T take moments about 
point (a), 


mM = 
T = 2158 lb. 


(16/17)T x 9.3 - 157.3 x 60 x 2= 


whence, 


To find flange load C take SFy = 0 


EF, = 2158 (16/17) ~ C = 0, whence C = 2034 lb. 


To find web shear daq take IFz = 0 
2Fz = 2158 (6/17) - 157.3 x 9.3 + 9.3 dag = 
whence, dag = 74.6.1b./in. 


To find the shear in the web just to right 
of stiffener ad, consider the free body formed 
by cutting through the rib on each side of the 
stiffener attachment line as shown in Fig. 
421.27. The forces as found above are shown 
on this free body. 
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To rind web shear 
Gyqg take IF, = 0 


d_»T' 
2188 [y t BF, = 5000-9.3x 74.6 
Wi, 9.3" 2 
" Mita ~ 9.3 daq = 0 
2086-2 050 whence, a,q = 463 1d./ 
5000 in. 
Fig. A21. 27 To find flange 
load C' take Fy = 0, 
considering joint (a) as a ?ree body, 
BFy = 2034+3000-C' = 0, whence, C' = 5034 lb. 


At joint (d) T' obviously equals 215@ 1b. The 
sti?fener ad carries a compressive load of 5000 
lb. at its (a) end and decreases uniformly by 
the amount equal to the two shear flows or 

463 + 74.6 = 537.6 1b./in. 


The results obtained by considering Fig. 
A21.27 could also be obtained by treating the 
entire rib portion to the left of a section 
just to right of stiffener ad, as shown in Fig. 
A21.28. 


To find rib flange load T’! take moments 
about point (a). 
IM, = (16/17) T' x9.3-157,.3x60x2 = 0 
whence, T' = 2158 lb. 
e 2a 
G 1 9 ar" 
Sad 
Gee ae 
443000 
5000 
Fig. A21. 28 


To find flange load C' take IF, = 0 
BFx = -0' +3000 + 2158(16/17) = 
whence, C' = 5034 lb. 

To find q,4 take 2Fz = 0 


EFZ = 2158(6/17) - 157.3x9.3 + 5000-9.3 


aq = 0 
whence, daa = 463 1b./in. 


The above values are the same as previously 
obtained. 

The rib flange loads and 
calculated for a section. just 


web shear will be 
to left of line 
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eb. Fig. A21.29 shows the free body for the 
rib to left of this section. 





‘3000 43.7 b 
$000 | 
Fig. A21. 29 +-———. 15" —+ 


To find flange load C take moments about 
point (b). 


Mp = -157.3x2 (160+ 60) +5000x15 
-11.5¢50 


whence, C = 500 lb. 

To find flange load T take ZF, = 0 

aFy = 3000 - 157.3 x15-15x42.7-500+T = 0 
whence, T = 500 lb. 

To find qj, take IF, = 0 

Fz = $000 -167.3x11.5-11.5 qi, = 0 
whence, qgp = 278 1b./in. 


The above results could have been obtained 
with less numerical work by considering the 
forces to right of section cb in Fig. A21.29. 


A21.6 Stress Analysis of Rib for Single Cell 
Multiple Stringer Wing. 


When there are more than three spanwise 
stringers in a wing, there are four or more 
panels in the cell walls, thus the reactions of 
the cell walls upon the rib boundary cannot be 
found by statics as was possible in the 3 
stringer case of the previous example problem. 


Fig. A21.30 illustrates a wing section con- 
sisting of four spanwise flange members. The 
concentrated loads acting at the four corners 
of the box might be represertative of reactions 
from the engine mount or nacelle structure and 
the reactions from a rib which supports the 
wing flap. These loads must be distributed 
into the walls of the wing box beam which neces- 
sitates a rib. Before the rib can be designed, 
the bending and shear forces on the rib must be 
determined. The calculations which follow 
illustrate a method of procedure. 








6000 
| Fig. A21.30 
3600 askin 
40004 
3,55 ‘Ref. Axis 
8.40" 
7500 
4500# 


[ae 
Zz 
les x 5000 


SOLUTION: 


The total shear load on the wing in the Z 
direction equals Vz = ~6000 -5000 +2000 = 
-9000 1b. and Vy = -8500 + 7500 = 4000 + 4500 = 
-500 1b. 


The boundary forces on the rib will be 
equal to the shear flow force system on the 
cell walls due to the given external force 
system. 


From Chapter Al4, page Al4.8, equation (14), 
the expression for shear flow is, 


Gy = ~(KaVx-KiVq) BHA - (KyVz - Ky) 
2ZA --- (1) 


The constants K depend on the section 
properties of the wing cross-section. Table 
A21.1 gives the calculation of the moment of 
inertia and product of inertia about centroidal 
Z and X axes. In this example the 4 stringers 
@, b, c and d have been considered as the entire 
effective material in resisting wing bending 
stresses. 


TABLE A21.1 


230.3 | 72. 0012160 | -156.9 
Z = ZAZ'/ZA = -5.27/6.10 = -.865" 

X = ZAX'/ZA = 72.0/6.10 = 11.8" 
Centroidal x and z moments of inertia: 
Tx = 230.3 - 6.10 x .865* = 225.8 

Iz = 2160 ~ 6.10 x 11.8% = 1310 


Ixg = -156.9 - 610 x -.865 x 11,8 = -94.7 
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With the wing section prorertiss known, 
the constants K can be calculated. 


Ky = Ix2/(Ixlg - Ixg*) 
= -94,7/(225.8 x 1310 = 94.77) = 
~94.7/286700 = -.00083 


K, = Iz/286700 = 1310/286700 = .00456 


K, = 1,/286700 = 225,8/286700 = .000786 


Substituting in equation (1), 


ay = ~[,000786 (-500) - (-.00033) (-9000)] 
Bxa = Fo04s6 (-9000) ~ (-.00033) (~500) 
Bza 
whence, 
dy = 3.363 BxXA + 41.205 Zz ~ = ~~ ~ (2) 


Since the shear flow at any point on the 
cell walls is unknown, it will be assumed zero 
on web ad, or imagine the web is cut as shown 
in Fig. A21.31. The static shear flows can 
now be found. 


Yan = 3.363 (-11.8)(2.0) + 41.205 x §.56 
x 2 = 444 lbd./in. 


We = 444 +3.363 418.2 «1.25 + 41.205 
x 4,41x1.25 = 748 1lb./in. 
Igg = 7484+3.363 x18.2x1.15 + 41.205 


(-7.54) (1.15) = 461 1b./in. 
These shear flows are plotted on Fig. 


A21.31. Refer to Chapter Al4 regarding sense 
of shear flows. 


000 


Fig. A21.31 
mn 307 444 





a aS 


Dy 
q= 461 ib. /in. “Tye 4800 


'2000 


ae 11.8 ———— 18.2 = 
Total Cell 


Area = 368. 5°" 


The moments of the forces in the plane of 
the rib will now be calculated: 


Taking moments about the c.g. of the deam 
cross section (See Fig. A21.31): 





Fer equilibrium IMe.z. must equal zero, 


therefore a constant Slow shear q, acting 
the rib perimeter is necessary which will 
duce a moment of 648400 in.1b. 


around 
pro- 








= ~ 848400. © 7 
4. = Se = Sessa g 7 880 lb. /in. 
(Note: 368.5 = total area of cell) 


Adding this shear flow to that of 
A21.31, the resulting force system of F 
A21.32 is obtained. The reactions of the bea 
cell walls on the rib have now been cstermined 
and the bending moments and shears on the rio 
can now de calculated. 


ce 


6000 


| 





Fig. A21, 32 


To illustrate, consider the rib section 
B-B which passes through the c.g. of the beam 
section. Fig. A2Z1.23 shows a free body of the 


bulkhead portion to the left of section B-B, 


5 
a Fy 
(H pee Ib. 


\800 | 


0 





M = 
\ 38200"4 
Fy = 

B Flange 
Load 


Fig. A21.33 Fig. A21. 34 


Moments at section B-B will be referred to 
the point (0): 
@Mo = -11000 x 11.8 - 8500 x 8.36 ~ 7500 x 5.64 + 436 
X 2x36+ 880xX2%70.5+ 419 x2x38.5 = 
~36200 in.lb. 
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The resultant external shear force along 
the section B-B equals the summation of the z 
components of all the forces. 


= IFg = -11000 + 12 x 880 - 436 x 0.36 +419 
x 0.96 = -195 1b. 
The resultant load normal to the section 
B-B equals the summation of the force compon- 
ents in the x direction. 
H  IFy = -8500 + 7500 + (436-419) 11.8 
= -800 lb. 
Fig. A21.34 shows these resultant forces 
referred to coint (0) of the cross-section. 
we assume that the rib flanges develop the 


antire resistance to normal stresses, we can 
find flange toads by simple statics. 


If 


To find upper flange load Fy take moments 
about lower flange point. 


IM = 12.6 Fy ~38200- 800x6.6 = 0 
whence, Fy = 3443 lb. tension 
To find Fy use ZF, ~ 0 


Fx = 3443 - 600- Fy, = 0, whence FL = 


2643 1b. compression. 


The shear flow on wed equals V/12Z.6 = 
195/12.6 = 15.5 lb./in. This result neglects 
effect of flanges not being normal to section 
B-B, which inclination is negligible in this 
case. 


* the entire cross-section of rib is 
effective in bending, then the web thickness 
and flange sizes of the rib would be needed 
to obtain the section moment of inertia which 
ts necessary in the beam equation for bending 
stresses, The forces at (0) would then de 
referred to neutral axis of section defore 
bending and Shear stresses on the rib section 
could be calculated, 


To obtain a complete dicture of the web 
and flange forces, several sections along the 
rib span should be analyzed as illustrated for 
section B~B. 


A21.7 Rib Loads Due to Discontinuities in Wing 
Skin Covering. 


As referred to before, ribs in addition to 
transmitting external loads to wing cell 
structure are also 2 means of re~distributing 
the shear forces at a discontinuity, the most 





common discontinuity deing a cut-out in one or 
the wing beam 
finding 


mor2 of the weds or aalls of 


cross section. The usual procedure in 


the toundary forces on a rib located adjacent 
to a cut-out is to find the applied shear flows 
in the wing on two sections, one on each side 
of the rib. Then the algebraic sum of these 
two shear flows will give the rib boundary 
forces. ith the boundary forces known the rib 
wed and flange stresses can be found as ore- 
viously illustrated. The procedure can best 

be illustrated by example problems. 


A21.8 Example Problem. Wing with Cut-Out 
Subjected to Torsion. 


Fig. 421.35 shows a rectangular single 
cell wing beam with four stringers or flanges 
located at the four comers. The upper surface 
skin is discontinued in the center bay (2). 

The wing is subjected to a torsional moment of 












ST. 
5 
x Upper skin 
ey surface re- 
moved in 
STA. sof Bay (2) 
> > 
Ss / i! Rib (A) 
F —— 4000 Ib. 
ISTALZTO 
s Fig. A21, 35 


g0000 in.lb. at Station (70) and a couple force 
at Station (50) as shown in Fig. A21.35. The 
problem will be to determine the applied forces 
on rib (A). 


SOLUTION: 


The applied shear flow on the cell walis 
will be found for two cross-sections of the 
wing, one on each side of rib (A). 


In bay (1) the 
in.1lb. The applied 
section of the wing 


torsional moment M is 80000 
shear flow on a cross- 
in day (1) thus equals, 


M ___30000 


ba = Bxioxd0 = 100 1bd./in. 


q= 


shown on Fig. ~ 
rib (A). In 


This shear flow system is 
A21.56 which ts a free body of 
bay (Z}, since the top skin is removed, the 





torsional moment must be taken by the front and 
rear vertical webs, since any shear flow in the 
bottom skin could not be balanced. 


The torsional moment in bay (2) is, 
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Fig. A21. 36 


M = 80000 + 4000 x10 = 120000 in.ib. 


The total shear load on each vertical web 
thus equals 120000/40 = 3C00 lb., which gives 
a Shear flow q' = 3000/10 = 300 1d./in. on each 
wed. This applied shear ts snown on the free 
body of rib (A) in Fig. A21.36. On the left 
end of the rib a shear flow of 100 is acting 


Fig. A21.37 


q = 100 
i > 4000 
q= 2004 +g = 200 
eee tt — 4000 
q= 100 


up and on the other side a shear flow of 300 

is acting down, thus the rib web must take the 
difference or 200 acting dowm. On the right end 
of the rib the load on the rib web ts 200 1b./ 
in, up. The Ioads on the top and bottom 

flanges of the rid is obviously 100 1b./in. 

Fig. A21.37 shows the loads applied to the rib 
boundary when the torsion in bay (1) and the 
external couple force is transferred to the 
cross-section of bay (2). 


ADDITIONAL EFFECTS DUE TO DIFFERENTIAL BENDING 
OF BEAMS IN BAY (2). 


The torsion in bay (1) and the external 
couple force are thrown off as couple force on 
the front and rear beams cf middle bay (2), 
with the total shear load on each beam being 
3000 1b. as previously calculated. These beam 
shear loads must be transmitted to bay (3) and 
thus cause bending of the beams in bay (2). 
Since each beam is attached to relative rigid 
box structures at each end, namely bays (1) 
and (3), the beams tend to bend with no rotation 
of their ends. If we neglect the deflections 
of these end box structures, we can assume that 
the beams bend with no rotation of their ends 
or each beam is fixed ended. Fig. A21.38a 
illustrates the deflection of the front beam in 
bay (2) under the assumption of no end rotation. 
The beam elastic curve has a point of inflection! 
at the span midpoint. Figs. 38b, ¢ show the 
beams bending moment and shear diagrams. 


The end moments are M = VL/2 = 3000x 30/2 
= 45000 in.lb. Assuming the deam flanges 
develop the entire bending resistance the beam 


Bay (2) 


{ 
Bay (1 > Ls 30". Bay (3) 


L si Fig. b 
Beam Bending Moment Diagram 








2 


V=3000. 
Beam Shear Diagram ! 


q= 300 


tf i 
4 = 3004 Web Shear Flow ya = 300 pig g 


Fig.c 


Fig. A21. 38 


flange loads at the beam ends are P = 45000/10 
= 4500 lo. (See Fig. a). 


The deflection of the rear beam would be 
the reverse of Sig. a, and thus all forces 
would also be reversed. 


Fig. A21.39 shows bay (1) of the wing as a 
free bedy acted upon by the flange loads due to 
bending of the beams in bay (2). These internal 
flange forces from bay (2) must be held in 
equilibrium dy the internal stresses in the ad- 
jacent wing structure of day (1). 





Fig. A21.39 


According to the well known principle of 
mechanics formulated by Saint Vennat, the 
stresses resulting from such an internal force 
system will be negligible at a distance from 
the forces. This distance in case of a cut-out 
is usually assumed as approximately equal to 
che width of the cut-out, or in general to the 
width of the adjacent wing bay. Thus in Fig, 
A21.39 the flange loads of 4500 lbs. each are 
assumed to be dissipated at a uniform rate for 
a distance of 20 inches. Thus the shear flow 
created by each stringer load which equals the 
change in axial load per inch in the stringer 
in bay (1) equals 4600/20 = 225 1b. 


Fig. 421.40 shows a Segment 1 inch wide 
cut from wing bay (1) with the AP load in each 
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flange member. To find the shear flew on the 

ross-section the front web is first assumed 
cut, and thus the static shear flow qs = ZAP 
from cut face where q, is zero. Fig. A21.40 
shows this static shear flow. 


Fig. A21.40 





For equilibrium of 


the cross-section, the 
moment of the forces in the lane of the cross~ 
Section must equal zero. Taking moments about 
lower left hand corner of the qg force system, 


M = 225x40x10 = 90000 in.lb. For equili-| 
brium a moment of ~90000 is necessary. There- 
fore a constant shear flow system q must de 
added to develop a moment of -90000. Thus 
q = M/2A = (-90000/2 x 10x40) = -112.5 lb./in. 
Adding this shear flow to that for qs in Fig. 
A21.40 gives the final values in Fig. A2l.41. 
This shear flow system represents the stress 


{112.5 
Fig. A21.41 


system caused on cross-section of bay (1) due 

to the differential bending of the beams in 

bay (2). This shear flow system must therefore 
be resisted by rib (A) as {t must terminate at 
end of bay (1). Therefore the shear flows in 
Fig. A21.41 are applied boundary loads to 

rib (A) and these must be added to the rib 

loads in Fig. 421.37 to give the final rib Loads’ 
of Fig. A2l.42, With the final rib loads 





212.5 
Sa SS a, — 40008 
312.54 $312.5 
1 — 40008 
Fig. A21. 42 aie. > 


known, the rib flange and wed stresses 
found as previously explained. 


A21.9 Example Problem. Wing with Cut-Out Subjected 
to Bending and Torsional Loads. 


Fig. A21.43 shows a portion of 4 4 stringer; 
Single cell cantilever beam composed of 3 bays 
formed by the four ribs. The loads on the 
structure consist of loads applied to end of 


i 

| 4008 oe eee 
a 
a 
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bay (1) as shown. The areas cof corner stringers 
a, dD, c and d are shown in ( ) adjacent to each 
stringer. 


8800 lb. 
No Skin on 
Bottom of jo— 15" 
Bay (2). 





a" Fig. A2l. 43 


The mitdle bay (2) has no skin on 
bottom surface, or in other words, the 
bay has a channel cross-section, which fact 
often happens in practical wing design as for 
example a spac@ or well for a retractable land- 
ing gear. The problem will be to find the 
shear flow tn bays (1) and (2) and the boundary 
loads on rib (A) between bays (1) and (2). 


the 
middle 


Solution No. 1 


This method of solution will make use of 
the shear center location for bay (2) in order 
to obtain the true torsional moment on bay (2). 


With this torsional moment known, the procedure 
{ts similar to the previous example involving 
wing torsion only. 


‘Ne will first calculate 
wing day (1). 
section. 


the shear flow in 
Fiz. AZ1.44 shows the cross- 


88008 


z 






x 

6" 

a 
a 


30" Fig. A21, 44 


7 


2 
A 
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The section moments of inertia are 


in calculating shear flows. 


needed 


Ty = (1x6%x2)+ (0.5 xi7x2) = 


X = 2Ax/SA = (1x30)/5 = 10 tn. 
Iz = (2x10%) + (1x20*) = 600 int 
Vz = 6800 1b., Vy = 2400 lb. 
ay =- ie IZA ~ - ExA, substituting 
=~ 100 5A -42xKA ---------- (a) 


ay 


Since the shear flow {s unknown at any 
point on cell, we will assume frent web (ad) as 
cut or carrying zero shear. 


-100 (-65)(1) -4 (-10)(1) = 640 lb./in 
640-100 (=4)(0.5) -4 (20) 0.5 = 600 
800-100 (4)(0.5) +4 (20) 0.5 = 560 


Ge 
Qed 


ba, 
Fig. 421.45 shows these static shear flows. 


8800 
b— 1s —4 


860 Ib. /in. 


sy 






“cut 
AszCell Area = 300 


= = 
a 640 

Fig. A21. 45 
To this shear flow, a constant shear flow 


must be added to make IM = 0. 
about point (d). 


Take moments 


Mg = -8800 x15 + 2400 x3 + 560x 30x le + 800 
x 8x30 = 268800 in. 1b., or -2€6200 


is required for equilibrium, hence the required 
constant shear flow q = -M/2A = -268800/2 x 300 

-448. Adding this shear flow to that of Fig. 
AZ1.45, we obtain tha shear flow of Fig. A21.46. 





Fig. A212. 46 


This shear flow system would be the shear Plow 
system for all 3 bays if the bottom skin in bay 
(2) was not removed. moving the bottom skin 
in bay (2) will modify these snear flows of 

Fi~. AZl.46. | 





Therefore we ronsicer day (2) in its true 
condition with bottom skin removed. Fis. 
A21.47 shows the cross-section of bay (2). 

880! 
aw se 
197 —4 


c 
Fig. A21.47 





The 


statics. 


three shaar flows can d¢ determined by 


IFy 2 2400-30 dap = 0, whence dap = 30 
IMg = 2400 x3 - $800 x 18 - 30x 30X12 + dhe 
(8x30) = 0, whence Gpo * 540 

BF, = 8800-8x640+2x60-12 Hy =O 


whence qdaq = S20 


Fig. A21,.48 shows the results. 
flow system is the final or 


This shear 
true Shear on bay 


(2). 
—— 80 Ib. /in. 
3 Ta 
320 | 640 
Ne c 
Fig. A21. 48 


Since we have 4 channel or oven wing crogs- 
section in bay (2), any torsional moment on 
this bay must be transmitted oy differential 
bending of the front and rear beam: obtain 
the torsional moment on bay (2), the shear 
center location must be xnown. 





™ 





Horizontal location of shear center: - 
Assume the section bends about centroidal X axis 
without twist under a V, load of 8800 lb, 


va 


qa r ZzA, or q = ~ 100 Iza 
x 

deb = - 100 (~4)(0.5) = 200 

Qa = 200 - 100 (4)(0.5) = 90 

dag = 0 - 100 (6)(1) = -600 

Fig. A2l1.49 shows the shear flow results 
for dending about x-x without twist. The line 
of action of the resultant of this shear flow 





force system locates the horizontal pesiticn of 
the shear center. 


XK = (200x8x30)/8e00 = 5.45 in. 
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ential bending of beams in bay (2), thus equal 
by 98 the beam shear times half the span of bay (2) 
45 te divided by the beam depth. 
R=8800 . 
For front beam P = 3841 x12.5/12 = 4000 lb. 
Fig. A21.49 


For rear beam P = 3841x12.5/8 = 6000 lb. 
Vertical position of shear center: - 


Fig. A21.52 shows these flange loads 
Assume section bends about centroidal z applied to bay {1). These loads are dissipated 
axis without twist under a load of Vy = 2400 lb. 


q=~ TE EAs - 4 DA / 


S 
Geb * -4X20X0.5 = - 40 lb./in. J 
Qpa = ~40-4x20%0.5 = - 80 7 5 Bay (2) 
7 RIDA I 
ag 2 -80-4 (-10) 1 = -40 7 ¢ 
¥ Fig, A21.52 
Pig. A21.50 shows the shear flow results. io a 
: $ 


uniformly in bay (1) over a distance of 30 
inches, or the shear flow per inch produced by 
these flange loads equals AP = P/30, whence 


Pa = aPg = 4000/30 = 153.3 and APy = APy 





Fig. A21. 50 


The vertical distance Z trom point (a) to 


the line of action of the resultant which # $000/40'#"200..1b: 
t 
qogeree tHe vertical location of shear center Fig. A21.53 shows an element of bay (1) 
one inch wide with these SP loads. The shear 
Z = 2My/2400 = (40x8x30)/2400 = 4 tn. flow q assuming the front web cut equals ZAP, 


The resulting static shear flows which equals 
Fig. A21.51 shows the shear center location ZaP is shown in Fig. AZl.53. 
and the external loads. The moment about the 
shear center which equals the torsion on the 
wing bay (2) equals, 





Mg.c, = - 8800x 9.55 = 2400 x13 = ~115240 
r in.1b. Fig. A21. 53 
S.C. 8800 
al ‘assuf 
9 Bk p The moment of this shear flow system about 
2400 i° Fig. A21. 51 point (d) = 133.33 x30x12-66.7x8x30 = 31980. 
a c For IM = 0, we need a constant shear flow q = 


- 31980/2 x 300 = -53.3 1lb./in. Adding this 
constant shear flow to that of Fig. A2Z1.S3 
ives the shear flow system of Fig. A21.54, 
This torsional moment must be resisted by g 
front and rear beams. Hence shear load on These results represent the effect on bay QQ) 
each beam = 115240/30 = 3841 1b. 


As in the previous example problem in- 
volving torsion, the beams in bay (2} will be 
assumed to bend without rotation of their ends, 
or in other words the bending moment at mid- 
point of bay is zero. The flange loads at 
points a, b, ¢ and d on bay (1) from the differ- 
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of removing the 

the shear aes ° 
A21.46, we obtain 2 
(1) as shown in Fig. 


in bay (2). Adding 
.54 to those cf & 
gnear flows in day 








BOUNDARY LOADS Oi: BIB (A) 

The boundary leads on rid (A) will equal 
the ¢ifference between the shear flows in days 
(1) and (2), Fig. Boheee shows 2 free dody of 
rib (A) with the flows obtained from 
Figs. A21.55 and 








Bay (2) 


Fig. A21. 56 


The resulting applied boundary forces to 
the rib equal the algebraic sum of ‘he shear 
flows on each side of the rib which tives the 
values in Fig. A21.57. 


272 


j 
ci {me __f “ 
272 

Fig. A21.57 


\ 

With the rid boundary loads known, che 
stresses in the rib can be found as previously 
{llustrated in this chapter. 


Solution No. 2 


This method of solution first finds the 
Shear flow tn all bays assuming bottom skin is 
not removed in center bay (2). This gives a 
shear flow in the bottom skin. However, the 
skin itn bay (2) is actually removed so a 
corrective set of shear flows on bay (2) along 
the boundary lines of the bottom skin must de 
applied to eliminate the shear flows found in 
the bottom skin. The problem then consists of 
finding the influence of these corrective shear 
flows upon the shear flows as found for bays 
(1) and (2) when dottom skin in bay (2) was 
not removed. 


The first step is to find the shear flows 
in all bays assuming bottom skin in bay (2) is 
not removed. The calculations would de exactly 
like those in solution {1} and the shear flow 
in all bays would be those in Fig. A2l1.46. The 
bottom skin in Fig. A21.46 has a shear flow of 
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jSince this sxin ts 


th sense 2s shown. 

ng we reverse this 

ting shear flows on 
22 bay cross-section. 

the section, with the 3 unk 
Gaps Ape ANd dea 






a= Tab = 192 
! — 


; abc=288 


—— Fig. A21, 58 
192 = 


To find Ggy usé IFy = 0, 192x30-30 dgy =0 
whence, Gab = 192 
IMy = -3Ox192x12+8 dye X30 = 0 
whence, Ape = 288 
UFz = 4x192-8x286+12 qa, = 0 
whence, daq = 128 
Adding the shear e10Ne of Fig. AZ1.58 to 


those of Fig. 421.46 5 Shear flows 
in bay (2) as shown in Fig. 421.89. These res 





80 


— 


| j 


i , 640 
Q Fig. A21.59 


sults check the results itn Fig. AZ21.48 obtained 
in solution method (1). 





Fig. A21.60 


Fig. 421.60 shows the corrective shear 
flows of Fig. A2Z1.5@ applied tc bay (2). On %s 
dottiom sxin the corrective shear Zlow {is shown 
on the boundary of the cut-out. These shear 
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flows cause differential bending of the front 
and rear beans in bay (2). If we make the 
assumption that the beam end suffer no rotation, 
the bending moment is zero at midpoint of the 
bay anc thus the flange loads at potnts a, d, 

c and d of bay (1) equal the algebraic sum of 
the shear flows on each side of a flange times 
nal? the span of bay (2) or 12.5 inches. Thus 
from Fig. A@1.60, 


PL = (192 + 128)12.5 = 4000 1b. compression 
Py = (288+192)12.5 = 6000 lb. tension 

Py = (288+ 192)12.5 = 6000 compression 

Pq = (128+192)12.5 = 4000 tension 


Referring to Fig. A21.52, we find that the 
P values above are the same as the P values 
obtained by solution (1). Thus the remainder 
of solution (2) would be identical to that in 
solution (1), and therefore the calculations 
wiil not be repeated here. 


A21.10 Fuselage Frames 


Frames in a fuselage serve the same pur- 
pose as ribs in wing structures. Ribs are 
usually of beam or truss construction and can 
be stress analyzed fairly accurately by statics. 
Fuselage frames however, are of the closed 
ring type of structure and are therefore static 
ally indeterminate relative to internal 
stresses. Once the applied loads on a frame 
are known the internal stresses can be found 
by the application of the elastic theory as 
covered in Chapters A8, AQ, AlO and All. The 
loads on fuselage frames due to discontinuities 
in the fuselage structure, such as those due to 
windows and doors, can be approximately de- 
termined by the procedures previously presented 
for wing rids. 


The photographs on page 32 of Chapter A1S 
show some of the frame construction of the 
Douglas DC-8 airliner. Other pictures of 
fuselage construction are given in Chapter A20. 
Photographs A21.4 and 5 illustrate typical 
frame construction and arrangement. 


A21.11 Supporting Boundary Forces on 
Fuselage Frames. 


When external concentrated loads are 
applied to a fuselage frame through a suitable 
fitting or connection, the frame is held in 
equilibrium by reacting fuselege skin forces 
which are usually transferred to the ?rame 
boundary by rivets which fasten fuselage skin 
to frame. Since the fuselage shell is usually 
stress analyzed by the beam thecry, it is 
therefore consistent to determine the distri- 
bDution of the supporting skin forces by the 
same theory. 


Frame in Center 
Portion of Fuselage 
for "Vought" F8U 
Airplane 


PHOTO. A21.4 








PHOTO. A21.5 
Fuselage-Wing Portion 
of "Martin" 404 Transport 


A21.12 Calculation of Frame Boundary Supporting Forces, 
Example Problem 1 


Fig. A21.61 illustrates a cross-section of 
a circular fuselage. Two concentrated loads of 
2000 1b. each are applied to the fuselage frame 
at the points indicated. The problem is to 
determine the reacting shear flow forces in the 
fuselage skin which will balance the two ex- 
ternally applied loads. This fuselage section 
might de considered asthe aft portion of a 
medium size fuselace and the loads are due to 
air loads on the horizontal tail surfaces. To 
make the numerical calculations short the 
fuselage stringer arrangement has been assumed 
symmetrical. 


Solution: 


In this solution the fuselage skin resist- 
ing forces will be assumed to vary according to 
the general beam theory. The general flexural 
shear Zlow equation Yor bending about the ¥ 
axis is, 


v 3a 


alt ¢ 
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q ae iZA , where Vz = 4000 lb. 

The moment of inertia ly of the fuselage 
cross-section is required. In this simplified 
illustration, the area of each stringer olus its 
effective skin will be taken as .15 sq.in. The 
student should of course realize after studying 
Chapters Al9 and A20 that the true effective 
area should be used on the compressive side and 
that the skin on the tension side of the fuse- 
lage is entirely effective. These facts would 
tend to make the effective cross-section unsyn- 
metrical about the Y axis. Since the only pur- 
pose of this i{llustrative solution is to show 
how the frame loads are balanced, the section 
being assumed as symmetrical which will greatly 
decrease the amount of calculations required. 


Double angles at 





3,.3',9, 9%. 
bulb angle 
stringers 
5 
sie 
5" 
6 ¥ 
gr \skin line 
Fig. A21.61 Bea 


Moment of inertia of fuselage section 
about Y axis which ts the neutral axis under 
our simplified assumptions. 


ly = 015 (17.6% + 16.2*+13.5"+13.5"+ 10*+ 
8*)4 = 637 1in# 


Due to symmetry of effective section and 
external loading, the shear flow in the fuselage 
skin on the Z axis or between stringers 1 and 1 
and 11 or 11 will be zero. Thus starting with 
stringer (1) the shear flow in the skin resist- 
ing the external loads of 4000 lb. can be 
written around the circumference of the section. 


= Ye yo, = . 4000 
a = 72 za = ~ S09 y2a 


“Ty 


= 6.275 IZA 


® -6.275 x .15x17.6 = -16.57 1b./in. 


Qa. 


Q,-, = 716.57 -6.275 x .15x16.2 = ~31.82 
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= -31.62 +6.275 « 60 xi 





Gy. 


Gas ~57.22 -5.275 x .15 x10 = 


Gang = 766.62 - 6.275 x .15%5 = -71.22 
Due to 


the shear 


symmetry of effective cross-section, 
flow is symmetrical about the Y axis. 

AS 2 check on the above work, the suma- 
tion of the z comnonents of the shear flow on 
each skin panel between the stringers shoule 
equal the external load of 4000 lb. 


iF, of skin shear flow equals the vertical 
projected length of each panel times the shear 
flow q on that panel, or 


IF, 2 f1.4x16.57+2.7x31.82 43.5 %57.22 


+5x66.62+5x71. 32.42 4000 1b. 
.(check) 


Fig. A21.62 shows the frame with its 
balanced load system. The internal stresses 
can now be found by the methods of Chapters 
A8 to All. 


2000 






q =) 7t.32#An. 


Distribution of skin 
resisting forces on 
buikhead perimeter. 


Fig. A21. 62 
Example Problem 2. Unsymmetrical Vertical Loading 


In certain conditions in flying and land- 
ing, unsymmetrical concentrated loads are acplied 
to the fuselage or mull structure. For example, 
Fig. A21.63 shows the same section and frame as 
was used in Problem 1. Due to an unsymmetrical 
load on the norizontal vail, the reactions from 
the tail on the fuselage are as illustrated in 
the figure. The total load in the z direction 
is still 4COO lb. but the loads are not sym- 
metrical about the 2 axis. analyst S pur- 

poses, consider the loads ferred to the 


For 
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C.8. OF ti 
The moment of the two ioads about the 

1500 x 11.5 -2500x11.5 = +11500 in.1b. The 
Shear load Vz = 4000 produces the same shear 
flow pattern as Fig. A21.62. To balance the 
moment of -11500, a constant shear flow qi 
around the frame is necessary. 


a= Bae = 5.65 Ib./in. 


(A = area of fuselage cross-section) 


Adding this constant force system to that 
of Fiz. A2l.62, gives the final boundary 
supporting forces on the frame as illustrated 
in Fig. A2l.65. The elastic stress analysis 
of the frame can now proceed. 


1500_ =, 2500 


bei24 





{ 
( 
\ 1 / 
A A21. 63 





Fig. A21. 65 
Skin forces on perimeter 


16.678/in. 





A21.13 Problems. 


(1) Fig. A21.66 shows a cantilever beam loaded 
aS shown. Find the shear flow in each of the 
awed panels. Draw axial load diagram for 

each of the vertical web stiffeners anc also 
the horizontal stiffener be. Plot axial load 
diagram for beam flange members as obtained 
Zrom web shear flews. 


(2) 








& da + 
600 500 1000 
Fig. A21.66 


Fig. A21.67 


Fig. A21.67 shows a wing rib inserted in a 
3 flange single call wing. beam, which is sub- 
jected to the external loads as shown. 


(3) 





Find rib flange loads at (c) and (d). 


Find rib web shear flow on each side 
of stiffener cd. 


Find rib flange and web loads at 
section 5" to left of line ab. 


Fig. A21. 68 


Fig. A21.68 snows a 3 stringer single cell 


wing beam. 


A rid is inserted to distribute the 


concentrated loads as shown. 


Q) 


Find shear Zlews in rib wed 2anel (1) 


(2) and (3). 


Find rib 
and ab. 


flange loads at sections de 











- A21.69 
snows 2 2 stringer, 
2 cell wing beam. 

A rib is tnserted 
to transfer 1000 lb. 
load to beam struc- 
ture. 





Fig. A21, 69 
Find shear flow 
in rib web in each 
cell adjacent to 
line ab. Also rib 
flange loads ad- 
jacent to points 
(a) and (b). 


b-— 


Corner Stringer Areas:- 
{a} = 1 sq. in. 
(b) = .8 sq. in 
(ce) = .5 sq. in, 
{d) = 0.4 sq. in. 


Pig. A21.70 


(S) Fig. A21.70 shows 3 bays of a cantilever 
Single cell, 4 stringer wing beam. The bottom 
skin in bay (2) is removed. Find the shear 
flows in all bays and boundary loads on ribs 
{A) and (B) when the external wing loads are as 
follows: T = 56000 in.lb., P, = 0, P= 

P, = 2000 lb., P, = 2000 lb., P, = 0. 


(6) Same as problem (5) but upper skin tn bay 
(2) 1s removed instead of the lower skin. 


(7) Same as problem (5) but with the following 
external loads, 
T = §6000 tn.1b., Bs 
P, = 2000 lb., P, P, 


a 4 


= 5000 lb., 
= 0 and P, 





= 1000 1b 
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(8) Same as preblem (7) but with top 
moved instead of lower skin, 


skin re- 
(9) Same as (5) but with read spar web removed 
instead of bottom skin. 


(10) Same as croblem (7) but with rear spar 
removed instead of bottom skin. 


Ned 


(11) In Fig. 
A21.71 the external 
bulkhead leads P 
and P, equal 4000 
1b. each and P, 
equals zero. The 
fuselage stringer 
matertal consists 
of four omega 
sections with an 
area of .25 sq. 


i 
\e 30300 / 











in. each. Deter- . < Pp. 
mine the skin re~ yi ’ . 
Sisting forces on 1n9. 569.54 

the bulkhead in PY P, 
balancing the 

above loads. Fig. A21. 71 


Neglect any effec- 
tive skin in this 


problem. 

(12) Same as problem (11) but make P, = 4000 
and P, = 6000. 

(13) Same as problem (12) but add P, = 3000 1b, 


(14) In a water 
landing condition 
the hull frame 

of Fig. A21.72 

is subjected to a 
normal bottom 
pressure of 200 

1b. per in. 

The area of the 40" 
bulb angle 
stringers is 

«ll sq. in. 

each and they 
are 7/8 in. deep. 
The area of the 
2 stringers is 
18 sq. in. each 
and the depth 1.5 
in. The area of 
the stringers a, 
do, c, d and e is 
-20 Sq. in. each. Neglecting any effective 
skin determine the skin resisting forces on 
the frame in balancing the bottom water pres~ 
sures. 


Me 


— aan 


Fig. A21. 72 


(15) Same as problem (14) but consider that 
the water oressure is only acting on one side 
of the bottom of the frame. 


CHAPTER A22 
ANALYSIS OF SPECIAL WING PROBLEMS 


ALFRED F. SCHMITT 


A22,.1 Introduction, 


In a previous chapter (Al9) analyses of 
wing beams were carried out using the engineer- 
ing theory of bending and rational modifications 
thereof. As discussed there, wing configura- 
tions which depart radically from the usual 
conception of a "beam" present the engineer 
with the choice of making approximate and/or 
empirical corrections to beam theory, or of 
following a complete analytic treatment of the 
structure. 


This chapter illustrates the latter ap- 
proach to several special problems associated 
with aircraft wing structures, viz.,* 


Art. A22.2 - stresses around a panel cutout 
Art. 422.3 ~ shear lag problem 

Art. 422.4 - cutout in a box beam 

Art. A22.5 - swept wing box beam 


Aside from presenting one analytic treatment 
of these problems, a discussion is given of the 
physical nature of each phenomenon. An under- 
standing of the nature of the problem is of 
prime importance, since no one analytic 
technique can be all-powerful in the solution 
of stress problems. The analyst must exercise 
judgment and ingenuity in approaching each new 
situation. 


In this chapter all analyses are made 
using the matrix formulation of the Method of 
Dummy Unit Loads (Chapters A7, A8), a famili- 
arity with which is assumed. 


Such problems as those listed above are 
too unwieldy to be studied here in great detail; 
hence no attempt at exhaustive analyses has 
been made. To bring into relief the main 
features of each problem, the structure selected 
for analysis is one which is simple in con- 
struction and so loaded as to exhibit clearly 
the phenomenon under study. Many practical 
details, such as the effects of sheet wrinkling, 
rivet and fitting "give", stress concentrations, 
etc., have been side-stepped so as not to be- 
cloud the objective. Further, the prablems of 
idealization of the original structure, into 


* One other important special problem - the so-called "bend- 
ing stresses due to torsion" - is not treated here specifically. 
As indicated in Chapter A8, the general box beam analysis 
presented there encompasses this problem (Example Prob. 
15, p.p. A8. 24 through A8, 27). 


the one finally analyzed, are treated only 
lightly; additional references are cited where 
appropriate. 


The analyses shown are strictly applicable 
to (reasonably) thin-skinned wings only, where- 
in the "constant shear flow" assumptions are 
valid, viz. 


i - the sheet carries shear stresses only 
ii ~ normal (direct) stresses are carried 
in the flanges (spar caps and stringers) with 
effective areas of skin lumped tn. In all 
cases handled here the skin was assumed fully 
effective (stresses below skin buckling stress - 
see Art. Al9.11, Chapter Al9). 


To enhance the usefulness of these problems, 
all the structures chosen for analysis were 
taken from referenced NACA (National Advisory 
Committee for Aeronautics) publications wherein 
the reader may find detailed discussions of the 
problems, other methods of analysis and data 
obtained from tests upon the specimens. Where 
available, these data have beefi'used herein for 
comparison. 


A22.2 Stresses Around a Panel Cutout 


"Cutouts in wings and fuselages constitute 
one of the most troublesome problems confront- 
ing the aircraft designer. Because the stress 
concentrations caused by cutouts are localized, 
a number of valuable partial solutions of the 
problem can de obtained by analyzing the be- 
havior, under load, of simple skin-stringer 
panels” (1)** 


Thus, in the case of a wing beam with a 
panel cutout of the upper surface (Fig. A22.1), 
it would be feasible to analyze the section 
immediately around the cutout as a flat sheet- 
stringer panel under the action of axial 
stringer loads and edge shears (coming from the 
spar webs). The axial stringer forces could be 
computed with sufficient accuracy by the en- 
gineering theory of bending (£.T.B.) since 
these are removed sufficiently tar from the 
cutout prope... The edge shear flows are readily 
computed by those elementary considerations 
which give the spar-web shear flows. 


** Numbers in parentheses refer to the bibliography at the 
end of the chapter. 


A22.1 











A22,2 
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Fig. A22.1 


The sheet-stringer panel may, in general, 
contain a large number of longitudinal ele- 
ments (stringers). The labor involved in 
treating this multt-element structure in detail 
is prohibitive, and thus an appropriate ideal- 
ization must be made. First, it is likely that 
the panel may be considered to be symmetric 
about a longitudinal axis, so that only the 
nalf-panel need be handled. Second, the com~ 
plex, multi-stringer structure is replaced by 
one having but three stringers. As indicated 
in Pig. A22.2, these stringers are: 


#1, a substitute stringer having for its 


area all the effective area of the fully con- 
tinuous members to one side of the "combing 
stringer" (the stringer bordering the cutout) 
and placed at the centroid of the area of 
material for which it substitutes. The stress 
which this stringer develops is then the 
average stress for the material it replaces. 


#2, the combing stringer, being simply the 
main continuous stringer bordering the cutout. 


#3, another substitute stringer, this 
one replacing all of the effective material 
made discontinuous by the cutout. It is located 
at the centroid of the material it replaces, 
and its stress is the average stress for this 
same material.* 


The sheet thicknesses used are the same 
as those of the actual structure.** 





* An alternate idealization, in which stringers #1 and #3 are 
located along the lines AB and CD, respectively (Fig. A22. 2), 
was used in Reference (2) for a box beam loaded in torsion. 


** When the longitudinal members themselves contribute to 

the shear stiffness of the cover (as is the case for "hat" section| 
stringers riveted to the skin so as to form small closed 

cross sections}, an effective thickness must be used. This 
point is discussed in Reference (3). In this source, however, 
the increase in shear stiffness is accounted for, not by 
increasing skin thickness, but by decreasing the panei width - 
ap equivalent procedure. 








Fig. A22.2 Idealization of the half panel by 
use of substitute stringers 


Fiz. A22.3 gives the geometry of the ideal- 
ized panel. 


A,= .703 in? 
A,= 212 in? 


A,2 1.0465 in? 





AR= 0.25 in? 


t, = 0.0831 in 


SPURT RES S TEST, 


a t, = 0.0931 in 


b, = 5.96 in 


Fig. A22.3 
SOLUTION: 


Fig. A22.4 1s an exploded view of the half- 
panel showing the placement and numbering of the 
internal generalized forces (Art. A7.9, Chapter 
A7) and the external loading. Note that the 
applied axial stresses were assumed to be con- 
stant chordwise, giving stringer leads pro- 
portional to the stringer areas; their sum is 
P,, one of external loads. 


The applied edge shear flows, coming from 
the spar web, were assumed constant spanwise, 
as from a constant shear load. Other load 
distributions may be handled by allowing these 
applied shears to vary from panel to panel. 
For very extreme load variations additional 
transverse members could be inserted to create 
more spanwise panels allowing a better fit to 
the spar shear variation. The applied shear 
flows were considered as the other external 
load and designated P,, 


Panels on the centerline have zero shear 
cue to symmetry (Fig. A22.3). 
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The hal? panel was twice indeterminate. 
Member loads q, and q, were selected as redun- 


7 359 (P,+3P, L) qa ; dants. With these set equal to zero, successive 
as? 108 (P, +3P, L) apolications of loads P, and P, were madé. 
Also, successive applications of unit values of 
=, 833 (P, +3P, L) leg q, and q, were made. The results: 
=, —— da -——> |’ 
LZ Z. 
Me). mena tt 5 »316 


gag a 


= ia, ay.-108P, q, .539 2, 
Fig. A22.4 


feimieir]= 


experience has shown that for symmetric 








panels symmetrically loaded it is satisfactory = Te 
to consider transverse members to be rigid in i s7AL| .0450|-_ .056|~ 122 
their own planes (4). Thus, in this problem, 12 0 .0355} 0 0 
member flexibilities for forces qq, Qe, I, and S Ee a 

d may be taken to be zero. In the actual | 13 |- 1.se9|- .oss5] 0 


NACA test specimen with which results are to 

be compared, those transverse members bordering 
the cutout appeared to have been heavily re- 
inforced (to an extent unknown to the writer). 
Hence it is logical to take their stiffnesses 
as great. 











fember flexibility coefficients were 
collected in matrix form as below using the 
formulas of Chapter A7. Note that the co- 
efficients for subscripts 5, 6, 7 and & were 
set equal to zero (rigid transverse members). 
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The "off diagonal" values have negative sign because the sense of those internal generalized forces having subscripts (14), (15), 
{17) and (18) was taken opposite to that used in the derivation in Art. A7.10. A change in sense requires a change in sign in 
off-diagonal coeificients only.) 
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The following matrices were formed: 


Per eq. (17) of Chapter Aé: 


= | 75206 +262.8 

[<=] “ (96633 -262.8 
Per eq. (18) of Chapter A6: 

_ { 392.1 293.5 

[=<rs | “| 293.5 aoe 


The inverse cf? this last was found; 


~‘] = 107 5.802 -4,343 
iz -4.343 5.902 


Finally, per eq. (23) of Chapter A8, the 
unit load stress distribution was, 

















The above analytical results are compared 
with NACA test data (1) in Fig. A22.5 for the 
loading P,= 1, P, = 0. Agreement ts seen to 
be good. 


EFFECT OF RIB FLEXIBILITY: 


To investigate the influence of rib 
flexibility, the problem was reworked assuming 
aluminum rib caps, of constant area A = .25 in.3 
as the transverse members bordering the cutout. 
The appropriate member flexibility coefficients 





CALCULATED MEASURED 


Fig. A22.5 Comparison between calculated and 
measured stresses (psi) on the 
half-panel, 


inserted in the<,; matrix (in place of the 
zeroes used above) were 





The problem was solved retracing the same 
steps as before, but using the moditied[><, 3] 
matrix, to yield the stresses: 


[Fs] 
FLEXIBLE 


RIBS 
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Comparison of this result with the pre- 
vious one for the rigid ribs reveals that the 
most important effect of rib flexibility was 
to increase the concentration of stresses in 
the combing stringer bordering the cutout. It 
should be noted, however, that for this sym- 
metric panel, the use of a very flexible rib 
as compared with a rigid rib led to stress in- 
creases of the order of only 10%in the combing 
stringer. Thus, the "rule of thumb" that trans- 
verse flexibilities may be neglected in sum- 
metric panels is re-affirmed. 


A22.3 Shear Lag Analysis of Box Beams 


"The bending stresses in box beams do not 
always conform very closely to the predictions 
of the engineering theory of bending. The 
deviations from the theory are caused chiefly 
by the shear deformations in the cover of the 
box that constitutes the flange of the beam. 
The problem of analyzing these deviations from 
the engineering theory of bending has become 
known as the shear lag problem, a term that is 
convenient though not:very descriptive.” (3) 


Fig. A22.6 illustrates the basic problem. 
The beam cover sheet 1s loaded along the edges 
oy Shear flows from the spar webs. These shear 
flows are resisted by axial forces developed 
tn the longitudinal members (spar caps and 
stringers). According to elementary consider- 
ations, the stringer stresses should be uniform 
chordwise at any given beam station ("ele- 
mentary theory" in the figure). Actually, the 
central stringers tend to "lag behind" the 
others in picking up the load because the 





Elementary 
Theory 


——-Actual Stress 


Fig. A22.6 


intermediate sheet, which transfers the loads 
in from the edges, is not perfectly rigid in 


shear. The action may be comprehended readily 
by visualizing an extreme case: a large degree 
of "lag" would occur if the load transferring 
skin were made of a highly flexible material 
such as a plastic sheet or even rubber. In such 
a case the inside stringers would be out of 
action almost entirely! With the inside stringer 
stresses lagging, the outside stringers and spar 
caps must carry an over-stress to maintain 
equilibrium ("actual" in the figure). 


Fig. A22.7 shows the beam analyzed herein. 


| t=.062 
A=.378 





Fig. A22.7 


The beam is an idealization of one tested 
by the NACA and reported in reference (3). Note 
that the beam has no lower cover sheet and that 
it is symmetric about a vertical axis, Trans- 
verse bulkheads are located at stations 12", 24", 
36" and 48" from the root. 


The actual beam specimen had three more 
stringers than shown in the tdealized structure, 
these being located one each midway between the 
pairs of longitudinals shown on the beam cover 
of Fig. A2z.7. In the idealizing process, these 
extra stringer areas were divided equally be- 
tween adjacent longitudinals. The stringer 
areas shown are the effective areas, with those 
in the top cover tapering linearly from root to 
tip. All skin was considered effective in 
carrying direct stresses. 


Some detailed discussions of the techniques 
of idealization of practical beams are given in 
references (5) and (5a). 

SOLUTION: 


To permit the handling of the calculation 
in a limited space, it was elected to analyze 
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the structure for 4 single transverse (vertical)| to zero, the stress distribution due to a one- 








tip load symmetrically placed. In that case, half pound load at the tip { 3 untt load 
because of symmetry, it was necessary to treat divided equally between beam halves) was readily 
only one-half of the structure. In addition, computed. r 
no shear flows could appear in the middle o7692 
panels. Further, {t {s known that the influence e 
of rib flexibility on shear lag is slight for 0 
symmetric systems, so that the ribs were con- - S230 
sidered rigid in their own planes; hence no ae 
generalized forces were needed on the ribs to +9230 
describe their strain energies. 0 
Fig. A22.8 shows the placement and number-~ ; .07692 
ing of the generalized forces on the half-beam. 0 - 
~1.3461 
1.8461 
i ‘ 
SEAS. es ‘S 
Ree Giz SON im 107692 
a SX SSNs 0 
ig oe 
Gx Ai a ‘ 
~ S aX 2.769 
“ Qa SSS 2.769 
se, ead e : - 
ee SSMS 0 
; i Ga .07692 
7 ; 2 0 
Fig. A22.8 Choice of generalized forces for shear 3,692 
lag problem. 
3.692 
9 
Member flexibility coefficients were \ J 
computed with the formulas of Chapter A7 and 
arranged in a matrix. Next, the unit redundant stress distribu- 
tion was computed. Fig. A&2.9 illustrates a 
The shear flows 4,, 4,, 4,, and q,, were typical calculation, showing the stresses in the 
selected as redundants. Setting these equal tip bay for qg=1, 4, = Gig = 4,, = 0. 


o<tj, MEMBER FLEXIBILITY COEFFICIENTS (E = 1) 
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Fig. A22.9 Application of a self-equilibrating unit 
redundant stress q,. 


LLY 


The complete redundant stresses were:* 























The following matrix products were formed 
(per eqs. (17), (18) of Chapter A8): 


* This is an obvious place in which to use combinations of 
redundants to decrease the structural coupling (reference 
Chapter A8, pp. A8.29, 30). (Recommended as an exercise 
for the student.) 


~2175 
= 271848 
nj ~ \-1260 
- 460.7 
40,210 16,810 9,536 
= | 16,810 32,160 9,536 
Férs| 9,536 9,536 25,030 
3,041 3,041 3,041 1 


3,041 
3,041 
3,041 
8,650 


The inverse of the latter was formed: 


3.285 


=] = 39-8] -1-505 
[=s*] = 40: 656 
- .183 


1.505 
4.219 
~1.000 
- .279 


- .656 
-1.000 

4.687 
- .495 


= .183 
= 6279 
- .495 
§.519 


and, finally, per eq. (23) of Chapter a8, 


rc 


-07692 
-03453 
~ «9230 
«5086 
4144 
-07692 
203136 
1.846 
1.055 
«7207 
«07692 
+02401 
-2.7691 
1.690 
1.079 
-07692 
01005 
3.692 
2.493 
1.199 


or 





Fig. A22.10 shows the above computed 
stresses and those reported by the NACA as ob- 
Agreement 1s seen to be quite 


tained by test. 
good. 4 5397p 


MEASURED 





Fig. A22. 10 Comparison between calculated and measured 
stresses (psi) in a box beam 
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A22.4 Stress Analysis of a Box Beam With a Cutout. 

In Article Ag2.2, one technique was em- 
ployed for computing the stresses around 4 cut- 
out. In that analysis the effect of the cutout 
was presumed to have been localized about the 
cutout region; consequently, the problem was 
treated by 1tsolating the arfected panel. Quite 
often, when the cutout is placed well inboard 
on the wing, its influence on the root stresses 
1s appreciable. Therefore, it is desirable to 
be able to consider the overall problem of the 
box beam with a cutout for such cases. 


"The most convenient and the most rapid 
method of analyzing structures with cutouts is 
the indirect, or inverse, method. The analysis 
by the indirect method 1s made in two steps. 
First, the structure {s analyzed for the basic 
condition that exists before the cutout is 
made. The results of this basic analysis are 
used to calculate the internal forces that 
exist along the boundary of the proposed cutout. 
External forces equal and opposite to these 
internal forces are then introduced; these 
external forces reduce the stresses to zero 
along the boundary of the proposed cutout, and 
consequently the cutout can now be made without 
disturbing the stresses." (3)* 


It is desired to modify the calculation of 
the previous article (A22.3, "Shear Lag 
Analysis") to allow for the presence of two 
cutouts symmetrically placed. Panel "q,." was 
removed while the single tip load remained. 
Since the unit remained symmetric, the data 
from the previous analysis, in which the trans- 
verse rib stiffnesses were taken to be 
infinitely great, should still yield satis- 
factory results. 


SOLUTION: 


The calculation was accomplished in three 
steps: 


1) The stress distribution was found in 
the "basic structure” (no cutout). This work 
was carried out in Article A22.3 where it was 
found that q,, = .02401 lbs./inch. 


2) A stress distribution was found for 
an "applied load" of q,,= 1. Such a loading 
has zero external resultant. 


3) .02401 times this last stress distri- 
bution was subtracted from the first. 





* The procedure described here is quite generaily useful for 
studies of the effect of removing one or more members; 
such might be required for an analysis of the effecta of 
structural damage. 


Tre calculation for 
now be carried out Dy cal 
flow, q,, 2 1, applied whi 
are zero. Under ‘his loadi 
relative displacements at recundant cuts 2, 7 
and 17 are equal to *<, ,,, 2and o< 
respectively, where these coerZicien 
been computed previously in article 







LRT RB 
Ss have 
AZ2.3, 





7d 
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To restore continuity (reduce the relative 
displacements to zero) three redundant forces 


are applied, one each, at the cuts 2, 7 and 17. 
The appropriate equations specifying continuity 
are 
<= oo 
Saya 897 2527 Qe ayia 
<r,a S157 Sear Ge > 3-4, 4, 
Mary ary Saryar qay Sry aa 


Note that these equations say simply that 
the deflections at the redundant cuts due to 
the (unknown) redundant forces must se equal 
and opposite to the deflections due to q,,5 1. 


All coefficients in the above equation 


were computed in Art. A22.5. Specifically, 
40,210 16,610 3,041 Ge 9,536 
16,810 32,160 3,041 a, = = (9,536 
3,041 3,041 18,550 qi, 3,041 


The above matrix is the [<rs] of Art. 
A22.3, with the "q,, row" and "q,. column" re- 
moved. 


The equations were solvedc** to give the 
values of the redundants for a unit applied 
load, @,,21, as 


de - .1399 
a, ~ .2154 

{23,:+} *Yai.f ~ ) 1.00 
dis - 1055} a,, =1 


The q,, force is included in the above for 
later convenience. Then the complete stress 
distribution, due to applying a unit shear rlow 
Q,, = 1, was 





** See Appendix for a method of "extracting" the inverse of 
this matrix from that previously found for the complete 


[Fra] mati 
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{a:,.0} = [er] {ore} 
0 

=~ .1399 
0 

1.8679 

-1.679 
0 

- .2134 
0 > 

4,240 

=4.240 
fo) 

1.00 
0 

-7.760 

7.760 
QO 

= .1055 
0 

~6 494 

6.494 





( [gtr] taken from Art. A22.3) 


To obtain the stresses in the loaded beam 
with the cutout, 0.02401 vines the above 
stresses were subtracted from the "basic" 
stress distribution of Art. A22.3, 28 pre- 
viously explained. 


.07692 
~03789 
= .9230 
+4683 
+4547 
207692 
203648 
~1.8461 
+9536 
+8925 
07692 
Qo 

2.7691 
1.8763 
8927 
07692 
201258 

3.692 

2.649 

1.0387 


Sin} = (3) ~ 024016 } 
{S1xh no Mfpasic trig 


Note that q,, 1s now zero and the cutout 
panel may be "lifted out". 


In the case of a structure under 4 variet. 
of external loadings (m = 1, 2, 3 ---), the 
more general equation, corresponding to the 
above, is 


[¢ e [2:0] “1 L f..,a4 
@ CUTOUT  )Basic ona 
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where the row matrix [Siam is simply the "12 
row" of (Gin |easrc 


COMPARISON WITH TEST DATA: 


Reference 3 reports test data for the case 
analyzed, the stringer stresses being plotted 
delow in Fig. Az2.11l. 


In the actual test specimen a stringer 
passing through the cutout was severed, it hav- 
ing zero stress at stations le and 24, there- 
fore. However, during the idealization process 
discussed in Art. A22.3 (for the beam without 
cutout) the area for this stringer was placed 
partly with the combing stringer and partly 
with the spar cap. In the same way, some 
effective sheet from the midportion of the 
panel, now made discontinuous by the cutout, 
was added also to the spar cap and combing 
stringer. 


It follows then that the full idealized 
areas of the combing stringer and spar cap 
Should not be used in figuring the stresses at 
Stations 12 and 24 (produced by forces q,, 
Qios Giay Vie)» With these areas reduced by 
the appropriate subtractions, the stresses 
were computed and are plotted in Fig. A22.11. 
Agreement with test data is seen to be quite 
satisfactory. 





4.9~ 





CALCULATED 


MEASURED 


Fig. A22.11 Comparison between calculated and measured 
stresses (psi) in a box beam with cutouts, 


A22.5 Analysis of a Swept Box Beam. 


"Experimental investigations of swept box 
beams nave shown that the stresses and distor- 
tions in a swept wing can oe appreciably differ- 
ent in character from those that would exist if 
the root were normal to the wing axis. The 
princiole effect of sweepback on the stresses 
occurs under bending loads and consists in a 
concentration of bending stress and vertical 


Bae 
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shear in the rear spar near the fuselage. With 
regard to distortions, the effect of sweep is 
to produce some twist under loads that would 
produce only bending of an unswept wing and 
some bending under loads that would produce 
only twist of an unswept wing." (6) 


In the following example a swept box beam 
is analyzed by the matrix methods of Chapter A8 
and, in particular, by the specific techniques 
of reference (7). The method accounts for the 
interaction between the swept cover panels and 
the longitudinal members. It is this action 
that is responsible for the distinctive 
structural characteristics of the swept box 
beam. 


Again, we emphasize that the method used 
here is strictly applicable to thin-skinned 
wings of beam-like proportions only. Consider- 
ing the wide variety of structural layouts 
which may be employed in swept wing configura- 
tions, a comprehensive treatment cannot be given 
here. An excellent review of methods better 


adapted to thick-skinned construction and to 
"plate-like" (very thin, wide) wings, may be 


7 Ax, 539 


Section C-C 
(Steel) “pr ts. 125 
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found in reference (8). One method of analyz- 
ing such wings is Ziven in Chapter A283. 


THE STRUCTURE: 


The structure shown is Fig. A22.12 1s an 
idealization of the NACA test beam of refer- 
ences (6) and (9), in which 4 single substitute 
stringer has been employed along the cover 
Sheet to allow for the antitipated shear lag 
effect. The figure shows only one-nalf of the 
complete unit, which was built symmetrically 
about the axis corresponding to the longitudina? 
axis of the airplane. 


Only tip loads were to be applied (at 
points A and B). The outer section of the beam 
was assumed to carry stresses which could be 
calculated reasonably well by the engineering 
theory of bending (E.T.B.). For this purnose 
it was Judged satisfactory to consider the 
outer 66" of the beam as a Single bay (A-B-D-c). 
If loads were to have been applied inboard of 
the tip, it would nave been necessary to con 
Sider additional bay divisions between 1-3 and 
C-D (that is, insert additional ribs at staticns 
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of load application). Rid C-D was located at 
one of the actual rib locations in the NACA 
test specimen and was assumed rigid in its own 
plane. 


The choice of bay C-D-F-E as a single bay 
was somewhat arbitrary. Por improved accuracy, 
additional ribs inboard of C-D could nave been 
used, Note that any ribs placed inboard of 
point F will produce triangular skin panels in 
the cover sheets. Examples of treatments for 
such panels may de found in references (9), 
(10) and (11). 


Rid E-F was considered flexible in its own 
plane, it being known that the flexibility of a 
rib is important at a locatiun where a structure 
changes direction.* Note that this rib was 
made of steel in the test specimen. 


Effective areas of longitudinals as shown 
in Pig. A22.12 were computed by considering all 
of the skin to be effective. The spar cap 
areas are equal to the sum of the areas of the 
angle member at the cap location, plus one- 
half of the effective area of material between 
the cap and the substitute stringer (this area 
includes several stringers as well as skin) 
plus one-sixth of the attached spar web area.™* 
The substitute stringer area was collected in 
like manner from the half-panels to either side. 


The method used in calculating the 
effective areas of the rib caps (E-F) is given 
in detail in reference (9), from which the 
value used here was taken. The “carry~through 
bay" cover sheet thickness is equal to that~ 
used on the specimen (.050") plus a weighted 
increase to allow for the presence of splice 
plates along the plane of symmetry (see refer- 
ence 9). 


INTERNAL GENERALIZED FORCES: 


Fig. A22.13 shows the choice and numbering 
of the generalized forces. 


The beam was rigidly supported at points 
&, F and at the two corresponding points on the 
other beam half. These might correspond to the 
fuselage ring attach points in an airplane. 
The vertical end caps on rib E-F were considered 
rigid axially, so that no flexibility co- 
efficients were associated with the reactions 
Gao and dag. Flexibility of these members 





* The effect of neglecting this rib’s flexibility is demon- 
strated later in this exampie. 


** The factor of 1/6 is used so that the effective area con- 





tribution of the web results in a structure having the same 
moment of inertia about a horizontal axis as the original. 
Some of the problems of idealization are discussed in 
reference (2}, p. 16. 


affects total deflections only and can be 
omitted in a stress analyses where deflections 
are not sought. 


Since only symmetric loadings were con- 
sidered in this analysis no shear was trans- 
mitted by the carry-through bay and hence no 
shear flows were shown in that portion. 


Sets of additional axial forces (q,, 
through q,,) were applied to the ends of the 
flanges and stringers adjacent to the obliquely 
cut ends of the cover sheet panels in bay 
C-D-F-E. These forces are necessary to account 
for the interaction between the swept covers 
and the longitudinals. As shown in Fig. A22.14, 
the pure shear flow on the oblique edge is ob- 
tained by superposing onto the panel a zero= 
resultant system consisting of a uniform tensile 
stress of intensity 2q plus a pair of concen~ 
trated balancing loads. The balancing loads 
must be contributed by the bordering longitudi- 
nals and hence react on these as tensile loads 
(Pig. A22.l4c). The balancing loads applied to 
the stringers are shown dashed since they are 
internal forces within the bay and are not to 
be entered into the equilibrium equations for 
the structure. 





(a) (b) 


Fig. A22.14 Showing how the uniform shear stress on 
an oblique panei end (b) is created by 
superposition of a uniform tensile stress 
plus two balancing forces {a}. The 
balancing forces react as tensile loads on 
the bordering longitudinals (c). 


From an energy viewpoint, these dashed 
forces account for the additional strain energy 
stored by the axial components of shear flows 
in the non-rectangular panels. This energy is 
stored in the cover panels themselves (and 1s 
accounted for in this manner since the longi- 
tudinals contain the effective area from the 
cover sheet***) and in the longitudinals which 
react against these components. 


"Dashed loads" are applied to the longt- 
tudinals adjacent to any obliquely cut panel 
end. Similar dashed loads would be applied to 


*** This much of the energy could be accounted for in another 
fashion by modifying the member flexibility coefficient for 
the sheet panel. See Reference 12, where this was done, 
However, that reference incorrectly neglects the additional 
energy stored in the longitudinals, as was demonstrated in _ 
Reference 13. 
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the outboard ends of 
if they too were cut 
configurations arise 


the panels in 
obliquely. 
often in swept wing con- 
struction having ribs parallel to the air- 


bay C-D-F-~E 
Such panel 


stream. 
panels are 


Formulae for more general quadrilateral 
given in Reference 7. 


THE STRESS DISTRIBUTIONS 

For the symmetric loadings considered 
here the structure was indeterminate only two 
times since the outer bay was assumed to be 
determinate oy the E.T.B. 

Stresses in outer bay by £.T.B.: 


Flange stresses at rib C-D (for both 
P, = 1 and P, = 1) 


M = 66" 
I = 88.57 in.*; C = 3.5" 
fh tt = 2.608 psi 


Therefore, 


ar 2 2,608x1.121 = 2,924 lbs. 
2.608 x 1.373 = 3.581 lbs. 


qs 
Ge 


For a unit transverse load at the shear 
center (midpoint, because of symmetry) 


ag = S254 = wco7ig APS 
ap = 102713 + 22924 = 





= .07143 ids 
in 


The unit load was shifted 15" to either side 
by application of a torque, T = 15 in.lbs. 
The uniform shear flow superposed was 





a Series | een lps 
9 * er" Bx aio * +571 > 


Finally, superposition gave the stresses 
for the outer bay as 


—— [care | 

[2 If cscs [= 00550 | 
[sf -coese | 
Ps ese [ior 
co 
re [ssa [ss] 
a 

















[=] 










Stresses in inner bays: 
8.12, 


Te A 
tribution, 


According to the discussion of ar 
Chapter A8, the determinate stress dis 


ea], may be any stress distribution in equii- 


librium with the applied loads, and preferably 
one close to the final true stress distribution. 
The magnitude of the redundant forces is re- 
duced by use of a Satisfactory estimate of the 
true stresses, © 





The stresses in the two inner bays were 
determined for both 21, and gy, simultaneously. 
Since this inner portion of the structure is 
two times indeterminate we can estimate two 
loads. For this purpose the two flange loads 
di, and q,, were written as 


Gia = dia + Ga 

Qua FU. + 42, 
where the (single) primed values are approxi- 
mate values determined by the §.T.B. and the 
double primed values are the unknown corrections 


(the redundants). Using My/I at stations 66" 
and 118" from the tip gave* 


QU, = 5-228 P, + 5.228 P, 
ai, = 3.899 FR, + 3.909 P, 


The equilibrium equations for the elements 
of the structure were written next by suming 
forces and moments. 





Joint F 
das + Tag = 9 
des + 4a, = 1-414 4,, 
= 5.513 P, + 5.513 P, + 1.414 q" 
Joint £ 
aa * ° 
Gee = 1.414 a, 
= 3 " 
= 7.392 PL + 7.392 P, + 1.414 q", 
2M about E-F 
deg + Ten + Ing 7 11.918 P, + 8.888 P, 


* This is a rather crude way to estimate these loads and is 
used here only for simplicity. The analyst is generally better 
advised to exercise a little more ingenuity in making these 
estimates, even to the extent of being guided by other swept 
wing solutions. 
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ZG l Q o o -2 oo de 
: 1 -.711I5 0 0 @ 00 a. 
3 
a ° Oo 21.2 0 21.2 01 qi4 
= 0 Oo 1.682 2 o 00 ai. $= 
é 0 0 g- 2 1 oo Ws 
cr 0 -21.2 o oO 21.2 1 0 dex: 
Shear Flows around the non- 0 0 3 ° Oo -l il Cr 
rectangular panels. (Check 
by summing moments about 
E, Gand F.) ~ 1403 - 2111 0 0 
+04431 = «.04431_~— «01923 0 
RK 
Cap BC 2.756 2.756 0.707 BR 
Q,-+7115q, = -O4431P, +.04431 P, + =| .oaaz2 04432 o  .oasas | j Pa 
" 
01923 a", 2831 -3540 Q ° Gna 
qr 
Rib Vertical at Z -3.696 -3.696  -.707 0 26 
5.466 = -2.436 +707 707 


Ga-4,,2- -1403 BR - .211 P, 
rel After inverting the matrix of coefficients 





cap on the left hand side of this last equation, 
7 and multiplying through thereby, the stresses 
21.20, -21.24,, -Gaot Gas * 0 were abtaiied aa ‘ ee 
Joint G 
Ta a, 41006 .0298 | .00676 -.00676 
7 = 
“707 Guy ~ Ine = 0 ae .0791 = .0208 ~.01753 ~.00950 
+707 G3 ~ day + Gan = 0 ay,{ | .0013 - .0411 00401 cago | [ 
cap GF a,.)2] .0422 1135 ~.00675 .00675| {Pa 


Gis 12409 2409 .00676 -.00676} |‘a 

1" 
Gea} | 3.087 964-9355 -.34as | (Se 
daa} [2.379 -1.473 -.2284 3625 


Gio + Gag + -O4717 (dan ~ das) = 9 
Rib Vertical at F 


Qi. + Gis 7 -2831 P, + «3540 P, 


The complete determinate and unit- 
redundant stress distributions, using the re- 
sults up to this point, were therefore: 


Cap DP 
4, + 1.682 q,, = .04432 (P| + P,) 
+ .04545 qi, 


The first five of the above equations 
were readily solved by substitution, yielding: 


Ves 7 Vag = 2-756 P, + 2.756 P, + .707 at, 
“Gao = Taq = 3-696 Pl + 5.696 P, + -707 at, 
Age 7 5-466 PL + 2.486 P, = «707 qs. 


- .707 ai, 
Also, from equilibrium of joint G: 


a,, = 7-729 P, + 3.444 P, - a2, - a, 


The remaining seven equations were 
arranged for solution thus: 
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~1.0 
Q 
-2191 

















- 0449 
- .0754 
+ 00676 














DASHED LOAD CALCULATIONS: 


In the above matrix, loads 4,,, die) i, 
and q,, were obtained from q, and q,, following 
formulas given in reference 7 for general 
quadrilateral panels. The equations applicable 
to a parallel-sided panel are: 


qa 
Pozced x2 


Po aa 
Cc Pp=¢ a qu x2 
: 4 i 
Pp, i Balancing Load 


(= Dashed Load) 
Forpaulae from Ref. 7 


For the panel CNGH; c = 52.3", d = 73.5", 
cd = 125.8", L315". Hence 
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52.3 7 \ a 
Gas = "Pp" = 2 x ape x 15 x (-) g,7 -12.5 4, 
= -.989 P, + .260 P, + .2191 q™, + .1188 a", 

s 73.5 = a 
Me = "Po" = 2x TgER x 15 x (-) q, = -17.5 4, 


= -1.384 PL + .360 P, + .3068 q™, + .1662q%, 
Similarly, for the panel HGrD; 


di, = --0146 P, + .460 P, -.0449 q", - .2576 9 
dis = ~-0244 P, + 773 P, -.0754 gt, - .4324 gi, 


The following matrix products were formed: 
(cf. eas. 17, 18, 23 of Chapter Aa) 


s 17.7 250.2 

[<r] = lave ~ 30.43 

-{ 114.5 42.96 

[srs] 3 Pee 83.54 
[=< +] ,| 0.01082 - .008563 
Ts = 005563 0.01483 


Finally, the true stress distribution was Zound 
as, 








1 

2 

3 +00858 | = .06284 
4 «03572 +1071 
5 2,924 2,924 

6 3.581 3.581 

7 











il .0681 v1481 
12 || 4.070 2.241 
[3] a iz |] 6.223 4.292 
14] 6.573 8.088 
15 | - .925 | - .140 
16 |[-1.295  [- .201 
17 || - .6514 .0431 
18 || -1.093 .073 
19 12150 .2060 
20 || -2.877 | -1.584 
ai |) 3.249 3.022 
22 || -1.145 | - .01s 
23 || 4.646 4,268 
24 | 2.877 1.384 
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MATRIX OF MEMBER FLEXIBILITY COEFFICIENTS (E = 1} (Formulas from Chapter A7 and Reference 7) 










































































L 2 3 fa 8 s|7 a 2 | wo fn fas] a fas fas [at [as 19 | 20 21 zz} 2a | 24 | 25 | 26 
15,400 
TOs 566 | 
75,400 
701701 13, 46) ET 
50,01 5,584 EMETIERTTI 
32, 33 5340 6.542 
112,350 
400: 
148,000 
{0 1 
is. 46 30. 92 z 
5a I ii, 17 37/7. 97 
rH 08. 13.08 
115,46 [30.93 30, 92 
i 5, 984 7.97 17, 97{17.97 
3. 984 297, 37, 97)7, 97 
CEH 73.08 TS. 08 
2130) 
9, 04814. 52: 
4, 523 
46/4, 523 
4. 52319, 046) 
= 
19, 58) 
COMPARISON WITH TEST DATA: requirement. More details concerning the test- 





Station (0) ~ 


CALCULATED MEASURED 


Fig. A22,15 Comparison Between Calculated and 
Measured Stresses (psi) in a Swept 
Box Beam. 


Fig. A22.15 shows a comparison between 
the calculated stringer stresses and those 
measured by the NACA as reported in Reference 6. 
The stresses shown are for a unit tip load, 
centrally placed (P, = P, = 1/2 lb.). 


Considering the limitations on the analysis 
the agreement is generally satisfactory. Thus, 
the discrepancy in the My/I stresses at station 
65 may be attributed to 4 lack of precise 
knowledge of the test parameters. The caleu- 
lated stresses in the leading edge spar between 
stations 65 and 118 cannot duplicate the ex- 
perimental variation since only a single bay 
was employed in this region in the idealization. 
The fact that the calculated root stresses run 
consistently above the test values is difficult 
to explain. Inasmuch as the calculated stresses| 
Satisfy equilibrium, the test values, all being 
lower, would seem to defy this fundamental 


ing techniques and method of data presentation 
would probably resolve this conflict. Both test 
and calculated values clearly exhibit the 
characteristic build-up of stresses in the rear 
spar of a swept wing. 


RIB E-G-F RIGID: 


AS a matter of interest, it was decided to 
investigate the effect upon stresses when rib 
E-G-F 1s taken to be rigid. Such a calculation 
is readily achieved by putting the member 
flexibility coefficients for the rib equal to 
zero. 


Thus, in the natrix[==1, | those co- 
efficients with subscripts 19, 20, 21, 22 and 
23 were set equal to zero and the complete 
calculation was repeated. 


The results, for spar cap loads at the wing 
root (a most sensitive point), were: 


Pee 
[sa] 
Marcy = 


A comparison with the flexible rib calcu~ 


lations follows: 
PAR CAP 
LOADING | FORCE [FLEX B/RIGID RIB|% DIFF 
Las | ssn | scr 


p 
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Considering that rib =GF was relatively 
rigid to begin with - being made of heavy 
gage steel - it may be seen that neglect of 
the flexibility of a corresponding all-aluminum 
rib could lead to serious errors. 
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CHAPTER A23 
STRUCTURAL ANALYSIS OF A DELTA WING 


ANALYSIS BY THE “METHOD OF DISPLACEMENTS” 


ALFRED F. SCHMITT 


A23,1 Introduction 


The purpose of this chapter is two-fold: 
first, to present a discussion and an example 
of techniques for handling the structural 
analysis of highly redundant low-aspect ratio 
wings (typified by the delta wing} and second, 
to illustrate the "Displacement Method" of 
structural analysis (1)*, a method fundamentall: 
different from those of Least Work or Dummy- 
Unit Loads. 


The very low aspect ratio, thin wing is a 
structural configuration of relatively recent 
origin. It is @ built-up structure of ribs, 
spars and a cover sheet but yet is so thin and 
so highly redundant that its structural 
characteristics are actually closer to those of 
a tapered flat plate than to a beam. Ina beam 
the primary stresses are longitudinal; indeed, 
one of the basic assumptions of beam theory is 
that transverse stresses are negligible and 
that cross sections remain undeformed. For the 
very low aspect ratio wing however, chordwise 
stresses and deformations are of great im- 
portance. The degree of redundancy of these 
low aspect ratio wings is very high because of 
the multiple paths by which a load may be car- 
ried over the gridwork of spars and ribs. 


In the wing deam problem examples of 
Chapters A8 and A22 redundant internal loads 
were determined by use of the Method of Dummy- 
Unit Loads ~- a variant of the Least Work 
theorem. while the method is perfectly general, 
tt becomes increasingly difficult to obtain 
satisfactory accuracy as the degree of redun- 
dancy of the system increases. To some extent, 
accuracy may de retained by skillful choice of 
redundants and through the use of carefully 
chosen determinate stress distributions (see 
Art. A6.12, Chapter AS). A high degree of 
engineering Judgment must be exercised, how- 
aver. Even so, 1t has been found difficult to 
apply successfully these Least Work metnods to 
the low aspect ratio multi-spar wing. 


Several authors (2), (3), (4) have pre- 
sented methods of analysis for the nighly re- 
dundant wing based upon use of the “Displace~ 
ment Method” of analysis. These references 
differ primarily in the techniques acvocated 


* Numbers in parentheses refer to bibliography at end 
of chapter. 


for the breakdown and idealization of the 
structure into primary elements. In the follow- 
ing example, a method following that proposed 
by Levy (2), is applied to an idealized delta 
wing structure. The choice of this method for 
presentation is primarily for pedagogical 
reasons ~ it being the least detailed and con- 
sequently the easiest to grasp conceptually. 
The reader who is interested in actual appli- 
cation is recommended to Reference (4) for 
techniques which are probably better able to 
handle practical problems because of their 
greater generality, flexibility and growth 
potential. 


A23.2 Basis of the "Method of Displacements" 


The Method of Displacements draws its 
name from the fact that displacements rather 
than forces are dealt with as the independent 
variables. In earlier chapters the relation 
between structural deflections and applied loads 
was written through the use of the flexibility 
influence coefficients as (see Eqs. 24, 26, 
Chapter A7) 


(1) Pa]f) =2-22--+0 


where 6, is the deflection of point mand Py is 
the external load at point n. If one forms the 
inverse of [ann | » this equation may be re- 
written as 


(0) = Bef} = ie] {=} --- 


where [Kan = [Ana] ts called the stiffness 
matrix. 


‘nile the flexitditlity influence coefficients 
the deflections per unit load, the stiff~ 
matrix gives the loads per unit deflection. 
» any one column (say the m*") of | Kun 

gives the values of the forces (reactions) 
developed at all numbered points of the structure 
when the corresponding point (point m) is de- 
flected 2 unit amount, all other points held 
rixed. 





Consider, for illustration, the grid-like 
structure of Fig. A23.1 into which a delta wing 
structure has been idealized. Note that the 
torsional stiffness of the shear-carrying cover 
sheet has been accounted for by the presence of 
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quadrilateral "torque boxes" connecting voints 
of intersection of the spars and ribs. This 





Fig. A23.1 Idealized Delta Wing Structure 


idealization {s discussed in more detail in the 
example. Assume that the points of inter- 
section have been numbered as in rig. A23.2. 





Fig. A23.2 Reactions Developed at a Net of 
Points when a Single Point is 
Displaced. 


If one petnt, such as point 6, is dis- 
placed a unit amount, the other points remain- 
ing fixed, reactions are developed at these 
various points as shown. These reactions may 
include moments as well as forces, should 
rotations have been taken as pertinent dis- 
placements tn addition to the translations (see 
points 5 and 7 of Fig. A23.2). The values of 
reoctions so developed would form the 6th 
column of ES land the 6th row, since [Kn] 1s 
always symmetric. 


Examination of Fig. A&3.2 shows that the 
resistance to the displacement of a single 
point is the cumulative resistance of 21] mem-~ 


bers meeting at that point. Thus, the stiff- 
nesses dre additive. If the stiffness matrices 





“* The resistance of a torque box having a corner at point 6 of 
Fig. A23. 2 (say box 6-7-8-9) is a result of the tendency for 
the box to keep all four corners in the same plane. Obvious- 
ly three-cornered "boxas"' have no such resistance; hence 
none were shown in Fig. A23. 1. 


are written for the individual elements of the 
structure, they 2re simply added to give the 
stiffness matrix of the composite. Finally, 
the resulting stiffness matrix may be inverted 
to yield the matrix of flexibility infl 
coefficients (Zq. 2 “in reverse"). 


e 





We note nere, 25 an aside, that the Moment 
Distribution Method of Chapter All, the Slope 
Deflection Method of Chapter Al2 and the Method 


of Successive Corrections of Chapters A6 anc 


AlS are all examples of the "Displacement 
Method" of structural analysis. In each of 
these methods the displacements are taken as 
the independent variables and these are adjusted 
to achieve equilibrium of the loaded structure. 
The "adjustment" may appear as a systematic 
relaxation of artificial constraints (Moment 
Distribution and Successive Corrections) or it 
may be done mathematically in one stroke by the 
solution of a set of simultaneous equations 
(Slope Deflection Method), The latter approach 
solution of a set of simultaneous equations - is 
essentially that followed herein, the "solution" 
being effected by matrix inversion, 


4 


It 1s to be said of the Method of Displace- 
ments that it is complementary to the Least work 
method in that it 1s better suited to the 
handling of the nighly redundant problem, while 
Least Work is better suited to problems of few 
redundancies. 


A23.3 A Delta Wing Example Problem 


The idealized structure of Fig. A23.1 wiil 
be analyzed to determine 


(a) the influence coefficients 


(>) the internal stresses as a function of 
the applied loads. 


The grid points are numbered as in Fig. 
423.2, Note that the numbers increase to the 
rear and outboard. 


IDEALIZATION: 


In the structure uncer consideration mem- 
ber 1-2-3-4 lies on the airplane centerline, 
The bending stiffness of this member includes 
that of the half-fuselage plus one-half of the 
"carry-through structure." More detailed 
representations of the structure in this region 
are generaliy desirable, the oversimplified 
model used here being employed to limit the . i 
amount of data to be handled. Some techniques 
which may be applied in idealizing the structure 
in this region are given in Reference (5). 


Idealization, particularly with regard to 
effective skin areas, nas been discussed in 
some detail by Levy (2). The complexities of 
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this phase of the problem are too great to per- 
mit an expansive treatment nere.* Sriefly, 
Levy's recommendations ere: 


(a) all skin may be considered effective 
between spanwise spars when computing the cap 
areas of such spars. This assumption is sub- 
ject to modification, of course, if spanwise 
stresses are anticipated which will buckle the 
skin. 


(o) for streamwise ribs an effective width 
of 0.362L, where L is the rib length, may be 
taken as acting with each rib cap (Fig. A23.3a). 


(c) for the leading edge spar an effective 
width of skin of .181 of the span between span- 
wise spars 1s taken as acting with the cap of 
each such spar segment (Fig. A23.3b) 


— 
/ 





| X 
4 tp) 
Fig. A23.3 Effective Widths of Cover Sheet for 


Rib and Oblique Spar Caps (After 
Levy, Ref. 2) 


The properties of the structure (Fig. 
A23.1) after tdealization, are summarized as. 


follies: 
Net Point Beam Depth 
{see Fig. A23.2) (inches ) 
Lle-+-e eee ee 5.56 
Sonne eee eS 9.12 
Bie sanssope eer tae 7.80 
4----+------ 3.16 
Susi anes a—e 4.88 
Gases eee eee 7.26 
Penne ne ese 3.06 
B-- 2 - - ee ee 4.02 
ae ge ose ae ae 2.74 
10------+---- 0.72 





* A rational, systematic means of treating cover sheet 
panels is given in Reference (4). 


Beam Element Properties 


{Moments of inertia, in (inches*}, are 
assumed to vary linearly between numbered 
points) 3 





1/2 Fuselage Beam (1-2-3-4) Spar 2-5 
- 3@48"- < —438"-— 
1s 2000 2700 32400 2200 64.91 18.25 
Rib $-6-7 Spar 3-6-8 
= 48" — 48" 48" 48" 
SS —— 
129.24 20.79 3.59 47.23 40.82 12.33 
Rib 6-9 Spar 4-7-9-10 
— 48"— —-—3@e48" — 
So 7 
I= 6.23 2.87 5.09 4.78 3.82 0.26 
Leading Edge Spar_(1-5~8-10) 
3@67.8%———__—— 
SS 
I= 16.02 12.29 8.30 0, 26 


SIGN CONVENTION AND NOTATION: 


The sign convention and notation adopted 
in conjunction with the grid numbering scheme 
of Fig. A23.2 is as follows: 


Forces: 


Pa - 


My - moment at joint m acting about a 
pitching axis, + NOSE UP 


transverse force at joint m, + UP 


Ny - moment at joint m acting about a 
rolling axis, + RIGHT WING UP 


Qn - Moment at joint m acting in the plane 
of an oblique beam member (a member 
neither parallel nor normal to the 
streamwise direction), + CLOCKWISE 
WHEN THE MEMBER IS VIEWED WITH iTS 
JOINT NUMBERS INCREASING LEFT TO 
RIGHT. 





A23.4 





STRUCTURAL ANALYSIS OF A DELTA WING 





Displac ements: 


4n - transverse displacement of jotnt m, 
+ UP 
@, - rotation of joint m about a pitching 


axis, + NOSE UP 
G, ~ rotation of joint m about a rolling 
axis, + RIGHT WING UP 
Tm - rotation of joint m in the plane of an 
oblique member, + IN DIRECTION OF + 
Qn (see page 423.3) 


For a special purpose it will de convenient 
later to introduce another set of displacements 
to be called "relative displacements.” Where 
any confusion can exist, the displacements de- 
fined above, which may be visualized as being 
measured with respect to a set of reference axes 
fixed tn space, will be referred to as "absolute 
displacements.” 


With the above sign convention, any beam 
element (spar, rib or oblique member) which ts 
viewed so that its joint numbers increase trom 
left to right, will have positive forces and 
displacements taken in the same sense as every 
other member. This point ts illustrated in 


Fig. A23.4. 
My 
(a) 

——————— 

P, Py IP, 
Na (b) 
Eee Spar 4-7-9-10 

Pe 'P, 'P Pro 

(ce) 

pe rQo Qe Leading 
\ 4 Edge Spar 

ipy 'p, 'P, iP, 


Fig. A23.4 Ulustrating the Homogeniety 
of the Sign Convention 


CHOICE OF PERTINENT FORCES aND DISPLACEMENTS: 


Before beginning the analysis proper, the 
analyst must decide upon which forces and dis- 
placements are to be considered pertinent. One 
will, of necessity, have to consider transverse 
forces (and translatory displacements) at all 
net points (ten points in the example). In 
addition, rolling moments, N, (and rotations $) 
must be considered along the airplane centerline 
on all spars carrying across the centerline. 
Wherever three or more beam-like members inter- 
sect (e.g. points 5 and 8 of Fig. A23.2), their 
bending stiffnesses will react against each 
other and nence couples in two planes (M, N) 
must be considered at these ooints.” 


Wherever additional knowls 
effects of various loadinzs are required, 
ponding forces or ccupies should be edded. 
the influence of additional forces at points 
intermediate to the grid intersections, may be 
accounted oy the addition of appropriate 
extra forces along beam spans. Couples may be 
applied at any points where deflection slopes 
are required, ¢.g., the streamise slope at the 
trailing edge misht be needed in an aero-elastic 
analysis, in which case couples M,, M,, M, and 
Mi, (cf. Fig. A23.2) would de employed. The 
affect of couples from auxiliary aerodynamic 
surfaces and/or actuators may be desired, in 
which case appropriate additions may be made. 











In the present example, because of space 
limitations, only the minimum number of rorces 
and corresponding displacements are considered, 
viz: 





P, through P,, = forces on net points 


N, through N, - rolling couples on through- 
spars at the airolape center- 


line 


M,, Ny, My, Ny, M, - pitching and rolling 
couples at points of inter- : 
section of three beam elemants 


A23.4 Calculation of Element Stiffness Matrices 


The task of computing the stiffness matrix 
for any one element of a configuration is a 
relatively straight-forward structural problem. 
This problem may be either a statically deter- 
minate or a redundant one depending upon the 
geometry of the element and upon the number of 
pertinent forces and displacements associated 
with it. 2 it is a redundant problem, it isa 
small one oy comparison with the cverall struc- 
ture of which it is an element. One might say 
that a feature of the Displacement Method of 
Analysis is that it "makes (many) little ones 
out of big ones"! 


For instance, looking at Spar 2-5 of the 
present problem (Fig. A23.Sa), we see that 
there are four forces (reactions) acting on it 


The implication here is that beam torsional stiffnesaes are 
not considered in such interactions. This assumption is 
probably quite satisfactory in generai, bending stiffnesses 
being much greater than torsional stifinesses for most 
beam elements. On occasion, a beam will have consider- 
able torsional stiffness and it will then be necessary to 
account for it. The leading edge spar might be such a 
beam if it replaces the "D" nose section of the wing in 

the idealization. 


** Couples Q,, Q, and Q,, im the plane of the oblique Lead- 
ing Edge spar, are inciuded hereby, since any such 
couples may be resolved into M,, N.; Mz, N,and M,, Ng 
components. See “Transformation of Matrices for 


Oblique Beams”, below. 
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Na Ny 
N 
eres) r Z\N« 
Ss TNs . 5 4 
Py P, P, P, 
(a) {b) 
Fig. A23.5 


to be related to the four pertinent displace- 
ments at its ends. That 1s, we seek the relatio! 


Na $, 
7 $s 

. - [k=] ds 

P 4 


4, 8 


between the loads (reactions) N and P and the 
displacements and 4. The first column of the 
above matrix relates the four loads to the 
rotation $, at the left end with g,= 4.24, 
= 0. The situation 1s shown in Fig. A23.Sb 
where it is seen to be a familiar single re- 
dundant problem. Thus, to obtain the complete 
stiffness matrix above requires the solution of 
four simple redundant problems, one for each 
column of the matrix. 


For Rib 8-9, on the other nand, we seek the 
relation 
a 8, 
= [k] 4, 
9 4, 


as may be seen from Fig. A23.6, which depicts 
the calculation of the first column of this 
matrix, these are statically determinate calcu- 
lations. 


uw 





Obviously, one can proceed in the above 
fashion to work through all the elements of the 
structure solving for the stiffness matrix of 
each by application of these simple arguments. 
Secause a large number of beam stirfness cal- 
culations of the above type appear in this 
problem, an alternate (but equivalent) pro- 
cadure was developed for systematically treat- 
ing these members. This procedure is detailed 
in the following section. 


Beam Element Influence Coefficients 
The method employed to obtain the beam 


element stiffness matrices involves first find- 
ing their flexibility influence coefficients and 
then inverting these matrices. By way of tllus- 
tration, the calculation of the influence co- 
efficients 1s carried out in detail below for 


spar 4~7-9-10. (While the calculation is 


effected here by the Least Work matrix method, 
any of numerous other methods (Moment Area, 
Elastic Weights, etc.) may be employed at this 


stage, should the analyst see fit.) 


Fig. A23.4b shows the forces applied to 
spar 4-7-9+10, corresponding to those considered 


Pertinent for the wing (see above). 


For the immediate calculation of influence 
coefficients, forces P, and P,, will be con- 
sidered as fixed end reactions: deflections 


thus computed will be measured relative to 


the 


beam element ends. To distinguish the deflec- 
tions thus obtained they will be referred to as 


lower case Greek letters 6 and 4. 


relative deflections and will be denoted by the 


Fig. A23.7 shows the internal generalized 


forces for this spar, 


Ge 45 





7d z a q 
—— =— oo) 
Sa 2) ¢ ») fs 10 
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Fig. A23.7 Internal Generalized Forces Used 


in Influence Coefficient Calculation 


for Spar 4-7-9-10 


Member flexibility coefficients for the 
tapered beam segments are computed next using 


the formulas of Art. A7.10 of Chapter A7. 
Collected in matrix form these become (Z = 


3.215 = 1.623 0 Q 
1.623 6.841 1.864 0 


1) 


[a1] = 0 1.864 8.55 4.923 
0 0 «4.923 21.84 


Next, unit values of the loads N,, P, 


and 


P, are applied successively to obtain the unit 


stress distribution: 





Finally, the following matrix triple pro- 
duct is formed to give the influence coefficients 


(c2, Eq. 24, Chapter a7). 
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(ae) = ee) Ba] Be 


10.20 141.6 119.9 
= -141.6 2776 2566 
-119.9 2566 3104 


or, written out as an equation; 





For Spar _4-7-9-10 

b. 10.20 -141.6 -119.9]/N, 
5,)= | -141.6 2776 2566 P,)>-(3) 
8, -119.9 2566 3104 ||P, 


Note again that for this beam 
flexibility influence coefficients 
puted are for relative deflections (note 
symbols used). The end transverse deflections 
(A,, 4,,) and the end transverse reactions 
(P,, P,,) do not appear in these results. 


element the 
just com- 


Beam Element Stiffness Matrices (Relative 
Deflections 


The next step involves finding the beam 
element stiffness matrices for relative deflec- 
tions by inverting the above influence coerfi- 
elent matrix.” The results after inverting will 
be of the form 


= [e] = 


where i may be called the "relative stiffness 
matrix Specifically, for Spar 4-7-9-10 
Ny +3554 02303 -.005306 | | $, 
P, DF «02303 «003013 -.001600 }< 5, 
P, -.005306 -.001600 ~001438 || 5, 


" We note that the influence coefficient matrix to be inverted 
does not appear to be “well conditioned" in the sense of Art. 
A8.12 (see p. A8. 28). The situation is more apparent than 
real, however, and arises because of a difference in units 
among the coefficients of Eq. (3). Thus, the appearance is 
readily altered by "scaling" (factoring out appropriate con- 


stants). For instance, we may write 
oO, 10. 20 714.16 711.96 Ny 
6 whe = | -14.16 27.76 25. 66 10P, 
6 afro 711.96 25. 66 31.04 10P, 


Scaling in this fashion does not actually enhance the con- 
dition of the matrix (which is basically related to the size 
of the determinant of the matrix) but it does permit one to 
assay the problem better. 
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DELTA WING 


Complete 3eam Element Stifiness Matrices 






The stiffness matrix 
the deflections relative to the beam element 
ends to the loads applied to the beam element, 
end reactions excluded. It ts desired next to 
obtain the "complete" beam element stiffness 
matrix in which absolute beam deflections are 
related to all the loads applied to the bean 
element including the end reactions. 


a 


on 





Consider deflections first. It is desired 
to transform from the relative deflections of 
Fig. A2%.9a to the adsolute deflecticns of Fig 
A23.8b. 


we S mer 
Or Ome 


+-—— Lm+r——_——_ 
———$—$ L 
(a) 
Om Om+s 
Son = 
Re a tie 
(b) DATUM 


Fig. A23.8 Geometry of {a) Relative and (b) Absolute 
Displacements 


From the steal of the 
b= hs 


Sn+r = - toi dn + Amer ~ HEE anes 


figure, one has 


oats oo - 


dn+s = Sn 


does = Gave + Sats = Sn 


For comparison with the matrix form to follow, 
these equations are rewritten as 


fm th -t 





Ser 2 me a + ber 
L 
- L 1 
ee at Be hate 


+ 

yr 
+ 
a 


In matrix form these equations are written 
so as to provide a transformation from absolute 
to relative displacements. In matrix form the 


index (subscript) is understood to increase 
monotonically down the column, and inasmuch as 
the grid numbering scheme gives this same 


property to the joint numbers on an element ons 
has: 
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op = [7] (4 8) 
$n 
where 
1 
r 0 
9 
ah)! 
7 ik I 
I 
I 
QO 
aac cai el ae areca as Sots 
Tr 2 





Here ft] denotes a unit matrix." The matrices 


are shown "partitioned", those portions which 
transform the end rotations being shown separ- 
ated from those which transform the transverse 
deflections. 


The transformation matrix [T] in Eq. (5) ts 


not square, having two more columns than rows to 
allow for the added two deflections, one at each 
deam end. 


Consider next the loads. The applied loads 
may be transformed, using the equations of 
statics to yield the end reactions. 


Pmer 





Lier 
My ee Mines 
“piss oie Ge go 
Pa: ¥ Pes 
Fig. A23.9 
From Fig. A23.9 one has 
N 1 
ta oe Bro Giclee ~ 
= 1 Nw 
Pats = “B+ ner Potr + bmn + “ES 


In matrix form, the general expression 
which introduces the end reactions in terms of 
che other applied loads is 


to denote row and column 
Thus, 


* We have used|_ _Jand 
matrices, respectively (see Appendix A). 
Lo----- QJ 


is a row of zeroes. 


Pa = [s] Pa ~ === (6) 
Nn WITH END Nn WITHOUT END 
REACTIONS REACTIONS 
where 
i 1 
1 ot |Q-----.- 
4 Lo 0] ; 
Tt (ly - L/L ae 
a. ee 
i|l 1 |i 
|! i fl 
={i 1} [=] 
{I i lt 
yy | ' 
6]! 1 to 
AU Let el 
! t 
1 1 
tiLm™m Jit 
1 Powe. { 
Oj) 4eeaa ly a 


The above transformation matrix [s] is 


not square, having two more rows than columns, 
these extra rows yielding the end reactions. 


Provided the sign convention is observed 
as originally adopted, and provided the grid 
numbering scheme ts such that joint numbers 
increase to the rear and outboard, then the 
above transformation matrices will apply equally 
well to ribs, spars and oblique beams: 


replace N by M-or Q, $ by @ or T**and g by @ or T. 
For the case of beam elements having couples 
applied along the beam (e.g. the L.E. spar, 

Fig. 423.4c), simple modifications of these 
transformation matrices are necessary. 


The relative stiffness equation, Eq. (4), 


x 4 
z = [x] o eo een ene (4) 
N 


is the relation between loads and relative 
deflections of a beam element. Substituting 
from eqs. (5) and (6), into (4), one obtains 


4 -ei f 


WITH END 
REACTIONS 


ABSOLUTE. 
DEFLECTIONS 


** Tis introduced here as a symbol for the relative rotation 


of a joint in the plane of an oblique member. 
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Eq. (7) 1s the relation between absolute de- 
flections and the complete loading on the ele~ 
ment. We let 


EK] = IEE] 


be the "complete” element stiffness matrix. 


GI, as 


To continue the illustration, the (r] and 
[s] matrices for Spar 4-7-9-10 are now written. 


Note tnat [S] is the transpose of 
it must be if [K] ts to be symmetric. 


For this member the rotation at station 10 ts 
not considered and the couple at that end ts 


zero, hence the last row and column of [rT] and 
[s] are omitted in writing them from the general 
expressions. 


Equation (5) written for Spar 4-7-9-10: 


$,| {2 -.006945 0 0 .ocssas] Ja, 
8,)= [0 -.667 1.0 0 ~.333 4, 
6] |O ~.333 0 1.0 =.667 a, 

4... 


Equation (6), written for Spar 4-7-9-10: 


IM, 1.0 0 0 

P, | |-.006945 - .667 - .333 M, 
P, 0 1.0 0 P, 
P, 0 0 1.0 P, 
P .006945 - .333 = .667 





The matrix [x] is now formed per eq. (3). 


For Spar 4-7-9-10: * 





Ne »3554 =, 01605 102308 -.o01602 | | §, } 
P, ~.01606 043852 ~.001637 265 ff a, | 
?, +02303,-=.001437 + 003013 co, 2238 ae 
Pe ~.008306 09,5252 -.001600 ~.0, 4632 | { a, 
Pra -.001622 0,185 0, cade ces ae 


In the manner of the above illustrative 
case one goes through the calculations for the 
remaining beam elements to obtain: 





* The notation .Oy means there are N zeroes following the 
decimal point and preceeding the first significant figure, 
e.g., .0,276 = . 0000276, 


For Spar 2-5 





e 8 


“A ou a 


For 


4.3c2 -.1218 1218 -1.585 5, 
-.1218 2004208 -,004208 ~.08054 a, 

1218 -.004208 .004208 = .02054 |} 4, 
1.555 -.08054 = «06054 2.317 $, 











4.312 5.580 1.535 .2652 9%, 
-08993 -.01718 |) 4 


-.2701 .07429 [cd 


21557 0 -. 2 
~.2385 = 64343 


-09993  ~+.2701 .2729 ~-.1027 x 
-.O1718 .07429 -.1027 .04560 















P, -0276 ~~ ,001204 
?, =. COSO6S +O,3670 +, 
For Rib 8-9 
My 3322 -=,006910 + .00e910 | fa, 
Pa) ={-.006810 .0,1437 -.0,1487 } ¢ A, 
P, 006810 ~.0,1437  .0,1437| | a, 


For Leading Zdge Spar 


























** Because of its size, this matrix relation (and some to 
follow) is written in a condensed tabular form, The correct 
interpretation should be obvious. 
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Transformation of Matrices for Oblique Beams: 


The complete stiffness matrix of any beam 
element not either parallel to or normal to the 
streamwise direction, such as the leading edge 
spar in the present example, requires an addi- 
tional modification to yield expressions relat- 


Next, consider resolution of the in-plane 
beam ¢lement couples. Couples 2,, Q, and Q, 
have components in the pitching and rolling 


directions. For example, at joint 5 
Me 


sin “A. Q, = .707 Q, 


and 


ing couples and rotations about pitching and 
rolling axes, rather than in the plane of the 
member. Such a modification is readily made. 














N, =cos A Q, = .707 Q, 


Similar relations for the other couples along 
this member lead to the matrix transformation 
for this element's loads: 


In the present example, a pitching rotation 
of joint S (@,) results in a rotation of joint 5 
in the plane of the leading edge spar given by 


T, = sin A 0, = .707 6, M, 707 «0 oO 0 0 ° 0 
where A. is the sweep angle of the spar. Like-|{N, -707 O Oo o ° 0 0 
wise, a rolling rotation of joint 5 (G,) has a . ‘ 7: 7 0 6 6 9 |{% 
rotational component in the plane of the leading » P 
edge spar given by P, QO ° 1 ° 0 ° 0 + 

Tt = cos A 6, = .707 6, P, o 0 Oo 1 0 © o {Ps 
Then, when joint 5 experiences both pitching and ||M, fo) ° 0 0 .707 O 0 Pa 
rolling rotations, the total rotation in the Q 
plane of the leading edge spar 1s Ns 0 0 9 9 .707 0 9 a 

7, = .707 8, + .707 4, Ma Be Oy OO OS 

a 
This last equation, and similar ones for joints Ny 9 0 0 0 “707 0 : 
land 8, when out in matrix form, yield the PL, QO Q 0 QO ° 0 1 





matrix transformation for the displacements, 





The above two matrix transformations - one 
for displacements and one for loads ~ (and note 
that they are the transpose of each other) are 
now applied to the complete stiffness matrix 
equation for the leading edge spar as given in 
tabular form in the last section. The opera- 
tion involves premultiplying by one transforma- 
tion matrix and postmultiplying by the other, 
The result is: 


Leading Edge Spar Complete Stiffness Matrix (Transformed) 


sales ee es 
Pre [sur atere| oseol= osu] a [noua oe [a [oo 
[Pa [ciara .0137e|~.0,se00]_.0,5023]0,5603| .o0essal_onessa| c0eno |=.00050| 0 | 
fs [ase [ms ite [ses se [ass [acer Taser [0 | 


a 
riser | 
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Torque Box Stiffness Matrices 


In the case of the torque boxes, the stiff- 
ness matrices may be computed directly (they 
are determinate). The following epproximate 
analysis 1s suggested as being satisfactory for 
most torque boxes. A more detailed analysis 
may be in order for boxes with extreme geome- 
tries. An alternate method is presented in 
Reference (2) and an appropriate discussion may 
be found in Reference (6). A completely differ- 
ent treatment of the cover skin is given in 
Reference (4). 


Consider the quadrilateral box of Fig. 
A23.10 





ee “Representati 
ir m1 ive 
Houivalent Section 
Fig. A23, 10 


For purposes of this immediate analysis, the 
box 1s considered cantilevered from one end, 
such as r-s. An elastic axis (e.a.) is 

assumed to exist midway between the long sides 
and an "effective root" is employed. The torque 
on the box is 


T = Py dy ~ Py dy 


An (assumed) average rate of twist, 9, 1s com- 
puted approximately by using the GJ at a repre- 
sentative section half way along the box." 


9 =-2-= Pads = Path 
GJ Gd 


Then the deflection 5n and 6, are given by 


on = OLnbn = Fon = Faba Lyon 


8g = Olmbn = Pobm - Pnbdn Lady 


By summing moments about the effective root, Py 
is found in terms of Py and then eliminated from 
the above equations to give 


Lndm + imdn 


= Palnbn 
on = Ey tn 





* Calculation of this GJ is discussed later. The symbol "9" 


used in these few equations bears no relation to that appear- 
ing in the main body of the method. 


— Palmdm Lnbm + Labn 
om = Gs in 

Since it 1s only the deflection of one 
corner (say, point m) which is to be related to 
the corner reactions, the box is now rotated 
about the effective root axis to reduce 6, to 


zero. The resulting total deflection of point 
m is 
= in 
Suporan = Om *T > Sn 
F Ly + 5 
= Palm 2 La 2) + dm) 


Re-solving this, we write 


ef a Ln 
Fn = Tin + bn) (nba + ign) ronan 


This last expression relates the load at 
point m to the deflection at that point, with 
the other three corners undeflected. The re- 
actions develcped at these other corners are 
now found in terms of Py using the equations of 
statics (summation of forces and summation of 
moments. about two axes). The result, expressed 
in matrix form is : 


Pa] 1 

Pn _ | ~La/Ln 
pr(>) a, ? Fo 
Ps ihe 


where 


a, 3 nba + Umbn + bs (lm = Ln) 
* n{br + Og 


a. = ibntm + Umbn) + dp (Ln - Ln) 
’ Ln (or + 5g) 


If now the corner points have absolute 
displacements 4m, 4n, 4r and dg, ome can find 
from the geometry of the unit that the total 
Telative displacement of point m may be written 


Sonora, = L 2 cln/Im AA a _| 


When these last three equations are com- 
bined to relate the four corner reactions to 
the absolute corner displacements, the torque 
Dox stiffness matrix is seen to be the square, 
symmetric matrix, 
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mnrs 
m Ln 
thei = GS_Ln/in 7 pa al 
r (intatGabn) (ont bm) | -Ln/Ln 
s 
AL 7} - (9) 
A 


a 


In the above derivation the torsional 
stiffness GJ at a representative section is 
used. The stiffness is obtained from Bredt's 
equation for the twist of a single cell thin- 
walled tube (Eq. 18, Chapter a6) 


tiny” SD ds 
°° aa fe 


from which, by definition 


= 449G 
Gs = Fis 

fe 
Here A is the area enclosed within the tube 
cross section by the median line of the tube 
wall and the integration is carried out around 
the tube perimeter (index s gives distance along 
the perimeter). For the torque boxes en- 
countered in delta wings it 1s probably satis— 
factory to neglect the ds/t contribution from 
the vertical webs, it being small compared with 


the corresponding contribution from the cover 
sheets. 


In the example wing three boxes (2-3-5-6, 
3-4-6-7 and 6-7-8-9) are to be used. These 
boxes are each 48 inches square in plan and 
have average depths (assumed here to de the © 
uniform depths of the representative sections) 
of 7.26", 5.32" and 4.27", respectively. Fig. 
A23.11 shows the assumed representative cross 
section of box 2-3-5-6 and its GJ calculation. 


i 
| -t=.051, hay 7. 26" 
| Bay 

4g" —___ 

Az 7.26 x48 = 348 in ? 

Note: 

ds ox 48. WE 
f4 = 2x Gg] 2 1.88 x 10° G-3% 
GJpet = ASS 1 2 99,3 1b. in. ® 


1.88 x 105x 2.6 
({ds/t contribution of vertical webs neglected) 


Fig. A23.11 Calculation of GJ for the Representative 
Section of Box 2-3-5-6 


In similar fashion one finds: 
For box 3-4-6-7 


GJge, = 53.3 
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For box 6-7-8-9 
GJgey = 34.3 


Finally, the stiffness matrices for the 
three boxes of the example become: (cf.eq. 9) 


For box 2-3-5-6 


1 o-1 -1 1 
-1 1 1 -1 
-1 1 1 -1 

lL o2l  -2 1 


For Dox 3-4-6=7 


1 -1 -1 1 
-1 1 1 <1 
a1 aL 1 -1 

lL o<- <2 1 


For box 6-7-8~-9 
[x] = 0.000310 


lo o-l -l. L 
A23.5 Complete Wing Stiffness Matrix 


[x] = 0.000898 


[x] = 0.000482 


-1 i 1 
-1 i 1 -1 
2 o-2 -21 1 





The stiffness matrix for the composite 
wing now may be obtained by forming the sum of 
the complete stiffness matrices for the beam 
elements and the torque boxes. For this pur- 
pose a large matrix table is laid out and en- 
tries from the individual stiffness matrices 
are transferred into the appropriate locations. 
Wherever multiple entries occur in a box these 
are summed. 


Before the large wing matrix is laid out 
it is necessary to observe first that the 
matrix which would be obtained as just indicated 
would be Singular, 1.e., its determinant would 
be zero, and hence it could not be inverted to 
yield the flexibility influence coefficients 
(see Appendix A). This condition arises due to 
the fact that the equations represented (19 in 
number in the example problem) are not tnde- 
pendent; three of these equations can be ob- 
tained as linear combinations of the others. 


That there are three such interdependencies 
may be seen from the existence of the three 
equations of statics which may be applied ta 
the wing (summation of normal forces and sum- 
mation of moments in two vertical planes): 
hence three of the reactions expressed by the 
structural equations in the matrix may be found 
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from the others oy the equations of statics. 
To remove the "Singularity" from the stiffness 
matrix it is only necessary to drop out three 
equations - achieved by removing ‘three rows 
and corresponding columns (so as to retain a 
symmetric stiffness matrix). 


The act of removing the three equations 
Selected 1S also equivalent to assuming the 
corresponding deflections to be zero. In this 
way a reference base for the deflections is 
also established. The choice of reference base 
is somewhat arbitrary, but, following a su¢- 
gestion of Williams (7), a triangular base will 
de employed as shown in Fig. A23.12. 





Fig. A23.12 Deflection Reference 
Base 


Here the deflections at points 1 and S are zero, 
fixing the reference triangle, since the point 
corresponding to 5 in the other half of the wing 
(say, 5'), will have zero deflection also due to 
symmetry. The third condition is applied to 
point 2: point 2 will be assumed to have zero 
rolling rotation (§, = 0) for symmetric wing 
loadings and to have zero transverse deflection 
(A, = 0) for antisymmetric loadings.* 


Hence the following equations (rows and 
columns) are to be omitted from the wing stiff- 
ness matrix: 


Pas Ay 

Py, 4, for symmetric loadings 

Nao, 

Py, Ay 

Pes Ag for antisymmetric loadings 

Pas 4, 

The 16 x 16 wing stiffness matrices thus 
obtained can now be inverted as they are non- 


* The antisymmetric loading pattern is one wherein the wing 
is loaded equatly, but in opposite sense, on corresponding 
points of the two wing halves. Any general loading may be 


resolved into the sum of one symmetric and one anti- 
symmetric loading. 








singular. However, if this step ‘ 
one fincs that the resultant intl 
efficients are those for only 
acting alone and supported by a S 
assumed above. To account for the presence 
the other nalf of tne wing, it {s necessary to 
specify additional geometric conditions elong 
the airplane centerline. This step is accon- 
plished by assuming the following deflecticns 
zero (eliminating their corresponding rows and 
columns from the matrix): 








4 for symmetric loadings (zero 
5 lateral slope or rolling 

7 rotation along the airpiane 
i centerline) 


ea, for antisymmetric loadings (zero 
A transverse deflections and pitcn- 
> ing rotations along the airplane 
centerline) 


It will be seen that in both cases an 
additional 3 equations are eliminated from the 
16 x 16 matrices reducing them to 13 x 13's. 
(In general, there ts no reason why the 
matrices for the symmetric and antisymmetric 
cases have to de the same size. A rotation 
9,, for instance, would de zero in one case 
only.) 


Written below is the 13 x 13 wing stiff- 
ness matrix for the antisymmetric case 
(4, 24,24, 5 4,5 4,5 9, 20). As explained 
earlier, each entry therein is the sum of all 
corresponding stiffnesses for all slsements 
meeting at the point. A typical multiple entry 
occurs for Joint 6 - (row P,, column 4,). These 
comprise: 


0.007178 from spar 3-6~8 
0.001832 from rib 5-6-7 
0.000310 from 0x 67-89 
0.000898 from box 2-5-6 
0.000482 from box 3-4-6-7 
0.01070 = TOTAL 
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Voids denote zeroes) 


(Note: 


[Emm | , wing Stiffness Matrix, antisymmetric Case 









S ay ae de 








~-003375 
+0310 
002604 
= .0,4537 
--0,4998 
008947 


-.C01420 
100606E 



















~.00192, 
+0, 2238 
= .00506E 


























fa: 























THE WING FLEXIBILITY MATRIX: 


The wing flexibility influence coefficients are now found ody forming the inverse of the above 
stiffness matrix (see Zq. 2). An automatic digital computing machine is the essential tool for 
this step. The details of the procedure and techniques employed in forming such inverses are not 
of concern here and only the result is presented. It is assumed that this phase of the work can 
be nandled with dispatch by experienced computer personnel.” 


[Ann | , Wing Influence Coeffictents, antisymmetric Case 







% = faa [aso Pa P| 


~ 1477) 
= .008064} .02S2: 







Ee ~.2012 [4227 
zee eres | 


























* In spite of the exercise of great care and much ingenuity, problems of such great size and such a nature will arise occasion- 
ally as to defy satisfactory inversion. For these problems such clever physical concepts as "block" solutions of portions of 
the structure are available. The interested reader is referred to a discussion of Ref. 4 and to techniques of block and group 


relaxations in the literature on Relaxation Methods (e.g. Ref. 8). 
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A23.6 Wing Internal Stresses 
Following the calculation of the wing 


influence coerficients, a relationshio is avail- 
able between the applied wing loads (assumed 





given) and the wing deformations. In a symbolic 
fashion, 
Am Py 
Sn = [Ann] wing {an 
WING Na) wine 


Earlier in the analysis, deformations of a 
structural element (beam or box) were related to 
the forces acting on that element by the 
(complete) element stiffness matrix: 


P 


| * El sev 3 


ELEMENT 


Aik 


ELEMENT 


Now since the deformations of an element 
must conform to those of the wing, 


$n WING 


Hence, the previous equations may be combined 
immediately to yield 


P P 
M *[*}erome*{4 ine rah = -(10) 
“ELEMENT WING 
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Equation (10) provides the desired relation 
between 2xternal loads applied to the wing and 
the forces acting on 2 specific elen These 
forces on the element might be locked upon as 
those necessary to hold the element in the de- 
flected shape conforming to that of the wing. 

Of course, with these element forces «nown the 
finer details of the stress distribution within 
the element are readily found by standard 
techniques. 





Note that the matrix Eletaeyr in Eq. (10) 


have to be “blown up” to an apvropriate 
before it may be premultiplied onto {a} 


will 
size 


This enlargement is accomplished oy the in- 
serticn of columns of zeroes at each column 
location corresponding to a wing deformation 
which does not affect the specific element under 
consideration. 


WING" 





For illustraticn, the indicated steps are 
now carried through for spar 4-7-3-10. Refer- 
ring to previous work we find for the element 
matrix: 





0,16 


| o | cess | 0 |-.0 | | 
es eosr| spas) aus [os o| 


[Fle enn” © EL sseets [0 |= oozs00 








neem fp Po ousol 3 
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Then multiplying out with (20) wine 2 


er Eq. (10), we zet the 
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five forces on Spar 4-7-9-10 (see 


Fig. A23.4-bd) in terms of the 13 wing applied loads as: 



















PY 
P, 
P, 
Pp, 
ZLEM. 7 
N, 
Ny 
Ny 
WING 


Each column of forces in the above matrix 
must satisfy the equations of statics on the 
element. A variety of checks on the accuracy 
of such a result are thus available. 


The student will find it instructive to 
study carefully this last result to observe in 
what manner a load applied to the wing appears 
on this spar element. For instance, one sees 
that of the load P, = 1 applied-to the wing, 
-3735 goes onto spar 4~7-9-10. Hxamination of 
Fig. A23.1 reveals that the remainder, 1.00 ~ 
+3735 = ,6265 must be taken up by rib 5-6-7 and 
the torque boxes 3-4-7=-6 and 6-7-8-9. 
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AIRCRAFT WITH “DELTA” WING SHAPES 


CONVAIR 
SUPERSONIC F-102 INTERCEPTOR 








CONVAIR 
SUPERSONIC B-58 BOMBER 


COMMERCIAL TRANSPORT FOR THE 1970s? -- This is an artist's conception of a passenger transport of the future -- cruis- 
ing at three to five times the speed of sound at 60, 000 feet or higher. This is one of hundreds of configurations considered by 
Convair Division of General Dynamics Corporation at San Diego, Calif., in its studies of supersonic airliners. 








PART B 
FLIGHT VEHICLE MATERIALS AND THEIR PROPERTIES 


CHAPTER B1 
BASIC PRINCIPLES AND DEFINITIONS 


Bi,1 Introduction. 

The flight vehicle structures engineer 
faces a major design requirement of a high 
degree of structural integrity against failure, 
but with as light structural weight as possible. 
Structural failure in flight vehicles can 
often prove serious relative to loss of life 
and the vehicle. However, experience has 
shown that if a flight vehicle, whether 
military or commercial in type, is to be 
satisfactory from a payload and performance 
standpoint, major effort must be made to save 
structural weight, that is, to eliminate all 
structural weight not required to insure 
against failure. 


Since a flight vehicle is sut tected to 
various types of loading such as static, 
dynamic and repeated, which may act under a 
wide range of temperature conditions, it is 
necessary that the structures engineer have a 
broad knowledge of the behavior of matertals 
under loading if safe and efficient structures 
are to be obtained. This Part B provides 
information for the structures design engineer 
relative to the behavior of the most common 
flight vehicle materials under load and the | 
various other conditions encountered in flight 
environment, such as elevated temperatures. 


Bl.2 Failure of Structures. 


A flight vehicle like any other machine, 
is designed to do a certain job satisfactorily. 
If any structural unit of the vehicle suffers 
effects which in turn effects in some manner 
the satisfactory performance of the vehicle, 
the unit can be considered as having failed. 
Failure of a structural unit 1s therefore a 
rather broad term. For example, failure of a 
structural unit may be due to too high a stress 
or load causing a complete fracture of the unit 
while the vehicle ts in flight. If this unit 
should happen to be one such as a wing beam or 
a major wing fitting, the failure is a serious 
one as it usually involves loss of the airplane 
and loss of life. Likewise the collapse of a 

trut in landing gear structure during a land- 
% operation of the airplane can be a very 
erious failure. Failure of a structural unit 
cay be due to fatigue and since fatigue failure 
+48 of the fracture type without warning indi- 
‘cations of impending failure, it can also prove 
to be a very serious type of failure. 


BLi 


Failure in a different manner can result 
from a structural unit being too flexible, and 
this flexibility might influence aerodynamic 
forces sufficiently as to produce unsatisfac- 
tory vehicle flying characteristics. In some 
cases this flexibility may not be serious 
relative to the loss of the vehicle, but it is 
Still a degree of failure because changes must 
be made in the structure to provide a satis- 
factory operating vehicle. In some cases, 
excessive distortion such as the torstonal 
twist of the wing can be very serious as this 
excessive deflection can lead to a build-up 
of aerodynamic-dynamic forces to cause flutter 
or violent vibration which can cause failure 
involving the loss of the airplane. 


To tliustrate another desgree of failure 
of a structural unit, consider a wing built in 
fuel tank. The stiffened sheet units which 
make up the tank are also a part of the wing 
structure. In general these sheet units are 
designed not to wrinkle or buckle under air~ 
plane operating conditions in order to insure 
against leakage of fuel around riveted con- 
nections. Therefore if portions of the tank 
walls do wrinkle in operation resulting in 
fuel leakage, which in turn require repair or 
modification of the structure, we can say 
failure has occurred since the tank failed to 
do its job satisfactory, and involves the item 
of extra expense to make satisfactory. To 
illustrate further, the flight vehicle is 
equipped with many installations, such as the 
control systems for the control surfaces, the 
Power plant control system etc., which involves 
many structural units. In many cases exces- 
sive elastic or inelastic deformation of a 
unit can cause unsatisfactory operation of 
the system, hence the unit can be considered 
as having failed although it may not be a 
serious failure relative to causing the loss 
of the vehicle. Thus the aero-astro 
structures engineer is concerned with and 
responsible for preventing many degrees of 
failure of structural units which make up the 
flight vehicle and its installations and 
obviously the greater his knowledge regarding 
the behavior of materials, the greater his 
chances of avoiding troubles from the many 
degrees of structural failure. 


Bl.3 General Types of Loading. 


Failure of a structural member is in- 
fluenced by the manner in which the load is 
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applied. 
applying the load to a member, two broad 
classifications appear logical, namely, 
(1) Static loading and (2) Dynamic loading. 
For purposes of explanation and general 
discussion, these two broad classifications 
will be further broken down as follows:- 


Relative to the length of time in 


Continuous Loading. 
Gradually or slowly applied 
loading. 

Repeated gradually applied 
loading. 


Static Loading 


Impact or rapidly applied 
loading. 
Repeated impact loading. 


Dynamic Loading 


Static Continuous Loading. A continuous load 
TS a load that remains on the member for a long 
period of time. The most common example ts the 
dead weight of the member or the structure it- 
self. When an airplane becomes airborne, the 
weight of the wing and its contents is a con~ 
tinuous load on the wing. A tank subjected to 
an internal pressure for a considerable period 
of time is a continuous load. Since a contin- 
uous load is applied for a long time, it is a 
type of loading that provides favorable con- 
ditions for creep, a term to be explained later. 
For airplanes, continuous loadings are usually 
associated with other loads acting simultan- 
eously. 


Static Gradually or Slowly Applied Loads. A 
static gradually applied load is one that 
Slowly builds up or increases to its mximm 
value without causing appreciable shock or 
vibration. The time of loading may be a 
matter of seconds or even hours. The stresses 
in the member increases as the load is in- 
creased and remains constant when the load 
becomes constant. As an example, an airplane 
which is climbing with a pressurized fuselage, 
the internal pressure loading on the fuselage 
structure is gradually increasing as the 
difference in air pressure between the inside 
and outside of the fuselage gradually increases 
as the airplane climbs to higher altitudes. 


Static Repeated Gradually Applied Loads. If a 
gradually applied load is applied a large num- 
der of times to a member it is referred to as a 
repeated load. The load may be of such nature 
as to repeat a cycle causing the stress in the 
member to go to a maximum value and then back 
to Zero. stress, or from a maximum tensile 
stress to a maximm compressive stress, etc. 
The situation envolving repeated loading is 
important because it can cause failure under 
a@ stress in a member which would be perfectly 
safe, if the load was applied only once or a 
smail number of times. Repeated loads usually 
cause failure by fracturing without warning, 


thus repeated loads are important in design of 
structures. 


Dynamic or Impact Loading. A dynamic or impact 
loading when applied to a member produces 


appreciable shock or vibration. To produce 
such action, the load must be applied far more 
rapid than in a static loading. This rapid 
application of the load causes the stresses 
in the member to be momentarily greater than 
if the same magnitude of load was applied 
statically, that its slowly applied. For 
example, if a weight of magnitude W is 
gradually placed on the end of a cantilever 
beam, the beam will bend and gradually reach 
a@ maximum end deflection. However if this 
same weight of magnitude W is dropped on the 
end of the beam from even such a small height 
as one foot, the maximum end deflection will 
be several times that under the same static 
load W. The beam will vibrate and finally 
come to rest with the same end deflection as 
under the static load W. In bringing the 
dynamic load to rest, the beam must absorb 
energy equal to the change in potential energy 
of the falling load W, and thus dynamic loads 
are often referred to as energy loads. 


From the basic laws of Physics, force 
equals mass times acceleration (F = Ma) and 
acceleration equals time rate of change of 
velocity. Thus if the velocity of a body 
such as an airplane or missile is changed in 
magnitude, or the direction of the velocity 
of the vehicle is changed, the vehicle is 
accelerated which means forces are applied to 
the vehicle. In severe flight airplane 
Maneuvers like pulling out of a dive from 
high speeds or in striking a severe trans- 
verse air gust when flying at high speed, or 
in landing the airplane on ground or water, 
the forces acting externally on the airplane 
are applied rather rapidly and are classed 
as dynamic loads. Chapter A4 discusses the 
subject of airplane loads relative to whether 
they can be classed as static or dynamic and 
how they are treated relative to design of 
aircraft structures. 


Bl.4 The Static Tension Stress-Strain Diagram. 


The information for plotting a tension 
stress-strain diagram of a material 1s ob- 
tained by loading a test specimen in axial 
tension and measuring the load with corres- 
ponding elongation over a given length, as 
the specimen is loaded statically (gradually 
applied) from zero to the failing load. To 
standardize results standard size test 
specimens are specified by the (ASTM) American 
Society For Testing Materials. The speed of 
the testing machine cross-head should not 
exceed 1/16 inch per inch of gage length per 
minute up to the yield point of the material 
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and it should not exceed 1/2 inch per inch of 
gage length per minute from the yield point to 
the rupturing point of the material. The 
instrument for measuring the elongation must 
be calibrated to read 0.0002 inches or less. 
The information given by the tension stress- 
strain diagram is needed by the engineer since 
it 1s needed in strength design, rigidity 
design, energy absorption, quality controi and 
many other uses. 


Fig. Bl.1 shows typical tensile stress- 
strain diagrams of materials that fall in three 
broad classifications. In the study of such 
diagrams various facts and relationships have 
been noted relative to behavior of materials 
and standard terms and symbols have been pro- 
vided for this basic {mportant information. 
These terms will be explained briefly. 


Modulus of Elasticity (5). The mechanical 
property that defines resistance of a material 
in the elastic range is called stiffness and 
for ductile materials is measured by the value 
termed modulus of Elasticity, and, destgnated 
by the capital letter E. Referring to Fig. 
Bl.1, it 1s noticed that the first part of all 
three diagrams is a straight line, which indi- 
cates a constant ratio between stress and 
strain over this range. The numerical value of 
this ratio is referred to as the modulus of 
Eleasticity (E). E is,therefore the slope of 
the initial “straight portion of the stress- 
Strain diagram and its numerical value is 
obtained by dividing stress in pounds per 
Square inch by a strain which is non-dimensiona. 
or = = f/£, and thus — has the same units as. 
Stress, namely pounds per square inch. 


The clad aluminum alloys have two E values 
as indicated in the lower diagram of Fig. Bl.1l. 
The initial modulus 1s the same as for other 
aluminum alloys, but holds only up to the pro- 
portional limit stress of the soft pure 
aluminum coating material. Inmediately above 
this point there is a short transition stage 
and the material then exhibits a secondary 
modulus of Elasticity up to the proportional 
limit stress of the stronger core material. 
This second modulus is the slope of the second 
straight line in the diagram. Both modulus 
values are based on a stress using the gross 
area which includes doth core and covering 
matertal. 


Tensile Proportional Limit Stress. (Fp). The 
proportional limit stress is that stress which 
exists when the stress strain curve departs 
from the initial straight line portion by a 
unit strain of 0.0001. In gensral the pro- 
portional limit stress gives a practical 
dividing line between the elastic and {nelastic 
range of the material. The modulus of 
elasticity 1s considered constant up to the 














Yield Stress Ultimate Tensile Stress 


Stresa - PSI 


Proportional Limit 
(a) Matertal Having a Definite 
Yield Point (such as some Steels) 


Strain - Inches Per Inch 


Ultimate Tensile Stress 


Cvieta Stress 


Proportional Limit (b) Materials not Having a 
Definite Yield Point (such as 
Aluminum Alloys, Magnesium, 
and Some Steels) 


+002 Strain - Inches Per Inch 


Stress - PSI 











Ultimate Tensile 
Stresa 


Cited Stress 


Streas ~ PSI 


(c) Clad Aluminum Alloys 


. 002 


Strain - Inches Per Incn 
Fig. B11 
proportional limit stress. 


Tensile Yield Stress (Fry). In referring 
to the upper diagram in Fig. Bl.1, we find 
that some materials show a sharp break at a 
stress considerably below the ultimate stress 
and that the material elongates considerably 
with little or no increase in load. The 
stress at which this takes place is called 
the yield point or yield stress. However many 
materials and most flight vehicle materials do 
not show this sharp break, but yield more 
gradually as illustrated in the middle diagram 
of Fig. Bl.1, and thus there is no definite 
yield point as described above. Since 
permanent deformations of any appreciable 
amount are undesirable in most structures or 
machines, {t is normal practice to adopt an 
arbitrary amount of permanent strain that ts 
considered admissible for design purposes. 
Test authorities have established this value 
of permanent strain or set as 0.002 and the 
stress which existed to cause this permanent 
strain when released from the material is 
called the yield stress. Fig. Bl.1 shows how 


= 
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it 1s determined graphically by drawing a line 
from the 0.002 point parallel to the straight 
portion of the stress-strain curve, and where 
this line intersects the stress-strain curve 

represents the yield strength or yield stress. 


Ultimate Tensile Stress (Fry). The ultimate 
tensile stress is that stress under the maxi- 
mum load carried by the test specimen. It 
should be realized that the stresses are based 
on the original cross-sectional area of the 
test specimen without regard to the lateral 
contraction of the specimen during the test, 
thus the actual or true stresses are greater 
than those plotted in the conventional stress-— 
strain curve. Fig. Bl.2 shows the general 
relationship between actual and the apparent 
stress as plotted in stress-strain curves. 

The difference 1s not appreciable until the 
higher regions of the plastic range are 
reached. 


Unit Tensile Stress 





Fig. B1.2 
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Figs. Bl.3 and Bl.4 compare the shapes of 
the tension stress-strain curves for some 
common aircraft materials. 


B1.5 The Static Compression Stress-Strain Diagram. 


Because safety and light structural weight 
are so important in flight vehicle structural 
design, the engineer must consider the entire 
stress-strain picture through both the tension 
and compressive stress range. This is due to 
the fact that buckling, both primary and local, 
is a common type of failure in flizht vehicle 
structures and failure may occur under stresses 
in either the elastic or plastic range. In 
@eneral the shape of the stress-strain curve 
as it departs away from the initial straight 
line portion, is different under compressive 
stresses than when under tensile stresses. 
Furthermore, the various flight vehicle 
materials have different shapes for the region 
of the stress-strain curve adjacent to the 
straight portion. Since light structural 
weight 1s so important, considerable effort is 
made in design to develop high allowable 
compressive stresses, and in many flight 
vehicle structural units, these allowable 
ultimate design compressive stresses fall in 
the inelastic or plastic zone. 


Fig. Bl.5 shows a comparison of the 
stress-strain curves in tension and compres- 
sion for four widely used aluminum alloys. 
Below the proportional limit stress the 
modulus of elasticity is the same under both 
tension and compressive stresses. The yleld 
stress in compression is determined in the 
Same manner as explained for tension. 


Compressive Ultimate Stress (F,.). Under a 


static tension stress, the ultimate tensile 
stress of a member made from a given material 
is not influenced appreciably by the shape of 
the cross-section or the length of the member, 
however under 4 compressive stress the 
ultimate compressive strength of a member is 
greatly influenced by both cross-sectional , 
shape and length of the member. Any nember, 
unless very short and compact, tends to 
buckle laterally as a whole or to buckle 
laterally or cripple locally when under 
compressive stress. If a member is quite 
Short or restrained against lateral buckling, 
then failure for some materials such as stone, 
wood and a few metals will be by definite 
fracture, thus giving a definite value for 
the ultimate compressive stress. Most air- 
craft materials are so-ductile that no fracture 
is encountered in compression, but the material 
yields and swelis out so that the increasing 
cross-sectional area tends to carry increasing 
load. It 1s therefore practically impossible 
to select a value of the ultimate compressive 
stress of ductile materials without having 
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gome arbitrary measure or criteron. For 


wrought materials it 1s normally assumed that 
Fou equals Fry. For brittle materials, that 
are relatively weak in tension, an Foy higher 
than Fry can be obtained by compressive tests 
of short compact specimens and this ultimate 
compressive stress 1s generally referred to 
as the block compressive stress. 


B1,6 Tangent Modulus, Secant Modulus, 


Modern structural theory for calculating 
the compressive strength of structural members 
as covered in detail in other chapters of this 
book, makes use of two additional terms or 
values which measure the stiffness of a member 
when the compressive stresses in the member 
fall in the inelastic range. These terms are 
tangent modulus of elasticity (Ey) and secant 
modulus of elasticity (Eg). These two modi- 
fications of the modulus of elasticity (E) 
apply in the plastic range and are illustrated 
in Fig. BL.6. The tangent modulus Ey is 
determined by drawing a tangent to the stress- 


strain diagram at the point under consideration. 
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Fig. B1.6 


The slope of this tangent gives the local rate 
of change of stress with strain. The secant 
modulus Eg is determined by drawing a secant 
(straight line) from the origin to the point 
in question. This modulus measures the ratio 
between stress and actual strain. Curves 
which show how the tangent modulus varies 
with stress are referred to as tangent modulus 
curves. Fig. B1.5 illustrates such curves 
for four different aluminum alloys. It should 
be noted that the tangent modulus is the same 
as the modulus of elasticity in the elastic 
range and gets smaller in magnitude as the 
stress gets higher in the plastic range. 


Bl.7 Elastic - Inelastic Action. 


If a member is subjected to a certain 
stress, the member undergoes 4 certain strain. 
If this strain vanishes upon the removal of 
the stress, the action is called elastic. 
Generally. speaking, for practical purposes, 

a material is considered elastic under stresses 
up to the proportional limit stress as 
previously defined. Fig. Bl.7 illustrates 
elastic action. However, if when the stress 
is removed, a residual strain remains, the 
action is generally referred to as inelastic 
or plastic. Fig. Bl.8 illustrates inelastic 


action. 
Elastic Action Inelastic Action 
. ‘prop. Limit 2 
a 2 
2 = 
a a Permanent 
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Fig. B1.7 Fig. B18 
B1.8 Duettlity. 


The term ductility from an engineering 
standpoint indicates a large capacity of a 
material for inelastic (plastic) deformation 
in tension or shear without rupture, as 
contrasted with the term brittleness which 
indicates little capacity for plastic de- 
formation without failure. From a physical 
Standpoint, ductility is a term which measures 
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the ability of a material to be drawn into a 
wire or tube or to be forged or die cast. 
Ductility 1s usually measured by the percentage 
elongation of a tensile test specimen after 
failure, for a specified gage length, and is 
usually an accurate enough value to compare 
matertals. 


ata 
Percent elongation = (=) 100 = measure of 
9s ductility. 
where L, = original gage length and L, = gage 
length after fracture. In referring to 
ductility in terms of percent alongation, it 
1s important that the gage length be stated, 
since the percent elongation will vary sith 
gage length, because a large part of the total 
strain occurs in the necked down portion of the 
gage length just before fracture. 
B1.9 Capacity to Absorb Energy. Resilience. Toughness. 
Resilience. The capacity of a material to 
absorb energy in the elastic range is referred 
to as its resilience. For measure of 
resilience we have the term modulus of 
resilience, which is defined as the maximum 
amount of energy per unit volume which can be 
stored in the material by stressing it and 
then completely recovered when the stress is 
removed. The maximum stress for elastic 
action for computing the modulus of resilience 
is usually taken as the proportional limit 
stress. Therefore for a unit volume of 
material (1 cu. in.) the work done in stressing 
@ material up to its proportional limit stress 
would equal the average stress ?p/2 times the 
elongation (e,) in one inch. If we let U 
represent modulus of resilience, then 


f 
4 -(2) ®p 


eo ee ee ee et ee eee (1) 

But ep = fp/E, hence 

us (2) 2 = fp'/2h---------- (2) 
2 s 


Under a condition of axlal loading, the modulus 
of resilience can be found as the area under 
the stress-strain curve up to the proportional 
limit Stress. Thus in Fig. Bl.9, the area OAB 
represents the energy absorbed in stressing 
the material from zero to the proportional 
limit stress. 


High resilience is desired in members 
subjected to shock, such as springs. From 
equation (1), a high value of resilience is 
obtained when the proportional limit stress is 
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high and the strain at this stress 1s high, 
or from equation (2), when the proportional 
limit stress is high and modulus of elasticity 
ts low, 


In Fig. 31.9 if the stress is released 
from point D in the plastic range, the recovery 
diagram will be approximately a straight line 
DE parallel to AO, and the area CDE represents 
the energy released, and often referred to as 
hyper-elastic resilience. 


Toughness. Toughness of a material can be 
defined as its ability to absorb energy when 
stressed in the plastic range. Since the 
term energy is involved, another definition 
would be the capacity of a material for 
resisting fracture under a dynamic load. 
Toughness is usually measured by the tern 
modulus of Toughness which is the amount of 
strain energy absorbed ver unit volume when 
stressed to the ultimate strength value. 


In Fig. B1.9, let f equal the average 
stress over the unit strain distance de from 
F to G. Then work done per unit volume in 
stressing F to G is fde which is represented 
by the area FGHI. The total work done in 
stressing to the ultimate stress 7, would 


% 
then equal /°“ tde, which is thé area under 


the entire stress-strain curve up to the 
ultimate stress point, or the area OA J KO 
in Fig. Bl.9 and the units are in. lb. per 
cu. inch. Strictly speaking it should not 
include the elastic resilience or the enerzy 
absorbed in the elastic range, but since this 
area is small compared to the area under the 
curve in the plastic range it is usually 
included in toughness measurements. 


It should be noted that the capacity of 
a member for resisting an axially applied 
dynamic load is increased by increasing the 
length of a member, because the volume is 
increased directly with length. However, the 
ultimate strength remains the same since it 
is a function of cross-sectional area and not 
of volume of the material, " 
























Toughness is desirable characteristic 
when designing to resist impact or dynamic 
loads as it gives a reserve strength or factor 
of safety against failure by fracture when 
over-loading in actual use should happen to 
cause the member to be stressed fairly high 
into the plastic zone. 


The property of ductility helps to produce 
toughness, but does not alone control toughness 
as illustrated in Fig. Bl.10, which shows the 


Unit Stress 
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Fig. BL. 10 


stress-strain curves for three different 
matertals. Material (A) is strong but brittle, 
whereas material (C) is weak and ductile, and 
material (B) represents average strength and 
ductility. However, all three materials have 
the same modulus of toughness since the areas 
under all three curves is the same. 


(1) 


Bi.10 Poisson's Ratio. 


When a material is stressed, it will 
deform in the direction of the stress and also 
at right angles to it. For axial loading and 
for stress below the proportional limit stress, 
the ratio of the unit strains at right angles 
to the stress, to the unit strain in the 
direction of the stress is called Poisson’s 
ratio. It 1s determined by direct measurement 
in a tensile or compressive test of a specimen, 
and 1s approximately equal to 0.3 for steel 
and 0.33 for non-ferrous materials. In many 
structures there are members which are subjected 
to stresses in more than one direction, say 
along all three coordinate axes. Poisson’s 
ratio is used to determine the resultant stress 
and deformation in the various directions. 


(2) 


(3) 


(4) 


Poisson’s Ratio in Plastic Range. Information 
ts somewhat limited as to Poisson’s ratio in 


the plastic range and particularly during the 
transition range from elastic to plastic action. 
For the assumption of a plastically 
tncompressible isotropic Solid, Poisson’s ratio 
assumes a value of 0.5. Gerard and Weldform 
found from their research, that the transition 
of Poisson’s ratio from the elastic value of 
around 1/3 to 1/2 in the plastic range is 
gradual and is most pronounced in the yield 
point region of the stress-strain curve. 
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BI. 11 Construction of a Stress-Strain Curve Through 2 


Given Yield Stress by Using a Known Test Stress- 
Strain Curve. 


Materials in general are produced to- 


satisfy certain guaranteed minimum strength 
properties such as yield stress, ultimate 
tensile stress, etc. 
important members in a composite structure, 
the minimum guaranteed properties must be used 
to provide the required degree of safety. in 
generai, most materials will give properties 
slightly above that guaranteed values, thus 
the test stress-strain curve of purchased 
material cannot be used for design purposes. 
The stress-strain curve passing through 4 
given yield point stress can be readily ob- 
tained for a test stress-strain curve as 
follows: 


Thus in the design of 


In Fig. Bl.11, the heavy curve 0 BC 


represents a known typical stress~strain curve 
for the given material. 
guaranteed yield stress be the value as shown 
at point A, using the 0.2 percent method. 
Then proceed as follows: 


Let the minimum 


Draw a straight line through point 0 and 
point A which will intersect the typical 
curve at point B. Point B may be above 
or below the typical curve. 


Locate any other point on the typical 
curve such as point C, and draw line 
from 0 through C. 


Locate point D on line 0 C by the follow- 

ing ratio:~ : 
2 

oD = op * o 

Repeat step 3 to obtain a number of 

points as shown by dots on Fig. Bl.11, 


and draw smooth curve through these points 
to obtain desired stress-strain curve. 





¢ (incbes/inehh 
Fig. Bl.11 


B1.12 Non-Dimensional Stress-Strain Curves. 


The structural designer is constantly 


confronted with the design of structural units 
which fail by inelastic instability. 


The 
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solution of such problems requires information 
given by the compressive stress-strain curve. 
Since flight vehicles make use of many differ- 
ent materials, and each material usually has 
many different states of manufacture which 

give different mechanical properties, the 
question of time required to obtain certain 
design information from stress-strain curves 
becomes important. For example, in the 
aluminum alloys alone there are about 100 
different alloys, and when elevated temperatures 
at various time exposures are added, the number 
of stress-strain curves required is further 
greatly increased. 


Fortunately, this time consuming work was 
Greatly lessened when Ramsberg and Osgood 
(Ref. 1) proposed an equation to describe the 
stress-strain curve in the yield range. Their 
proposed equation specifies the stress-strain 
curve by the use of three parameters, the 
modulus of elasticity £, the secant yield 
stress F, ,, which {s taken as the line of 
Slope 0.72 drawn from origin (see Fig. B1.12), 
and a parameter n which describes the shape 
of the stress-strain curve in the yield region. 
In order to evaluate the term n, another stress 
Fe eo 13 needed, which ig the intersection of 
the curve by a line of slope of 0.85E. through 
the origin (see Fig. Bl.12). 


o.asz 9-72 
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Fy «890 
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Ts Fe € 
= Pconbiols rubbe Fig. Bl. 12 
james & The Ramsberg and Osgood proposed three 


parameter representation of stress-strain 
relations in the inelastic range is:- 


nm 

* ed = mT 3 rs) eoecsee se (3) 
The equation for n is, 

n= 1+ logy (17/7)/logy(Fe.7/Po.es) - - - (4) 

Fig. B1.13 is a plot of equation (4). The 


quantities fe/F,_, are non-dimensional and may 
be used in determining the non-dimensional 

curves of Fig. Bl.14. £, n, and F,., must be 
known to use these curves In obtaining values 


we Meer 


on the stress-strain curve. 
the values of Fo.7, Fo.es, n, etc., for many 


Table Bl.1 gives 


flight vehicle materials. Notice that th 
shape parameter varies widely for materials, 
being as low as 4 and aS high as 90. 


Bi.13 Influence of Temperature on Material Properties. 


Before the advent of the supersonic air- 
plane or the long range missile, the aero- 
nautical structures engineer could design the 
airframe of aircraft using the normal static 
mechanical properties of materials, since the 
temperature rise encountered by such aircraft 
had practically no effect on the material 
strength properties. The development of the 
turbine Jet and rocket Jet power plants pro- 
vided the means of opening up the whole new 
field of supersonic and space flight. The 
flight environmental conditions were now 
greatly expanded, the major change being that 
aerodynamic heating caused by high speeds in 
the atmosphere caused surface temperatures 
on the airframe which would greatly effect 
the normal static material strength properties 
and thus temperature and time became important 
in the structurel design of certain types of 
flight vehicles. 


B1.14 Creep of Materials. 


It is obvious that temperature can weaken 
a material because if the temperature is high 
enough the material will melt or flow and thus 
have no load carrying capacity as a structural 
member. When a stressed member is subjected 
to temperature, it undergoes a change of shape 
in addition to that of the well known thermal 
expansion. The term creep is used to describe 
this general influence of temperature and time 
on a stressed material. Creep is defined in 
general as the progressive, relatively slow 
change in shape under stress when subjected 
to an elevated temperature. A simple illustra- 
tion of creep is a person standing on a 
bituminous road surface on a very hot summer 
day. The longer he stands on the same spot 
the deeper the shoe soles settle into the road 
surface, whereas on a cold winter day the same 
time of standing on one spot would produce no 
noticeable penetration of the read surface. 


High temperature, whe. used in reference 
to creep, has different temperature values for 
different materials for the same amount cf 
creep. For example, mercury, which melts at 
38°F, may creep a certain amount at -75°F, 
whereas tungsten, which melts at 6170°F, may 
not creep as much at 2000°F as the mercury 
under -75°F. All materials creep under 
conditions of temperature, stress and time of 
stress application. The simplest manner in 
which to obtain the effects of creep ig to 
Study its effact on the static stress-strain 
diagram for the material. 
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B1.10 BEHAVIOR OF MATERIALS AND THEIR PROPERTIES : 


Table Bl. 1 Values of Fru Fey, Fer Fo.7» FO. a5, % for Various Materials Under Room & Elevated Temperatures (From Ref. $) 
ete See roranee 





MATERIAL 


~ STAINLESS STEZL 

‘AIST 301 174 Hard Sheet 
‘Transverse Compression 
Longitudinal Compression 

AISI 301 1/2 Hard Sheet 
Transverse Compression 


Longitudinal Compression 


AISE 301 3/4 Hard Sheet 
‘Transverae Compression 


Longitudinal Compression 


AISI 301 Full Hard Sheet 
Transverse Compression 


Longitudinal Compression 


11-4 PH Bar & Forgings 


11-7 PH (TH2050) Sheet, Strip & Plate, 
t=. 010 to, 125 in 


17-7 PH (RH9SO) Sheet, Strip & Plate, 
t= .Q10 to. 125 in 
19-9DL (AMS 5526) & 19-9DX 
(AMS 3538), Sheet, Strip & Plate 
19-8DL (AMS 5527) & 19-9DX 
(AMS 5539) Sheet, Strip & Plate 
PH1S~TMo (TH1050} Sheet & Strip, 
t= .020 to . 187 in. 






& ALLOY STEE' 
be, Sheet & Bar, 


AIST 4130 Normalized, ¢ > . 188 in, 
AISI 4130, 4140, 4340 Heat Treated 
AISI 4130, 4140, 4340 Heat Treated 
AIST 4130, 4140, 4340 Heat Treated 


AISI 4130, 4140, 4340 Heat Treated 


A 
‘A=088 (AMS ST25A) Sheet, Plate 
& Strip 


K-MONEL Sheet, Age Hardened 
MONEL Sheet, Caid Rolled & Annealed 
INCONEL-X 








Temp. 
Exp. 


Hr. 


i 




























a | Fees cP Fey ] Be | Por Foes i 
% ksi ksi 
T 
28 125 30 00 6| (73 63 8.9 
| { 
25 125 26.0 } 282 | 23 5.2 
6 150 27.0 | 118.5 105 9.2 
118 2.2 | 108.5 97 8.8 
110 20.9 | 108.5 96.5 3.2 
36 16.2 34.5 83,8 8.0 
1% 150 26.0 48 37 44 
118 22.4 45.5 | 36 47 
10 20,1 44 3t nu 
36 15.8 40 30,6 4.3 
12 115 27.0 183.5 151.5 13.2 
148 24.5 153 142.5 12 4 
| 138 22.4 152 140 wet 
uz 18.9 127 121 19.20 | 
12 175 26.0 70 61.5 1.6 
148 23.3 85 56 8.8 
138 21.8 85.5 56. $ 8.8 
112 18.2 55 48 a) 
8 185 21.0 183 172 16 
168 28.1 174 164 16 
159 23.8 v2 1862 18 
131 21.8 141.5 135.5 aus 
8 18 ag 26.0 113 83 5.2 
168 24.2 4 $9.5 3 
159 22.9 "4 58 4.8 
131 20.8 58 425 | 39 
6 180 27.5 168 160 24 
142| 28.3 137 129 18 
148 23.1 106 a7 iL 
38 212 60 52 mat 
180 29.0 166 us| os 
189 21. 146 126 8.8 
144 24.9 ut 104 8.4 
| 88 20.3 56 47 8 
210 29.0 208 198 18.4 
30 98 48 29.0 26.5 32 1.6 
12 128 90 29.0 88 4 7.2 
5 190 17 =| 28,0 im 164 22.5 
225 200 28.0 218 189 13 
( 
22 55 36 29.0 32.7 318 4 
23 30 10 29.0 61.5 53 8.8 
8t 61.5 27.3 55 48 13 
88 46.2 23.8 40 32.5 5.2 
48 30.8 20.6 28 22 47 
23 1250} 113 29.0 ui 102 10.9 
13 98.9 27.3 98 a8 10.9 
88 $8. 23.2 88.5 62.8 12 
“ 49.7 20.6 45.5 41 9.2 
18.5 150 145 29.0 145 140 25 
138 126 27.3 128 122 29 
105 88, 23.2 88 83.5 18.5 
16 63.8 20.6 82 57 10.9 
18 180 119 29.0 179 178 50 
182 156 27.3 156 183 46 
126 109.3 23.2 109. 108 22 
92 7 20.6 73 68 9.8 
13.5 200 198 29.0 198 196 90 
180 170 22.3 172.5 169 46 
140 121 23.2 wis | ur 2] 
104 87.1 120.6 a7 8a 19 
18 140 95 i 29.0 93 87 4 
129 28.4 24.4 87 81 13. 
us aL? 19.8 a1 rr 12. 
sz} 50.3 14.2 $0 4 15.3 
15 125 90 26.0 a8 82 12.5 
35 70 28 26.0 2 | at 6.4 
20 185 105 31.0 104 100 23.5 
152 95.6 28.9 4} 88 7 
M41 90.2 28.4 38. 6 34 18.5 
104 a} 23.2 az 18.6 21 | 
| | 
| | 
{ 
| i 
| 
! 
' t 
fo 
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Table B1.1 Values of Fru, Fey, Ee, F0.7, F085 0) (or Various Materials Under Room & Elevated Temperatures (From Ref. 6) (Continued) 
Temp. Fru Puy E, 1 Fy F; 
MATERIAL Exp. bea & 7 * nee 0.88 a 
ar. kat xst | 108p8t ksi kat 
=f, rn ——_ 
ALUMINUM ALLOYS e 
2014-T6 Extrusions 2 RT 7 80 53 53 50.3 18.5 
t= 0.499 in, 2 300 st 42.5 rary 40 4 
2 450 28 21 20.5 19,8 28 
2 600 10 3.0 5.5 45 |. 5.4 
2 300 51 43.5 4.0 42,5 25 
v2 450 31 26 26 25.2 29 
2014-T6 Forgings 2 RT 7 62 52 52.3 50 20 
ts4in 2 300 53 41 40.5 38.5 19 
2 450 29 22 2s 20 12.6 
2 00 10 1S 45 2.0 3.2 
v2 300 54 43 42.5 40 15.8 
| V2 450 32 28.5 25.0 23.5 15.6 
2024-T3 Sheet & Plate, 2 at. 12 B5.tvel 40 R= 36 154 
Heat Treated, t 2.250 ia, 1 2 300. f- 35.7 , 33.5.) 18 ‘ 
2 500 26 24.8 22.8 10.9 } 
2 100 1S 6.2 5.5 82° 
}  2024-T4 Sheet & Plate, 2 RT 12 88 38. 36.7 ~ was. | 1868 
Heat Treated, t 20.50 in. 2 300 a 32. 20.5 14.6 
2 500 4 23 21 10.2 
2 700 1 60 3.7 18.5 
2024-T3 Clad Sheet & Ptate, 2 at 12 Cr) 37 35,7 33 2 
Heat Treated, t = .020 to ,062 in 2 300 “ 33 30.3 uM 
2 300 24.5 22.7 20 19 
2 100 6.5 5.8 5.5 18.5 
2024-76 Clad Sheet & Plate, 2 RT 8 62 49 45 m 
Heat Treated, t > 0.063 in. 2 300 g 45 44.3 40.7 ul 
2 300 22 31. 28 a3 
ay 2 700 6 1.0 6.0 6.6 
2024-6 Clad Sheet & Plate, 2 RT a 60 47 40 43 10.8 
Heat Treated, ¢ <0. 063 in, 2 300 43.2 42.3 387 10.8 
2 500 21 29.5 26 1.8 
2 700 6 5,00 4.0 “9 
2024-781 Clad Sheet, Heat Treated, 2 RT 8 62 53 56 51.6 1.2 
t= 0, 064 ta, 2 300 50. $1.2 46.5 10 
2 
2 
6061-76 Sheet, Heat Treated & Aged, v2 RT 10 42 38 10.1 “ ca 
t< 0,28 in, 1/2 300 29. 9.5 28 26 
1/2 450 20.5 8.5 117 10,9 
1/2 600 1.8 1.0 6.2 15. 
707S-T6 Bare Sheet & Plate, 2 RT 7 6 aL. 10,5 63 2 
tS, 60 in, 2 300 4 9.4 $2.5 15, 
2 425 25.5 at 23.5 wt 
600 8 5.3 $.2 37 
v2 428 30 8.1 22.5 18 
1078-76 Extrusions, 2 RT 1 5 70 10.5 6a 16.8 
£0.25 in. 2 300 4 a4 4.5 13.4 
2 450 22.8 1.8 18.5 12 
. 2 600 & $.3 4.3 32 
1/2 450 3s 18 26 8.8 
71078-T6 Die Forgings, 2 RT 7 m1 58 10,5 $8.5 $8.1 18.2 
ta2in 2 300 41.6 a4 47.8 45 18.6 
2 450 18.8 18 17.3 16 1a 
2 600 1.0 5.3 5.0 a7 Ro 
1/2 450 23 18 24 2 10.9 
7075-T8 Hand Forgings, 2 RT 4 72 83 10.8 63.8 61.8 28 
Area ¥ 16 6q. in. 2 300 51.6 9.4 $2.2 30 22.5 
2 450 20.2 1.8 20.3 19 13.7 
2 600 1.6 5.3 6.0 $.0 5.8 
V2 450 4 18 26.5 25.3 19.5 
1075-6 Clad Sheet & Plate, 2 RT 8 70 4 10,5 64.5 61.6 19.5 
tt 0,50 im 2 300 50 a4 31.7 20 
2 450 20.8 18 19.7 11.5 46 
2 600 LT 5.3 1.7 5.8 3.6 
1/2 450 23 18 27.2 25.3 12.4 
7079-T8 Hand Forgings, 1/2 RT 4 67 59 10,5 59.5 5%. 28 
t $6.0 v2 300 a 9.4 48.5 45 2 
va 450 | a 1.8 20 18.5 12 
1/2 600 1.0 $.3 5.5 3.5 3.0 
| HAGNESIOM ALLOYS 
AZ6IA Extrusions, RT a 38 cy 6.3 12.9 12.3 19 
t 50, 249 in. 
HKSLA-0 Sheet ye RT | 12 30 2 6.5 10 a4 6 
t= 0,016 to 0. 280 in, v2 300 20 1a 8.16 89 8.9 45 
Va 00 1s | 9.3 4.940 | 748 5.8 4a 
V2 600 10 4.9 a7 | 33 16 2.2 
HK31A- 124 Sheet, 2 RT 4 4 19 6.8 17.3 14.6 6.2 
t= 0.250 in 1/2 300 22 17.7 8.2 15.6 12.6 5.1 
1/2 800 1t 14.8 49 13.1 10.5 49 
V2 600 it 18 t3.8 i 6.7 5.2 45 
TITANS ACCOYS et AT 7 
i-SMn Annealed sheet, ? 1000 RT 10 120 110 15.5 119.8 102 3.7 
Plate & Strip 
Ti-GA1-4V Annealed Bar v2 RT 10 130 126 16.0 127 124.5 4a 
| & Sheet, t =. 187 in. V2 400 108 96 Met 97 93 22 
v2 600 99 4.5 1.000) 85.5 a2 22 
1/2 200 8? 79.4 1.8 80.5 17 a.5 
V2 1000 i 70 60.6 11 61 59.5 36 
id Leer 
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Fig. B1.15 (curves A and B) show the 
stress-strain curve for a material. Curve (A) 
is for a low elevated temperature condition 
and curve (B) that of a high elevated 
temperature condition. The results were ob~ 
tained by a normal testing machine procedure 
requiring a short time test period, hence the 
results can be considered as independent of 
time. 





Fig. B1.15 (Ret. 2) ~ Effect of temperature and time on the 
strength characteristics of metals. 


The figure shows that the higher 
temperature (curve B) reduces the ultimate 
strength, yield strength and modulus of 
elasticity of the material as compared to 
curve (A) which is a test at a lower temper- 
ature. 


EFFECT OF TIME 


If temperature and stress are of such 
combination as to produce appreciable creep, 
then time becomes an important effect. For 
examples, in Fig. BL.15, if the material at low 
temperature (curve A) is stressed to a value P 
within the elastic limit of the material, and ‘ 
this stress is maintained for a considerable 
time period, very little creep, if any, will 
be detected, and when the stress is removed, 
the material will practically resume its 
original dimensions. However, if the material 
is stressed to the same value P but under a 
high temperature condition, creep will occur 
just as long as the stress P remains applied 
and the stress-strain curve will take a shape 
like curve (C) in Fig. Bl.15. This time 
dependent strain will follow a characteristic 
pattern. The material will never return to 
its original shape after creep has taken place 
Tagardless if the stress is removed. If both 
stress and high temperature continue, rupture 
produced by creep will finally occur. 


B1,15, The General Creep Pattern. 


A typical manner of plotting creep-rupture 
test data is illustrated in Pig. Bl.16. For 
metals tested at high value of stress or 
temperature, three stages in the creep-time 
relation can be observed as shown in Fig. Bl.16. 
The initial stage, often called the stage of 
primary creep, includes the elastic deformation 
and that region where the rate of creep de- 
formation decreases rather rapidly with time, 
which no doubt indicates an influence of strain 
hardening. The second stage, often referred 
to as the secondary creep stage, represents a 
stage where the rate of strain has decreased 
to a constant value (except for high stress) 
for a considerable time period, and this stage 
represents the period of minimum creep rate. 
The third stage, often called the tertiary 
creep stage, represents the period where the 
reduction in cross-sectional area leads to a 
higher stress, a greater creep rate and finally 
rupture. 


Transition Potnt. The inflection point between 
the constant creep rate of the second stage and 
the increasing rate of the third stage is 
referred to as the transition point. Failure 
generally occurs in a relatively short time 
after the transition point. Transition points 
may not occur at very low stresses and may 
also not be definable at very high stresses. 
Minimum creep rate is that indicated in the 
second stage, where the creep rate is practi- 
cally constant. 






Third =, 
(Approx. Constant) 
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\ Transition Point 
Slope = Creep Rate 


Creep Intercept 





Time - Hrs. 


Fig. 81.16 Typical creep-rupture curve, 


Fig. Bl.17 shows a plot of cree-time 
curves for a material at constant temperature 
and several stress levels. It is noticed 
that increasing stress changes the creep-time 
relationship considerably. , 


Bi. 16 Stress-Time Design Charts. 


In many structural design problems in- 
volving elevated temperatures such as power 
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Fig. 31.17 (Ref. 2) Creep curves for a material at constant 
temperature and various stress levels showing the character- 
istic stages of creep behavior. 


plants, the critical design factor is not 
strength but the permissible amount of creep 
that can be allowed to still permit the 
structure or machine to function or operate 
satisfactorily. Extensive tests are usually 
necessary to provide reliable creep design 
information and such test information is often 
recorded in the form as illustrated in Fig. 
B.18. 
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Fig. Bi. 18 (Ref. 2) - Stress-time design chart at a single 
constant temperature for selecting limiting stress values. 





B1.17 Effect of Time of Exposure. 


In general materials can be roughly 
classified into those which time of exposure 
to elevated temperatures has great influence 
on the mechanical properties and those where 


such exposure produces relatively small effect. 


This general fact is illustrated in Figs. 
Bl.19 and B1.20. The yield strength of the 
aluminum alloy in Fig. Bl.19 is far more 
influenced by time of exposure to elevated 
temperature than the steel alloy as shown in 
Fig. B1l.20. 


Bi. 18 Effect of Rapid Rate of Heating 


Supersonic aircraft and missiles are 
subjected to rapid aerodynamic heating. The 
results of tests indicate that in general 
metals can withstand substantially higher 
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Fig. B1.19 (Ref. 3) - Effect of exposure at elevated temper- 
atures on the room-temperature tensile yield strength (Fry) 
of 7079-T6 aluminum alloy (hana forgings). 
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Fig. Bi. 20 (Ref. 3) - Effect of temperature on the tensile 
yield strength (Fty) of 5 Cr-Mo-V aircraft steels, 


stresses at a given temperature when heated 
from zero up to 200°F per second under constant 
load conditions than when loaded after the 
material has been 1/2 hour or longer at 


constant temperature. 


Increasing the temper~ 


ature rate from 200°F to 2000°F per second or 
more results in only a small increase in 


strength. 


Figs. 81.21 and B1.22 (Ref. 4) 


show the effect of temperature rates up to 


100°F 


per second upon the yield and ultimate 





Fig. Bl. 21 - Tensile yield stresa of 2024-T3 aluminum 
alloy for temperature rates from 0. 2°F to 100°F per 
second and of stress-strain tests for 1/2-hour exposure. 
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Fig. Bl. 22 ~ Tensile rupture stress of 2024-T3 aluminum 
alloy for temperature rates from 0. 2°F to 100°F per second 
and ultimate tensile stresa of stress-strain tests for 1/2- 
hour exposure. 


strength respectively of aluminum alloy as 
compared to values when loaded after the 
material has been exposed 1/2 hour at constant 
temperature. 


Bl.19 General Effect of Low Temperatures Upon Material 
Properties. 


The development of the missile and the 
space vehicle brought another factor into the 
ever increasing number of environmental con- 
ditions that effect structural design, namely, 
extremely low temperatures. For example, in 
Space the shady side of the flight vehicle is 
subjected to very low temperatures. Missiles 
carry fuels and oxidizers such as liquid 
hydrogen and oxygen which boil at -423 and 
~2979F respectively. In general, low 
temperatures increase the strength and stiff- 
ness of materials. This effect tends to 
decrease the ductility of the material or, in 
other words, produce brittleness, a property 
that 1s not desirable in structures because 
of the possibility of a catastrophic failure. 
In general, the hexagonal closely packed 
crystalline structures are best suited for 
giving the best service under low temperatures. 
The most important of such materials are 
aluminum, titanium, and nickel-base alloys. 
Fig. Bl.23 shows the effect of both elevated 
and low temperatures on the ultimate tensile 
strength of 2014-T6 aluminum alloy under 
various exposure times. 


Bl.20 Fatigue of Materials. 


Designing structures to provide safety 
against what is called fatigue failure is one 
of the most important and difficult problems 
facing the structural designer of flight 
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Fig. 1.23 (Ref. 3) - Effect of Temperature on Ultimate 
Strength (Fy,) of 2014-T 6 Aluminum Alloy. 


vehicles. Fatigue failure is failure due to 
being stressed a number of times. For example, 
a deam may be designed to safely and efficient- 
ly carry a design static load and it will carry 
this static load indefinitely without failure. 
However, if this load is repeated a large 
enough number of times, it will fail under this 
static design load. The higher the beam stress 
under the static design load, the less the 
number of repeated loadings to cause failure. 


To date no adequate theory has been 
developed to clearly explain the fatigue 
failure of materiais. Fatigue fatlure appears 
to begin with a crack starting at a point of 
weakness in the material and progressing along 
crystal boundaries. A microscopic examination 
of metals indicates there are many small 
cracks scattered throughout a material. 
the action of repeated stress these smali 
cracks open and close during the stress cycle. 
The cracks cause higher stress to exist at 
the base of the crack as compared to the 
stress if there were no crack. Under this 
repeated concentration of stress, the cracks 
will gradually extend across the section of 
the member and finally causing complete 
failure of the member. 


Under 


Fatigue testing consists of 3 types:- 
(1) the testing of material crystals, (2) the 
testing of small structural test specimens, 
and (3) the testing of complete composite 
structures. A tremendous amount of test 
information is available for the second type 
of testing. More and more attention is being 
given to the third type of testing. For 
example, 2 complete airplane wing or fuselage 
is often subjected to elaborate fatigue 
testing in order to insure the safe design 
life of the airplane. 
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The presence of cracks initially is not 
necessary to start a fatigue or progressive 
failure as irregularities such as slag 
inclusions, surface scratches, pitting, etc., 
can cause corrosive action to start, thus 
supplying the condition for the promotion of 
cracks and the resultant progressive failure. 


The strength of ferrous metals under 
repeated stresses is often referred to as the 
endurance or fatigue limit. The endurance 
limit stress is the stress that can be repeated 
an infinite number of times without causing 
fracture of the material. Non-ferrous 
materials such as the aluminum alloys do not 
have an endurance limit as defined above but 
continue to weaken as the stress cycles are 
increased. Due to this fact and also since 
the required service life of structures and 
machines vary greatly, it 1s customary to 
refer to the strength under repeated stresses 
as endurance or fatigue strength instead of 
endurance limit. Thus the fatigue strength 
is the maximum stress that can be repeated 
for a specified number of cycles without 
producing failure of the structural unit. 


The 
repeated 


results of testing a specimen under 
stresses such as tension, compression, 
bending, etc., is often plotted in a form 
which 1s referred to as the S-N (stress versus 
cycles) diagram, as illustrated in Fig. Bl.24. 


10 x 10* 


Smax Stress (PSI) 





Number of Cycles for Failure, logN — 
Fig. Bl, 24 


The problem of fatigue design of aircraft 
airframes 1s covered in Chapter C13 of this 
book. 


B1l,21 Effect of Impact Loading on Material Properties. 


An impact load when applied to a structure 
produces appreciable shock or vibration. To 
produce such action, the load must be applied 
rapidly, that 1s, in a short interval of time. 
The effect of impact loads differs from that 
of static loads in that impact loads appreciably 
effect the magnitude of the stresses produced 
in a member and also the resistance properties 
or behavior of the material under load. The 
importance and effect of dynamic loads on the 


magnitude of stresses in aircraft structures is 
discussed briefly in Chapter A4. The limited 
discussion which follows will deal only with 
the effect of impact loads on the behavior of 
materials. 


IMPACT TESTING METHODS 


There are in general two types of tests to 
determine the behavior of materials under 
impact loads. The usual impact test which has 
been conducted for many years is referred to as 
the notched bar test and consists of subjecting 
notched specimens to axial, bending and torsional 
loads by the well known Charpy or Izod impact 
testing machines. In both of these machines 
an impact load is applied to the specimen by 
swinging a weight W from a certain vertical 
height (h) to strike and rupture the notched 
specimen and then stopping at a vertical 
height (h'). The energy expended in rupturing 
the specimen is then equal approximately to 
(Wa-Wh'). This type of test is primarily used 
for studying the influence of metallurgical 
vartables. 


Ths other type of impact testing is made 
on umnotched specimens and the general purpose 
is to obtain the stress-strain diagram of 
materials under impact load or the load~ 
distortion diagram of a structural member or 
composite structure as the unit 1s completely 
fractured under an impact load. 


B1.22 Examples of Some Results of Impact Testing 
of Materials. 


Figs. Bl.25, 26 and 27 show the results 
of impact tests upon the stress-strain curve 
as compared to the static stress-strain 
diagram (Ref. 5). 
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Fig. B1.25 - Stress-Strain curves, 24ST aluminum alloy, 
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Fig. Bl. 26 - Strese-strain curves, Dow metal X. 
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Fig. B1.27 - Stress-strain curves, SAE 6140, drawn 1020°F. 





fatle Bl.2 shows additional impact testing 
results as compared to the static test results. 














Table Bl. 2 
Comparison of Strengths, Ductility and 

Energy Absorption Under Impact 
and Static Loads, “* 


Ratio of Impact to Static Value For, 





Material 






| SAz No, 1018 [1-388 [7.397 [0.982 To. 3as 
[1e-¢ alloy 1.224 [1.212 [0.682 [ 0. 600] 
[1 bee {F000 [0. 385] 0-383 _| 

: 









% Oil quenched from 1620°F, 
*X Cold-roiled, 
*X From "Stress-Strain Relations Under Tension and 
Impact Loading" by D. S, Clark & G. Datwyler, 
Proc, A.S.T.M. 1938, Vol. 38. 
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CHAPTER B2 
MECHANICAL AND PHYSICAL PROPERTIES OF METALLIC 
MATERIALS FOR FLIGHT VEHICLE STRUCTURES 


General Explanation. It would require several hundred pages to list the properties of the many 
materials used in flight vehicle structural design. The metallic materials presented in this 
chapter are those most widely used and should be sufficient for the use of the student in his 
structural analysis and design problems. All Tables and Charts in this chapter are taken from 
the government publication "Military Handbook, MIL-HDBK-5, August, 1962. Metallic Materials and 
Elements for Flight Vehicle Structures". This publication is for sale by the Supt. of Public 
Documents, Washington 25, D.C. The properties given in the various tables are for a static 
loading condition under room temperature. The effect of temperature upon the mechanical 
properties is given in the various graphs. 


AISI ALLOY STEELS 


Table 52. 1 (AISI) Alloy Steels 
















































Alloy }s...22he 7G ‘ ....| AISI 4130, 8630,! AISI 4120, 4140, 4340, 4140 AISI 
and 8735 8630, 8735, and 8740 4340 4340 
8740 
Forte se seaacsetonveeng oe Sheet, strip, All wrought forms 
plate, tubing 
a 
Condition: «2... 620s ssi N Heat treated (quenched and tempered) to 
obtain F,, indicated 
Thickness or diameter, in... <0.187 | >0.187 
Basis nccacoe ees ee cece face nanacle cia pele speau wane bel adeaucathiy pactadpoanevay «® 
Mechanical properties: 
Fru ksi. ' 96 90 125 150} 180 200 260 
Puy ksi 15 70 103 132; 163 176 217 
Pen ksi. 5 10 118 145 179 198 242 
Fy, ks 55 35 82 95 109 119 149 
Poeu ksi: 
(Cf/D 1.5). oe ree ede eee eee 194 219 250 272 347 
(e/D=2.0)........{ 140 140 251 287 326 355 440 
Poy, ksi i 
(e/D=1.5) A 151 189 230 255 312 
(e/D=2. eres | sel 180 218 | 256 280 | 346 
] r 7 
é, percent............. 1 
)) See table See table 2.3.1.1(¢) suet 





| 2311) | °T3 





| 
Physicai properties: | 
i 
! 


w, Ib/in3. 2.2... 0.283. 
C, Btuji(lb)(F)...- 9.114 (at 32° F). 
K, Btu/{(hr) (ft?) (F) ft}. 22.0 (at 32° F). 
a, 10“ invinF....... : 6.3 (0° to 200° F). 
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Fig. B2.2. Effect of temperature on the compressive 

yield strength (Fey) of heat-treated AISI alloy steels. 


o' 


fey 
3 


E ond E, a! Room Temperature 






































80 ; 
2 3 rengin st temperature 5 
“ 3 Exposure upto /2 "4 
= 3 = =I 
: : 
i ; 
& 60 5 
s 3 
é a 
40 2 





300 
Yamoerature, F 


Fig. B2.3. Effect of temperature on the ultimate 


20 shear strength (Fsy) of heat-treated AISI alloy steels. 
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Fig. B2.1. Effect of temperature on Fty, Fry, and E of 
AISI alloy steel 
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Fig. B2.4. Effect of temperature on the ultimate 


bY bearing strength (Fpry) of heat-treated AISI alloy steels. 
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Fig. B2.5. Effect of temperature on the bearing 
yield strength (Fpry) of heat-treated AISI alloy steels. 








ANALYSIS AND DESIGN OF FLIGHT VEHICLE STRUCTURES B2.3 





5 Cr-Mo-V AIRCRAFT STEEL 


Table B2,2 Design Mechanical and Physical Properties of 5Cr-Mo-V Aircraft Steel 


Alloy... 
Form. 
Condition 
Section size. . 














Mechanicai properties: 
Fis, ksi. 
Py, ksi 
Prev ksi 
Paw, ksi 
Poeu ksi: 








(e/D=1.5). 
(e/D Oe 
Fry, kai: 
(¢/D=1.8)........]- 
(e/D=2.0)........ 
€, percent: 
Bar, in 4D. 
Sheet, in 2 in. ( 7" 
Sheet, in lin...... 
E, 10¢ psi. 
E., 108 ps 
G, 10¢ pst 





Physical propertie: 
«, Ib/ins. 
C, Btu/ (tb) (F). 
K, Btu/[(br) (ft?) itt. 
a, 10-* in /in/F..... 4 














5Cr-Mo-V aircraft steel. 


.| All wrought forms. 


Heat treated to obtain the F,, indicated. 
Up to 12 in. diam. or equivalent. 


(*) 


280 
240 
260 
170 








wnw 
OF 
aaa 


0.281. 
0,11(*) (32° F). 
16.6 (400° to 1,100° F). 
1 (80° to 800° F); 7.4 (80°-1,200° F). 





* Minimum properties expected when heat treated ss recommended in 


section 2.5.1.0. 


> For sheet thickness greater than 0.060 inch. 


* Calcalated vaiue, 
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Fig. B2.6 Effect of temperature on 
the ultimate tensile strength (Fyy) of 


Cr-Mo-V aircraft steels. 
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Fig. B2.7 Effect of temperature on 
the tensile yield strength (Fty) of 5 
Cr-Mo-V aircraft steels. 
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Fig. B2.8 Effect of temperature on 
the tensile and compressive modulus 
(E and Ee) of 5 Cr-Mo-V aircraft 
steela. 
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Fig. B2.9 Effect of temperature on 
the compressive yield strength (Fey) 
of 5 Cr-Mo-V aircraft steels. 





Fig. 82,10 Effect of temperature on 
the ultimate shear strength (Fg,) of 
5 Cr-Mo-V aircraft steels. 
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Fig. B2.11 Effect of temperature on 
the ultimate bearing strength (Fpr) 
of 5 Cr-Mo-V aircraft steels. 
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Fig. B2.12 Effect of temperature on 


the bearing yield strength (Fpry) of 5 
Cr-Mo-V aircraft steels. 
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17-7 PH STAINLESS STEEL 


Table B2.3 Design Mechanical and Physicai Properties of 17-7 PH Stainless Steel 





Porw, ksi: 
(e/D=1.5).. 
(e/D=2.0).. 

Pory, ksi: 
(e/D=1.5).. 
(e(/D=2.0) : 

@ percent............. 














G, 10° psi. . 





Physical properties: 





C, Btu/(ib)(F).. 
k, Beu/{(hr) (ft?) (F) Et]. 
a, 10-*in./in/F.. : 


17-7 PH 





1 
Sheet, strip, and plate(¢) Bars and Forgings(*) 





TH 1050 | 








RH 950 | TH 1050 | RH 950 
7 1 
0.005 to ae | 0.005 to ; 0.1878 to | 6 and under 
0.500 | 0.1874 | 0.500 
Eeaator ees eee) 
s | | so 
| 
! ¥ 
130 210 | 200 170 | 185 
150 | 190 | 180 140 | 150 
158 | 200 189 ! 147 | 158 
ut | 136 | 130 | i 120 
! ! 
297 346 | 330 | 280 305 
360 420 | 400 | 340 370 
225 | 285 | 270 axo | 225 
247 | 313 | 297 231 | 247 
See table 2.7.2.1(b) 8 | 6 
29.0 
30.0 
11.0 





0.276. 

0.12. (4) 

9.75 (at 300° F). 

6.3 (70° to 600° F) for TH 1050. 
6.8 (70° to 600° F) for RH 950. 








* Test direction longitudinal for widths less than 9 in.; transverse for 


widths 9 in. and over. 
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Fig. 


Ba. 13. 
tensile strength (Fty) of 17-7 PH (TH1050) stainless steel. 


* Test direction longitudinal; these properties not applicabie to the 
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Fig. B2.14. Effect of temperature on the tensile yield 
strength (Fty) of 17-7 PH (TH1050} stainless steel. 
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17-7 PH STAINLESS STEEL (Cont.) 
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yield strength (Fey) of 17-7 PH (TH1050) stainless steel. bearing strength (Fpry) of 17-7 PH (TH1050) stainless steel, 
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Fig. B2.16, Effect of temperature on the ultimate Fig. B2.19. Effect of temperature on the bearing yield 
shear strength (Fsy) of 17-7 PH (TH1050) stainless steel. atrength (Fpry) of 17-7 PH (TH1050) stainless steel. 
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Fig. B2.20. Effect of temperature on the tensile and 
compressive modulus (E and E,) of 17-7 PH (TH1050) 
stainless steel. 
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Table B2.4 Design Mechanical and Physical Properties of 17-4 PH Stainless Steel i 
2 
Alloy... ccc. cecee eee 17-4 PH i 
] 2 
Plate i Bars and forgings (*) Temoeranwn.F 
Fig. B2.23 Effect of temperature on 
Condition.........-...-.- H 900 H 900 the compressive yield strength (Foy) 
| of 17-4 PH (H900) stainless steel. 
Thickness or diameter, in... | 8 and under 108 
Basis......-..0s eee seers se s 
Mechanical properties: 
Pre, kai 190 190 
Fi, ksi 170 170 
Pep, ksi 178 198 Se 
Pues ksi 123 123 
Pyeey Si Fig. B2.24 Effect of temperature on 
(e/D=1.5).. 313 313 the ultimate shear strength (F5u) of 
(eD=2.0) i 380 380 17-4 PH (H900) stainless steel. 
Foy, ksi: 00) 
(¢/D=1.5).......- 255 255 3 
(e/D==2.0)........ 280 280 fe 
@, percent: taal 
In 2 in... 10 sa i 
In4D... 10 ,°e 
pee eh Na ee 
E, 108 psi. 29.0 ‘ ose aoe acd wo 00000809 OO 
Ey, 10° psi 30.0 areneenl 
G, 108 psi. . 11.0 Fig. B2.25 Effect of temperature on 








Physical properties: 
w, Ib/ins..... 
C, Btu/(Ib) F).. eis 
K, Btu/((hr) (ft?) (Fy/ttl. 
a, 10-Sin/in/F... 2... 


0.282. 





0.11 (82° to 212° F). 
10.3 (at 300° F); 11.2 (at 500° F); 13.1 (at 900° F). 
6.0 (70° to 200° F); 6.1 (70° ta 400° F); 6.5 (70° to 


900° F). 





« Vendors guaranteed minimums (or Fiy, Fry, and ¢. 


» Test direction longitudinal; these properties not applicable to the short transverse (thickness) direction. 
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Fig. 82.21 Effect of temperature on 

the ultimate tensile strength (Ftu} of 

17-4 PH (H900) stainless steel. 
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Fig. B2.22 Effect of temperature on 
the tensile yield strength (Fry) ot 
17-4 PH (H900} stainless steel. 


the ultimate bearing strength (Fpry) 
of 17-4 PH (H900) stainless steel. 
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Fig. B2.26 Effect of temperature on 
the bearing yield strength (Fpry) ot 
17-4 PH (H900) stainless steel. 
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Fig, B2.27 Effect of temperature on 
the tensile and compressive modulus 
(E and E,) of 17-4 PH (H900) 
stainless steel. 
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50 STAINLESS STEEL 


Table B2.5 Design Mechanical and Physical Properties of AM-350 Stainiess Steet 





Condition..............-.. 


Thickness, in..... 





T 

| Sheet and strips j 
SPREE Rianne 
i 


AM-350 





Sheet and strips 
sct 
0.187 and under 


DA 





0.187 and under 














Basis vce viieed can anes ees 8 i s 
| 
| 
Mechanical properties: | 
Fag Blo rss: 165 i 185 
i 135 i 150 
ed 142 | 158 
107 | 120 
i 
272 | 306 
330 ; 370 
202 | 225 
a 223 i 247 
| 10 10 
E, 108 psi. 29.0 
E., 10° ps 





G, 108 psi, 





Physical properties: 
w, Ib/ins, 4 
C, Btu/(ib)(F). . 
K, Btuy{(hr) (ft?) (F),{t}.. 
a, 10S injin/F..... 








0.282. 
0.12 (32° to 212° F). 


8.4 (at 100° F); 11.7 (at 800° F). 
6.3 (70° to 212° F); 7.2 (70° to 932° F). 





« Test direction longitudinal for widths less than 9 in.; transverse for widths 9 in. and over. 
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Fig. B2.30 Effect of temperature on 
the compressive yield strength. (Fey) of 
AM-350 stainless steel (double-aged). 
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Fig. B2.31 Effect of temperature on 
the tensile and compressive modulus 
(E and Ec) of AM~350 stainless steel 
(double-aged). 
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Fig. B2.32 Effect of temperature on 
the ultimate tensile strength (Ftu) of 
AM-350 stainless steel (SCT). 
























































































































































































































































Pe Cant 6, oF thecan Temperature 





Per Cot Fy ot Roam lenperctne 









































Temeeroture,F 


fo 
Tamoercture,F 


Fig. B2.28 Effect of temperature on 
the ultimate tensile strength (Ftu) of 


AM-350 stainless steel (double-aged). 


Fig. B2.29 Effect of temperature on 
the tensile yield strength (Fty) of 


AM-350 stainless steel (double-aged). 
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Fig. B2.33 Effect of temperature on 
the tensile yield strength (Fry) of 
AM-350 stainless steel (SCT). 








MECHANICAL AND PHYSICAL PROPERTIES OF METALLIC MATERIALS FOR FLIGHT VEHICLE STRUCTURES 


AM-350 STAINLESS STEEL (Cont.} 
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Fig. B2.34 Effect of temperature on the tensile and 
compressive modulus (E and Ec) of AM-350 stainless 
steel (SCT). 
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Fig. B2.35 Effect of temperature on the bearing 
aoe (Fory) of AM~350 stainless steel 
(SCT). 
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Fig. B2.36 Effect of temperature on the compressive 
yield strength (Foy) of AM-350 stainless steel (SCT). 
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Fig. B2.37 Effect of temperature on the ultimate 
bearing strength (Fpyy) of AM-350 stainless steel 
(SCT), 
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Fig. B2.38 Effect of temperature on the ultimate 
Shear strength (Fgy) of AM-350 stainless steel 
(SCT). : 
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AISI 301 STAINLESS STEEL 


Table B2.6 Design Mechanical and Physical Properties of AISI 301 Stainless Steel 


































ANOY FSR MiSee cease toe AISI 301 « 
J 
OPM 5.2.6 bo06 odes aecads Plate °, sheet, and strip 
a PEAS ee ae ene ere ee 
Condition. . . Annealed | 34 hard 34 hard % hard | Full bard 
Basis s s 8 s s 
Mechanical properties: 
© Pew ksiz 
L.. 15 125 150 175 185 
75 125 150 175 185 
30 ee) 110 136 140 
30 1% 110 136 140 
35 43 58 7 85 
35 80 118 160 179 
40 67.5 80 95 100 
Frew ksi: 
WIDELY) ors eptslrarclagciapepipda tals tanlcaeliceeasawl aeertecet 
(e(/D=2.0) . 150 250 300 350 370 
Pory, ksi: 
(ef Dat 1B) cs 2 css | sibs 4 ociaa) wis Vawace plop enddhs fu epexe ec aaershe oak cee 
(e/D=2.0) 140 200 240 270 
¢, percent () (*) (*) (*) 
E, 10° psi: 

















Physical properties: 





a, Ib/iDs.. oes eeeey 0.286. 
C, Btu/(lb)(F)...... oe 0.108 (at 32° F). 
K, Btu/[(br) (ft?) (F)/ft]. 7.74 (at 32° F). 


a, 10~*in/in/F...... 9.2 (70° to 200° F). 





+ Properties for annealed condition also applicable to annealed AIST 
302, 303, 304, 321, and 47. 
= + Only annealed condition applicable to plate. 
* See table 2.8.1.2(b). 


Nots.—Yield strength, particulsrly in compression, and modulus of 
elasticity in the longitudinal direction may be raised appreciably by 
thermal stress-relieving treatment in the range 500° to 800° F. 
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AISI 3Ol STAINLESS STEEL (Cont.} 
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Fig. B2.39 Effect of temperature on 
the ultimate tensile strength (Fty) of 
AISI 301 (half-hard) stainless steel. 
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Fig. B2.40 Effect of temperature on 
the tensile yield strength (Fty} of 
AISI 301 (half~hard) stainless steel. 





Fig. B2.41 Effect of temperature on 
the compressive yield strength (Foy) 
of AISI 301 (half-hard) stainless steel. 
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Fig. B2.42 Effect of temperature on 
the ultimate shear strength (Fsu) of 
AISI 301 (half-hard) stainless steel. 
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Fig. B2.48 Effect of temperature on 
the compressive yield strength (Fey) 
of AIST 301 (full-hard) stainless stéel. 
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Fig. B2.44 Effect of temperature on 
the bearing yield strength (Fpry) of 
AISI 301 (half-hard) stainless steel. 
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Fig. B2.45 Effect of temperature on 
the tensile and compressive modulus 
(E and Eg) of AISI 301 (half-hard) 
stainless steel. 
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Fig. B2.46 Effect of temperature on 
the ultimate tensile strength (Fry) of 
AIST 301 (full-hard) stainiess steel. 
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Fig, B2.49 Effect of temperature on 
the wtimate shear strength (Fgy) of 
AISI 301 (full-hard) stainless steel. 








Fig. B2. 30 Effect of temperature on 
the ultimate bearing strength (Fpru) 
of AISI 301 (full-hard) stainless steel. 
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Fig. B2.51 Effect of temperature on 
the bearing yield strength (Fyry) of 
AISI 301 (full-hard) stainiess steel. 
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Fig. B2.43 Effect of temperature on 
the ultimate bearing. strength (Fru) 
of AISI 301 (halt-hard) stainless steel. 











Fig. B2.47 Effect of temperature on 
the tensile yieid strength (Fry) of AIST 
301 (full~hard) stainless steel. 
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Fig. B2.52 Effect of temperature on 
the tensile and compressive modulus 
(E and Ec) of AISI 301 (full-hard) 
Stainiess steel. 





ANALYSIS AND DESIGN OF FLIGHT VEHICLE STRUCTURES 


2014 ALUMINUM ALLOYS (SHEST 2 PLATS, EXTRUSIONS, FORGINGS) 


NOTES: 


Values in (A) columns are nininun Zuarantesd values. 


Yalues in (B)} 


column will be met or exceeded by SO percent of material supplied. 


Table B2.7 Design Mechanical and Physical Properties of 2014 Aluminum Alloy (Sheet and Plate) 


a SS 





2014 


















































Alloyiua 3g Menthoeet 
fa 
Form... Sheet and plate 
Condition... . -T6? 
1.501- } 2.001- | 3.001-* 
Thickness, in........... -| 0.020-0.039 | 0.040-0.499 | 0.500-1.000 | 1.001-1.500 | 2.000 3.000 4.000 
Basis........ A B A B A B A B a A A 
Mechanical properties: 
Pay kat 
Bes 65 67 68 il 68 70 67 63 65 63 59 
T 64 66 67 69 67 69 87 68 65 63 59 
ST. 58 54 
Fey, kst 
L. 58 60 60 62 60 62 59 62 59 57 55 
T. 57 59 59 61 59 61 59 62 59 37 55 
ST 53 51 
Prony ksi 
L 60 62 60 62 61 64 61 59 57 
Ha 61 63 61 63 61 4 61 59 st 
MUP eaueas eats oee ‘ de o 59 57 
Poy, ksi. at 42 4t 42 41 41 40 39 37 
Porn, kesi® 
(e/D 102 105 | 102) 105 101 102 93 89 83 
(e/D 129 133 129 133 127 129 124 129 112 
Proeyy bst® 
(e/D=1.5) 84 87 84 87 83 87 83 30 77 
(e/D =2.0). . 96 99 96 99 94 #9 94 91 
€, percent 
L. F 8 6 6 é 6 + 3 
T 1 6 : 8 - 6 4 3 2 1.5 
ST... - 2 i 1 : 
E, 10° psi. as os = 
Eq, 10# pst. 10.7, 
G, 108 psi 40 





Physical properties: 
a, Ib/in.t ...., 
C, Btu/(Ib)(F) : 
K, Btu/{(hr) (ft:)(F)/ft]. . 
a, 10¢in/in./Fo......... 





0.101 

0.23 (at 212°F) 
90 (at T7°F) 

12.5 (68° to 212°F) 


-eoOo hv 








B2,11 





















































4.0 




















B2,12 MECHANICAL AND PHYSICAL PROPERTIES OF METALLIC MATERIALS FOR FLIGHT VEHICLE STRUCTURES 
2014 ALUMINUM ALLOYS (SHEET & PLATE, EXTRUSIONS, FORGINGS) (Cont.) 
Table B2.8 Design Mechanical and Physical Properties of Clad 2014 Aluminum Alloy (Clad Sheet and Plate) 
Alloy. Clad 2014 
POPM bi.ciiathaes Cee iig ates Sheet and plate 
Condition... -T62 
Thickness,in................. 20.039 0.040-0.499 0.500-1.000 1,001-1.500 
Basis oi28 2 eee erent A B A B A B A B 
Mechanica! properties: 
Pru, ket 
Le... ey 87 65 67 64 65 
Tv. 63 66 64 66 64 65 
st... 
Pry ket 
Be itse5 56 60 58 60 57 60 
Teen’ 55 59 57 59 57 60 
ST.... 
Fey kst 
ee 56 60 58 60 59 62 
57 61 59 61 59 62 
Pow ket... 39 40 39 40 39 40 
Poe, ket 
(e/D#1.5)............ 96 101 98 101 96 98 
(e/D=2.0)......, 122 127 124 127 122 124 
Pony kat? 
{e/D=1.5).. 78 4 81 84 80 34 
(e/D =2.0) 90 96 93 96 91 96 
7 6 6 
7 6 4 
10.5 
10.7 
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2014 ALUMINUM ALLOYS (SHEET & PLATE, EXTRUSIONS, FORGINGS) (Cont.) 


Table B2.9 Design Mechanical and Physical Properties of 2014 Aluminum Alloy (Extrusions) 



















Alloy...... Ghetto deol ee 2014 
Form.... eta ded se Extruded rod, bar, and shapes 
Heat treated 
and aged 
by user 
Condition.................... -T6* -T62 
Cross-sectional area, in.t.....,. >25, 32] Up to 32 
Thickness, in.’ cov cees sss -10,125-0.499|0.500-0.74910.750-1.499] 1.500-2.999|3.000-4.499/ =0.750 | 0.125-4.499 
| a 
Basia eis cstinatelecedteans ose A B A B A B A A 
60! 61) 64 73 | 68 | 73 68 60 
60| 61) 64 63 | 58; 61 56 56 
53 57) 58 65; 60} 65 58 33 
53] 57] 55 55] 49] 53 47 47 
55] 59] 60 67 | 62] 67 53 
53) 56] 58 61] 57] 61 o 48 
35 | 35) 37 42 | 39; 42 39 35 
--| W@] 92] 96 95 | 88} 95 
(e/D =2.0)...........] 114 | 116 | 122 117 | 109 | 117 
Poy, eat 
(e/D=15)........... 74{ 80} 81 85 78) 85 
(e/D =2.0)........... 85; 91) 93 91} 8&4) 9b 
7 ue ib 7 7 
5 am 5 1 1 
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MECHANICAL AND PHYSICAL PROPERTIES OF METALLIC MATERIALS FOR FLIGHT VEHICLE STRUCTURES 
2014 ALUMINUM ALLOYS (SHEET & PLATE, EXTRUSIONS, FCROINGS) (Cont.)} 
Table B2.10 Design Mechanical and Physicai Properties of 2014 Aluminum Alloy (Forgings) 
Alloy 2014 
Die Hand forgings Hand forg-ngs 
Korm. forgings Length <3 times width | Length >3 times width 
t 
Condition....... -T4 -T6 
Thickness, in........... -.-. Z4 inches <6 inches 
> i6, >36, > 144, > 16, > 36, > 144, 
Cross-sectional area, in.! =16 36 = 144 <256 | <16 <36 <l44 S256 
Basis... .... A A A A A A A A A A 
Mechanicai properties: 
55 65 65 65 62 60 65 65 62 60 
52 62 63 63 59 58 63 63 59 58 
60 60 56 55 60 60 56 55 
30 55 55 53 33 52 55 53 53 52 
28 52 55 53 52 50 55 53 52 50 
55 53 52 50 55 53 52 50 
30 35 55 53 53 52 535, 53 53 52 
238 52 55 33 52 50 35 53 
4 | 39 | 4 | 40 | 383 | 37 | 40] 40 
(e/D=1.5)...... . Qt 91 87 84 91 91 87 84 
(e/D =2.0)............ 117 117 112 108 7 ny 112 108 
Pony, kst 
(e/D=1.8).. 000.000... 7 74 74 7 7 74 7. 73 
(e/D=2.0)............ 88 85 85 83 | 88 85 35 83 
€, percent 
i 7 10 9 7 5 10 9 7 5 
3 6 5 3 2 4 3 2.5 2 
a ate 3 2 1 I 2 2 1 1 
a 
10.5 
10.7 
4.0 
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EFFECT OF TEMPERATURE ON 2014 ALUMINUM ALLOYS 
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Fig. B2,53 Effect of temperature on the ultimate strength (Fty) of 2014-T6 aluminum alloy (bare and clad sheet 0. 020-0, 039 
in. thick; bare and clad plate 1. 501-4. 000 in. thick; rolled bar, rod and shapes; hand and die forgings; extruded bar, rod and 
shapes 0. 125-0. 749 in. thick with cross-sectional area = 25 sq. in.). 
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Fig, 62.54 Effect of temperature on the tensile yield strength (Fty) of 2014-T6 aluminum alloy (bare and clad plate 
3.001-4. 000 in. thick: rolled bar, rod and shapes; hand and die forgings; extruded bar, rod and shapes 0. 125-0. 499 


in. 


thick with cross-sectional area = 25 sq. in.). 





Bl. 16 
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EFFECT OF TEMPERATURE ON 2014 ALUMINUM ALLOYS (Cont.) 
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Fig. 52.55 Effect of temperature on 
the compressive yield strength (Fey) 
of 2014-T6 aluminum alloy (all 
products except thick extrusions). 


‘Swengin wt lemeererore 
Expowure 09 16 10006 
Nat evetcnoly te eesans 
im to 73 tne 


Fe Cant Fy, a Room Tecperetcs 


oe mo 0 00 ed TOO 80D 
Tempwrature, 


Fig. B2.56 Effect of temperature on 
the ultimate shear strength (Fy) of 
2014-T6 aluminum alloy (all products 
except thick extrusions. 
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Fig. B2.57 Effect of temperature on 
the ultimate bearing strength (Fpru) 
of 2014-T6 aluminum alioy (all 
products except thick extrusions). 






























































Fig. B2.58 Effect of temperature on 
the bearing yield strength (Fpry) of 
2014-T6 aluminum alloy (all products 
except thick extrusions), 
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Fig. 32.59 Effect of temperature on 
the tensile and compressive modulus 

({E and Eg) of 2014 and 2017 aluminum 
alloys. 
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2024 ALUMINUM ALLOY (BARE SHEET & PLATE, EXTRUSIONS, BAR, ROD & WIRE) 


Table B2.11 Design Mechanical and Physical Properties of 2024 Aluminum Alloy (Sheet and Plate) 


































































Coiled sheet 
Heat treated 
Condition. Hest treated by usert Heat treated® and rolled Heat treated 
-Ta2 -TS =T4 -T38 -T4 
0.501-/ 1.001-|2.001-|"0.010— 0.250- | 0.501- | 1.001) 2.001- 
‘Thickness (in.}................ <0.250 | 0.500 | 1.000 | 2. 3.000 | 0.249 | 0.500} 1.000 | 2.000 | 3.000 | 9.020-0.500 | 0.012-0.128 
Basis... a A|_A BlalSials a B A B 
Mechanical properties 
Pray ket 
Dee snivaaien 82 sz! 80] 56 67 | 83 | 68 | a1 | 64 7 72 62 86 
Dis 62 62] 60} 56 66 | 62 | 67 | 60 | 63 69 1 62 68 
Fiyy ke 
40 38] 38] 38 49 | 44 | 48 | a2 | 46 60 62 40 41 
40 38} 38} 38 43 | 40 | 44 | 40 | 44 $2 “4 40 a 
40 38 | 38) 38 41 | 38 | 42 | 38 | 42 9 SL 40 41 
40 38] 38} 38 46 | 43 | 47 | 42 | 46 56 58 40 41 
37 37} 36 | 3 41 | 38 | 41 | 36 | 38 43 4 37 40 
1 
(e/D=1.5) 93 oa] 90) 3 98 |101 | 95 f102 | 92 | 96 105 | 108 93 9 
(e/D = 2.0) ns 1 118 | 14] 106 124 [127 [120 [129 {116 [122 133 | 137 } 118 | 126 
Piry bei? 
(e/D= is)... 56 33) 83] 83 84 | 69 | 62! 67 | 60 | 66 4 88 56 37 
(e/D = 2.0) a4 6tj a1{ 61 82 {74 | 78 | 70 | 77 | 68 | 7: 96 | 100 4 66 
¢, percent 
Fe nti 6 12 al 4 12 8 id) 4 i oO 
B, 10* pei. 10.5 
Ee, 10° pat. 10.7 
G, 10° pai. 40 














ANALYSIS AND DESIGN OF FLIGHT VEHICLE STRUCTURES 


2024 ALUMINUM ALLOY (BARE SHEET & PLATE, EXTRUSIONS, BAR, ROD & WIRE) (Cont. 


Table B2.12 Design Mechanical and Physical Properties of 2024 Aluminum Alloy (Extrusions) 


Moy se Rate ctewbtnelewnass 2024 




























Heat Heat 
treated treated 
Heat treated by user® cold 
worked 
and aged 
Condition.........-..++00+- -T4e -T42 ~T8L 
Thickness, in.........--..-- 0:050— 0.250- | 0.500- | 0.750- | 1.500—- | 3.000= [Al thick-} =0.250 
0.249 0.499 0.749 1.499 2.999 ness 
Cross-sectional area, in.?..... 25 $25, +32 =32 
Basia. er cisecie gies icctaas A;BI/A|B B/A|B A A 
61 | 60 | 62 74.| 70 | 74 57 64 
61 | 60 | 62 57 | 50) 53 50 Joes eee 
47 | 44.) 47 54 | 52 | 54 38 58 
46 | 43 | 46 41 | 36 | 39 86.) ence sine 
41 | 39 | 42 52 | 507) 52 
41 | 39 | 42 44 | 42 | 44 
32 | 32 | 33 40} 38 | 40 
Fore, kat 
(e/D= 1.5)... ..{ 85 | 91 | 85) 91 91 | 85 | 91 85 |.. 
(e/D=2.0)... {108 [114 ;108 [114 114 |108 }114 108 
Poe, kest 
(e/D=1.5)... 59 | 66 | 60 | 66 66 | 62 | 66 53 
(e/D=2.0)... 67 | 75 | 69 | 7 75 | 73 | 75 61 
e, percent 
































Extruded bars, rods, and shapes 
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2024 ALUMINUM ALLOY (BARE SHEST 2 PLATS, SXTRUSIONS, BAR, ROD & WIRE} (Cont.) 


Table B2.13 Design Mechanical and Physical Properties of 2024 Aluminum Alloy (Bar, Rod, and Wire); 
Rolled, Drawn or Coid Finished; Rolled Tubing 






































































































Alloy. iva a sa eetines Hen 2024 
FORM: vise tints Sete ba | Bar, rod and wire; roiled, drawn or cold-finished | Tubing 
| 
| ; Heat | Heat 
| | treated | treated 
Condition............ er -T4 or -T351 | Heat treated| by cold 
i | user* { worked 
| | jand aged 
: 
Cross-sectional area, in... .. =36 -T3 | -T42 ! -T81 
| | i 1 i i i 
Thickness, in........ aA Up to/| 1.001-! 2.001- 3.001— 4.001-! 5.001~! 6.001-:0.018 to 9,500} 0.018- ° 
' 1.000 | 2.000 | 3.000 | 4.000 . 5.0002! 6.0002! 6.5000 , 0.500 
—— : 
Basis... 00. eee eeeees alalalajalalalal|.s ja of oa 
ea A i Pee 4 | / ; | ‘ 
1 | i i | i 
} | i 
Mechanical properties: ! { | | | 
Fos, ksi ~ | i | | ' 
Buc 625 62 62 62 | 62 62 62| 64! 70! 62 68 
61; 59 7 | 55) 54 52 | s[seoee, jo edisisna cla gies estes 
| 
-~| | ! 
40; 4 40 40} 40 40 | 40, 42 46 j 40: 60 
40; 39) 38) 37) | 36 nike ea edo hehe 
| 
32 32 32 | 42 46! 40 eer 
he Sessa lt Hale gad ecseaay aad) Ppa atandea teed coat 
a7| a7 37 | 39, 42! 39! 
: i i 
93| 93} 93! 93 105! 96 |. 
-O)eeveeevee 118] 11a! 128 118; 133 122 |... 
Pore ksi j | 
(e/D= {| 56} 56) 56 59! 64 56 | 
(e/D=2. | 64) 64] be 671 74 BAS [oie ance 
e, percent 
L.. 10+ 1; 10 104) c.23:4 weve eee le sees 
T.. wor 8| 6] 4] 2] ah : Seif 
E, 10¢ psi 10.5 
E., 10° p: : 10.7 
Ge LO pat es cece cies Saisie) 4.0 
| 
Physical properti 
w, Ibfins.. mueeiet| 0.100 
C, Bea/(Ib)(F). 0.0.2. 0.23 (at 212° F) 
K, Btur{(hr) ({t?)(F)/ft]. 70 (at 77° F) « 





@, 10“ininj/F oo... i 12.6 (68° to 212° F) 





‘Table B2.24 Design Mechanical and Physical Properties of Clad 2024 Aluminum Alloy (Sheet, Plate, and Coiled Sheet) 

























































































































Alloy Clad 2024 
Form Sheet and plate Coiled sheet Sheet and plato 
on Test |~ : 
Tfeat treated Heat treated « Vieat treated by user * Heat (seated | Meat treated, cold worked, und aged 
und rolled : tevated and 
axed 
= - = > 
Condition... ~136 ~T4 ~T42 :T4 -To | ~ra -T86 z 
0.010-| 0.063-] 0.020-1 9,003- 0.250- {0.500- [1.001- [2.001- fo.du8- | 0.062 [o. 280-[o, su0-|1. 001-2. 60%-10.010- Ju.063- |0. 010-{0.003-].<0.06310.020- |0.063- |0.250- ~ 
Thickness, in... 0.082 | 0, 0.490 | 0.500 0.400 | 1.000" 1 2.000¢ fs.000+ | 0.062 | 0.249 ]0. 400 [t. 000-12, 000¢13. 000-Jo.062 fo.128 Jo. 062 {0.249 ]20.065) 0.002 | 0. 240] 0.490 | 0.500" gg c 
Width, tn... <a | 248 5 a 
a 7 — 
Dass Alolajufa(nfalefafnfalufalplaluatufala A} al Aad a jafplaln A A fa[ulalnlalulale oes 
Mechnnteat propertios 8 z 
Fa, kal e6 
“L ful) 62) aS] AIS) Ga] OOP G7] Ge) 7] 6a) 5] G1] 65] Su 62) Mi) 54) 6] cal ‘Sa 54] 54] 64} 61) G3) 60 62) 64) 67) 67) Gy 6 70 ad 
v Soy tity tia) ai] G2] 5] Ga) ON) Ge] G2) GH Gut Git SH] Gi] Saf 57] 56] Sy) 62] fal Sat ‘S4) Su] GI Gt) 64] BF 62) 62] 65) 66] 4%] my 6a} 70 Cc o 
Bays hot 3 19] 
L asf az] sey ar] sof sf ss} Gaaf ef ed ac] ax] 42] a6) anf ay sil 35 ssf as} 6 aa] ant auf 42] 40} 57} ou] al as] or] ov) a3) cof 6x] os = ES]! 
v sold ant ad as] sal salsa] sal se] au) 42f aad aad say a2] gk) 42] 34] 5] as} eg anf as} sao] az] aut Sa} Sal iz] au) 66] ssf 65] 6] aa] 65 4 ie 
Fey, bai % 
‘4 Mc} aul asp tol a6 anf tn any dy] at] as} an] 36] a0] oF 40] 3a] a9) ae} go} RO) A) a) Gu 65 z 
v sq cof talc) gif Saf 5a] sf Bah sal 4a] 45) 44] 45] a0) a4} st] 35) ce aM wt anf 42] 401 $5] 52] 65) 7] ou] 71] 6a oy] i] ow fH JO 
Fee, kal as auf oo) a ant aa) aad dad aad ae} aa} aay arf go ay] as} aay Re in 
Ais 
ry 
(Dyes wt ty wufrarfaeaticn/ pert 95) sy O2F va wut gal. ff Bal wr] vat wt BaP RAY M7} 92) 92F VS] — guf —-U3) YOf OO} LOK] LOuTA6] FOUT HOS] 106) NAS] LOS, a [c 
(Dia ty feu) and atv 26] zz] ean |earfagifeaofizatsvofezeducalead.. J. .roa}itol sea) aval ano] soafeanferefincfezal ves} nfean/.27{.2ifiaifasaftsofraafaaaliaafisa a | 
Aait 
ie : y 
(1D). sof ef af wef wl wal Gay Gu} 507 aa] sof 2} |. | an au} si] sof sof suf sal af suf sol oo] n] raf sl ax] val oa) ve} un) wot wal on e 
(e' Dh 20, way U3} ds] a] 5] Yor 74] aH} Oz] 74] Gt] 7a 5H Sti Gi) SH SKY SHH SUF GH G1] BAF -75f HL Ua 5] HON] Lonfadnr} td] toa] Keni] Loz} 104 ~ 
4. Descent gle 
+ te] rel |e of fio} fay a. fee) af. fle up Bw afte]. | 15} ee 4 af] al tes 
E, 108 pst a a a nt 
wa 105 ui is 
‘ < a |e 
Ree wo uw ws Md vs Wb US 10 MS] MLO 9 5) Sp OS wh a iol 
«WH pad ba 1 ea 
va Wn & hel 
4, a ‘ = F 4 iy JA " a |2 
Bee. wt fame | os w.2 7 10.2 ot | ing |os fm fad ey a7 10.2 Fe ct 
2 Fl fa 
G2, We pai ooja 
~ a 
Vhysteal properties: ia 
ww, Wf 0.10 0.100 ta 
©, tu/(18) (8) 0.24 (ut 212° F) 0.23 (at 212° F) a 
A, Bral(ney (tt CF] 70 (at 77°F) 86 (at 77° F) 
10 Anse 12.6 (69° to 212° F) 12.6 (68° Wo 212° F) 
* For the stress retieved temper-T351 (ulate only), all valucs (dF the ~T4 temper apply with the fousmiued as u round Lest speelinen is requited for testing, “Phe values given here for thickwss 0.500 
exception of Fey which inay be somewhat lower. inch and greater have been adjustest 10 represent the ayetage propertles across the whole seetion, 
*"Heut treated by user” refers fo alk materin) solution heat treated hy Ute user regardless of the including the cladding, 
Velor temper of the material, @ Sev Tabl 1 


*ApectBeation mintmams for clat material 0.500 (ach (ifck and beavier are for the cate matertal, ® The clongution values for Uhyse colaminx are fount In Pable 3.2.3.0 (0). 
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MECHANICAL AND PHYSICAL PROPERTIES OF METALLIC MATERIALS FOR FLIGHT VEHICLE STRUCTURES 


EFFECT OF TEMPERATURE ON 2024 ALUMINUM ALLOYS 
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Fig. 52.60 Effect of temperature on 
the ultimate tensile strength (Ftu) of 
2024-T3 and 2024-T4 aluminum alloy 
(all products except extrusions). 
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Fig. B2.61 Effect of temperature on 

the ultimate tensile strength (Fy) of 

2024-T3 and 2024~T4 aluminum alloy 

(extrusions). 
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Fig. B2,62 Effect of temperature on 
the tensile yield strength (Fty) of 
2024-T3 and 2024-T4 aluminum alloy 
(all products except extrusions), 
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Fig. B2.63 Effect of temperature on 
the tensile yield strength (Fty) of 
2024-T3 and 2024-T4 aluminum alloy 
(extrusions). 
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Fig. B2.64 Effect of exposure at 
elevated temperatures on the room- 
temperature ultimate tensile strength 
(Fey) of 2024-T3 and 2024-T4 aluminum 
alloy (all products except thick 
extrusions). 
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Fig. B2.65 Effect of temperature on 
the compressive yteld strength (Fry) 
of clad 2024-T3 and clad 2024-T4 
aluminum alloy (sheet). 





Fig. B2.66 Effect of exposure at 
elevated temperatures on the room- 
temperature tensile yield strength 
{Fty) of 2024-T3 and 2024-T4 
aluminum alloy (all products except 
thick extrusions}. 
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Fig. B2.67 Effect of temperature on 
the ultimate shear strength (F sy) of 
clad 2024-T3 and clad 2024-T4 
aluminum alloy (sheet). 
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Fig. B2.68 Effect of temperature on 
the ultimate bearing strength (Fbru) 
of clad 2024-T3 and clad 2024-T4 
aluminum alloy (sheet). 
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Fig. B2.69 Effect of temperature on 
the bearing yield strength (Fpry) of 
clad 2024-T3 and clas 2024-T4 
aluminum alloy (sheet). 
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Fig. B2,70 Effect of temperature on 
the tensile and compressive modulus 
(E and Ec) of 2024 aiuminum alloy. 





Pig. B2.71 Effect of temperature on 
the elongation of 2024-T3 and 2024-T4 
aluminum alloy (all products except 
thick extrusions). 





Table 62,15 Design Mechanical and Physical Properties of 7075 Aluminum Alloy (Sheet and Plate) 
























































Alloy...... 7075 
PS Ronnies iat yigtex casa ek Sheet and plate 
Condilion,......... ‘ewesiiebe -T6* 
Thickneps, in. 0.015-0.039 | 0.040-0.249 | 0.250-0.500 | 0.501-1.000 | 1.001-2.000 | 2.001-2.500 | 2.501-3.000 | 3.001-3.500 | 3.501-4.000 > 
Basis. 0.0.0... ; A B A B A B A B A B A B A B A A is 
Mechanical properties: Ir 
Pra, ksi re 
76); 7{ 7! 2] 77] 7] 7] 827 7] so] 73] 7] ol 72 68 66 a 
71 7] ai] 7] 77} mw] 77] 807 77] 7] 73) 7] 70} 72 68 6a gk 
67} 60] a4] 66 64 62 a Pp 
e id 
oo} 69] 67] 70]; 67} a] 69] 72} oa] m1] e2f 65{ bo] 62 58 56 g Ly 
65] 68] 66] co} 66] 68] a6{ 69} 66] oo} 62] 65] Go] 62 58 56 Bois 
61| 63] 59| 60 56 4 3 a 
a 
67| 7} 68] 7} oo] 7) eo} 72} 68] mm] 65] 67] 63] 65 62 60 ES 2 
7| 73] zm] {| oo] ma] eo} 72] 68} mm] 65] 67] 63] 65 62 60 Elo 
seel| | Rl eth ae pe! € ks fo syf o.oo} 6] 68) 62] as 62 60 ee 
46) 47) 46) 47] 46] 47{ 47] a0] get 47] 43] 451 42] 43 40 39 g rs 
M4} U7; WEF 119 ]- 108] w0f m0] 1157 109] 112] 102] 105} 98] tor 95 04 e 
M4} 48] 46] 160] 230] 142] 142] 147] 140] B44] 131) 135] 126] 130 122 no s 
eC 
(e/D=1.8) 000... 92] 07] 94) 98} 87] 90] GO} O48] B87 op] sit 84] 78] B81 15 a 5 
(e/D=29). 0.0.0... 106} 110} 107] 1:2] 100} 104] 104] 108] 102] 106] 93] 97] 90] 93 87 84 a 
¢, percent 3 
7 8 8 6 5 5 5 5 # 4 
Picks 7 8 8 6 4 3 3 ; 3 2 ee 
ST... oe ia 1 1 i 1 y 
E, 10" psi. 10.3 5 
E., 10° pai. 10.5 4 
G,NO* psi. eee 3.0 
Physica! propertie: 
o, Ib/in....... : 0.101 
C, Btu/(Ib)(P). . «, 0,23 (at 212°F) 
K, Buu/{(br)(ft+)(F) sft}... 76 (at 77°F) 
a, 10-*in./in /F......... 12.9 (68° to 212°F) 
@ For the stress relleved temper -T651, all values for the ~T6 temper apply with 2.001-2.500 L ez 
the azcoption of Fey. Applicable Fey values are aa follows: 2.501-8.000 L « 
Thicknese (in) Direction of teat Foy {A velues} bBea Table 8.11.11. 


0.260-3.000 L “ 
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8 
_ Table B2.16 Design Mechanical and Physical Properties of Clad 7075 Aluminum Alloy (Sheet and Ptate) 

x 
by 
9 
Clad 7075 E 
Sheet and plate a 
—T62 » 
0.015- 0.040- 0.063- 0.188- 0.250- 0.500- 1.001-— 2.001— 2.601- | 3.001- | 3.501- & 

0.039 0.062 0.187 0.249 0.499 1.000¢ 2.000¢ 2,600" 3,000° _| 3.500° | 4.000% 
A{BTLA}B]aAtTB/AyBTAT]BlAyTB] A] BlaAYTB|A)B A A a ly 
Mechanical propertie 3 2 
Poy BB ee 7) 73) 72) 74) 73] 75] 75 | 77] 78{ 77] 77] 70] 7] 78) 71] 73] 68| 70] 66 64 » 16 
Poceeceecee fT} 3) 72) a4] 73] 75] 75] 77] 75) 77 | 781 77] 75] 77] 711 73} 68} 701 66 64 Gok 
sv : Sail aaek veel Cadill GeMb ase Poti p te I casbe ee odo] od.) oz] 60] 64} 66] os 62 lng 
Fy, ksi—L 61] 64] 63] 65] 64] 66] 65] 67} 65] 67] 66] 68| o6| oo | 6o} 62| 58| 60] 56 54 3 
Mos sors [ 60] 63] 62) 647 63] 65] 64] 66 | 64] Go| 64} oo] 64] 67 | co] 62] 58] 60] 56 54 : 9 
ST... fl toll] ecbeet i ool S|! coe adpcaee | sesllhg .{o..fo..f.. 4} er] 63] 59} co] 56 54 tg 
Fey ketm-Ls sss... J 62) 65] 64] 66] 65] 67] 66] 68{ 63] 60] 66 { co| oo] 69| a2] ot} or! 62] 80 58 ts A 
Pevsieccccsses J G4] 67] 66] 68] 67{ 69] 68] 70} 66] oo} 66} 69 | oo] 6o| o2] 64] ot! 621 60 58 la 
BL pe cues cP Poe be Poe Poe PoP ed pop oop ub Jo.) oa] ob] 2] oa] oz 60 @ 12 
, Fay Rae 42) 44) 43) a4] aa} 45] 45] 46] 415] 46] 46] 47] 45) 46] 42] 43] 40] 41] 30 38 2 x 
! Por kai—-(e/D = 1.5). 105 | 110 | 108 | dL | 110 | 112 | 412 | 146 | 205 | 108 | 108 | 111 | 106 | 109 | 99] 102] 95} 08 | 92 90 o 18 
| (e/D =2.0)., 133 | 139 ] 137 | 14a | 139 | 142 | 142 | tae | 135 | 139 | 139 | 142 J 137 | 140 | 128 | 131 | 122 | 126 | 119 | 115 o 
Fory ksi®—(e/D = 1.5). ‘| 857 90) 88) 91] 00] 92) 91] 94]; 81} 87] 85] 8s{ so} 90] 78] 81} 75} 78| 73 70 est 
(e/D=2.0)........} 98 | 102 | tot | 104 | 102 | 106 | 104 | 107 | 98} 100] 99] 102] 991104] 90] 03] 871 90| 84 81 ola 
e,pereentL cf 7 8 8 8 8 6 5 5 5 5 |, 2 ig 
Peed gidetaa| A. 8} ..] g[. 8 8 6] ..} af 0.7 Bf 7d af .. 3 2 i |} 
ST cce saa see ef el ce) 3 = eu Saaen ; etd oh [base uf.. 1 : 1 2 fy fst 
B,10¢ pt Pri. & 5 
Sec 10.8 10.3 W.3 y ad 
SR 0.5 0.8 10.0 a? 
E, 10 psi—Pri.. : ‘ ; Be Yong 
Gee oe : 10.5 10.5 10.5 a 8 
G, 10 psi Meee sat Ane 9.7 10.0 10.2 a ny 
Physical properties: g 5 
w, Ibn 0.101 cL 
©, Buu/UIb)\UP). 0.23 (at 212°") ONG 
K, eof tence/ey 76 (at 77°P) Bi 
a, 10-¢in./in./F 12.0 (68° to 212°R) I 
oe 
For the stress relieved temper —T663, all valucy for the -T6 teraper apply with the b These values except in the ST direction have been adjusted to include the Jnflugnce ti 
exception of Fey. Applicable Fey values are ua follows: of the 1 1/2% per side nominal cladding thickness. wy 
Thickness (in.) Direction of teat Fey (A values) ¢ See Table 8.1.1.1.1. qd 
0.260- 0.499 L 62 e 
0.600-2.000 L 64 cy 
2.001-2.500 L 40 a 
2.601-3.000 L 6a my 
ty 
a 











Alloy... 
Form. 
Conaftion.. 


Cross: 


Table 


B2.17 Design Mechanical and Physical Properties of 7075 Aluminum Alloy (£xtrusions) 


x 


<20 


0.500:0.749 





Extrusions (rod, bi 
—Téa 


1600-2.909_ 


and shapes) 


S20 
3.000-4,499 


>20, <32 


|) 82 
4.500-5.0 


































































































A B A B A B A B A B 
78 82 81 85 8) 85 81 85 81 85 8l 84 78 $1 78 81 
7 78 77 79 73 75 72 4 66 68 62 64 62 64 60 62 
70 74, 73 717 72 16 72 mH 72 76 7 74 70 73 68 7 
G4 67 66 68 63 66 62 o4 56 58 a4 56 54 56 53 55 
WN 75 74 78 73 7 72 7 72 75 72 15 68 72 
7 75 7a 78 73 7 72 75 69 72 65 OB]... dof. aia AREA 
43 45 45 47 45 47 45 47 45 47 45 46 43 44 43, 44 
108 107 07 102 97 102 97 102 oF 402 v7 101 Of 97 o4 O7 
125 131 430 136 130 136 130 136 130 136 122 126 Wz 125 7 125 
Bory, Ast 
(ef on 96 80 85 mM 84 79 84 79 84 78 8L 77 80 75 78 
(e/ D = 2.4) 98 104 102 108 101 106 101 106 101 106 92 96 gl 05 88 92 
é, percent 
Lets 7 8 7 8 7 8 7 8 7 8 7 8 6 6 
T 2 ee Bo fenivee 4 e 3]. WF |Reicns2 1 1 1 
B, 108 psi 
de, (08 pst. 
G, 18 psi. _ a 
Phy: properti 
ow, Ibfinds oe. 0101 
CG, Buu/Ab)(F)... 0.23 (at 212°) 
K, Bruf{(ir) 8) (F 76 (ut 77° P) 
a, infin{h. oo... 12.9 (68° to 212°F) 
* For the stress relleved tompers -16510 and -'T6511, all vahies for the ~'T6 temper apply, with Thickness tin.) Area (4g. in.) Direction of Teat Fy, (A oalues) 
dby exception of Keg. Applicable Fe, values are Hsted below: 1,62.) <2 L Ww 
Thickness (in.) Area (ag. bt.) Directhan of teat Fay (A vatuea) 9.000-4.490 Kaz L 45 
zhu 20 h Pn 4.500-5.000 32 L Os, 
0,250 0.749 <2 L a + For extrusions with outstanding legs, the load carrying ability of such tegs shall be determined 
0750-1490 S20 L a ‘on the busis of the properties of the appropriate colurun correspouding Lo the leg thickness. 


(SuIn. ‘GOH “MVE ‘SONTOYOA ‘SNOISMHLXE) AOTIV WNNIWNTY S20Z 
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MECHANICAL AND PHYSICAL PROPERTIES OF METALLIC MATERIALS FOR FLIGHT VEHICLE STRUCTURES 


7075 ALUMINUM ALLOY (EXTRUSIONS, FORGINGS, BAR, ROD, WIRE) (Cont.} 


Table B2.18 Design Mechanical and Physical Properties of 7078 Aluminum Alloy 
(Hand Forgings and Die Forgings) 





Crose-sectional area, in.?... 


Basis 


Mechanical properties: 
Pru, kat 


(e/D=1.5). . 

(e/D =2.0).. 
Prey, kat 

(¢/D=1.5).. 

(e/D =2.0).. 
¢, percent 














Ee, 10° pat 
G, 10° pai. 





















































7078 
Hand-forged stock, length Hand-forged stock, length Die 
<3 times width >3 times width forgings 
-T6? ~T6 
16 >16, $36 | >36, Z144 <16 >16, 236 | >36, 144 
A A A A a A A 
75 73 71 75 73 71 75 
78 71 69 73 71 69 71 
72 68 66 70 68 66 
& 61 80 63 60 59 65 
63 60 58 6i 59 57 62 
63 60 58 61 59 57 
6 61 60 63 60 59 85 
63 80 58 61 59 57 58 
45 4 43 45 4 43 45 
97 95 a5 97 95 85 
135 124 4 135 124 114 
79 78 88 78 T 
96 91 9 94 90 88 
9 7 4 a 7 4 t. 
tae 4 3 2 4 3 2 3 
aes 2 2 1 2 2 t ‘ 
|e ee 
: 10.3 
10.5 
3.9 





ANALYSIS AND DESIGN OF FLIGHT VEHICLE STRUCTURES Ba, 25 
7075 ALUMINUM ALLOY (EXTRUSIONS, FORGINGS, BAR, ROD, WIRE) (Cont.) 


Table B2.19 Design Mechanicai and Physical Properties of 1075 Aluminum Alloy 
(Bar, Rod, Wire and Shapes; Rolled, Drawn or Cold- Finished) 














ANOY),os-tedeiess coed 1075 
POPs 22d sori cseces Bar, rod, wire and shapes, rolled, drawn or cold-finished 
Condition............4 —T6 or —T651 
a Thickness, in......... Up to | 1.001 | 2.001 3.001 
1.000¢ ; 2.000¢ 3.000 + 4.000 + 
Basignss wees anaes A A A A 


























17 7 17 7 
qT 75 72 69 
66 66 66 66 
66 66 63 60 
64, 64 
nahi ecm? 
(e(D= 1.)...- 100 100 100 100 
(e/D=2.0).... 123 123 123 123 
Frey, kit 
(e¢/D=1.5).... ; 86 86 86 86 
(e/D=2,0).... 92 92 92 92 
¢, percent: 
ate 47 7 7 T 
LT.. 4 3 2 1 
E, 10° psi........ 4 10.3 
E., 10° psi 10.5 
G, 108 psi....... 3.9 














B2.26 MECHANICAL AND PHYSICAL PROPERTIES OF METALLIC MATERIALS FOR FLIGHT VEHICLE STRUCTURES 


EFFECT OF TEMPERATURE ON 7075 ALUMINUM 


Pe Cant Fy, a Room Temperate 








Fig. B2.72 Effect of temperature on 
the ultimate tensile strength (Fty) of 
7075-T6 aluminum alloy (ail products) 





Teroerctare, 


Fig. B2.73 Effect of temperature on 
the tensile yield strength (Fty) of 


7075-T6 aluminum alloy (all products). 
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Fig. B2.74 Effect of exposure at 
elevated temperatures on the room- 
temperature ultimate tensile strength 
({Ftu) of 7075-T6 aluminum alloy (all 
products). 
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Fig. B2.75 Effect of exposure at 
elevated temperatures on the room- 
temperature tensile yield strength 
(Fty) of 7075-T6 aluminum alloy 
{all products). 








Fig. B2.76 Effect of temperature on 
the compressive yield strength (Fey) 


of 7075-T6 aluminum alloy (ail products). 
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Fig, B2.79 Effect of temperature on 
the bearing yield strength (Fpry) of 
7075-T6 aluminum alloy (ail products). 
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Fig. B2.80 Effect of temperature on 
the tensile and compressive modulus 
(E and Ec) of 7075-T6 aluminum alloy. 























Fig. B2.77 Effect of temperature on 
the ultimate shear strength (Fsy) of 
7075-T6 aluminum alloy (all products). 
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Fig. B2.78 Effect of temperature on 
the ultimate bearing strength (Fbru) 


of 7075-T6 aluminum alloy (all preducts). 








Fig. B2.81 Effect of exposure at 
elevated temperatures on the elongation 
of 7075-T6 aluminum alloy (all products 
except thick extrusions). 
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Table B2.20 Design Mechanical and Physical Properties of AZ31B Magnesium Alloy (Sheet and Plate) 














Alloy cdesociie eed eantionaiital AZ31B 

POTN 5.8 pj as BNE eal inact. Sheet and plate 

Condition. ...............-- 05 ~O ~H24 ~H26 

Thicknesa (in.).......6.02 00005 0.016- | 0.061- | 0.250-|0.501-| 0.026- | 0.250-| 0.375-| 0.601-| 1.001-| 0.250-| 0.375] 0.439-| 0.501—| 0.751-/ 1.001-] 1.501~ 


0.060 0.249 | 0.500 | 2.000] 0.248 | 0.374 | 0.500 | 1.000 | 2.000 | 0.374 | 0.438 | 0.500 | 0.750 | 1.000 | 1.500 | 2.000 





Basle isch neta cae.s eaelen A|BIA|B ASB 


Fy, ket. 
Disc 


32 | 36 | 32 | 36 32 | 30 39 | 40 38 37 36 34 39 38 38 37 37 35 35 





















Fou, kai. 
(e/D=1.5).. 60 | 62 | 50} 62 58 | 60 56 Gao... pee. 58 56 SG fee Pee fee pees 
J {e/D=2.0)., 60 | 61 | 60 | 61 68 | 70 65 63]... fee 68 65 BB Pie ater een trate | aeagiet 
Pory, kei. a. 
(e/D = 1.5) 29 | 30 | 29} 31 a7]... 43 | 44 38 B4 [fee 40 39 36 j.. 
(e/D=2.0).. 29 | 30 | 29] 31 a7 ye... 43) 44] °38 Bf... fee 40 39 36 
¢, percent 
6) 8 8 8 8 8 6 6 6 6 6 6 6 
weve 8 10 10 10 10 8 8 8 8 8 8 8 
E, 10° ps 6.5 
H,, 10% pat. 6.5 
G, 10° pai. 24 
0.0639 






GC, BTU/(b)(F). .. 0.25 (at 78° F)« 
K, BTU/(bn (tt) (F)fft.. 66 (212 to 572° F) 
a, 10% infinJP........ 6. 14 (85 to 212° F) 











« Estimated. + Transverse Fey allowables ace oquat to or greater than the bongitudiaal P4, ellowables. 


we & 
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AZ313 MAGNESIUM ALLOY (SHEET & PLATE) (Cont.) 
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Fig. B2.82 Typical stress-strain and tangent-modulus 
curves for AZ31B-O magnesium alloy at room 
temperature (longitudinal). 
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Fig. B2.83 Effect of temperature on the ultimate 
tensile strength (Ft) of AZ31B-H24 magnesium alloy. 
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Fig. BZ. 84 Effect of temperature on the tensile yield 
strength (Fty) of AZ31B-H24 magnesium alloy. 
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Fig. B2.85 Effect of temperature on the compressive 
yield strength (Foy) of AZ31B-H24 magnesium alloy. 
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Fig. B2.86 Effect of temperature on the ultimate shear 
Strength (Fgy) of AZ31B-H24 magnesium alloy. 
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Fig. B2.87 Effect of temperature on the ultimate bear- 
ing strength (Fpyy) of AZ31B-H24 magnesium alloy. 
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Fig. B2. 88 Effect of temperature on the bearing yield 
strength (Fory) of AZ31B-H24 magnesium alloy. 








Fig. B2.89 Typical stress-strain and tangent-modulus 
curves for AZ31B-H24 magnesium alloy at room 
temperature. 


Table B2.2! Design Mechanical and Physical Properties of HK3tA Magnesium Alloy (Sheet, Plate and Sand Castings) 




























































BUOY ordi acin nis HERE POS Se HK31A 
Porting et rhe verse mae ay! Sheet « and plate « Sand 
castings * 
Condition -0 -H24 
Thickness, in. 2.2.06 0.6.02 eee ee 0.016~ 0.261- | 0.501- | 1.001- 0.016~ 0.126— 0.261~ | 0. 
0.250 0.500 1.000 3.000 0.125 0.250 0.500 1.000 | 2.000 | 3.000 ].......... 
Bosley y.55 Ceaneteod dr ea eas A B A B A B 
Mechanical properties: 
Fry, kat... 30 32 30 30 29 34 36 34 35 34 27 
Fy, kai 18 19 16 16 14 26 28 23 24 2. 13 
Fy, ksi 12 13 10 10 10 20 21 19 22 18 13 
Fy, kat... 22 22 22 22]... 23 23 23 23 23 
Fou kai 
(e/D =1.5}.. 43 46 43 49 52 49 61 49 
(e/D=2.0).. 61 54 61 57 60 57 58 57 
Parv kei 
(c/D=1.5).. 24 25 21 34 35 33 36 31 
(e/D=2.0).. 24 25 a 34 35 33 36 31 
e, percent, . 12 20 ry] 12 12 4 6 4 8 4 4 
E, 10° pai 6.5 
Es, 10° 6.5 
G, 108 pai 24 
Physical properties: 
0.0647 
C, BTU/(b.) (F). 0.25 (32° to 212° F) 
K, BTU/(br.) (ft) (F) ft. 60.0 (at 68° F) 
a, 10~* infin. JF 15 (68° to 392° F) 
Properties for aheet and platy are taken parallel {o the direction of rolling. ‘Tranaverse propertles * Mechanical properties are based upon ¢he gueranotecd tensile properties from sepurately-cast 
aro equal to or greater than the longitudluel properties. test bara, The mechanical properties of bara cut trom castings may be as low as 75 percent of the 
* Reference should be made to the specif requirements of the procuring or cerlifcating agency tabulated values. 


with regard (o the use of the above values in the design of castings. 
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HKG1A MAGNESIUM ALLOY (SHEET, PLATE & SAND CASTINGS) (Cont.) 
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Fig. B2.90 Effect of temperature on the ultimate 
tensile strength (Fty) of HK31A-H24 magnesium 
alloy. 


100) reer 
SS Srrengm at tempercure 
== Exposure up 10 000 nr 





Se 3 
0 wo 2G «00400 5000. ‘800 
Tempercture, F 


Fig. B2.91 Effect of temperature on the tensile 
yield strength (Fty) of HK31A-H24 magnesium 
alloy. 
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Fig. B2.92 Effect of exposure at elevated 
temperatures on the room-temperature ultimate 
tensile strength (F,,) of HK31A-H24 magnesium 
alloy. 
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Fig. B2,93 Effect of exposure at elevated 
temperatures on the room-temperature tensile 


yield strength (Fty) of HK31A-H24 magnesium 
alloy. 
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Fig. B2.94 Effect of temperature on the ultimate 
tensile strength (Fry) of HK31A-T6 magnesium 
alloy (sand casting), 
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Fig. B2.95 Effect of temperature on the tensile 
yield strength (Fty) of HK31A-T6 magnesium 
alloy (sand casting}. 
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AZ61A, AZ6ZA, AZSOA MAGNESIUM (EXTRUSIONS, FORGINGS, CASTINGS) 


Table B2.22 Design Mechanical and Physical Properties of AZ61A7 Magnesium Alloy 
(Extrusions and Forgings) 








AMOS 553 eee yes Hees itis AZ61A 

Extruded bar, rod, and Extruded Extruded 
OOM ceo siesta Gane oaghS Sabet s solid shapes Hollow shapes Tubes Forging 
Condition..............2.....0002. -F 





Thickness, in.............. aoe 0.028-0.750 

















Pry, kat 
Dev iesbac iss wehedsey peeves 36 36 38 
T: 
Pry, ket 
L. 16 16 2 
Prey, ket 
Dis2 urainashes 1 MW “4 
Tacice ae 
Prey, ksi. 19 
Pow ksi 
(e/D=1.5)......00.0.2.04. 50 
(e/D =2.0) 60 
Popp, ket 
(e/D =1.5). 23, 
(¢/D =2.0) ae 32 
€, percent.......... shemtaninvns a 7 6 
E, 10° psi. Seaee| > ge i ——< ggnle te ee ee 
Be WO! pat. cee 8.3 
G, MOS Deo, 2G acne eee vias 24 





Physical properties: 
w, ib/int...... 
C, Btu/(Ib)(F)..... 
K, Btu/{(br)(fts)(F)/ft] 





0.0647 
0.25 (at 78°F)? 
46 (212° to 572°F) 





a, lOtir fim /F. oo... 14 (65° to 212°F) 
eS 
@ Properties or extruded bars, rods, shapes, tubes, and forgings are during fabrication. 
taken parallel to the direction of extrusion or maximum metai flow » Estimated. 
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AZ61A, AZ6ZA, AZSOA MAGNESIUM (EXTRUSIONS, FORGINGS, CASTINGS) (Cont.) 


Table 52.23 Design Mechanical and Physical Properties of AZ80A2 Magnesium Alloy 
{Extrusions and Forgings) 








Alloy 35:54 o Rae SPS ease 





Mechanical properties: 
Poy, kat 






(e/D=2.0)... 
¢, percent. . 
E, 10¢ pat 
E., 108 pas. 























24 














AZ80A 
Extruded bars, rods, and solid shapes Forgings 
i 
-F +TS -F ~TS 
€0.249 | 0.250- <0.249 | 0.250- 1.500- 
1.499 1.499 2.499 
— 
43 43 47 48 48 42 42 
238 28 30 33 33 26 28 
17 28 27 18 25 
19 19 20 20 20 20 20 
48 48 50 
56 56 70 
Ks) 36 42 
40 40 5 
9 8 5 
6.5 
6.5 
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AZ61A, AZ63A, AZ8OA MAGNESIUM (EXTRUSIONS, FORGINGS, CASTINGS) (Cont.) 


Table B2.24 Material Specifications for AZS3A 
Magnesium Alloy 





Specification 





QQ-M-56... 








Type of product 





Sand castings 
Permanent-mold castings 





TABLE 4,2.3.0(5). 


Design Mechanical and Physicai 


Properties of AZ863A Magnesiume Alloy (Castings) 





Condition. ............- : 


Thickness (in.)..........-- 








Basis: 





(/D=20)....... 





Powys kat 
(e/D =1.5}.. 
(e/D=2.0). 
¢, percent... 
EB, 10* pat. . 
Eq, 108 psi. 


G, 10¢ psi. . 





AZ63A 





Sand and permanent- 
mold castings 





-F | -T4 | -TS | -T6 





| 
| 
| 
| 











36 
50 50 65 
23 32 36 
30 36 - 45 
4 7 2 3 
6.5 
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Fig. B2.96 Typical stress-strain and tangent-modulus 
curves for AZ63A-T4 magnesium alloy (sand casting) 
at room temperature, 
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Fig. B2.97 Typical stress-strain and tangent- modulus 
curves for AZ63A-F magnesium alloy (sand casting) at 
room temperature. 











Table 82.25 Design Mechanicat and Physical Properties 
of 8Mn Titanium Alloy 











Alloy 8Mn 
Form Sheet, plate, and strip 
Condition Auncaled 


Thickness, in 


Basis. 





Mechanical properties; 
Bay, ksi 
L 
T. 
By, ksi 








, 





€, percent 
E, 10 psi 
Eg, 108 psi 
G, 108 psi... 








Physical properties: 
w, Ib/in.a 
C, Bea /UIb YP)... O.118 (at 68°F) 
K, Btu/[(br) (fu) (F)/ft] 6.3 
a, 1O-¢in./in/P... : 4.8 (at 200°F) 


0.171 












ARATE 
Strength at tempesoture 
Exponure up to 1000 ty 
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Fig. B2,98 Effect of temperature on the ultimate 
tensile strength (F{,) of BMn annealed titanium 
alloy. 
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Fig. B2.99 Effect of temperature on (he tensile 
yleld strength (Fty) of 8 Mn annealed titaniuin 
alloy. 
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Fig. B2.100 Effect of temperature on the 
compressive yleld strength (Puy) of 8 Mu 
annealed titanium alloy. 
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Fig. B2,101 Effect of temperature on the ultimate 
shear strength (Fgy) of 8 Mn annealed titanium 
alloy. 
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Fig. 2.102 Effect of temperature on the ultimate 
bearing strength (#pyy) of 8 Mn annealed titanium 
alloy. 
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Fig. 2.103 Effect of temperature on the tensile 
and compressive modulus (KE and Eg) of 8Mn 
titanium alloy. 
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Table B2.26 Design Mechanical and Physical Properties 


6A1-4V TITANIUM ALLOY (BAR & SHEET) 


of 6Al-4V Titanium Alloy 
































AMO yi 3 Sosusinde sees tae ote 6Al4V 
FOR conch aalppin se shinpsineyiny Bar | Sheet 
Condition Annealed 
Thickness, in. ............ 215 <0.187 
Basis eh kage seks has A A 
Mechanical properties: : 
Pry, ksi 
130 130 
130 
120 120 
120 
126 126 
a 126 
80 76 
Poew st 
(e/D=1.5)....... 196 191 
(e/D=2.0)........ 248 244 
Pory, kat 
(e/D =1.5). . 1% 163 
(e/D =2.0). 205 198 
¢, percent 10 10 
EB, 10¢ pat 
L.. 16.0 15.4 
16.4 
16.4 16.0 
a6 16.9 
6.2 
Physical properties: 
, lb/in.*. 0.160 
C, Btu/(b)(F). . 2 0.135 (at 68°F) 
K, Beu/{ (hr) (fts)(F)/tt] 3.8 (at 63°F) 
a, 10-¢in./in/F... 22... 4.6 (at 200°F) 


—_S_— 
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Fig. B2.104 Effect of temperature on Fty, Fty and E of 
6Al-4V annealed titanium alloy (sheet and bar) 
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Fig. B2.105 Effect of temperature on the compressive 
yield strength (Foy) of 6Al-4V annealed titanium alloy 
(sheet and bar). 
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Fig. B2.106 Effect of temperature on the ultimate 
bearing strength (Fpry) of 6Al-4V annealed titanium 
alloy (sheet and bar). 
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Fig. 32.107 Effect of temperature on the ultimate shear 
strength (Fsu) of 6Al-4V annealed titanium alloy (sheet 
and bar}. 
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INCONEL X NICKEL ALLOY (SHEET) 


Table B2.27 Design Mechanical and Physical Properties 
of Inconel X Nickel Alloy 





Inconel X 


Sheet 


Precipitation heat-treated 





Mechanical properties: 
Pry, kst 

bi 

Des 

Pry ket 

L.. 

Tee 

Prey ket 











(e/D =2.0). 
Poryy kat 

(e/D =1.8) 

(e/D =2.0) 
¢, percent. 
E, 10¢ pai. 
Ee, 10° psi 
G, 108 pat. 





Physical properties: 
w, Ib/ine....... 
C, Btu/(b)(F)....... 
K, Btu/((ar)(ft*)(F)/ft] 
2, 10-*in./in./F...... 





fe Cant Ed Ey ot Roan Repetore 
8 





OO ae 
Toren. 

Fig. B2,112 Effect of temperature on 

the tensile modulus (E) of Inconel X 

nickel alloy. 
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Fig. B2.113 Effect of temperature on 
the ultimate bearing strength (Fpru) 
of precipitation heat treated Inconel X 
nickel alloy. 
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Fig, B2.108 Effect of temperature on 
the ultimate tensile strength (Ftu) of 
precipitation heat treated Inconel X 


nickel alloy. 


Pe Coe Fy, ot Roam Rerperonen 





Fig. B2.109 Effect of temperature on 
the tensile yield strength (Fry) of 
precipitation heat treated Inconel X 
nickel alloy. 
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Fig. B2.110 Effect of temperature on 
the compressive yield strength (Fey) of 
precipitation heat treated Inconel x 
nickel alloy. 
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Fig. B2.111 Effect of temperature on 
the ultimate shear strength (Fgy) of 
precipitation heat treated Inconel X 
nickel alloy. 





Fig. B2.114 Effect of temperature on 
the bearing yield strength (Fyry) of 
precipitation heat treated Inconei X 
nickel alloy, 








PART C 
PRACTICAL STRENGTH ANALYSIS & 
DESIGN OF STRUCTURAL COMPONENTS 
CHAPTER C1 
COMBINED STRESSES. THEORY OF YIELD AND ULTIMATE FAILURE. 


C1,1 Uniform Stress Condition 


Aircraft structures are subjected to many 
types of external loadings. These loads often 
cause axial, bending and shearing stresses 
acting simultaneously. If structures are to be 
designed satisfactorily, combined stress re- 
lationships must be known, Although in practi- 
cal structures uniform stress distribution ts 
not common, still sufficient accuracy for 
design practice is provided by using the stress 
relationships based on uniform stress assump- 
tions. In deriving these stress relationships, 
the Greek letter sigma (a) will represent a 
stress intensity normal to the surface and thus 
a tensile or compressive stress and the Greek 
letter tau (t) will represent a stress intensity 
parallel to the surface and thus a shearing 
stress. 


C1,2 Shearing Stresses on Planes at Right Angles. 





Fiz. Cl.1 shows a circular solid shaft 


subjected to a torsional moment. The portion 
{A) of the shaft exerts a shearing stress Tz On 
section (1-1) and portion (B) exerts a resist- 
ing shearing stress tz on section (2-2). Fig. 
Cl.2 illustrates a differential cube cut from 
shaft between sections (1-1) and (2-2). For 
equiiibrium a resisting couple must exist on 
top and bottom face of cube. Taking moments 
about lower left edge of cube: 


Ty dxdy (dz) - Tz dzdy (ax) = 0 


hence, Ty = tz QQ) 

Thus {f a shearing unit stress occurs on 
one plane at a point in 4 body, a shearing unit 
stress cf same intensity exists on planes at 
right angles to the first plane. 


Cl.3 Simple Shear Produces Tensile and Compressive 
Stresses, 


Fig. Cl.3 shows an elementary dlocx of 
unit dimensions subjected to pure shearing 


cil 


of Se. 


v1 (2 
Fig. C13 











stresses. 


Fig. Cl.4 shows a free body after the 
block nas been cut along a diagonal section. 


For equilibrium the sum of the forces along 
the x-x axis equals zero. 


o(1) 


= QO, 
Fy = - sae t 2 (tl cos 45°) = 0 
Qo ° 
hence, o = 2(t1 cos 48 ) cos 450 2 (2) 


Therefore when a point in a body is sub- 
jected to pure shear stresses of intensity t, 
normal stresses of the same intensity as the 
shear stresses are produced on a plane at 45 
with the shearing planes. 


Cl.4 Principal Stresses 


For a body subjected to any combination of 
stresses 3 mutually perpendicular planes can be 
found on which the Shear stresses are zero. ‘The 
normal stresses on these planes of zero shear 
stress are referred to as principal stresses. 


C1,5 Shearing Stresses Resulting From Principal 
Stresses. 


In Fig. C1.5 the differential block ts 
subjected to tensile principal stresses Oy and 
Gz and zero principal stress o,. The block is 
cut along a diagonal section giving the free 
body of Fig. Cl.6. The stresses on the diagonal 
section have been resolved into stress compon- 
ents parallel and normal to the section as shown. 
For equilibrium the summation of the stresses 
along the axes (1-1) and (2-2) must equal zero. 


IF... 20 


Gyn dudy - oy dzdy cos 9 - og dydx sin 9 = 0, 
n x 


whence op, = SX sa 9, % = 8 








C12 
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‘Oy dady 





Fig. C1.6 
dzdy . dydx _ 
But audy = cos © and quay = sin 9, whence 


In = Oy cos"6 + oz sin*d 
The normal stress ogy at a point is always 
less than the maximum principal stress oy or 
Og at the point. 
Fee = 0 


- t dudy - cy dzdy sin 9 + og dydx cos 9 = 0 


dzdy . dyax _ 
But — > quay = 9S @ and quay * sin 9 
hence, T= dg Sin 9 cos 9 - oy cos 9 sin @ 
or, ct: {oz - Ox) sin 9 cos 
or, T= (1/2)(ez - oy) 3in 2 0, where az is 


maximum principal stress and oy, is minimum 
principal stress. 


Since sin 2 9 1s maximum when 9 = 45°, 


tH (oO -G, /2----- eee (3) 
Stated in words, the maximum value of the shear- 
ing unit stress at a point in a stressed body 
is one-half the algebraic differences of the 


maximum and minimm principal unit stresses. 


C1.6 Combined Stress Equations 


Fig. C1.7 shows a differential block sub- 
jected to normal stresses on two planes at right 
angles to each other and with shearing forces on 
the same planes. The maximum normal and shear- 
ing unit stresses will be determined. 


Fig. Cl.8 shows a free body diagram of a 
portion cut by a diagonal plane at angle 6 as 
shown. 





Fig. C1.8 


For equilibrium the sum of the forces in the z 
and x directions must equal zero, 


IFy = 0 
On dudy cos @ + T dudy sin @ ~ ox dzdy - txzdxdy 
FO----- +--+ - 5 - ee eee (4) > 
IF, = 0 





By dividing each equation by du and noting that 


dzdy 
dudy 


dydx . 
dudy 








= cos @ and = sin 0, we obtain: 


(Gn-Gx) cos O + (tT - Tez) SIN @EO -- - ~(6) 
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(a - oz) sin 9 - (T- Tyg) cos 9=O - - -(7) 


The maximum normal stress op will be maximum 
when @ equals such angle 9' as to make t = zero. 
Thus 1f t= 0 amd @ = 9’ tn equations (6) and 
(7), we obtain, 


" 
oO 


(Gn - Gy) cos @' ~ Tyz Sin @! 


“ 
o 


(dy - Gz) sin @' - ty, cos 9! 


In equations (8) and (9) oy represents £he 
principal stress. Dividing one equation by 
another to eliminate 9', 


= "XZ Whence, 


in = o 


On ~ Sx = 
Tg 


On* = (Ox - 0g) 1 + OZ BRK", 


on = Sx * + (= - 22) + Tygi- - (10) 


In equation (10), tensile normal stress is 
plus and compression minus, For maximum oy use 
plus sign before radical and minus sign for 
minimum on. 


or 


To find the plane of the principal stress- 
es, the value of 9' may be solved for from 
equations (8) and (9), which gives: 


tan 2 9' = 


6' is measured from the plane of the 
largest normal stress oy or gz. The direction 
of rotation of 9' from this plane is best de- 
termined by inspection. Thus if only the 
shearing stresses txz were acting, the maximum 
principal stress would be one of the 4S° planes, 
the particular 45° plane being easily deter- 
mined by inspection of the sense of the shear 
stresses. Furthermore if only the largest 
normal stress were acting it would be the maxi-~ 
mum principal stress and 9' would equal zero. 
Thus if both o and t act, the plane of the 
principal stress will be between the plane on 
which o acts and the 45° plane. As stated 
before o refers to either oy or oz whichever 
is the largest. 


Maximum Value of Shearing Stress. (tay) 





The maximum value of t from equation (3) 
equals, 


eS nmin. )/? 


Tmax, = (On max.) 


Substituting the maximum and minimum values of 
Oy from (10) in (12), we obtain maximum shear- 
ing stress as follows: 


2 Sen)" + x2" - - (13) 


Tmax. = 


C13 





€1.7 Mohr's Circle for Determination of Principal 
Stresses. 
It is sometimes convenient to solve 
graphically for the principal stresses and the 


maximum shear stress. Mohr's circle furnishes 
a graphical solution. (Fig. Cl.9a). In the 
Mohr method, two rectangular axes x and Z are 
chosen to represent the normal and shearing 
stresses respectively. Taking point 0 as the 
origin lay off to scale the normal stresses oy, 
and dz equal to OB and OA respectively. If ten- 
sion, they are laid off to right of point O and 
to the left if compression. From B the shear 
stress Tyg is laid off parallel to Og and with 
the sense of the shear stress on the face DC of 
Fig. Cl.9b, thus locating point C. With point 
— the midpoint of AB as the center and with 
radius EC describe a circle cutting OB at F and 
G. AD will equal BC and will represent the 
Shear on face AB of Fib. b. It can be proven 
that OF and 0G are the principal stresses omay, 
and Ggin respectively and EC is the maximum 
shear stresS Tmgy,. The principal stresses occur 
on planes that are parallel to CF and ca. (See 
Figs. c and d)}. The maximum shear stress occurs 
on two sections parallel to CH and CI where HEI 
4s perpendicular to 0B. If oy should equal zero 
then O would coincide with a. 


Zz 





a es 
“aa 
Oz 








(a) 





Fig. C1.9 


C1.8 Components of Stress From Principal Stresses by 
Mohr's Circle, 


In certain problems the principal stresses 
may be Known as in Fig. Cl1.9 and it is desired 
to find the stress components on other planes 
designated by angle 9. In Fig. C1.11 the axes 
x and z represent the normal and shear stresses 
respectively. The principal stresses are laid 
off to scale on ox giving points D and E respec- 
tively. Construct a circle with A the midpoint 
of DE and with diameter ED. Draw angle CAB equal 





c1.4 









to 26. It can be proven that OB represents the 
normal stress on the plane defc of Fig. 1.10, 
and CB represents the shear stress tT on this 
plane. 





| Oz, Ox are principal 
stresses. 


Fig. C1, 10 


Z 


= Gp on plane (defc) 





2 Fig. Cl. 11 


C1.9 Example Probiems. 
Example Problem 1. 


The maximum normal and shear stresses will be 
determined for the block loaded as shown in 
Fig. Cl.12. 


The graphical solution making use of Mohr's 
circle is shown in Fig. Cl.13. From reference 
axes x and Z thru point 0, the given normal 
stresses ox = 10000 is laid off to scale on ox 
and toward the right giving point B. From B the 
shear stress tyz = 5000 1s laid off parallel to 
oz to locate point C. With = the midpoint of 
OB as the center of the circle and with radius 
EC a circle is drawn which cuts the Ox axis at 
Fo and G. The maximum and minimum principal 
stresses are then equal to oF and oG which 
equals 12070 and -2070 respectively. The maxi- 
Mum shear stress equals EC or 7070. 


Algebraic Solution: From eq. (10), 


(5% = " + T x2" 
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y 
x 
e 


ox = 19000 | 





Fig. C1. 12 


Fig, C1, 13 


| pox 10000 4 
On(min) % ——An(max)=1207 
Z 





= -2070 
Substituting values, 


in 5000 


~ 10000 + 0+ 10000 + 0 
= 2 2 


a 
) + 5000* = 
= 5000 + 7070 = 12070 psi 


+ 7070 hence, Onna) 
Cn(min.) = 5000 ~ 7070 = -2070 psi 
Tmax. = (1/2) (On (pax, ) - On¢min. )) (Ref .Bq.12) 


(1/2) (12070 ~ (-2070)) = 7070 psi 


“max .c@n 21s0 be computed by equation (13), 


whence, 


- = 
a2 (2008 + 2) + 50007 = 2 7070 psi 
2 +. 2 x 5000 
rs Mle = en 
tan 20° = = rocco = 0 
hence, 9” = 22.8°, 


Example Problem 2. 


Tne maximum normal and shear stresses will 
be determined for the block loaded as shown in 
Fig. C1.14. 











3 oz = 20000 

= | 

a 1 txz = 12000 

& 

e221 ||_»o, = 10000 

q 
e 

- 1 Txz = 12000 


Fig. Cl. 14 


Gz = 20000 
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Fig. Cl.15 shows the graphical solution 
using Mehr's circle. From point 0, ox = 10000 
and og = -20000 are laid off equal to OB and OA 
respectively." Ty, equal to 12000 is laid off 
parallel to OZ at A locating C. With = the 
midpoint of AB as the center of a circle of 
radius EC a circle is drawn which cuts the ox 
axis at F and D. The maximum normal and shear 
stresses are indicated on the figure. 


Zz 





Fig. C1.15 


Oz = 20000 ——ox=10000 
‘Tn(max)* ~ 242003 nmin? 1420 





Algebraic Solution 


7 
on = 2X4 Sn + (St 5 82)" + ay" 
3 
= 19000 = 20000 + (t2e00- (20000) | + 12000" 


~ 5000 + 1s200 


nence, On (max.) = -5000 ~ 19200 = -24200 psi 
On(min. ) = ~S000 + 19200 = 14200 
2 x 12000 = 


Tmax, = + 19200, tan 2¢' 8 


1000 = (-20000} ~ * 
eo" = 18° - 50" 
C1.10 Triaxial or Three Dimensionai Stresses 


For bodies which are stressed in three 
directions, the state of stress can be defined 
completely by the six stress components as 
illustrated in Fig. Cl.16. Using the same 
procedure as was carried out for a two-dimen- 
sional stress system, it can be shown that there! 
are three principal stresses a,, o, and o,, 
whose values are the three roots of o in the 
following cubic equation. 











CLS 











O° = (ox + dy + Og)? + (ayoy + ayoz + Oyo, 


2 a 
~Y yz" - Yu jo - (O40 y5q, + 2. yz%xetay - xX yz" 
= Oy¥xz" = Og¥yy? = 0 


y Fig. C1. 16 


Fig. Cl.17 shows the principal stress 
system which replaces the system of Fig. Cl.16. 
It can be shown that the maximum shear stress 


max, 18 one of the following values. 
-+l 
ymax. = = 7 (O1 - o8) 
Tmax. = + (02 - 9s) forte, (15) 
or Y max. g \Sa ~ 9s i 
ztl 
or ymax, = = 5 (os - o:) 
Tne planes on which these shear stresses 


act are indicated by the dashed lines in Fig. 
C1.18, namely, adhe, bdge and dcef. The 
largest of the shear stresses in equations (15) 
depends on the magnitude and signs of the 
principal stresses, remembering that tension 
is plus and compression is minus when making 
the substitution in equations (15). 





Fig. C1.18 





Fig. C1.17 


Cl.11 Principal Strains 


The strains under combined stresses are 
usually expressed as strains in the direction 
of the principal stresses. Consider a case of 
simple tension as tllustrated in Fig. Cl.19, 
The stress o, causes a lengthening unit strain 
€ in the direction of the stress o,, anda 
Shortening unit strain ce’ in a direction at 
right angles to the stress o.. 


The ratio of e«’ toe is called Poisson's 
ratio and is usually given the symbol ». Thus, 
pae'/e 


IB 


Se 
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Since ¢ 


el = 


Now consider the cubical element in Fig. 
C1.20 subjected to the three principal stresses 
O,, O, and o,, all being tension. The total 
unit strain e, in the direction of stress a, 
will be expressed. Obviously, o, tends to 
stretch the element in the direction of Oo, 
whereas stresses og, and o, tend to shorten the 
element in the direction of o,, hence, 


- & » whence 


1 =B-Ko, + a4) 


and similarly for ¢, and ¢,, 
te 7B - Ho, + a) 
es “3 - Ko, + o,) 


For a two-dimensional stress system, that 
is, stresses acting in one plane, o, = 0 and 
the principal strains become, 


-----(17) 


fs = § ( ~ po) 
fF (-H,) f= ---- (18) 
bs = F(A +o) 


Equations 17 and 18 give the strains when 
all the principal stresses are tensile stresses. 
For compressive principal stresses use a minus 
sign when substituting the principal stresses 
in the equations. 


C1, 12 Elastic Strain Energy 


The strain energy in the elastic range for 
the unit cube in Fig. Cl.20 when subjected to 
combined stresses is equal to the work done by 
the three gradually applied principal stresses 
A», Of and a,. These stresses produce strains 
equal to e,, €, and €, and thus the work done 


per unit volume equais the strain energy. Thus 
if U equals the strain energy, we obtain, 
Us ae + Saxe + Bee --+----- (19) 
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The strain energy can be expressed in 
terms of stress by substituting values of « in 
terms of o from equations (17) into equation 
(19), which gives, 


Us = OF + Oat Of - 2ltide + Gade + dyai) 
wrt rte er eee ee ee ee (20) 
For a two dimensional stress system, 
Oo; = 0 and equation (20) becomes 
1 (92 3 al) 
U = se (of - 24 a0, + of) - - - - - (21) 


Cl.13 Structural Design Philosophy. Limit and Ultimate 
Loads. Factors of Safety. Margin of Safety. 


The basic philosophy governing the 
structural design of a flight vehicle 1s to 
develop an adequate light weight structure that 
will permit the vehicle to accomplish the 
operations or missions that were established 
as design requirements. The job of a 
commercial airliner 1s to carry passengers and 
cargo from place to place at the lowest cost. 
To carry out this job a certain amount of 
flight and ground maneuvering is required and 
the loads due to these maneuvers must be 
carried safely and efficiently by the structure, 
A military fighter airplane must be maneuvered 
in flight far more severely to accomplish its 
desired Job as compared to the commercial air- 
liner, thus the flight acceleration factors 
for the military fighter airplane will be 
considerably higher than that of the airliner. 
In other words, every type of flight vehicle 
will undergo a different loan enviroment, 
which may be repeated frequently or infre- 
quently during the life of the vehicle. The 
load environment may involve many factors such 
as flight maneuvering loads, air gust loads, 
take off and landing loads, repeated loads, 
high and low temperature conditions, etc. 


Limit Loads. Limit loads are the calculated 
maximum loads which may be subjected to the 
flight vehicle in carrying out the job it is 
designed to accomplish during its life time 
of use. The term limit was no doubt chosen 
because every flight vehicle is limited 
relative to the extent of its operations. A 
flight vehicle could easily be designed for 
loads greater than the limit loads, but such 
extra strength which is not necessary for 
safety would only increase the weight of the 
structure and decrease the commercial or 
military payload or in general be detrimental 
to the design. 


Factor of Safety. Factor of safety can be 


defined as the ratio considered in structural 
design of the strength of the structure to 
the maximum calculated operational loads, 
that is, the limit loads, 
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Yield Factor of Safety. This term is defined 
as the ratio of the yield strength of the 
structure to the limit load. 


Ultimate Factor of Safety. This term is 
defined as the ratio of the ultimate strength 
of the structure to the limit load. 


Yield Load. This term is defined as the limit 
load multiplied by the yield factor of safety. 


Ultimate Load. This term can be defined as the 
limit load multiplied by the ultimate factor 
of safaty. This resulting load is often 
referred to by engineers as the design load, 
Which 1s misleading because the flight vehicle 
structure must be designed to satisfy doth 
yield and ultimate failure and either one may 
be critical. 


Yield Margin of Safety. This term usually 
expressed in percent represents the additional 
yield strength of the structure over that 
strength required to carry the limit loads. 


Yield Strength 


Yield Margin of Safety = Limit Load 


-1 


Ultimate Margin of Safety. This term usually 
expressed in percent represents the additional 


ultimate strength of the structure over that 
strength required to carry the ultimate loads. 


Ultimate Strength 
Ultimate Margin of Safety =““eT te Load + 


C1.14 Required Strength of Flight Structures. 


Under Limit Loads:- 

The flight vehicle structure shall be 
designed to have sufficient strength to carry 
simultaneously the limit loads and other 
accompanying environmental phenomena for each 
design condition without undergoing excessive 
elastic or plastic deformation. Since most 
materials have no definite yield stress, it is 
common practice to use the unit stress where a 
.002 inches per inch permanent set exists as 
the yield strength of the material, and in 
general this yield strength stress can be used 
as the maximm stress under the limit loads 
unless definitely otherwise specified. 


Under Ultimate Loads:- 

The flight vehicle structure shall be 
designed to withstand simultaneously the 
ultimate loads and other accompanying environ- 
mental phenomena without failure. In general 
no factor of safety ts applied to the environ- 
mental phenomena but only to the limit loads. 


Failure of a Structure:- 
This term in general refers to a state or 
condition of the structure which renders it 


incapable of performing its required function. 
Failure may be due to rupture or collapse or 
due to excessive deflection or distortion. 


C1.15 Determination of the Ultimate Strength of a Structural 
Member Under a Combined Load System. Stress 
Ratto-Interaction Curve Method. 


Since the structural designer of flight 
vehicles must insure that the ultimate loads 
can be carried by the structure without failure, 
it is necessary that reliable methods be used 
to determine the ultimate strength of a 
structure. Structural theory as developed to 
date is in general sufficiently developed to 
accurately determine the ultimate strength of 
a structural member under a single type of 
loading, such as axial tension or ccmpression, 
pure bending or pure torsion. However, many 
of the members which compose the structure of 
a flight vehicle are subjected simultaneously 
to various combinations of axial, bending and 
torsional load systems and thus a method must 
be available to determine the ultimate strength 
of a structure under combined load systems. 

A strictly theoretical approach appears too 
difficult for solution since failure may be 
due to overall elastic or inelastic buckling, 
or the local elastic or inelastic Instability. 


The most satisfactory method developed to 
date is the so-called stress ratio, inter- 
action curve method, originally developed and 
presented by Shanley. In this method the 
stress conditions on the structure are repre- 
sented by stress ratios, which can be con- 
Sidered as non-dimentional coefficients 
denoting the fraction of the allowable stress 
or strength for the member which can be 
developed under the given conditions of com- 
bined loading. 





For a single simple stress, the stress 
ratio can be expressed as, 


R = stress ratio -f 


where f 1s the applied stress and F the 
allowable stress. The margin of safety in 
terms of the stress ratio R can be written, 


Load ratios can be used instead of stress 
ratios and is often more convenient. 


For example for axial loading, 


R= P/Pg , where P = applied axial load 
and Pa the allowable load. 


KAD a! 
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For pure bending, 


R= M/Mz , where M = applied bending 
moment and M, the allowaole bending moment. 


For pure torsion, 


R=T/Tg , where T is applied torsional 
moment and Tg the allowable torsional moment. 


For combined loadings the general 
conditions for failure are expressed by 
Shanley as follows:-~ 


at + py + po + -——--- = 1.0 -- - -(24) 


In this above expression, R,, Ry and Ry 
could refer to compression, bending and shear 
and the exponents x, y, and z give the 
relationship for combined stresses. The 
equation states that the failure of a 
structural member under a combined loading will 
result only when the sum of the stress ratios 
is equal to or greater than 1.0. 


For some of the simpler combined load 
systems, the exponents of the stress ratios in 
equation (24) can be determined by the various 
well known theories of yield and failure that 
have been developed. However, in many cases 
of combined loading and for particular types 
of structures the exponents in equation (24) 
must be determined by making actual failure 
tests of combined load systems. 


Since the stress ratio method was pre- 
sented by Shanley many years ago, much testing 
has been done and as a result reliable inter- 
action equations with known exponents have 
been obtained for many types of structural 
members under the various combined load 
systems. Ina number of the following chapters, 
the interaction equations which apply will be 
used in determining the ultimate strength 
design of structural members. 


Cl, 16 Determination of Yield Strength of a Structural 
Member Under a Combined Load System. 


AS explained in Art. Cl.14, the flight 
vehicle structure must carry the limit loads 
without yielding, which in general means the 
yleld strength of the material cannot be 
exceeded when the structure is subjected to 
the limit loads. In some parts of a flight 
vehicle structure involving compact unit or 
pressure vessels, biaxial or triaxial stress 
conditions are often produced and it is 
necessary to determine whether any yielding 
will occur under such combined stress action 
when carrying the limit loads. For cases 
where no elastic instability occurs, the 
following well known theories of failure have 
been developed. 
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1. Maximum Principal Stress Theory 

2. Maximum Shearing Stress Theory 

3. Maximum Strain Theory 

4. Total Strain Energy Theory 

5. Strain Energy of Distortion Theory 
6. Octahedral Shear Stress Theory 


The reader may review the explanation and 
derivation of these 6 theories by referring 
to such books as listed at the end of this 
chapter. 


Test results indicate that the yleld 
strength at a point in a stressed structure 
is more accurately defined by theories 5 and 
6 followed in turn by theory 2. Since 
theories 5 and 6 give the same result, they 
might be considered as the same general theory. 
In this chapter we will only give the resulting 
equations as derived by theory 6, since 
theories 5 and 6 appear to be the theories 
used in flight vehicle structural design. 


C1.17 The Octahedral Shear Stress Theory. 


Since this theory gives the same results 
as the well known energy of distortion method 
it is often referred to as the Equivalent 
Stress Theory. The octahedral Shear stress 
theory may be stated as follows:~ In elastic 
action at any point in a body under combined 
stress action begins only when the octahedral 
shearing stress becomes equal to 0.47 fg, 
where fg is the tensile elastic strength of 
the material as determined from a standard 
tension test. Since the elastic tensile 
strength is somewhat indefinite, it 1s common 
practice to use the engineering yield strength 
Fey In this theory it {1s assumed that the 
tensile and compressive yield strengths are 
the same. ~ 


Figs. Cl.21 and Cl.22 illustrate the 
conditions of equilibrium involving the octa- 
hedral shear stress. In Fig. Cl.21, the cube 
is subjected to the 3 principal stresses as 
shown. A tetrahedron {s cut from the cube 
and shown in Fig. Cl.22. Three of the sides 


of this tetrahedron are parallel to the 





Fig. Cl. 24 








principal axes, while the normal to the fourth 


sids makes equal angles with the principal 
axes. 
are the resulting stresses on the fourth side. 


The equation for the value of the normal 
octahedral stress is, 


foot =H (fa + fo + fe) 


The equation for the octahedral shear 
stress is, 


fsoot TEV (fafa) (fata) t(fonta) 


Now the octahedral shear stress is 0.47 
of the normal stress. 


- -(26) 


Let f be the effective axial stress in 
uniaxial tension or compression which results 
in the given octahedral shear stress. 


3 
£ /0.47 2 


* Sct VE *Soct 


Therefore multiplying Eq. (26) by 
3//2 we obtain for a condition of principal 
triaxial stresses, 


nae Vet we = - - -(28) 


Let F equal the allowable tensile or 
compressive stress. If the yield strength is 
being determined then 


ral 


Margin of Safety M.S.2>>-1 - - -(29) 


For a biaxial stress system taking f, =0, 
we ootain, 

fevti+fti-%f, ------- (30) 
It 18 often more convenient to use the x, y 
and z component of stresses instead of the 
principal stresses. Fig. C1.23 illustrates 


the vartous component stresses. 
fe 





Fig. C1. 23 





The octahedral shear and normal stresses 
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For a triaxial stress system, 


HD ree eee Aa ag 
“6 (iy-fz) +(fg-fy) +(fy-fx) +6( *fsyy } 


For a biaxial stress system, fy, fsa 
fe 20 bs 
Syx 


Fs fe@ 4 Ph sc popon a Ae ey 
ft fy + 2 - fyf, + 3f3y0 (32) 
Cl.18 Example Problem 1. 


A cylindrical stiffened thin sheet fuse- 
lage is fabricated from 2024 aluminum alloy 
sheet which has a tensile yield stress 
Fey = 40000. Find the yield margin of safety 
under the following limit load conditions. 


(1) A limit bending moment produces 2 bending 
stress of 37000 psi (tension) at top 
point of fuselage section. The flexural 
shear stress is zero at this point. 


(2) Same as condition (1) but pressurization 
of fuselage produces a circumferential 
tension stress of 8600 psi and a longi- 
tudinal tension stress of 4300 psi. 


(3) Same as condition (2) but a yawing 
maneuver of airplane produces a limit 
torsional shearing stress of 8000 psi 
in fuselage skin. 

SOLUTION: Condition (1) 


This 1s a uniaxial stress condition for 
point being considered. 





Fey 
= = 40000 1 
Yield M.S. = G=-1= Z7Gq9 - 1 = -08 
SOLUTION: Condition (2) 


There are no flexural shear stresses at 
the fuselage point being considered. Since 
no torsion is being applied 
to fuselage no torsional 
Shear stresses exist. The 
stress system at the point 
being considered is thus a fi 
biaxial stress system and 
2, and f, are principal 
stresses. 


fe 
4 


my 
r 
u 


37000 + 4300 = 41300 psi 
ft, = 8600 psi 


From equation (30), 
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whence f = 37700 psi 


~F - 40000 
M.S. =5- 17 G7007 12 06 
SOLUTION: Condition (3) 


Since a torsional 
shear stress has now tz 
been added, the new 1 
stress is still two 
dimentional, however 
the given tension 
stresses are not 
principal stresses 
due to the addition 
of the torsional shear 
stress. 


fy =41300 psi. fz = 8600 psi. 


Instead of finding the principal stresses 
and using Eq. (30), we will use the fy and f, 


stresses and use Eq. (32) 


FeVtye+t?- tyt, + 3g 


= ¥ 41300 8600°- 41300 x 8600 + 3 x 8000" 


F = 40200 psi. .g, = 40000 


40200 ~ 2 = +02 


Thus yield is indicated since M.S. is 
negative, 


Example Problem 2. 


A cylindrical pressure vessel is 100 
inches in diameter and 1 inch thick. The 


vessel is made of steel with Fry = 42000 psi. 


Determine the internal pressure that will 
produce yielding. 


SOLUTION: This applied stress system is 


Diaxial with no flexural or torsional shear. 


Let: p equal internal pressure fy 
t = wall thickness = 1 in. $ 
d = diameter = 100" 


f, = circumferential stress due 
to pressure p 
Pd 2 Ba 
Tete and S15 a 
From Eq. 30 


Bevri+ti-eyt, 


fg = 8000 psi. 


The vessel wall ts to be stressed to the 


yield stress of 42000, thus f = 42000. 


Whence 


+ (BS* - BS) Bd 


a_ ,pd,a 
(42000) = ral 40’ ‘2t 


Solving, p = 970 psi. 


PROBLE'S 


(1) 


(2) 


(3) 


(4) 


(5) 


The combined stress loading at a point 
in a structure is as follows:- f, = 
-1000, fy = -2500, fs = 2000. Determine 
the magnitude and direction of the 
principal stresses. Determine the 
maxima shearing stress. Solve both 
analytically and graphically. 


Same as Problem 1, out change fz to 4000 
and fy to -3000 and f, to 2500. 


A solid circular shaft 1s subjected to a 
limit bending moment of 122000 inch 
pounds and a torsional moment of 250,000 
inch pounds. If diemeter is 4 inches 
and the yield tensile stress 1s 42,000, 
what is yield Margin of Safety. 


A thin walled cylinder of diameter 6 
inches is subjected to an axial tensile 
load of 15,000 pounds, and a torsional 
moment of 12,000 inch pounds. What 
should be the wall thickness if the 
permissible yield stress its 30,000 pst. 


A closed end cylindrical vessel is 15 
inches in diameter and a wall thickness 
of 0.25 inches. The vessel is subjected 
to an internal pressure of 10,000 psi, 
and a tensile load of 22,000 pounds. If 
the yield tensile stress of the material 
is 75,000 p 1, what torsional moment can 
be added without causing yield. 
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CHAPTER C2 
STRENGTH OF COLUMNS WITH STABLE CROSS-SECTIONS 


C2.1 Methods of Column Failure. Column Equations. 


In Chapter Al8, the theory of the elastic 
and tnelastic instability of the column was 


presented. The equations from Chapter Als 
for a pin end support condition are:- 


For elastic primary failure, 


For tnelastic primary failure, 


nEe 
({L/o )? 


Fo = 





Where F, = compressive unit str°ss at 
failure = P/A stress. 


= Young’s modulus 
= tangent modulus 
= column length 


radius of gyration of cross~ 
section 


co rst 


Fig. C2.1 shows a typical plot of Fo 
versus Lf. If the column dimensions are such 
as to cause it to fall in range CD in Fig. 
C2.1, the primary failure is due to elastic 
instability and equation (1) holds. This 
range of L/o values is ofter. referred to by 
engineers as the long column range. 


AB c D 
{| 


L) | 







Local Crippling Limit 


u/p 
Fig. C2.1 


The range BC represents the range of Lp 
values where failure is due to inelastic in- 


stability of the column as a whole and equation 


(2) applies. This range BC is often re.erred 
to as the short column range. 


The range AB in Fig. C2.1 is for a range 
of Lf values of below 20 to 25, and repre- 
sents a range where failure is due to plastic 
crushing of the column. In other words, the 
column is too short to duckle or bow under 
end load but crushes under the high stresses. 
This column range of stresses is usually 
referred to as the block compression strength. 


A column, however, may fail by local 
buckling or crippling due to distortion of 
the column cross-section in its own plane. 
Tne horizontal dashed line in Fig. C2.1 
represents the condition where the primary 
column strength is limited by the local weak- 
ness. This line moves up or down according 
to the value of the local weakness. The 
determination of the column strength when 
failure is due to local weakness is covered 
in another chapter. 


C2.2 Column End Restraint. Fixity Coefficients. 
Column Effective Length. 


The column strength is influenced by the 
end support restraint against rotation and by 
any lateral supports between the column ends. 
The letter c is commonly used to indicate the 
end fixity coefficient, and c = 1.0 for zero 
end restraint against rotation, which can be 
produced mechanically by a pin or ball and 
socket end support fitting. Thus including 
the end restraint effect equations (1) and (2) 
can be written, 





a a 

Fo = cre 2 CME Soi he (3) 
(Lf )* (L/o)* 

Let L' = effective length of the column 


which equals the length between inflection 
points of the deflected column under load. 


Then L' = L/Ve 


Thus equation (3) can be written as, 


TE NEE 


Fo = ——— 
(L' /9)* 


Se. FL = 
° Why 


- ++ 6) 


If we let P = failing or critical load, 
equation (5) can be written as equation (6) 





by realizing that P = FoA andp = VI/A. 
nel mE] 
ps , Prey -----+- (6) 
(L')* (L' )* 





IS 





2.2 





Pig. C2.2 snows the deflected colum 
curve under the load P for various end and 
lateral support conditions. The effective 
lengths L' and the end fixity coefficients 
are also listed. 


P P P P P P 
pI Nn Te a Ct 
(ee Ue \ I 
jeu" _\3 | .70Lst" 
| ml oily 
Lab \us | ee LY a ss 
: L/2 | ¢ 
ws L/4 \ 
7 = — se ad —"y, =n 
Ip b ts Ip P fp 
Cat C=4 c=9 C=4 Cs1/4  C=2.05 
Fig. C2.2 


C2,3 Design Column Curves for Various Materials. 


For routine design purposes it is con- 
ventent to have column curves of allowable 
failing column stress Fy versus the effective 
slenderness ratio 1'/po. In equation (5) we 
will assume values of Fy, then find the 
tangent modulus Ey corresponding to this 
stress and then solve for the term L'/p. 

Table C2.1 shows the calculations for 

17.7 PH (TH1050) stainless steel sheet at 

room temperature. The results are then plotted 
in Fig. C2.7 to give the column strength curve. 
Similar data was calculated for the material 
under certain exposure time to different 
elevated temperatures and the results are also 
plotted in Fig. C2.7. Figs. C2.3 to C2.15 
give column curves for other materials under 
various temperature conditions. Use of these 
curves will be made in example problems later 
in this chapter. The horizontal dashed line 
1s the compressive yield stress. Values 

above these cut-off lines should be sub- 
stantiated by tests. 


C2.4 Tangent Modulus E;, from Ramberg-Osgood 
Equation. 


The basic Ramberg-Osgood relationship 








for Ey, is given as follows: (See Ref. 1) 
Fee : 7 
Nagi SS “ 
E, = tangent modulus of elasticity 


Bg modulus of elasticity 


For definition of other terms see Article 
Bl.12 of Chapter 81. 
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TABLE C2.1 
17-7 PH(TH1050) Stainiess Steel Sheet 
Fiy = 180, 000 <: é 
Fey = 160, 000 E229 x 10 






























Fo Et L'/p = nV Ei/Fo 

20, 000 29x 10° 119, 56 

30, 000 29 «x 10° 97. 62 

40, 000 29 «x 10% 84, 54 

| 50, 000 29 «x10? 75. 62 
60, 000 29 x 10% 69. 03 

70, 000 29 «x 108 63.91 

80, 000 290 «x 10¢ 59.78 

89, 600 29 =x 10 56. 49 

96, 000 27.55 x 10¢ 53.19 

{ 102, 000 26.10 x 10° 50. 22 
| 107, 400 24.65 x 10° 47.57 
112, 200 23.20 x 10° 45.15 

117, 000 21.75 x 10° 42, 81 
121, 500 20.30 x 10 ¢ 40, 58 

125, 800 18.85 x 10 ¢ 38, 43 

430, 000 17.40 x 10¢ 36. 32 

134, 000 15.95 x 10 ¢ 34,25 
137, 700 14,50 x 105 32, 22 

147, 000 11.60 x 10 ¢ 27. 89 

158, 100 8,70 x 10° 23, 29 

167, 600 5,80 x 10¢ 18,47 
173, 300 2.90 x 10 ¢ 12. 82 




















This equation is plotted in Fig. 02.16. 
For a given material, n,.F,,, and © must be 
known. Then assuming values of F, we can 
find corresponding values of Et/E trom Pig. 
C2.16. For values of Z, F,,, and n refer to 
Table Bl.1 in Chapter Bl. 


2.5 Non~Dimensionai Coiu.in Curves. 

Quite useful non-dimentional colum 
curves have been derived by Cozzone and 
Melcon (See Ref. 3). 


The Euler column equation is 


FP = n*8¢/(L'/o)*, which can be written, 
Zt (L'/o)* 
FO on 


The problem therefore resolves itself 
into obtaining and expression for E,/F trom 
the non-dimensional relationship. Tos do this 
multiply both sides of equation (7) by Foi/F 
and equate to B*. 


OG) =a 


3 
a 








- = (8) 





7 


Fig. C2.17 shows a plot of this equation 
as taken from Ref. 3, and shows F/F,., versus 
B for various values of n. 


The shape of the knee of the stress- 
strain curve is given by the shape varameter 
n and the abscissa B incorporates the 
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Fig. C2.7 
31-7 PB (THIOSO} Stainless Sei 
TT" Sheet, Strip & Piare r 
%..010 = 0.125 In. 
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Fig. 3.15 
TI-6Al-4V Titanium Alloy 
Bar & Sheet Annealed 
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particular properties of the material Ho.7/F. Thus in Fig. C2.18, the deflection of 
point (0) away from tangent et midpoint 
Inserting value of F = n*Ee/(L'/p)* in equals unity in our assumed conditions and it 
equation (3), also equals the first moment of the area of 
the M/EI diagram between (0) and (C) about (0). 
( Ea Fx) (Fig. C2.19). 
=) (2 
2a 3 
ne EgM Lo) E The value of the ordinate for M/EI diaeram 
1 Poet fp) : at any point x from 0 is £ sin a* é 
or BET E (£) ee ee (9) The total area under the curve is, 
The use of tne curves in Fig. C2.17 will nn L 
be illustrated later tn the example problem i = 
solutions. - 
I 
C2.5 Strength of Columns with Variable Cross-Section + w 





or Moment of Inertia. 
, ~ 2PL uc naet 2 Bi 

To save weight in a built up column or hence area = Sey and hal! area = o57 
forged column, the member is tapered or is 
made with a non-uniform cross-section. To 
find the ultimate strength of such columns, 
1t 1s usually necessary to use a trial and 
error method. The general method of solution 
involving a consideration of column deflection 
will be illustrated for a case of a long 
column with uniform cross-section. 

















Fig. C2.18 shows 4 pin ended column ina if L/2 i 
deflected neutral equilibrium position when a x=/f x sin ct* ax 
carrying the ultimate or critical load P. ° 
Assume that the shape of the deflected column 
follows a sine curve relationship with the Integrating this simple expression and solving 
deflection at midpoint equal to unity (see for x we obtain: 
Fig. C2.18). y 
x = L/n 
amare of the deflected column 
a x eS Taking moments about point (0) of the M/EI 
Curve tS. be If P 1s the end load, the diagram between 0 and C about 0: 
bending moment at any point = M = Py = P ‘ < 
y,sin 2% yo2 1 2Fh bs PL nence, p = TET 
nmEI on PEL is 
By the well known "moment area” principle 
(see Chapter A7; Art. A7.14), the deflection which is the Euler equation, and ‘hus the 
of a point (A) on the elastic curve away from assumed sine curve was the proper one for the 


a tangent to elastic curve (B) equals the first | deflected elastic curve of the column. 

moment of the M/EI diagram between (A) and (B) 

about (A). Suppose that the elastic curve of de- 
flected column had been assumed as a parabola 
with unit deflection at midpoint. Fig. c2.20 
shows the M/ZI diagram. 


The area of one-half the diagram = 


1 (2 Py. PL 
Bg bxEy) = ser 
L. Taking moments about O of the area between 0 
and C; 
tee M ae etca: EL 5 _ oPL*? | 
Yo 71 SET‘ Te Le Teer “ence, 
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Tae. SS eg which compares with P = 
9.9B1/L* of the Euler 
equation or an error of 
3 percent. 








Parapoca 
El is constant 


( 
361 
Fig. C2. 20 


We can now apply the same procedure to 
a column with non-uniform cross-section. The 
steps in this procedure for a column 
symmetrical about the center point are as 
follows:~ 


(1) Assume a sine curve for the deflected 
column with unit deflection a center 
point. 


(2) Plot a moment of inertia (I) curve for 
column cross-section. 


(3) Find the bending moment curve due to end 
load P times the lateral deflection. 


(4) Divide these moment values by the &I 
values to obtain M/EI curve. The modulus 
of elasticity E is considered constant. 


(5) Find the deflected column curve due to 
this M/EI loading. 


(6) Compare the shape of the derived column 
deflection curve with that originally 
assumed aS a Sine curve. This can be 
done by multiplying the computed de- 
flections by a factor that makes the 
center deflection equal to unity. Since 
the assumed sine curve is not the true 
column deflection curve, the computed 
deflection will differ somewhat from the 
sine curve. 


(7) With the computed deflection curve, 
modified to give unity at center point, 
repeat steos 3, 4, 5 and 6. The results 
this time will show derived deflection 
curve still closer to the assumed 
deflection curve. 


(8) To obtain the destred accuracy, the pro- 
cedure in step (7) will usually nave to 
be repeated again. 


(3) Salve for load P by writing and expression 
for the deflection at the center point 
which equals unity. This is done by 
using the moment area principle as was 
done in the previous example problem tn- 
volving a column with uniform section. 


In the above outlined procedure, E has 
been assumed constant or, in other words, the 
column failure is elastic or failing stresses 
are below the proportional limit stress of the 
material. The practical problem usually 
involves a slenderness ratio where failure is 
due to inelastic bending and thus £ is not 
constant. For this case, a trial and error 
method of solution in necessary using the 
tangent modulus of elasticity which varies 
with stress in the inelastic stress range. 


C2.8 Design Column Curves for Columns with Non- 
Uniform Cross-Section. 


Figs. C2.21 and C2.22 give curves for 
rapid solution of two types of stepped columns. 
Figs. C2.23 and C2.24 gives curves for the 
rapid solution of two forms of tapered columns. 
Use of these curves will be illustrated later 
in this chapter. 


C2.7 Column Fixity Coefficients c for Use with Columna 
with Elastic Side Restraints and Known End 
Bending Restraint. 


Figs. C2.25 and C2.26 give curves for 
finding fixity coefficient c for colums with 
one and two elastic lateral restraints and 
Fig. C2.27 gives curves for finding ¢ when 
restraining moments at column ends are known. 
Use of these various curves will be 
illustrated later. 


C2.8 Selection of Materials for Elevated Temperature 
Conditions. 


Light weight is an important requirement 
in aerospace structural design. For columns 
that fail in the inelastic range of stresses, 
a comparison of the Foy/w ratio of materials 
gives a fairly good picture of the effictency 
of compression members when subjected to 
elevated temperature conditions. In this 
ratio Foy is the yield stress at the particular 
temperature and w is the weight per cu. inch 
of the material. Fig. C2.28 shows a plot of 
Foy/w for temperature ranges up to 6009 F. 
with 1/2 nour time exposure for several im- 
portant aerospace materials. 


C2.9 Example Problems. 


Fig. C2.29 shows a forged (I} section 
member 30 inches long, which is to be used as 
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Fig. C2. 21 


Single Stepped - Pin Ended 





CRITICAL LOADY-NON-UNIFORM COLUMNS 


UNIFORM COLUMNS 


fu 


CRITICAL LOADO-NON-UNIFORM COLUMNG 


Constant Thickiews - Taper In Plas: Form 


24 


Fig. C2. 


rage 2S 


and Thickneny 
litters Tapering to Conse 


Solid Prioma Tapert 
a. 


tn, fox), 


Fig. C2. 23 








Reference - N. American Avaiation Structures Manual 





ANALYSIS AND DESIGN OF FLIGHT VEHICLE STRUCTURES C2.11 





Fig. C2.27 
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Fig. C2.28 
(1) AISI Steel, Fy, = 180,000 
(2) 17-7PH. Stainless Steel, Fj,.= 210,000 
(3) 7075-76 Alum. Alloy 
(4) AZ31B Magnesium Alloy 
(5) 6AL-4V Titanium Alloy 


100 200 300 400 
TEMP. OF 


a compression member. Find the ultimate 
strength of the member if made from the 
following materials and subjected to the given 
temperature and time conditions. 


Case 1. Material 7079-T6 Alum. Alloy hand 
forging and room temperature. 
Case 2. Same as Case 1, but subjected 1/2 
hour to a temperature of 300°F. 
Case 3. Same as Case 2, but for 600°. 
Case 4. Material 17-4 PH stainless steel, 
hand forging at room temperature. 


SEC.A-A 


Fig. C2. 30 
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Solution: 


Since the column may fail by bending about 
either the X or ¥ axes, the column strength for 
bending about each of these axes will be calcu- 
lated. Since the column strength is a function 
of the radius of gyration of the cross-Ssecticn, 
the first step in the solution will be the cal- 
culation of Iy and ly, from whichpy and py can 
be found. 


Calculating Iy: In Fig. C2.30 the section will 
be rirst considered a solid rectangle 2.5 x 
2.75 and then the properties of portions (1) 
and (2) will be subtracted. 


Ixy (rectangle) = +x 2.5 x 2.75% = 4.32 


Portions (1) and (2) 


Ix ? app X15 £1.25" - 4( 625 x +25x1,292") = 
-1.29 


(Ig of (2) about its x centroidal axis is 
negligible) 


I, = 4.32 - 1.29 3.03 in.* 


ox Fv kk , Area A = 2.5x%2.75-2x.75x%1.25~ 
A 


4X .25%x .625) = 4.375 sq. 
in. 


px = ¥ 5.03/4.375 = .83 in. 


Calculation of ly: 


Ty (solid) = x 2.75 x 2.5° = 3.58 


1 
12 
Portion (1) = =(1.25x .75 x .8757)2 -(1.25x 
-75°/12)2 = = 1.52 


Portion (2) = -(.25x .625x .833")4~4(.25x 
1.25°/36) = - .488 


3.58 - 1.52 - .488 = 1.58 in.* 
V1.5674.375 = .60" 


Column strength is considerably influenced 
by the end restraint conditions. For failure 
by bending about the x-x axis, the end restraint 
against rotation is zsro as the single fitting 
bolt has an axis parallel to the x-x axis and 
thus c the fixity coefficient is 1. For 
failure by bending about the y-y axis we have 
end restraint which will depend on the rigidity 
of the bolt and the adjacent fitting and 
structure. For this example problem, this 
restraint will be such as to make the end 
fixity coefficient c = 1.5. 


ly 


a 


oy 
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For failure about x-x axis, 


L! = LA’ = BOAT = 30, Li/py = 30/.83 
= 36 


For failure about y-y axis, 


L! = 30//T.5 = 24.6, L'/py = 24,6/.60 
= 42 


Therefore failure is critical for bending 
about y-y axis, with L'/p = 41. 


Case 1. The material is 7079-T6 Alum. Alloy 
hand forging. Fig. C2.14 gives the failing 
stress Fg for this material plotted against 
the L’/o ratio. Thus using L'/p = 41 and the 
room temperature curve, “we read Fog = 50500 psi. 
Thus the failing load if P = FoA = 50500 x 
4.375 = 220,000 lbs. 


Case 2. Using the 300°F curve in Fig. C2.14 
for the same L'/o value, we read Fe = 40,400, 
and thus P = 40,400 x 4.375 = 177,000. 


Case 3. Using the 600°F curve, F, reads 6100 
and thus P = 6100 x 4.375 = 26700 lbs. Thus 
subjecting this member to a temperature of 
600°F for 1/2 hour reduces its strength from 
220,000 to 26,700 lbs., which means that 
Alum. Alloy is a poor material for carrying 
loads under such temperatures since the 
reduction in strength is quite large. 


case 4. Material 17-4 PH stainless steel 
forging. Fig. C2.8 gives the column curves 
for this material. For L'/p = 41 and using 
the room temperature curve we read Fo = 
135,200 and thus P = 135,200 x 4.375 = 
591,000 lbs. 


C2.10 Solution Without Using Column Curves. 


When primary bending failure occurs at 
stresses above the proportional limit stress, 
the failing stress is given by equation (5) 
which 1s, 


Fo = n*8/(L'/p)* 


Since Z_ is the tangent modulus of 
elasticity, 1t varies with F,, and thus the 
relation of Ey to Fo must be known before the 
equation can be solved. To plot column curves 
for all materials in their many manufactured 
forms plus the various temperature conditions 
would require several hundred individual 
column charts. The use of such curves can be 
avoided if we know several values or parameters 
regarding the material as presented by 
Ramsburg and Osgood and expanded by Cozzone 
and Melcon (see Arts. C2.4 and c2.5) for use 
in column design. 


Thus we make use of the curves in Fig. 
c2.17. 


Case 1. Material 7079-T6 Alum. Alloy forging. 
Table Bl.1 of Chapter Bl summarizes certain 
material properties. The properties needed 
to use Fig. C2.17 are the shape factor n, the 
moduls Ey and the stress F,,,. Referring to 
Table Bl.l, we find that n = 26, Eq = 
10,500,000 and F,_, = 59,500. 


The horizontal scale in Fig. C2.17 in- 
volves the parameter, 


su Js 
Bet =z (MY) 


Substituting:- 
1 /__89,3500 > 
B= 5 V—30,500,000 (42) = 1-02 


Using Fig. C2.17 with 1.01 on bottom 
scale and projecting vertically upward to 
n = 26 curve and then horizontal to scale at 
left side of chart we read Fo/Fy., = .842. 


Then Fy = 59,500 x .842 = 60,100, as 
compared to $0,500 in the previous solution 
using Fig. C2.14. 


Case 2. From Table Bl.1 for this material 
Subjected to a temperature of 600°F for 1/2 
hour, we find n = 29, Fy * 9,400,000 and 
Fo.r = 46,500. 


= 1 /_46,500 Z 
Then B= x 3400, 000 (41) 917 


From Fig. C2.17 for B = .917 and n = 29, 
we read Fo/F,., = .88, thus F, = 46,500 x .88 
= 40,900 as compared to 40,400 in the previous 
solution. 


EXAMPLE PROBLEM 2. 


Pig. C2.31 shows an extruded (I) section. 
A member composed of this section ts 32 inches 
long. The member is 
braced laterally in the 
x direction, thus 
failure will occur by 
bending about x-x axis. 
The member is pin ended 1b Ha 
and thus c = 1. The 
material is 7075-T6 
Sxtrusion. The problem 
is to find the failing 
stress Fy under room 
temperature conditions. 


\_+_— id —>l 





ie 





Fig. C2. 32 


This (1) section corresponds to Section 
15 in Table A3.15 in Chapter A3. Reference 
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to this table gives, 


A= .594 sq. in. Py = .618 


L' =L, sinc =1, L'/py = 32/,618 = 51.7 
Pig. C2.11 gives the column curves for 

this material. For L'/p = 51.7 and room 

temperature we read Fy = 38,500 psi. 


Solution by using Fig. C2.17, 


From Table Bl.1 for this material we find 
n= 16.6, By = 10,500,000 and F,_, = 72,000. 


aobis 72,000 iz 
Then, B = 5 Y 10,500,000 (52.7) = 1.36 


From Fig. C2.17 for B = 1.36 and n = 16.6, we 
read Fo/F,_, = .537, hence Fy = .537 x 72,000 
= 38,600. 


Consider the member is subjected to a 
temperature of 450°F for 1/2 hour. 


From Fig. C2.11, Fe = 21400 psi 
Using Fig. C2.17:- 


From Table Bl.1, n = 8.8, E, = 7,800,000 
and Fo/F,, = 29,000. 


=i /_29,000 >) = 
BES F7800,000 (51-7) = 1.00 


From Fig. C2.17 we find Fo/F,., = .74 
Then Fy = .74 x 29,000 = 21,450 psi 


A very common aluminum alloy in aircraft 
construction 1s 2014-Té extrusions. Let it 
be required to determine the allowable stress 
Fg for our member when made of this material. 


Since we have not presented column curves 
for this material, we will use Fig. C2.17. 


From Table Bl.1, for our material, we 
find n = 18.5, Eg = 10,700,000 and F, , = 
53,000 


53,000 


fel 
Then B= 5 V 19,700,000 


(51.7) = 1.1e 


From Fig. Cl.17 for B = 1.16 and n = 18.5, 
we read Fo/F,,, = .71, hence Fy = .71 x 
53,000 = 37,600. 


The result shows that the 2014-T6 material 
gave a failing stress of 37,600 as compared to 
38,900 for the 7075-T6 material which has a 
Foy of 70,000 as compared to Foy = 63,000 for 
the 2014-T6 material. The reason for the 


7075 material not showing much higher column 
failing stress Fo over that for the 2014 alloy 


is due to the fact that the stress existing 
under a L'/p value of 51.7 is near the pro~ 
portional limit stress or Ey is not much 
different than E,, the elastic modulus. 


To illustrate a situation where the 7075 
material becomes more efficient in comparison 
to the 2014 alloy, let us assume that our 
member has a rigid connection at its end which 
will develop an end restraint equivalent to a 
fixity coefficient c = 2. 


Then L' = 32//2 = 22.6 and L'/p = 
22.6/.618 = 36.7. 


For the 7075 material from Fig. C2.11l, F, = 
58,300 


For the 2014 material, we use Fig. C2.17 


- E 53,000 2 
B25 Vaprbasc0g (36-7) = .823. 


2 


From Fig. C2.17 for B = .823 and n = 
18.5, we read Fo/F,., = .87, when F, = .87 x 
53,000 = 46,100 as compared to 58,300 for the 
7075 material, thus 7075 material would permit 
lighter weight of required structural material. 


The student should realize that if the 
stress range is such as to make Ey = Eg, then 
the bending failure 1s elastic instead of 
imelastic and equation (5), using Young’s 
modulus of elasticity B,, can be solved 
directly without resort to column curves or 
a consideration of Ey, since Ey is equal to 
Eg: 


The student should realize that equation 
(S) is for strength under primary column 
failure due to bending as a whole and not due 
to local buckling or crippling of the member 
or by twisting failure. The subject of 
column design when local failure is involved 
is covered in a later chapter. 


In example problem 2, we have assumed 
that local crippling is not critical, which 
calculation will show is true as explained 
and covered in a later chapter. 


C2.11 Strength of Stepped Column. 


The use of curves in Pig. C2.22 will be 
illustrated by the solution for the strength 
of two stepped columns in order to illustrate 
both elastic and inelastic failure of such 
columns. 
Case 1, Elastic failure. 

Fig. C2.32 shows a double stepped pin 
ended column. The member is machined froma 
1 inch diameter extruded rod made from 
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7075-T6 material. The problem is to find the 
maximum compressive load this member will 
carry. 








Portion 2 Portion 1 
gis Dia. : 1"' Dia. : Portion 2 
ie pat ga =30"' ——>|+—— b=15"" 
—————L=60"” 
Fig, C2. 32 
PORTION 1 PORTION 2 
A, = .7854 in.* +4418 
I, = .0491 tn. * +0155 
Eg = 10,500,000 Eg = 10,500,000 
= B(EI,) 


From Fig. C2.22, Poy = . 


L? 


This is 





the Euler equation for failure under elastic 
bending. If the ratio a/L equals 1 or a 
uniform section, B becomes n* or 10 as shown 
in Pig. C2.22. The curves in Fig. C2.22 
apply only to elastic failure. Since the 
member in Fig. C2.32 is rather slender we 
will assume the failure {s elastic and then 
check this assumption. 


EI, 10,500,000 x .0491 


Ela ~ 10,500,000 x .01ss = S17, 27% 


= 30/60 
20.5 


From Fig. C2.22 for a/L = 0.5 and £1,/fle 
= 3.17 we read B = 7.0 


B Bly _ 7x10,500,000x .0491 _ 
iS ea 


‘hence, Por = 
60* 


1000 ib. 


The stresses in eacn portion are, 


f1 = 1000/0.7854 = 1280 psi 


fa 


1000/.4418 = 2270 psi 


These compressive stresses are below the 
proportional limit stress of the material so 
Eq is constant and our solution is correct. 
Case 2. Inelastic Failure. 

The column has been shortened to the 
dimensions as shown in Fig. C2.33. The 
diameters and material remain the same as in 
Case l. 

Portion 1 


b=3" fe a6" ——e-b=3” 
= Lele | 


Portion 2 


Fig. C2.33 


This is a relatively short column so the 
failing stress should fail in the inelastic 
range where = is not constant, therefore the 
solution is a trial and error procedure. We 
will base our first guess or trial on an 
average L/p value. 


pe for portion 1 is 0.25 inches 
pe for portion 2 is 0.1875 


Average p = (6 xX .25 + 6 x 0.1875)/12 
= 0.22 


Then L/o = 12/0.22 = 54.5, use 55. 


Fig. C2.11 is a column curve for 7075-T6 
Alum. Alloy extruded material. With L/P = 
$5, we read allowable stress Fo = 33,500 psi. 
Therefore 


P= Fo A = 33,500x 0.7854 = 26,300 1b. 


f. = 33,500 and f2 = 26,300/.4418 


59,500, 


The stress f in portion 2 is above the 
proportional limit stress so a plasticity 
correction must be made in using the curves 
in Fig. C2.22. 


Referring to Table Bl.1 in Chapter Bl, 
we find the following values for 7075-T6 
extrusions:- n = 16.6, Fo.7 = 72,000, 

Eg = 10,500,000. 


The tangent modulus E_ will be found for 
the stresses f, and f2. 

For Portion 1, f:/Fo.7 = 33,500/72,000 
= .465 


Referring to Pig. C2.16 and using 0.465 
and n = 16.6, we read Et/E = 1.0, thus By = 
E and thus no plasticity correction for 
Portion 1. 


For Portion 2, f2/Fo., = 59,500/72,000 
= .826 


From Fig. C2.16, we obtain Z/E = .675 
whence, St = .675 x 10,500,000 = 7,090,000. 


EI, 10,500,000 x .0491 


Ela ~ 7,090,000 x .0185 ~ **7 


From Fig. C2.22 for a/L = .5, we obtain 
B=5.6. 


phen Bape a Eta ie 246 % 1075005000 x. 0As 
u? 144 


= 20,000 1b. 
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Our guessed strength was 25,300 lb. Our 
guessed strength and calculated strength must 
be the same so we must try again. 


Trial 2. 
23500 1b. 


Assume a critical load P = 


f, = 23500/.7854 = 29900 


fa 


23500/,4418 = 53100 
Portion 1. f /Fo,, = 29900/72000 = .415 


From Fig. C2,26 for n = 16.6, we read 
E/E = 1.0. 


rn 


Portion 2. f2/Fo., = 53100/72000 = .738 
From Fig. C2.16, Et/E = .90, whence 


Eq = .90 x 10,500,000 = 9,450,000. 


EI, 10,500,000 x .0491 


Ela 9,450,000 x .0l55 7 9-52: 
From Fig. C2.22 for a/L = .5, we read 
B= 6.62. 


the Pop = B Els = §+62%10,500,000 x .0481 _ 
Lt 144 
23,650 lb. 


This practically checks the assumed value, 
this the answer is between 23,500 and 23,650 
and if further accuracy is desired another 
trial should be carried through. 


The other types of columns with non- 
uniform cross-sections as shown in Figs. 
C2.21, C2.23 and C2.24 are solved in a similer 
manner. These charts are to be used only with 
pin ended columns. The end fixity coefficient 
e for tapered columns is not the same as for 
uniform section columns. 


C2.12 Column Strength With Known End Restraining 
Moment. 


.Fig. C2.27 shows curves for finding the 
end fixity coefficient ¢ for two conditions 
of known end bending restraint. 


To tilustrate the use of these curves, 
a simple problem will be solved. 


Fig. C2.34 shows a 3-day welded steel 
tubular truss. The problem is to determine 
the allowable compressive stress for member 
AB. This strength is influenced by the fixity 
existing at ends A and B. The diameter and 
wall thickness of each tube in the truss is 
shown on the figure. The material is AISI 


Steel, Fry = 90,000, Fey 270,000, E= 
29,000,000, 


STRENGTH OF COLUMNS WITH 





STABLE CROSS-SECTIONS 









1-1/4 -.058 A 1-1/4-.058 Bg 1-1/4 -.058 











1-1/8 -, 049 





E F G 
1<—_ 30" se. 30” —_5¢- 30” > 
Fig. C2. 34 


The member AB 1s welded to three adjacent 
tubes at joints (A) and (B). Since these 
tubes are the same at joints (A) and (B), she 
fixity at the ends (A) and (8) of member AB 
is the same. 


Referring to Fig. C2.27, the term u ts 
defined as the bending restraint coef*ictent— 
spring constant expressed as inch pounds per 
radian. In Fig. a, 
the moment M re- 
quired to rotate 
end (A) through 1 MC 
radian when far end 
is fixed ts 4BI/L. 

For derivation of 

this value refer to art. All.4 of Chapter 
All. If the far end (3) is pinned in 

(Fig. A), a moment M = 3EI/L will rotate end 
(A) through one radian. To de slightly 
conservative, we will assume the far ends of 
members coming into joints (A) and (B) as 
pinned, Thus » = SEI/L. The sum of p = 
SEI/L will be computed for the 3 members 
which form the support of member AB at end 
(A). 


et (constant) B 





———_—_ | ——___» 
Fig. A 





Member AC:- I -03867, I/L = .col289 
Member AE:- I -02778, I/L = .0O071 
Member AF:- I = .02402, I/L = .000962 
w= SEI/L 

= 3(.001289 + .00071 + .000962) 29,000,000 
uw = 258,000 


In Fig. C2.27 we need term up L/Zl. The 
L/EI refers to member 4B. Thus u L/EI = 
(258,000 x 30)/29,000,000 x .0S67 = 7,28. 

We use the upper curve in Fig. (2.27 
since restraint at both ends of member AS 
is the same. Thus for u L/EI = 7.28, we 
read end fixity coefficient c = 2.58. 

Then L' = LA/c = Z0// 2.58 = 18.5. 

o for member = .422 inches. 

L'/o = 18.6/.422 = 44.0 


From column curve in Fig. C2.3, we read 
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allowable ?ailing stress to be Fo = 55,200 
psi. 


If the far ends of the connecting members 
‘were assumed fixed instead of pinned, then 
w = 4EI/L, or we can multiply previous value 
of 7.28 by 4/3, which gives 9.7 which, used in 
Fig. C2.27, gives c = 2.80. 


L'/p = Z0// 2.8 x .422 = 42.5. Then from 
Fig. C2.3, Fg = 56,600 pst. Since the far 
ends are less than fixed, the assumption that 
far ends are pinned gives fairly accurate 
results. 


In a truss structure all members are 
carrying axial loads and axial loads effect 
the ability of members to resist rotation of 
their ends. Art. All.12 of Chapter All 
explains how to take account of the effect 
of axtal load upon the stiffness of a member 
as required in calculating the end restraint 
coefficient py. 


C2.13 Coiumns With Elastic Lateral Supports. 


Pigs. C2.25 and C2.26 provide curves for 
finding the end fixity coefficient ¢ to take 
care of elastic lateral supports at points 
midway between the column ends. 


To illustrate the use of these charts, a 
round bar 0.5 imches in diameter and 24 inches 
long is braced laterally as shown in Fig. 
02.35. The bar is made of 
AISI Steel, heat treated to 
Fey # 125,000. The spring 
constant for the lateral 
support is 775 lbs. per 
inch. 


Moment of Inertia of 1/2 
rod = .003068, 





Radius of Gyration = 





125 tnches. Fig. C2.35 
eb 775 x 24° = 120 
a= “BI * 39,000,000 x .00s0s8 


From Fig. 02.25 for x/L = 10/24 = .416 
and q = 120, we find ¢ = 2,92. 


Then L' = L/Vc = 24// 2.92 = 14.08 
L'/p = 14.08/0.125 = 113 


an a 
Fo = Re =X 29,000,000 = 22,500 


pps 


If the stress is above the proportional 
limit stress for the material, then the tria. 
and error approach must be used as illustrated 
in the problem dealing with a tapered column. 


C2.14 Problems. 


q) 


6061-T6 Aluminum Alloy sheet, heat-treated 
and aged nas the following properties: 


(a) Under room temperature:- Po.7 = 
35,000 psi, Eg = 10,100,000 pst, and 
n=31 


(>) For 1/2 exposure at 300°F:~ F,., = 
29,000, Ey = 9,500,000 and n = 26, 


For the above two cases (a) and (b), 


determine =_ (tangent modulus values) from Fig. 
C2.16 and then calculate and plot column curves 
for these 2 material conditions. 


(2) 


Case 1. 
Material AISI Steel 4140, 
Fry = 180,000. 
fixity coefficient c =1 


Fig. C2.36 shows 
the cross-section 
of a compression 
member. Calculate 
the failing com- 
pressive load under 
the following 
cases:- 


be 24 


re, 





L = 25 inches. z 


bh 2 
n 


Take end 
Fig. C2. 36 


for bending about x-x 
axis and 1.5 about axis y-y. 


(3) 


(4) 


(8) 


(6) 


Same as Problem (2) but member {1s sub- 
jected to a temperature of 650°F for 
1/2 hour. 


Two extruded channel sections identical 
to Section No. 50 in Table A3.11 in 
Chapter AS, are riveted back to back 
and used as a column member. If member 
is 26 inches long and end fixity ts 

Cc = 1 and material is 7075-T6 extrusion, 
what is the failing compressive load. 


If member is fastened rigidly to adjacent 
structure which provides a fixity c = 2, 
what will be the failing load. 


Consider the column in problem (4) 1s 
made from 2014-T6 Aluminum Alloy extrusion. 
Find failing load. 


The pin enced single stepped column as 
shown in Fig. 02.37 is made of AISI-4120 
normalized steel, Fp, = 90,000, Poy = 
70,000. Determine the maximum compressive 
load member will carry. 





Sq. Bar 3/4" Square Bar 


(ee 
= se isp 


Fig. C2.37 
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(7) Same as Problem (5) but member is exposed 
1/2 hour to a temperature of 500°F, 


{8) Same as Problem (5) but change dimension 
(a) to 10 inches, and L to 14.28 inches. 


(9) Find the failing compressive load for 
the doubly stepped column in Fig. C2.38 


if member is made from 7079-T6 hand 
forging. 


1-3/8 Dia. Rod 


é 1-1/8 Dia. Rod 
bs12 —K—a=12 —e— b=12 > 
L=36 
Fig. C2. 38 


(10) Same as Problem (7) but change dimensions 
a=6",b=4", L= 14", 


(11L) The cylindrical tapered member in Fig. 
C2.39 is used as a compression member. 
If member is made *rom AISI Steel 4140, 
Fy = 125,000, what is the fatling load. 


1/2" Dia. Rod 
a 
> 





b=9 —e— a=12 ——ate b=9 
30” 


Fig. 2.39 


(12) Same as Problem (7) but change dimensions 
toa =6", b = 4.0", L = 14 inches. 


References: 


(1) NACA Technical Note 902. 

(2) Non-dimensional Buckling Curves, by 
Cozzone Z Melcon, Jr. of Aero. Sciences, 
October, 1946. 

{3) Chart from Lockheed Aircraft Structures 
Manual. 








CHAPTER C3 
YIELD AND ULTIMATE STRENGTH IN BENDING 


C3, 1 Introduction. 


Members subjected to bending alone or in 
combination with axial and torsional loads are 
quite common in flight vehicle structures. 

The limit design loads on a structurel member 
must be carried without permanent distortion 
and the ultimate design loads must be carried 
without rupture or failure. The well known 
bending stress equation f, = Mc/I, assumes a 
linear variation of stress with strain or, in 
other words, the equation holds for stresses 
below the proportional limit stress or, in 
general, the elastic range. Failure of 4 
member in bending, unless there ts local 
weakness, does not occur at stresses in the 
elastic range but occurs at stresses in the 
inelastic range. Since the ultimate strength 
of a member is nseded to compare against the 
ultimate design load to be carried, a theory 
or procedure is necessary which will accurately 
determine the ultimate and yield strength of a 
member in bending. 


C3.2 Basic Approach to Finding the Bending Strength 
of Members. 


The problem is to determine the internal 
resisting moment of a beam section when sub~ 
jected to stresses which fall in the inelastic 
range of stresses. This stress can be taken 
as the ultimate tensile or compressive stress 
of the material or Limited to some stress or 
deformation in the inelastic range. To obtain 
the true internal resisting moment, we must 
Know how the normal tension and compressive 
stress varies over the cross-section. The 
stress-strain curve for the material provides 
the source for obtaining the true stress 
picture. If 4 material has a different shape 
in the tensile and compressive inelastic 
zones, the neutral axes does not coincide with 
the centroidal axis, thus adding some difficult: 
to an analysis nasthod. The analysis procedure 
for determining the true internal resisting 
moment is dest explained by an example 
solution. 


C3.3 Bending Strength of a Solid Round Bar. 


Fig. C3.la shows the cross-section of a 
round solid bar made of aluminum alloy. The 
stress-strain curve up to a unit strain of 
010 in. per inch is given in Fig. C3.2. Note 
that the shape of the curve in the inelastic 
zone {5 not the same for both tension and 
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compression. In this example solution, we will 
find the internal resisting moment when we 
limit the unit strain at the extreme edge on 
the compressive side of ths beam section to 
0.010. Now plane sections remain plans after 
bending in both elastic and inslastic stress 
conditions when member {s in pure bending. 

We will guess the neutral axis as located 
0.0375 inches above the centroidal axis as 
shown in Fig. C3.1b. Having assumed the 
maximum unit strain as .010, we can draw the 
strain diagram of Fig. C3.1b. We now divide 
the cross-section in Fig. C3.la into 20 
narrow horizontal strips. Having the strain 
curve in Fig. C3.1lb, we can find the unit 
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strain at the midpoint of each strip. With the 
strain known on each strip, the stress existing 
can be found by use of the stress-strain curve 
in Fig. C3.2. The total load on each stris 
then equals the stress times the area of the 
strip. The internal resisting moment then 
equals the summation of the load on each 

strip times the distance from the strip to 

the neutral axis. 


Table C3.1 shows the detail calculations. 
If the neutral axis has been selected in the 
correct position, the values in colum (6) 
of the table should add up to zero since total 
tension must equal the total compression on 
the beam cross-section. The small discrepancy 
of 740 pounds in the summation of column (6) 
is not enough to change the location of the 
neutral axis or the total internal resisting 
moment appreciably. Column (7) gives the 
total internal resisting moment as 56735 in. 
los, when the strain is limited to the .010 
strain as previously discussed. The stress 
at this strain from Fig. C3.2 1s 49000 psi. 
Using this stress in the well known beam 
formula M = fI/c, we obtain M = 49000 x 0.785 
= 38450, which 1s much less than the true 
value of 56735. 


TABLE C3. 1 
_—————— 
1 2 3 4 5 6 7 
>) — _—__ ———-- ——_— 
Strip Unit Res. 
op Area y e Stress | F =cA | Moment 
To. | wan a M-Fr 
I .058) 0,935 | .00867 | 53000 3075 2760 
2 «102 | 0.840) .00773 | 52500 5350 4300 
3 +135; 0.75 00685 { 52100 7025 $040 
4 353} 0.65 00591 | 51500 ‘7870 4820 
5 165) 0.55 . 00494 | 51000 8410 4310 
6 180; 0.45 - 00398 | 43000 7740 3200 
7 185 | 0.35 00302 | 33200 6140 1920 
8 195) 0.25 00205 } 22800 4450 945 
9 197 | 0.15 00108 | 12500 2460 280 
10 200 | 0,05 00012 3200 640 10 
11 +200 | -0.05 | -. 00084 | - 7250 | -1450 130 
12 -197 | -0.15 | -.00181 | -17800 | -3510 680 
3 «195 | -0.25 | -.00276 ; -29500 | -5750 1650 
4 -185 | -0.35 | -.00374 | -35500 | -6560 2540 
15 ~180 | -0,45 | -.00470 | -40000 | -7200 3510 
18 +185 | -0,55 | -. 00566 | -43000 ; -7100 4170 
17 .183 | -0.65 | -. 00663 | -44800 | -6850 4710 
18 .195 | -0.75 | -. 00759 | -46000 | -6210 4380 
ig » 102 | -0.84 | -.00846 | ~47200 | -4810 4210 
- 058 | -0.935 | -, 00937 | ~48000 | -2780 2690 


































1 Rod divided into 20 strips . 1" thick. 
Col. 3 y = distance from centerline to strip c. g. 
Col. 4 € = strain at midpoint = (y - .0375)/103. 75. 
Col. § Unit stress for ¢ strain from Fig. C3. 2. 
Col. 6 Total stress on strip. 
Col. 7 Moment about neutral axis. r = (y - . 0375). 





Since it is desirable to use the bean 
formula in finding bending stresses due to 4 





given bending moment, and als 
the true internal resisting 1 
section, structure] design ar 
of a fictitious failing 
which is referred to as a 
stress in pure dending. 

bending momant that can be develope: 
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this chapter. 


Since there are many flight vehicle 
materials and all Kinds of shapes used in 
structural members, the basic approach for 
solution as illustrated in Table C3.1 becomes 
very time consuming. Design engineers always 
search for simplified methods which give 
sufficient accuracy. Thus Cozzone (Ref. 1) 
has developed a simplified procedure for 
finding the modulus of yield or rupturing 
bending stress Fy. The method 1s widely used 
in the aerospace industry in structural 
design. 


C3.4 The Cozzone Simplified Procedure. 


The Cozzone method in its simplest form 
assumes 2 symmetrical rectangular beam section 
and the same shape of the stress-strain curve 
in both tension and compression. Fig. c3.2 
represents the true bending stress variation 
over the beam cross-secticn when failure 
occurs. Cozzone now replaces this true curve 
by a trapizoidal stress variation as shown in 
Fig. C3.4. The stress fy is a fictitious 
stress which 1s assumed to exist at tne neutral 
axis or at zero strain. 
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The value o7 fy is determined by making 
the requirement that the internal moment of 
the true stress system must equal the moment 
of the assumed travezoidal stress system 
which results from th? assumed stress-strain 
curve as shown in Fig. C3.5. Fig. C3.6 shows 
the trapezoidal stress pattern drawn to a 
larger scale and showing only one half of the 
symmstrial baam section. The trapezoidal 
stress pattern has been divided into a 
rectangl2 (r) and a triangle (>) as shown itn 
the figure. 


Let, Mp = total internal resisting moment. 
My = internal moment developed by 
portion (r). 
Mp = internal moment develoved by 
portion (b). 
Then Mp = my + my 


Since fp varies linearly from zero to fp, 
the stress is elastic and thus the beam 
equation holds, or 


Mp = fpl/c for entire beam section. The 
stress variation on porticn (r} is constant or 
rectangular, thus 


Mp = fof/o°ydA, let So°yda =Q 
Then mp = fo2y for entire bean section 


But fp = fg - fo (from Fig. C3.6) 
Thus, My = (fm-fo) £ + 2to, or 





ty + to (Ge- 1 ------- Q) 
Let k = fs See Sete es oteterd (2) 
kK is a beam section shape factor. 
Let Fy = Myc/I, then from equation (1) 
Fy = fm +f (k-1) -------- (3) 


Fp 1s a fictitious Mc/I stress or the 
modulus of rupture for a particular cross- 
section at a given maximum stress level. 


The values of k vary between 1 and 2.C¢ 
If calculatea value of « iS greater than 2 
use 2.0. Fig. C3.7 shows the value of the 
shape factor k for several typical shapes. 
rig. C3.8 snows curves for the rapid 
determination of the k factor for 3 comnon 
beam sections. 








2a Section Factor K for 1,©, and C Sections (Ref. 2) 


C3.5 Design Curves for Finding Modulus of 
Rupture (Fp). 


The modulus of rupture F, may be a yield 
modulus, that is, in equation (3) the value of 
fm 1s equal to the yleld stress of the material. 
It may also be the ultimate modulus of rupture, 
in which case the value of fp in equation (3) 
equals the ultimate strength of the material. 
The modulus of rupture may be limited to a stress 
between the yield and ultimate stress of the 
material because of local crippling or by 
excessive distortion. Regardless of what value 
is used for fy in equation (3), the corres- 
ponding value of fg must be known before the 
value of Fp can be determined. Figs. C3.9 to 
C3.23 give strain curves for various matertal 
and the corresponding fg curve. The use of 
these two curves permit the determination of 
Fp if the k shape factor for the particular 
beam section being considered is known. In 
deriving the values of fy, the following 
assumptions are made. 


{1) The stress-strain curve ts assumed 
the same in tension and compression. 


(2) The neutral axis is assumed to coin- 
cide with the centroidal axis. 


(3) During bending plane sections remain 
plane. 


{4) The cross-section is not subject to 
local or torsional instability. 


( 
{ 
O 
or 
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(5) Beam-column, curvature and shear lag 
effects are considered negligible. 


C3.6 General Accuracy of Method. 


(1) It ts exact for a rectangular section 
under pure bending with moment vector parallel 
to a principal axis. 


(2) For double symmetric sections under 
pure bending and moment vector parallel to a 
principal axis, the accuracy should be within 
5 percent. 


{3} Single symmetric sections will vary 
from practically exact to definitely uncon- 
servative (moment vector normal to axis of 
symmetry). 


{4) For sections subject to combined 
bending and axial load, the results will vary 
from practically exact to conservative. 


(5) For unsymmetrical bending, with and 
without axial load, the results will vary trom 
practically exact to conservative. 


C3.7 Example Problems in Finding Bending Strength. 
EXAMPLE PROBLEM 1. 


A rectangular beam section is 0.25 inches 
wide and 1.5 inches deep. What yteld and 
ultimate bending moment will the section 
develop when made from 7075-Té6 extruded 
aluminum alloy. 





Solution: The modulus of bending stress is 
given by equation (3), 
Py fm + fo (k-1) ------+-+- (3) 
k= 22 2 2% 0.75 x 125 X 375 x _ .1408 
We GB) 25 x1,5%1/.75) O88 
k = 1.50 
The value of k could also be found in Pig. 
C3.7. 
Material is 7075-T6 aluminum alloy. From 


Fig. C3.17, Fry = 75000, Fey = 65000. 

To find the yield bending strength, the 
value of fy in equation (3), the maximum 
stress permitted on the most remote fiber is 
65000, the yield stress of the material. To 
find f9, we go to Fig. C3.17 and find the 
point on the stress-strain curve that 
corresponds to a stress of 65000. This point 
is projected vertically downward to intersect 
the curve fo. This point ts then projected 
to the stress scale at the edge of the chart 





to give the value af fo. 
this chart oseration gives fg = 29000. 
from equation (3) 


The value of f9 from 


Then 


Poyrerq = 65000 + 22000 (1.5 - 1) = 79500 psi. 


Then yield bending moment = Myp = Fpl/c 


Thus Myp = 79500 x .0938 = 7460 in. lb. 

For finding the ultimate resisting 
bending, we use Fry, which 1s 75000 as the 
value of f, in equation (3). Again going to 
Fig. C3.17 to stress of 75006 on stress-strain 
curve and the vertically dovm to 7%) curve, we 
obtain fo = 70500. 


Then Fo(ult)™ 75000 + 70500(1.5-1)= 110250 psi 


Then Muit = Fpl/c = 110250x.0938 = 10370 in.1b. 

Let us assume that is is desired to limit 
the strain in the extreme fiber to .03 inches 
per inch. What would be the bending moment 
developed under this limitation. 

From Fig. C3.17 for a unit strain of .C3 
the corresponding stress from the stress 
strain curve {s 74700 and the f, stress is 
61200. 

Then Fp = 74700 + 61200 (1.5-1) = 105300 
Then M = FpI/c = 105300 x .0938 = 9900 in. lb. 
EXAMPLE PROBLEM 2, 


The symmetrical I beam section in Fig. 
{a) 1s subjected to an ultimate design pure 





bending moment M = 14000 in. lb. What is 
the margin of safety if 
the beam is made of 
Magnesium forging AZé61A 1.375 
which has Fy, = 38000 ee gies 
and Fry = 22000. t 

a. 7 4 Qn Rp 
Ix = 45 x 1.375 x 28- i 125 


x 1.25 x 1.75% 


+916 - .558 = .358. 


Ix/e = .358/1 = 0.358 
Q = 1.375 x 125 x .9375 + .875 x 1125 x 
.4375 = 0.209 
= 20 2x .209_ 
gfe Osa et 


k could have deen from Fig. C3.3 when 
using m = .125/1.375 = .091, and n = .125/ 


1.75 = .0715. 
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From Fig. C3.19, for f, = F_y = 38000 we 
find in projecting vertically downward to f, 
curve gives fy = 23700. Then subt. in 
equation (3) 


Fp = 38000 + 23700 (1.17 - 1) = 40770 
Mut = Fpl/c = 40770 x .358 = 15000 in. Ib. 


Mut | _ 15000 


Margin of Safety = = 1 1= .07 


14000 ~ —— 


Assume we desire the stress intensity at 
a@ point 0.5 inches from neutral axis if full 




















bending strength was developed. From Fig. o 
C3.19, the unit strain when stress is 38000 
is 0.35. Then since plane sections remain 
plane after bending, the unit strain at’ point 
«50 inch from neutral axis is (.5/1) (.035) = 
-O175. From Fig. C3.19, the stress existing 
at this strain is f = 31000 psi. A linear 
variation of stress as used in the flexural 
equation would give half the maximum stress 
or 38000/2 = 19000 psi as against the true 
stress of 31000. 





















































Curves for finding Fp. 


Py = fn + fo (k - 1). 











3.6 YIELD AND ULTIMATE STRENGTH IN BENDING 
























































0.05 0.055 












































Fane fy tei) 
































° 0.01 0.02 0,03 0.04 0.08 0,08 
€ in/in 


140! 


120; 











fam fo (aut) 








0 0.01 0.02 0.03 0.04 0.08 
e io/in 


0.016 6.020 0.024 0.028 0.032 0.03 
f (Inchea/inch) 


Curves for finding Fy. Fy = fm + fg (kK - 1). 
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EXAMPLE PROBLEM 3. Unsymmetrical Section. 
Fig. (b) shows a tee beam section, 
Symmetrical about the vertical axis. If the 

material is 17-4 PH stainless steel, what 
ultimate bending moment will be developed if 
bottom portion is the tension flange. 


E gs. 0154 





Fig. (c) 


The neutral axis will first be determined. 


y= yr * @x i.+* 14x01 


Fig. (c) shows the unit strain picture. 
The lower edge of the beam section is strained 
to the maximum value of .035 as shown on the 
stress-strain curve in Fig. C3.31. Since 
plane sections remain plane the unit strain 
€, at the upper edge of section is «, = .035 x 
-61/1.39 = 0154. 


Solution 1 


Equation (3) was-derived for a symmetrical 


section about the neutral axis. The equation 
’ involves finding the resisting moment 
developed by one half the beam section and 
multiplying by 2. This is permissible since 
the unit strain at both top and bottom edges 
is the same. 
to use equation (3). To do this it ts 
necessary to make symmetrical sections for the 


In this solution we will continue 
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portion on each side of the neutral axis of the 
entire section. 


Label the beam portion below the neutral 
axis as (1) and that above by (2). 


Portion 1. Fig. (d) shows 
how the lower portion (1) ate det" 
is made a symmetrical FF 
section about neutral axes 2.78" | | 1:89, 
by adding the dashed TOP TON A 
portion. The internal 1.39 
bending resistance will be =m -s \ 
found for this entire ‘ 

Fig. (d) 


section in Fig. (d). One 
half of this amount will 
then be the true moment developed by portion (1). 


a Ue a. 
I = yy bh® = 55 x 0.1 x 2.78" = 0.178 


I,/c, = 0.178/1.39 = .128 


Q. = 1.39 x 0.1 x .695 = .0965 
22. = .193 
ky = 2a:/1,/e, = 9338 = 15 


From Fig. C3.22, Fry = 160000 which equals 
fq: 
fg from curve = 156000 


Then Fp, = fm + fo (k - 1) 


180000 + 156000 (1.5 - 1) = 258000 


= 
a 


(Pp,1i/e,)S = 258000 x .128 x 
0.5 = 16550 in. 1b. 


The factor 1/2 is due to the fact that 
portion (1) is only one half the beam section 
in Pig. (a). 


Portion 2. Fig. (@) shows the developed 
symmetrical section for the upper portion (2) 
of the beam section. 





is shown in Fig. (f) 





x 1.5 x 1.22" ~ 7p x 14 x 1.08" = .104 
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Ta/Cy = .104/.61 = 11704 

Qa = 61 x .1 x .305 + 1.4 x 0.1 x 0.56 = .097 
222 = 0.194 2 

Ka = 0.194/.1704 = 1.14 


The stress for a unit strain of .0154 
from the stress strain curve in Pig. 03.22 is 
172000, and fo = 129400. 


y 


Then Fp, = 172000 + 129400 (1.141) = 190100 
Me = £ (Fp, 1a/e a) = 190100 x .1704 = 16200 


Total resisting moment = M, + Mz = 16550 + 
16200 = 32750 in. lbs. 


Solution 2, 


Instead of making each portion a 
Symmetrical section as was done in solution (1) 
and dividing the results by two, we will find 
the intermal bending resistance of each portion 
as is when bending about the neutral axis of 
the entire section. Equation (3) now becomes 
for each portion of beam section, 


Py = fm + fo (k- 1) ---3! 


so y 2 Qa 
where k, Rf’? "Ty 
The section modulus of each portion refers 
to neutral axis of entire beam section. Fig. 
(g) shows lower portion (1). 
1 ak 
I, = gbe) = 3 x «1 x 1.39° i= 
1. 39s¢ 
= .0895 = 
44 
Ti/ex = .0895/1.39 = .0645 Boat lee8 
Fig. (g) 
Qi. 21.39 x .1 x .695 


= .0965 


ky = Q,/I,/c, = .0965/.0645 = 1.50 


From equation (3')}, Fy 
(1.50 - 1) = 258000 


= 180000 + 156000 


Mi = Fp, x Ii/c. = 258000 x .0645 = 16620 


Pig. (nh) shows upper 


portion (2) 

1,2 3x 15x 61°- {ere 
Tot -61=c2 
=x lax .51° NA 
3 Fig. (h) 


+0514 
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Ia/Ce = .0514/.61 = .0842, 





Q2> 0.61 x O.1 x 305 + 1.4 x .1 x .S561 
= .0971 


Ke = .0971/.0842 = 1.15 


AS explained in solution (1), for ¢ = 
+0154, fy = 172000 and fy = 129400. 


Fo, = 172000 + 129400 (1.15~1) = 191400 


M, = 191400 x .0842 = 16100 


Mrotail = Mi + M, = 16620 + 16100 = 
32720 in. 1b. 


EXAMPLE PROBLEM 4. Fig. C3,24 shows an un- 
Symmetrical i beam section. The material is 
7079-T6 aluminum alloy die forging. The 
upper portion is in bending compression. It 
will be assumed that the compressive crippling 
stress for the outstanding upper legs of the 
Section {1s -65000 psi. (The theory and method 
of calculating crippling compressive strength 
is given in another chapter.) The ultimate 
design bending moment is 16500 in. lb. Find 
M.S. 


e =. 008 





6 1=,0129 
Fig. C3, 25 


1 = 3/4—a} 
Fig. C3. 24 


Solution: 


2x0. 1x1+1.4x.1x1.55+.65x0.1x.05 
2x0.1+1.4x0.1+0.65x0.1 





y= = 1.178 

The maximum compressive stress permitted 
is 65000 psi. From Fig. C3.23, using the 
stress-strain curve, we obtain a unit strain 
of .009 for this stress. The unit strain at 
the dottom edge of section is .009 (1.178/ 
0.822) = .0129 as shown in Fig. 03.25. From 
Fig. C3.23 this strain causes a stress of 
67500 psi. 


jo—— 1.50 —— 





Upper portion: (See 

Fig. 1) on 
ol es s_l 

TygtZ X1.5 x .022 oe a tte aks 


x1.4 x 0.722% = .102 
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I/c = .102/,822 = .124 
Q = 0.822 x 0.1 x 0.411 + 1.4 x 0.1 x 0.772 

= .1418 : (2) 
k = ,1416/.124 = 1.142 
fmax = 65000. From Fig. C3.23, f4 = 30000 
Then fp = 65000 + 30000 (1.142-1) = 69260 

m, = fpl/c = 69260 x .124 = 8580 in. 1b. 

Lower Portion. 
INA = Ex 0.78 x 1.178° atk 03.9 


= = x 0.65% 1.078° 1.498 


| L 
5754 10.1 
Fig. (i) 


+137, I/e = 
1.178 = 


+137/ 
21164 


Tya 


K = .1425/,1164 = 1.222 
trax = 87500 


From Fig. C3.23, f, = 44500 


fp = 67500 + 44500 (1.222-1) = 77270 pst 


m, = .1164 x 77370 = 9000 tn. 1b. 





shows an unsym~ 
metrical section 
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section will develop in bending about x 
axes and My the desien bending. 


Using My, carry out the same procedure for 
bending about y axes and find, 


Roy = My/May 


Then the moment ratio Ry for combined 
bending is, 


Rp = Roy * Roy 
Then margin of safety M.S. = ie 1. 


Section with One Axis of Symmetry.with Moment 
Vector not Parallei to Either Axis. 


Since the symmetrical axis is a principal 


axis, the procedure in this case 1s the same 
as for the double symmetric case. 


Rp Ro, + Roy 


M.S. 


=-1 


Rp 


C3. 10 Unsymmetrical Section with No Axis of Symmetry. 


Fig. C3.27 7 rf 









Total internal allowable resisting subjected to the er oe 
moment =m, +m, applied moment Se ee xy 
vector M. 
or Mg = 8580 + 9000 = 17580 tn. lb. 
. For this Fig. C3.27 
«ft . 16500 _ case the pro- 
Ro Sag = T7sad = 0-94 (Load ratio) cedure is as y 
follows: y 
MS. 2 + -15 12 106 
me Ry 0.94 (1) Determine 


C3.8 Complex Bending. Symmetrical Section. Moment 
Vector Not Paraltel to Principal Axis. 


Fig. C3.26 shows a y 
double symmetric section. 
The x and y axes are 
therefore principal 
axes. 


The following pro- 
cedure can be followed 
which is quite con- 
servative. 


(1) 


2 
Fig. C3. 26 (2) 





(3) 
Resolve the given moment into components 
about x and y axes, or My and My. (4) 
(2) Using My follow the procedure as given 
in the example problems and find Roy = 


My/Max, Where Ma, is the internal moment 





principal axes 
location by equation, 


2Ixy 
Ty-Tx 





where x and y are centroidal axes, Ty 
and ly are moments of inertia about 
these axes and Ixy the product of 
inertia. 


Resolve the given moment M into compon~ 
ents My, and My: 


Follow the same procedure as before. 


The stress ratio Rp = Rox, = Roy, 
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C3,11 Alternate More Exact Method for Complex 
Bending. 


A beam section when resisting a pure 
external bending moment bends about an axis 
that is called the neutral axis. No matter 
what the shape of the beam cross-section for 
any given external moment, there is an axis 
about which bending takes place. The general 
case involves an unsymmetrical beam cross- 
section and material which has different 
stress-strain curves in compression and 
tension in the inelastic range. The neutral 
axis therefore does not pass through the 
centroid of the cross-section and thus the 
method of solution is a trial and error 
approach. The solution procedure is outlined 
in Chapter Al9, Article Alg.17, and therefore 
will not be repeated here. Also the chapter 
dealing with the design of beams with non- 
buckling webs explains and illustrates how 
the ultimate bending resistance of an entire 
beam section is determined. 


C3.12 Strength Under Combined Bending and 
Flexural Shear, 


The previous part of this chapter has 
dealt with the determination of the strength 
of a beam section in pure bending. The usual 
beam design problem involves flexural shear 
with bending. In finding the true internal 
resisting moment, the Cozzone simplified 
method derives a trapezoidal bending stress 
distribution which will produce the same 
internal resisting moment as the true internal 
bending stress system. A triangular stress 
system is then derived which will also give 
the true bending moment. 


Now the equation for flexural shear stress 


for a triangular bending stress distribution 
is 


Thus to use equation (A) fora 
trapizoidal bending stress, a correction factor 
(C) must be applied or equation (A) becomes 


To illustrate how the correction factor 
(C) can be determined, the I beam section used 
in example problem (2) will be used. 


We will assume the ultimate design moment 
of 14000 in. lbs. is produced by a load of 
600 lbs. acting on a cantilever beam at a 
point 23.30 inches from the fixed end of the 
beam. Thus the beam section at the support 


is subjected to bending moment of 14000 and 
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a shear V = 600 lbs. The problem is to find 
the margin of safety under this combined 
loading. 


For pure bending only the stress ratio 1s 


Ry = chs HOM] cas (the value of 18000 ts 


Mg «15000 
obtained from example problem 2). 





The stress ratio in shear is Rg = fs/Fsu, 
where fs 1s the flexural shear stress and Fsy 
the ultimate shear stress of the material. 
The problem therefore is to find the value of 
fas 


The equivalent trapezoidal and triangular 
bending stress distribution will be determined 
for the design bending moment of 14000 in. lbs. 


For a triangular stress variation, 
Fp = Mc/I = 14000/0.358 = 39150 psi. 


From example problem (2) the shape factor 
kK was 1.17. On Fig. C3.19, the curve for 
= 1.17 has been plotted. Starting with the 
Fy stress of 39150 at the left scale, run 
horizontal to an intersection with the k = 
1.17 curve, the projecting vertically down- 
ward to intersections with the stress- strain 
curve and the f, curve to give 35800 and 
19700 for f,. The stress results are shown 
graphically in Fig. %%.28a and Pig. C3.28b, 


je-t6100 29450, 


oo 19700 | 





1/2 Beam Section a C3. 28a 


Case t 


Fig. C3. 28b 
Case 2 


The flexural shear stress is a function 
of the rate of change of the bending stress. 
Thus we can obtain a shear correction factor 
Cc by comparing the bending stresses in the 
two stress distribution diagram. 


The shear stress is maximum at the 
neutral axis in this particular problem. 
The total normal force on the cross-section 
of beam above the neutral axis equals the 
stress times the area. 


For simplification, the beam section will 
be divided into the two portions labeled (a) 
and (b). 
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FLIGHT VEHICLE STRUCTURES 
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For Case 1:- 
Load on portion (a) is, 


19700 x 1.375 x 0.125 


3380 1b. 


18100 + 14100 2 1 375 x 0.125 = 2600 1b. 





2 
Portion (b) 
19700 x 0.875 x 0.125 = 2155 
14100 x 0.5 x 0.875 x 0.125 = 771 
Total Force 8906 lbs. 
For Case 2:- 
Portion (a) 


39150 _ + 34250 


2 x 1.375 x 0.125 = 6300 


Portion (b) 


= ~ 1874 
34250 x 0.5 x 0.975 x 0.125 = si lbs. 
Thus the correction factor is, 
Cc = 8906/8174 = 1.09 
Then f, at neutral axis is, 
CVQ . 1.09 x 600 x 0.209 _ 
ty = Sgt = MO ReaeocTas ~~ 9060 st. 


The ultimate shear stress for this 
particular magnesium material is 19000 psi. 
(See chapter on material properties.) 


£ z 
Stress Ratio Rg =F" too00* 0.162 


The interaction equation for combined 
bending and flexural shear is 


Rh + Rg = 1 
ai: 
whence, Margin of Safety = JRe+ Re -.1 


i 


or, M.S. = /oa3*+ .161" 161" ~ 1= .05 


Thus the effect of the flexural shear 
stress was to reduce the margin of safety of 
.07 in pure bending to .05 in the combined 
stress action. 


As further calculation of the shear 
correction factor C, its value Zor the shear 
stress at the upper edge of portion (b) of 


the cross-section will be determined. The 
correction factor for this point is found by 
comparing the loads on portion (a) ror Case 1 
and Case 2 stress patterns. 


Case 1. Load on (a) = 3380 + 2600 = 5980 
Case 2, Load on (a) = 6300. 
Hence, C = 5980/6300 = .95 


C3.13 Strength Under Combined Bending Flexural Shear 
and Axial Compression. 


The subject of tne ultimate strength 
design under combined loads {s treated in 
detail in a later chapter. 


A conservative interaction equation for 
combined bending, shear and axial load is, 


(Rg + Ry) * + Rg 21 


a a 
ors. = Tee my) oe 2 


Ry includes effect of secondary bend- 
ing moment due to axial load times de- 
flection. 


C3.14 Further Values of fy, and fp. 


Table C3.2 gives the yield and ultimate 
values of fy, and f, for a number of other 
materials common to the aerospace field of 
structures. The yield and ultimate modulus 
in bending Fp {s found by substituting in 
the equation. 


Fp 2 fm + fo (kK - 1) 
TABLE C3.2 Values of fm and fo for Finding Fp 


Fh = fm + bo (k - 1) 


Material 





2014-6 Alum. Al. Die Forgings 
6061-TS Ajum. Al. Sheet 

7075-T8 Alum. e Forgings 
1079-78 Alum. Al, Hand Forginga(L) 
A+261A Magnesium Al. Extru. (Long) 
HIKJ1A-0 Magnesium Al, Sheet 

ZK60A Magnesium Al. Forgings (Long) 
AIST Alloy Steet (Normalized) 

AISI Alloy Steet (Normalized) 





AISI Atloy Steel (Heat Treated) 
AISI Alloy Stee! (Heat Treated) 
AIST Alloy Steel (Heat Treated) 
AISI Alloy Steel (Heat Treated) 
11-7PH Stainless Steet 

PHIS$-7 MO (RHBSO) Stainless Steel 
Ti-@MN Titanium Alloy 





PROBLEMS 


(1) A round tube 1-1/2 inches in diameter 
has a wall thickness of .095 inches. 
it is made of aluminum alloy whose 
stress-strain curve is shown in Fig. 
C3.2. If the maximum unit strain in 
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(2) 


compression is limited to .008, what 
bending resisting momsnt will the section 


develop. (Note, since stress-strain 
curve has different shape in tension and 
compression, neutral axis does not 
coincide with center line axis, thus use 
trial and error method. 


Same as Problem (1) but use a square tube 


with 1-1/4 inch outside dimension and 
+081 inch wall thickness. 


Use the Cozzone method for solving the 


following problems. 


(3) 


Find the ultimate bending moment that 
each of the following beam sections will 
develop when bending about the principal 
axis and made from each of the following 
materials, 

(a) 7075-T6 Aluminum Alloy Extrusion. 
Pry * 75000, Fry = 65000, 

(b) Ti-6Al-4V Titanium Alloy. 

Feu = 130,000, Fry = 120,000. 
(c) AISI Alloy Steel, heat treated. 
Feu = 150,000, Fry = 132,000. 
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(4) 


Rer. 2. 


A simply supported beam has a span of 24 
inches. Depth of beam limited to 2 inches. 
It must carry an ultimate load of 4000 

lbs. located at midpoint of beam. Material 
is 7075-T6 aluminum alloy extrusion. 

Design an I shaped section to carry this 


load. Neglect areas of corner fillets 
that would be used in extruded shapes. 
REFERENCES. 
Ref. 1. Bending Strength in Plastic Range. By 


F. P. Cogzone, J. Aeronautical Sct., 
May, 1943. 
Vought Structures Manual. 








CHAPTER C4 


STRENGTH AND DESIGN OF ROUND, STREAMLINE, OVAL 
AND SQUARE TUBING IN TENSION, COMPRESSION, BENDING, 
TORSION AND COMBINED LOADINGS. 


C4. 1 Introduction. 


Before the advent of the stressed-skin 
structure for aircraft, or during the period 
when fuselage and wing were fabric covered, 
round, oval and square tubing were used in 
designing the major structure of the fuselage 
and wing. If the wing and tail were externally 
braced, streamline tubing was used. The 
development of the metal covered structure 
eliminated the use of tubing in fuselage and 
wing design, however, tubing continued to be 
used for landing gear structure, engine mounts, 
control systems, fixed equipment such as 
passenger seats, etc. 


With the opening of the space age, tubing 
as a structural unit in space vehicles is 
again being widely used because drag in space 
Ags not an important factor. Round tubing is 
the best shape for transmitting torsional 
forces and thus widely used in control systems. 
Round and square tubing permit simple con- 
nection or end fitting design. The metals 
industry has made available a large number of 
diameter and wall thicknesses and thus the 
structural designer has a large number of sizes 
to select from. 


C4.2 Design for Tension. 


In general the strength design require- 
ments are that the limit loads must be carried 
without exceeding the tensile yield stress 
(Fey) of the material and the ultimate design 
load which is equal to the limit load times a 
factor of safety must be carried without 
failure, which means the tensile stress cannot 
exceed the (Fy,) of the material. In general 
for aircraft, the factor of safety is 1.5. 

For unmanned missiles and space vehicles the 
factor of safety may be as low as 1.2. Since 
the ratio of Fry to Fey for materials varies 
widely, sometimes the yield under limit loads 
1s more critical than failure under the 
ultimate design loads, thus the student should 
always be sure he has the critical situation. 


Since elevated temperature and time of 
exposure effect the yield and ultimate strength 
of materials, the problem of material selection 
relative to light weight becomes an important 
design factor. Fig. C4.1 shows a plot of the 
Pey/w Tatio versus elevated temperatures up 
to 800 degrees, where w is the density of the 
material. The tube materials are AISI alloy 


cai 


steel and 2024 aluminum alloy. Observation of 
Fig. C4.1 shows that for temperatures below 
3S50°F, aluminum alloy is lighter unless the 
steel is heat-treated to Fty = 180,000 or 
above. Above 350°F, the ultimate strength of 
aluminum alloy falls off rapidly, but steel 
continues its rather uniform decrease in 
tensile strength. 


The graph explains why aluminum alloy 
cannot be used entirely for the surface of 
supersonic airplanes flying at speeds around 
2000 miles per hour, as aerodynamic heating 
would produce surface temperatures in the 
region where the strength of aluminum alloy 
decreases rapidly. 


700 
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Fig. C4,1 


Practically every structural tubular 
member in a flight vehicle structure must be 
fastened or attached to another adjacent 
member. The connection can be made by using 
some Sort of end fitting which is fastened to 
the tube by rivets or bolts or by welding. If 
rivets or bolts are used, holes are cut in the 
tube walls which means the tube is weakened 
since tube area is cut away, thus net area on 
any tube cross-section must be used in calcu- 
lating the tube tensile strength. If welding 
is used in the connection, the welding heat 
causes grain growth in the tube material 
adjacent to the weld area, which decreases the 
tube strength, thus a welding correction factor 
must be used in calculating the ultimate tensile 
strength. Designing for tension will be 
illustrated later in this chapter. 
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C4.3 Design for Compression. 


The strength of members with stable cross- 
sections when acting as columns can be cal- 
culated by Euler’s equation if the bending 
failure is elastic, or E is constant (eq. C4.1) 
and for inelastic bending failure, Euler’s 
equation with the tangent modulus £t replacing 
E (eq. C4.2) checks test results. (The student 
should refer to Chapters Al8 and C2 for theory 
on column strength.) 


Fo™ (ye ctr ttt (c4.1) 
n°e 
Po Sipe or 2 ee (C4.2) 


L' is the effective length and equals 
L/veé, where c is the column end fixity 
coefficient. 


Long and Short Columns 


For many years the problem or subject of 
inelastic column strength or failure was 
treated almost entirely from a consideration 
of test results. That is, sufficient tests 
were made to establish the shape of the failing 
stress curve in the region where the failure 
was at stresses above the proportional limit 
stress of the material. Mathematical curves 
were then derived to fit the test results, 
Engineers referred to the columns which failed 
by inelastic bending as short columns, and 
thus referred to the equations that fit the 
test data as short column equations. The 
columns that failed by elastic bending were 
then referred to as long columns.- The test 
curve for long columns would follow the Suler 
column equation (C4.1) and thus tests were 
not necessary to establish allowable failing 
stresses in the so-called long column range. 
Thus over the years short column equations 
based on test results have been presented by 
official govermment agencies for use in 
structural design. The official publication 
for the asrospace field is the Military 
Handbook MIL-HDBK (Ref. 1). 


4,4 Column Formulas for Round Steel Tubes. 


Prom (Ref. 1) the basic short colum 
equations are:- 


Fe = Fog [1 -Feo (L'/p)*/4n*e] - - - - - (C4.3) 
Fo = Foo {1 - 0.3027 [(L'/p)/n 

Wg os comets sk (c4.4) 
Where Foo is the column yleld stress 


{upper limit of column stress for primary 
failure). It can be determined from test 


results by extending the short column curve to 
a point corresponding to zero length, ignoring 





any tendency of the test curve to rise rapidly 
for very short lengths where failure is by 
block compression. Table C4.1 shows the 
resulting short and long column equations 

after values of Foo and E have been substituted 
in equations C4.3 and C4.4 and E in the Euler 
equation. The column headed transitional 

L'/p, represents the value of L'/p where failure 
change from inelastic to elastic failure or, in 
other words, it is the dividing point between 
the so-called long and short column range. 

Thus if the equations are used, the L'/p value 
must be known in order to select the proper 
equation. 


C4,.5 Column Formulas for Aluminum Alloy Tubes. 


From (Ref. 1), the basic short column 
equations for aluminum alloys are:- 


Fo ™ Foo [1 - 0.385 (L'/p)/n/ B/Feo] - - (04.5) 

Fo = Feq [1 - 0.383 (L'/p)/nV B/Feo] ~ - (04.8) 

Fo * Foo [1 - 0-272 (L'/p)/nV E/Feg] - ~ (C4.7) 
For long columns:- 

Fo = E/(L'/p)®  ----- ~----- - (04,8) 


The equations for determining Fog are 
given in Table C4.2 (from Ref. 1). The table 
also indicates which of the three short column 
equations to use for the various aluminum alloy 
materials. 


To illustrate the use of Table C4.2, the 
column formula for 2024-T3 aluminum alloy 
tubing will be derived:- 


From Chapter B2, we find the following 
strength properties for 2024-T3 tubing, 


Fey = 64000 , Foy * 42000 
From Table C4.2, the equation for Foo is, 


Feo = Foy (1 + ¥ Fey/1000 , 


Foo = 42000 (1 + ¥ 42/1000 = 42000 (1 + .205) 
= 50600 


From Table C4.2, we note that short 
column equation C4.5 applies. 


substituting, 


Substituting in this equation, 
Fo = 50600 [1 - 0.385(L' /o/n¥ 10,500, 000/50800 | 
or Fe = 50600 - 431 L'/o~------- (C4.9) 


4.6 Coiumn Formulas for Magnesium Alloys. 


From (Ref. 1) the following short column 
equations for various magnesium alloy materials 
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Table C4,1 Column Formulas for Round Steel Tubes 


robert ae 











| Short columns) columns (#) 


Column formula (6) 









Long columns () 





Basic 
equation 





























1025. 36, 000-1. 172(Lt/)*. 286 x 10°/(L'/p)* (4) 
4130 . 7 79, 500-51. 9(L"/o)*° 286 x 10°/(L'/p)* (dy 
Heat-treated © alioy 

steel ...... cnoned 113, 000-11. 15(L'/o)* 286 x 10°/(L'/p)* ..../ (9) 
Heat-treated ‘alloy 

steel . eo 145, 000-18. 36(L'/p)* 286 x 10°/(L'/p)* ....) (A) 









Heat-treat 


@ Equation C4, 1 may be used in the short column range if E 
is replaced by Et obtained from the combined stress- 
strain curves for the material, 

DL'/p = L/pVe: L'/ shall not exceed 150 without specific 
authority from the procuring or certificating agency. 

© Transitional L/p is that above which columns are “long” 
and below which they are ’short."" These are approximate 
values. 


are given in Tables C4.3 and (4.4, 


Table C4.3 Column Formulas for Magnesium- 
Alloy Extruded Open Shapes? 





GENERAL FORMULA 
oO 
K(Fey) 
Fe= (Lip = 


(Stress values are in ksi) 





















dearer et eaes ae 1/2 |1.0 |0.90 Fey 
AZ31B, AZ61A, AZBOA. . 1/4 |1.8 | Fe 
AZB0A-T6, ZK60A-TS . 1/4 [1.5 | 0.36 Fey 


& Formulas given above are for members that do not fail by 
local buckling. 





Table C4,4 Column Formula for AZ31B-H2¢ 
Magnesium-Alloy Sheet 


(1.05 Fey)*(L' )* 
4n°E 
Max. Fo = Foy 








Fo = 1.05 Fey - 








C4.7 Short Column Equations for Other Materials. 


For other metals for which short column 
equations are not available, the use of Euler’s 
equation, using the tangent modulus 5+ can be 
used (eq. C4.2). Refer to Chapter C2 for 
information on how to construct column strength 
curves using this equation. 


4.8 Column Failure Due to Local Failure. 


The equations as presented give the 
allowable stress due to fatilure by bending of 
the column as a whole and the action is elastic 





179, 000-27, 95(L'/p )? 














286 x 10°/(L'/p)* 


d oH necessary to investigate for local instability when 
D/t 50. 

© This value is applicable when the material is furnished 
in condition N (MIL-T-6736) but the yield strength is 
reduced when normalized subsequent to welding to 60 
ksi. 


or inelastic instability of the column as a 
whole. AS the slenderness ration L'/p gets 
smaller, the Fo stress increases. Now if the 
diameter of the tube is relatively large and 
the wall thickness relatively small or, in 
other words, if the diameter/thickness (D/t) 
ratio is large, failure will result by local 
erippling or crushing of the tube wall and 
this local failing stress is usually repre- 
sented by the symbol Fy,. The values of For 
in general have been determined by tests (see 
design charts for Fog versus D/t ratio). 


C4.9 Design Column Charts. 


In design, column strength charts are a 
great time-saver as compared to substituting 
in the various column equations, thus a number 
of column charts are presented in this chapter 
to facilitate the strength check of columns 
and the strength design of columns. Fig. 
C4.2 is a chart of L'/p versus Fe for heat 
treated round alloy steel tubing. Fig. C4.3 
is a similar type of chart for aluminum alloy 


round tubing. Fig, C4.4 gives column charts 
for magnesium alloy materials. All three 
charts are taken from (Ref. 1). Figs. C4.5 


and C4.6 represent a further simplication for 
the design of steel and aluminum round tubing. 


C4.10 Section Properties of Round Tubing. 


Table C4.3 gives the section properties 
of round tubing. A tube is designated by 
giving its outside wall diameter (D) and its 
wall thickness (t). Thus a 2-1/4 - .058 means 
a tube with 2-1/4 inch outside diameter and a 
wall thickness in inches of .056. Since a tube 
is symmetrical about any axis, the polar moment 
of inertia, which is needed in torsion problems, 
equal twice the rectangular moment of inertia 
as given in Table C4.3. For weight comparison, 
the weight of steel and aluminum tubing is 
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Table C4.2 Column Formulas for Aluminum Alloys 



























Alloy and Temper Product Fe Short Transitional Long 


Columns Llp Columns 










2014-T3, T4, T451 Sheet and Plate?; 

2024-T3, T351, T36, T4, | Rolled Rod, Bar and 
T42 Shapes; 

Drawn Tube 





Fey(1+ ¥ F.y/1000) | Equation | 1.7327 Z/F,. | Equation 
C4.5 C4.8 


All Products 

5456—All Tempers 

6061-T4, T451, 74510, 
T4511 








All Cast Alloys and | Sand and Permanent 
Tempers Mold Castings 


2024-T3510, T3511, T4, | Extrusions 








42 

nf 

2014-76, T661 

2024-T6, T81, T86, T851 | Sheet and Plate*; 

7075-6, Tes) Rolled Rod, Bar and | F,,¢1-+-¥./1393) | Equation | 1.346e-/Z/Fre | Equation 

7178~T6, T651 Shapes; Drawn C4.6 C4.8 
Tube 

6061-TS, T8651 Sheet and Plate* 


2014-T6, T651, T6510, 
T6511, T652 

2024-T6, T81, T8510, 
2024-T6, T81, T8510, 
T8511, T8362 

ee T6510, ‘P85tt, | Extrusions, Forgings 

iz 

7079-T6, T6510, T6511, 
T652 

7178-T6, T6510, T6511 


Rolled Rod, Bar and Fey(1+ ¥Fo9/2000) | Equation | 1.2249-/E/F,, | Equation 























Shapes; C4.7 C4.8 
6061-T6, T6851, T6510, | Drawn Tube; 
T6511 Extrusions 
X2020-T8, T8651 Sheet and Plate? 
“Tncludes clad ss weil as bare sheet and piste. Equation C4.8 may be used in the short column range If £” ts 
‘Transitional L'/s \s thst above which the columns are “lone” and replaced by £; obtained (rom the compressive stress-strain curve for the 


below which they sre “short”. material. 





Ad NIB te tm . ed di ealniatgios reed. 
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given tn the last two columns of the table. 
C4.11 Some General Facts in Tubing Design. 


1. For a given area, the larger the tube 
diameter, the greater the column strength 
if failure due to local crippling is not 
critical. 


2. The higher the D/t ratio of tube the lower 
the crippling or local failure strength. 


3. If columns fall within the long column 
category, the use of higher strength alloy 
steel or aluminum alloy will not increase 
strength of column since £ is practically 

* constant for all chrome-moly steel alloys 
and likewise for all aluminum alloys. 
Failure is due to elastic buckling of the 
column as a whole and is therefore a 
function only of I, L' and E. 


4. The column end restraint effects the neces- 
sary tube size. Consult the design require: 
ments of the Army, Navy, and C.A.A. in this 
matter. In general with welded steel 
tubular trusses a coefficient of C = 2 is 
permissible except for engine mount and 
Nacelle structures. For trusses with 
riveted joints a value of not over 1.5 is 
generally permissible. 


5. The student should realize that practical 
limitations such as clearance requirements 
may determine the diameter of the tube 
instead of strength-weignt considerations. 
Thus design can consist of checking the 
tubes available under the given 
restrictions, 


C4.12 Effect of Welding of Steel Tubes Upon the Tension 
and Column Strength. 


Since welding effects the grain structure 
of the tube material adjacent to the weld, 
tests show the strength of the material 
adjacent to the weld is decreased as compared 
to the unwelded material. If a tapered weld 
is used, the effect of the weld is decreased. 
Table C4.4 shows the allowable stresses in 
tension to use when tension loads are carried. 


In short columns, the primary column 
failing stress may be greater than the local 
crippling strength of the tube adjacent to 
the weld at the end of the tube. This local 
failing stress due to welding 1s referred to 
as the weld cut-off stress and the column 
compressive stress F, should not exceed this 
value. This cut-off weld stress is shown by 
the horizontal lines in Fig. C4.2 and C4.5. 


Normalized Welded after HT [HT after i" 
Type of Weld | Tube Welded|or Norm. after Weld | Welding 


*Tapered Welds 







** For (X-4130) Special, comparable, values to the Fry, 


Solution: 


Table C4.4 


Tension Allowables Near Welds in Steel Tubing (X-4130) 










of 309 or Less| .947 Fiy 90, 000 psi +90 Fry 








All others - 841 Fig 80, 000 pst «80 Fry 


*Note: Gussets or plate inserts considered 0° "taper" 
with @ . 





equal to 90, 000 and 80, 000, are stresses 94, 500 and 
84, 100 psi, respectively. 








Ret. Anc-5 


4,13 Dlustrative Problems in Strength Checking 
and Design of Round Steel Tubes as Columns 
and Tension Members, 


PROBLEM 1 


Tube size = 1-1/2 - .058, Length L = 30 in. 

End fixity coeffictent C = 1. 

Material:- Alloy steel, Fry = 95000. 
tube is welded at ends. 

Ultimate design loads are:- P = -14,500 
lbs. compression, and P = 18500 ibs. tension. 

Required the Margin of Safety (M.S.) 


The 


The compressive (M.S.) will be 
determined first. As the simplest solution, 
we can use the column curves in Fig. 04.5. 
For a length of 20 and C = 1, from the upper 
right chart we project upward to the inter- 
section with the 1-1/2 diameter tube and then 
horizontally to the left hand scale to read 
the column strength of 14800 lbs. which we 
will call the allowable failing Pg. 


14800 
14500 


The tube strength could also be found by 
using Fig. C4.2 as follows: 


L'=LAve = 30/71 = 30 


L'/p = 30/.5102 = $8.7. pe is found from 
Table C4.3 as well as the tube area 0.2628 
sq. in. Using 58.7 for L'/o on lower scale 
and projecting upward to the Fry = 95000 
curve, which is the lower curve, and then 
horizontally to left hand scale we read 
Fg = 56500 psi. 





4s. 22-16 -1=.@ 


Whence, Pa = FoA = 56500 x .2628 = 
14850 1b. 


The solution obviously could be made by 
substituting in the short column equation for 
steel having Fey, = 95000, or 





C4. 8 


F, sAllowable Column Stress , ksi 
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Heot Treated After Welding 
Heat Treated |Cutoff, ksi 
to Fry «ksi 








Cutoff heat treated 
otter weiding 


Fy? !SO ksi 


— —~— Unweided 
allowabies 


Fee Crustung Stress,kst 


F, Allowable Column Stress ks 


‘Weld cutoff after heat 
reat 4130 





Fig. C4.3 2024-73 and 6061-T6 
round aluminum alloy tubing. 


























Fig. C4.2 Allowable column stress for heat~treated 
alloy-steel round tubing. 






so 

‘a 
= 40 Euler curve , £= 6.5xi0® psi 
£ AZ80A-T5 and ZKGOA-TS 
g extruded shapes (except hollow) 
£ 30 
6 AZ8OA-F extruded shapes 
E 

2 20 ! 
@ Nraidie a Round tubes , Fry = 10 ksi 

v 
we 
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Qo 20 40 60 80 Ico 120 140 160 
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Dia. Gage a f t Vy D/t Steel] Dural Dis, 1 1/y @teol Dural 
Ww 022 .OLBT6 0810 000103 000825 AS 16 17/8 08565 091348 5.73 2,04 
028 . 01953 +0791 000122 000978 55 220 +1720 «12500 7.05 2.04 
13677 «14589 9,38 3.35 
3/@ .028 ,03063 .1231 .000462 002466 6% = 3h . 15186 16166 10,47 3.74 
,035 .03739 «.1208 000546 =. 002012 1.04 38 ~ 18767 20050 13,25 4.73 
+049 06018 1166 000882 4003636 1.43 61 
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Fg = 79500 - 51.9 (L'/p)*** 


79500 ~ 51.9 (58.7)*** = 56500 psi 


The short column equation applies since, 
as shown in Table C4.1, the transitional L'/o 
1s 91 and the value for our tube is 68.7. 


Tensile Strength 

Since the tube is welded, the tube 
material adjacent to the weld is weakened. 
The weld correction values are given in Table 
C4.4. We will assume a weld other than 
tapered. Let P, = allowable or failing tensile 
strength of tube. 


Pg = Fty (weld factor) (area of tube) 
= 95000 x .841 x .2628 = 21000 lbs. 


M.S. = (Pa/p)-1 = (21000/18500) - 1 = 
0.13, thus compression is critical. 


FROBLEM 2 
Case 1. Tube size 1-1/4 - .049, L = 40 tin. 
e=1 

Material: Alloy steel, Fy, = 95000 
Find ultimate compressive load it will 
carry. 


Solution: From Fig. C4.5, Pg = 6000 lbs. 


Case 2. If tube was heat treated to Fy, = 
150,000, what compressive load would 
it carry. 


Solution: Fig. C4.5 cannot be used since 
Fey 2 150,000, thus we will use Fig. C4.2. 


L's LA/c 2 40//1 = 4. From Table C4.3, 
9 = .425 and area (A) = .1849. 


L'/p = 40/,425 = 94. From Fig. C4.2, 
using the 150,000 curve, we find F, = 32500. 
Then Pa = FoA = 32500 x .1849 = 6000 1b. Thus 
heat treating the tube from 95000 to 150,000 
for Fey did not increase the column strength. 
For a L'/p 2 94, it ts a long column and 
failure is elastic and E is constant. 


The strength could also be calculated by 
Euler’s equation from Table C4.1. 


Fy = 286,000,000/(L'/p)* 


= 286 ,000,000/(94)* = 32500 psi, the 
Same as previously calculated. 
Case 3. Same as Case 1, dut assume tube is 
welded to several other tubes at its 
end and that the end fixity developed 
isc = 2. 


L' = LA ce = 40/f2 = 28.4 


In Fig. C4.5 we can use L = 40 andc = 2 
scale at bottom of chart or use c = 1 scale 
and L' = 28.4. Reading the chart we obtain 
Pg = 9200 lbs. Thus the c = 2 fixity 
increased the strength of the tube from 6000 
to 9200. 
Case 4. Same as Case 3 but heat treated to 
Fry = 150,000 after welding. 


L'/p = 28.4/,425 = 66.8 


From Fig. C4.2 using 150,000 curve, we 
read Fy = $3000, whence 


Pa = FoA = 63000 x .1849 = 11650 1b. 


In this case heat treating produced 
additional strength, whereas in Case 2 it did 
not. The reason for this is that failure 
occurs in the inelastic stress range and heat 
treating raises the material properties in the 
inelastic range. The end fixity changed the 
column from a so-called long column to a short 
column. 


The strength could be found also by sub- 
stituting in the short column equal for 
150,000 steel as given in Table C4.1, 


Fg = 145000 - 18.36 (L'/p)? 
= 145000 ~ 18.36 (66.8)" = 63000 pst. 
PROBLEM 3 
Case l. Tube size 2 - .065, L= 24, ¢ 51.5 


Material Fry = 95000. Welded at ends. 
Ultimate design load = 25000 lbs. 
What is M.S. 


L'slLAvec = 24//1.5 = 19.7 


From Fig. C4.5 for L=19.7 one #1 
scale, we project upward to the 2 inch tube 
and note that it intersects the horizontal 
weld cut-off line which gives an allowable 
column load at left scale of Pg = 26700 lb. 
Failure in this case is local crippling 
adjacent to welds at the tube ends. 


Solution: 


M.S. = Pa/p = 26700/25000 - 1 = .07 


Case 2. Assume tube is heat treated to Fry 
= 125000 after welding. What is tube 


strength. 


L'/p = 19.7/.6845 = 28.8 


Using Fig. C4.2 with L'/p = 28.8 and pro~ 
jecting up to 125000 curve, we again note that 
horizontal weld cut-off line is intersected 
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giving Fe = 95000, whence Py = 95000 x .3951 
= 37500 lbs. 


If the tube had not been welded at ends 
the dashed part of the column curve could have 
been used, thus giving additional strength. 


PROBLEM 4 


Fig. C4.7 shows a steel tubular engine 
mount structure for a 1050 H.P. radial engine. 
The ultimate design tension and compressive 
load in each member as determined from a stress 
analysis for the various flying and landing 
conditions are shown in ( ) adjacent to each 
member. The true length L of each member is 
also shown. Using chrome-moly steel tubes, 
Fou = 95000, select tube sizes for the given 
loads. It is common practice to assume the 
column end fixity ¢ = 1 for engine mount 
members, since the mount 1s subjected to 
considerable vibration and the true rigidity 
given by the engine mount ring is difficult 
to accurately determine. 


C 


Front View 


6010 
© (2200 





Side View 


Fig. C4.7 


Consider member (3). Ultimate design load = 
- 9250. Referring to the column charts of 
Fig. C4.5, we find for C = 1 and L = 31.4 the 
following tube sizes for a strength near 

- 9250 Ibs. 


1-1/2 = .035, Pg 


$850 (weak). (Note -P, = 

allowable load). 
1-3/8 - .049, Pa = - 10350,weight35.78 1b./100", 
M.S. = (10350/9250) - 1 = .12 
1-1/4~ .058, Pg = -10000, weight = 6.15, M.S. 
= 10000/9250) - 1 = .08 


Thus use 1-3/8 - .049 since it is the lightest 
as well as the strongest. 


Consider member (4), Load = - 5470, L = 30, 
e2l 


From Fig. C4.5: 


1-1/8~ .049, Pa = -7100, wt.= 4.68, M.S.= .30 
1-1/4- .035, Pa = -6500, wt.= 3.78, M.S.= .19 
1" = .088, Pa = -6000, wt.= 4.86, M.S.= .10 


The results show that 1-1/4 - .035 is the 
lightest. Since there is danger in welding 
-035 thickness to the other heavier tube gauges 
particularly the engine mount ring which is 
usually relatively heavy for this size engine, 
@ minizum tube thickness of .049 will be used, 
hence the 1-1/8 - .049 tube will be selected. 


Consider Member (2) 


Design loads 11650 tension and 4250 
compression. Since the tension load appears 
critical, the tube will be designed for the 
tension load and then checked for the 
compressive load. The Fry of the material 
equals $5000 psi. Since the engine mount ina 
welded structure, the strength of the tube ad- 
jacent to the end welds must be reduced to .841 
xX 95000 » 80000 psi (see Table 04.4). 


Hence tube area required = 11650/80000 = 
0.146 sq, in. From Table C4.3, which gives 
the section properties of round tubes, we 
select the following sizes: 


1-.049, Area = .146, M.S. = (.146/.146)-1 50 
1-.058, Area = .172, M.S. = (.172/.146) ~1 3.19 
1-1/8 - .049, Area = .166, M.S. = .14 

1-3/8 - .035, Area = .147, M.S. = 0 


To obtain a reasonable margin of safety, the 
1-1/8 - .049 will be selected. 


Many structural designers prefer to have 
large margins of safety on engine mount members 
as considerable trouble has been encountered in 
the failure or cracking of engine mount members. 


The strength of the 1-1/8 - .049 tube as a 
column for length = 31.4 and c = 1 equals ~-6700 
lbs. from Fig. C4.5 which gives a margin of 
safety of (6700/4250) - 1 = .58 on the maximum 
compressive load. The student should select 4 
tube size for member (1). 


C4.14 Dlustrative Problems Using Aluminum Alloy 
and Magnesium Round Tubes as Columns and 
Tension Members. 


In general alloy steel round tubes must 
be heat treated to around 180,000 to 200,000 
ultimate tension strength before they can com- 
pare favorably with aluminum round tubes on a 
material weight basis. However, aluminum 


alloy as used for tubes cannot be welded 
satisfactorily and tius in a truss structure 
the end connections involving riveted and 
bolted commections add weight and design 
difficulties as compared to welded connections 
in steel trusses. 
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PROBLEM 1 


Tube size 1 - .049 round, 
L = 24, c= 1, Material 2024-T3 
Find failing compressive load. 


Case 1. 


Solution: The column curves in Fig. C4.6 are 
slightly conservative because the equation used 
was Slightly different from the equation now 
specified in (Ref. 1). 


Use L = 24, we read for 1-049 tube 2 
failing load of 2800 lb. 


As a second solution, we will use Fig. 


C4.3. L's L/ve = 24/f/l = 24. L'/P= 
24/.3367 = 71.3. From Fig. 04.3, we read 
Fo = 20000. Then Pg = Pod = 20000 x .1464 = 
2930 lb. 


The answer could be obtained by substi- 
tuting in equation 04.9, 


Fo = 50600 - 431 L'/p 
= 50600 - 431 (71.3) = 19900 
Pg = 19900 x .1464 = 2920 lb. 


A column may also fail by local crushing 
or crippling of the tube wall, thus the 
crushing stress Fee should be determined to 
see if it is less than the primary bending 
failing stress for the column. 


For our tube the diameter over thickness 
ratio D/t = 1.0/.049 = 20.40. Values of D/t 
are given in Table C4.3, 

. 

Referring to the small chart in the upper 
right hand corner of Fig. C4.3, we find fora 
D/t of 20.4 that Fog = 47500 psi. Since this 
stress is greater than the bending failing ~ 
column stress of 20,000, it 1s not critical. 
Case 2. Same as Case 1 but use c = 
change material to 6061-TS 
alloy. 


L' el c= AV 1S 219.7, L'/f = 


1.5 and 
aluminum 


19.7/.3367 
58.5 


From Fig. C4.3, Fe = 22500 
Whence Pa = 22500 x .1464 = 3300 lb. 


Foc for D/t = 20.4 from Fig. C4.3 3 38500 (not 
critical). 

Case 3. Same as Case 2 but change material to 
magnesium alloy, Fey = 10,000. 





For L'/p = 58.5 and using lower curve on 
Pig. C4.4, we read Fy = 7600. 
7600 x .1464 = 1110 lb. 


Then P, = FpA = 


IN TENSION, COMPRESSION, BENDING, 


TORSION AND COMBINED LOADINGS, 
4,15 Strength of Streamline Tubing. 


If a round tube Is exposed to the air- 
stream, the air drag is about 15 times greater 
than if it were given a streamlined shape, thus 
streamline tubes are used when the member is 
exposed to the airstream. 


Streamline tubes are drawn from round 
tubes. In designating a streamline tube, the 
round tube from which it was made is used and 
then the fineness ratio is also given. The 
fineness ratio is the ratio L/D, which dimen- 
sions are shown in Fig. C4.8. The most common 
fineness ratio used {s 2.5 to 1. Table c4.4 
shows the section properties of streamline 
tubing having a fineness ratio of 2.5 to l. 
Pigs. C4.9 and C4.10 give curves for finding 
the column failing stress Ff, and the local 
crushing stress Foc. 


Fig. C4.8 


B= ,944L 
D=.STl4d 





PROBLEM 1. 


Case 1. 


A streamline tube made from a basic round 
tube of 2-1/2 - .065 size nas a fineness ratio 
of 2.5 to l. The length L is 30 in. Take 
c¢ #1. Material is alloy steel Fey = 75000. 
Find the ultimate compressive load the member 
will carry. 


Solution: From Table C4.4 for 2=1/2 - .065 
size we find the following section properties:- 
Area (A) = .4972, 9 (major axis) = .5137 tn. 
Then L' = LA/¢ = 3O0//1 = 30, and L'/p = 
30/.S5137 = 58.5 

D/t value for tube = 2,5/,065 = 38.5 





From Fig. C4.9 for L'/p = 58.5 and D/t = 
38.5, we read Fy = 46500 psi. For D/t = 38.5 
and reading from small chart in upper right 
hand corner of Fig. C4.9, we read Foc = 66500. 
Thus Fo is critical and Pg = 46500 x .4972 = 
23000 1b. 
Case 2. Same as Case 1 but change material 
to 2024—T6 aluminum alloy. 


For this material we use Fig. C4.10. 
For L'/p = 58.5, we read Fo = 26000 psi. 
Por D/t = 38.5, we read Fog = 37500 (not 
critical). Thus Pg = 26000 x .4972 = 12900 1b. 


.C4.16 Strength of Oval and Square Shaped Tubes 
in Compression. 


Tables C4.6 and C4.7 give the section 
properties for square and oval shaped tubes 
Tespectively. For the design of these shaped 
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Fig. C4.10 Streamline 2024-T3 Tubing 
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tubes the primary column strength can be found 
by using the curves in Figs. C4.9 and C4.10. 
The crushing stress Fog for oval shaped tubes 
can conservatively be taken as that for 
streamline tubes as given in Figs. C4.9 and 
4.10. For square tubes the local crushing 
stress Fog can be taken as the crippling stress 
of a flat plate. For this stress refer to the 
chapter which covers the buckling and crippling 
stress of flat plates with various widths, 
thickness and boundary edge conditions. 


ULTIMATE BENDING STRENGTH 
OF ROUND TUBES 


C4. 17 Charta for Finding Modulus of Rupture Stress. 


Chapter C3 was concerned with the theory 
and methods of determining the ultimate yield 
and failing stress of a section in pure 
bending. It was concerned with finding a 
fictitious stress Fp which, when substituted 
in the well known beam formula M = FpI/c, would 
give the value of the bending moment which 
would cause failure. 


The same procedure as was used in Chapter 
C3 can be used to find the modulus of rupture 
stress (Fp) for round tubes. However, since 
round tubes have been a standard and available 
structural member for many years, much testing 
has been done on tubes and as a result rather 
complete design curves are available for find- 
ing the modulus of rupture in bending (Fp) for 
round tubes. Figs. C4.11 to C4.14 inclusive 
give curves for finding modulus of rupture Fy 
round tubes when fabricated from alloy steels, 
aluminum alloys, magnesium alloys and titanium 
alloy. 
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Fig. C4. 14 Bending modulus of rupture for round 
6Al-4V tubing. (Titanium) 
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Solution: 


4.18 Problems Involving Bending Strength of Tubes. 
PROBLEM 1 


4 1-1/4 ~- .058 round tube is used as a 
Simply supported beam with the supports at the 
ends. The span or length of the beam is 24 
inches. It carries a uniform distributed load 
w in pounds per inch. Find the value of w to 
cause the tube to fail in bending if the tube 
is made from the following materials:- alloy 
steel Fey = 95000, 6061-T6 aluminum alloy, and 
6AL-4V titanium. 


Solution: The maximum bending moment occurs 
at the midpoint of the span and equals wL?/8 = 
wx 24°/8 = 72 w in. 1b. 


The section properties for the tube are 
D/t = 21.55, and I/y = .06187 obtained from 
Table C4.3. 


The beam equation involving the modulus 
of rupture Fy is M= Fpl/y. Substituting 72w 
for M, we obtain: 


FI 

d 
we Way 
Consider the alloy steel, Fty = 95000. 
Fig. C4.11 for D/t = 21.55, we read Fp = 
117000. Then w = (117000 x .06187)/72 = 100.2 
lb. per inch. Consider tube material as 
6061-T6 which has a Fey = 42000 psi. 


From 


From Fig. C4.12 for D/t 
that Fp/Ftu = 1.06. Thus Fp 
44500. 


21.55, we read 
42000 x 1.06 = 


uu 


Then w = (44500 x .06187)/72 = 38.1- 
Tube material 6AL-4V titanium. 


From Fig. C4.14 for D/t = 21.55, we read 
Fp = 191600. Then w = (191600 x .06187)/72 = 
118.7 lbs. per in. 


PROBLEM 2 


A beam simply supported at its ends has 
a span of 30 inches. The ultimate design load 
consists of two equal loads of 2000 lbs. each. 
The beam is symmetrically loaded with each 
load located 12 inches from the ends, 


Select the lightest round tube when made 
from the following material: (1) alloy steel 
Feu = 220000, (2) 7075-Té aluminum alloy. 
Compare the resulting tube weights. 


The maximum bending moment ts 
constant and occurs between the load points. 


M = 2000 x 12 = 24000 in. lb. 
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Fig. C4,12 Bending modulus of rupture for aluminum-: 
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Fig. C4.11 Bending modulue of rupture for round alloy-steel tubing. 








Fig. C4,13 Bending modulus of rupture of magnesium-alloy round tubing. 








Since the allowable or failing bending 
stress is a function of D/t, and since we do 
not have a tube size, the design or solution 
procedure is by trial and error. 


Observation of the modulus of rupture 
curves show that as D/t increases Fp decreases. 
This {1s due to the fact that failure in bending 
is a local failure and the thinner the wall and 
larger the diameter, the lower the buckling or 
crushing stress. However, the larger the D/t 
value the greater the section modulus I/y of 
the tube, which means increasing bending 
resistance. Thus we have two influences which 
act oppositely relative to effecting the bending 
strength. 


There are many ways of guessing a tube 
size for checking purposes. In this example 
problem we will assume two values for D/t and 
see what I/y would calculate to be. The two 
values of D/t will be 45 and 25. 


Consider the material alloy steel Fry=220000:- 
For D/t = 45 from Fig.C4.11, F,=232000 
Then I/y = M/Fpy = 24000/232000 = .103 
For D/t = 25, Fp = 266000 
Then I/y = 24000/266000 = .089 


Therefore we will refer to Table C4.3 and 
select tubes that have an I/y value near the 
.089 to .103 range and then find their true 
bending strength. Table (A) shows the 
selection and the necessary calculations, 
using Fig. C4.11. 


Table A 


{17a = oa, worse, oa. 6 [2000] 
i-a/a -.o48|. 1088 [2618] 
1-87 = 045} 0928 | 242683 1520000 


The lightest available tube with a 
positive margin of safety is 1~#/4 - .049 and 
its weight for a 30 inch length is 30 x .2618 
xX 0.283 = 2,22 lbs. : 















Consider the tube made from 7075-T6 aluminum 
alloy material which has a Fey = 77000. 


From Pig. C4,12:- 


For D/t = 60, Fp/Fty = .84, thus Fp = .84X 
77000 = 64700 

I/y = M/Fy = 24000/64700 = .37 
For D/t = 30, Fp/Fty = 1.045, thus Fp = 1.045 x 
77000 = 80500 

I/y = 24000/80500 = .30 
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Therefore we will select a tube from Table 
C4.3 that has a I/y value in the region of .30 
to .37. 


Try 2-3/4 - 058. I/y = .3233, D/t = 47.4. 
From Fig. 04.12, Fp/Ftu = 0.90. Then Fy = .90 
x 77000 = 69300 psi. Then Ma = Fp I/y = 69300 
X .3233 = 22400. This is less than the design 
bending moment of 24000 so this tube is weak. 





Try 3-058. I/y = .3868, D/t 
Fp/Fty = -055 > Fp = .885 x 77000 
Mg = Fp I/y = 68000 x .3868 = 26300 
M.S. = (26300/24000)-1 = .09. 


51.7 
68000 


wu 


A study of other tubes in Table C4.3 
shows that no other tube would be lighter in 
weight. 


Tube weight = 30 x .5361 x .101 = 1.70 
lbs., as against 2.22 lbs. for the alloy steel 
heat treated to 220,000. Thus aluminum alloy 
tubes from a weight standpoint usually yleld 
results better than most materials. This 
conclusion applies to only low temperatures, 
delow 250°F, as aluminum alloys lose strength 
rapidly for temperatures above 250° to 300°F. 


The student should calculate the lightest 
titanium tube and the lightest magnesium tube 
using Figs. C4.14 and C4.13 respectively and 
compare the weight results with the steel and 
aluminum as found above. 


ULTIMATE TORSIONAL 
STRENGTH OF ROUND TUBES 


C4.19 Torsional Modulus of Rupture. 


In Article A6.2 of Chapter A6, the torsion 
formula for circular sections, fg = Tr/J, was 
derived. This equation assumes the maximum 
shear stress on the cross-section of a round 
bar or tube does not exceed the proportional 
limit of the material, or the stress variation 
is linear as shown in Fig. C4.15 and this 
situation exists under the flight vehicle limit 
loads. Before a round bar made of ductile 


T ort 
i it 


Fig. C4.15 Fig. C4.16 


material fails in torsion, the shear stresses 
fall in the inelastic or plastic range and 


Bly 
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thus the internal shear stress distribution is 
similar to that indicated in Fig. C4.16. The 
shear stress-strain curve is similar in shape 
to the tension stress-strain curve.and is 
equal to approximately 0.6 of the ordinates. 
Thus to find the ultimate internal torsional 
resisting moment, we can divide the cross- 
section into a number of circular elements. 
From the stress curve in Fig. C4.16, the stress 
at the midpoints of the circular elements can 
be found. Multiplying the area of the element 
by this stress times the distance of the 
element from the center axis gives the moment 
developed, and adding up the moment of the 
Shear force on all the circular elements gives 
the total allowable or ultimate internal 
resisting moment Ta. 


Speciticotion ww-T- 625 


Fay: Torsional Modulus of Rupture, asi 





Fig. C4.31 Torsional modulus of rupture for magnesium-alloy 
round tubing. 


will it develop if made of the following 
materials: (1) alloy steel Fry = 95000, 
If this moment Tg is to be used in the (2) aluminum alloy 2024-73. 
torsion equation, we must replace the true 
stress curve in Fig. C4.16 by a triangular 
stress curve with maximum value Fs¢ which will 
produce the same internal resisting moment as 
the true stress curve. Thus 


Solution: D/t *-25. J/r=2(I/y)=2x 
0.11948 = 0.2390. L/D = 16.25/1.525 = 10. 

For alloy steel, Fry = 95000, we use Fig. 
C4.17 where for D/t = 25 and L/D = 10, we read 
Fst/l000 = 47.3. Thus Fst = 47300, 

Ta = Fet J/r, or Peg 2 Tg r/J ~ = - - (04.10) 
Ta = Fat J/r = 47300 x 0.2390 = 12300 in.1b. 
Fst 1s called the torsional modulus of 

rupture stress. It 1s a fictitious stress, 
being higher than the ultimate shear stress 

of the material. Tubes subjected to torsion 
usually fail by inelastic or plastic instability 
or by elastic instability if the D/t ratio is 
large. To obtain reliable values of Fst, 
resort 1s usually made to tests, and since the 
round tube or rod 1s the most efficient and 
most available shape, much testing has been 
done over the years thus design curves are 
Teadily available for round tubes of the most 
common flight vehicle materials. 


For 2024-TS aluminum alloy, we refer to Fig. 
C4.26 where we read Fs¢ = 29000. 


Then Ta = Fs¢ J/r = 29000 x 0.2390 = 
6930 in. lb. 


Problem 2. 


A round tube 10 inches long is to carry 
an ultimate torsional moment of 7000 in, lb. 
Select the lightest tube if made from aluminum 
alloy 2024-T4 and alloy steel Feu = 200,000 
and compare the resulting weight of each. 
4.20 Torsional Modulus of Rupture Curves. 
Solution: Since the modulus of rupture 
depends on D/t and L/D and since the tube size 
is unknown, we will use the trial and check 
approach. The design calculations can con- 
veniently be made in table form as follows: 


Trial T, 
‘a 
Bae Area; D/t | J/r jL/D Fetd/ 


Alum. Alloy 2024-T4 (Fig. C4. 27) 


[1-1/2 -. 085], 2980) 28.08].2016] 6.7 | s0000] «oso | -.14 | 
1-9/4 =o] 2068] 90.20]. 2525 5 7| 28000) 7090” [ 01] 
i:4/a oa] ata | 6.26]. 200] 5.326000] @800_| ~o7 | 
[0 ~ 049 [300] 40. 0]. ass. | 26000] 7440 | 06 


Alloy Steel Fty = 200, 000 (Fig. C4. 21) 


Figs. C4.17 to C4.24 inclusive present 
curves for finding the modulus of rupture 
Stress Fs¢ for steel alloys from Fry = 95000 
to 260,000 psi. It should be noted that the 
torsional strength is influenced by the D/t 
and the L/D values of the tube. Figs. C4.25 
to C4.30 inclusive give curves for the various 
aluminum alloys and Fig. C4.31 gives informa- 
tion for one magnesium alloy. All of these 
curves were taken from (Ref. 1). 










The curves are based on a theoretical 
investigation by Lee and Ades (see Ref. 2), 
and have been found to be in good agreement 
with experimental results. 






C4.21 Problems Mlustrating Use of Torsional Modulus 
of Rupture Curves. 














- 1061| 28. 56/. 0495] 10 | 98000] 4850 2.31 
Problem 1. A 1-5/8 ~ .065 round tube ts 16.25 Ua 048. |. 1481] 20, 40}. 0664] 10 /106000) 7050 OL 
inches long. What ultimate torsicnal moment 1-1/4 --035]. 1338] 35, 70}.0790} 8 | 94000; 7430 | 06 
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Fry= 150 kei 





95 ksi. 


Fig. C4.17 Torsional modulus of rupture - 
alloy steels heat treated to Fry 
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Fig, C4.19 Torsional modulus of rupture - 
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allay steels heat treated to Fry = 150 ksi. 
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Fig. C4.18 Torsional modulus of rupture - 


Fig. C4.20 Torsional modulus of rupture - 
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125 ksi. 


alloy steela heat treated to Fry 


180 ksi. 


alloy steels heat treated to Fy 
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Fig. C4.22 Torsional modulus of rupture - 
alloy sleels heat treated to Fy = 220 kai. 


Fig. C4,21 Torsional modulus of rupture - 
alloy steels heat treated to Fiy = 200 kal. 
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Fig. C4.24 Torsional modulus of rupture - 


Torsional modulus of rupture - 


Fig. C4, 23 


alloy steels heat treated to Fiy = 260 ksi. 


240 ksi. 


alloy steels heat treated to Fiy 
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Fig. C4.25 Torsional modulus of rupture - Pig. C4.26 Torsional modulus of rupture - 
2014-T6 aluminum alloy forging. 2024-73 aluminum alloy tubing, 





on Pig. C4.28 Torsional modulus of rupture - 
6061-TS aluminum alloy tubing. 
Fig. C4.27 Torsional modulus of rupture - 
2024-T4 aluminum alloy tubing. 
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Fig. C4.29 Torsional moduius of rupture - Fig. C4.30 Torsional modulus of rupture - 
1075-T6 aluminum alloy roiled rod. 7075-T6 aluminum alloy forging. 
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The lightest aluminum tube with a positive 
margin of safety is 2- .049. The weight of a 
10 in. length = .3003 x .101 x 10 = .303 ibs. 
The lightest steel tube is 1-1/4 - .035 and its 
weight is 0.1336 x .283 x 10 = .378 lbs. 
Although the steel is heat treated to Fy = 
200,000, it still is heavier than the aluminum 
alloy tube. 


STRENGTH OF ROUND TUBES 
UNDER COMBINED LOADINGS 


Reference should be made to Artiale cl.15 
of Chapter Cl for general explanation of 
stress-ratios and interaction equations as 
used in determining the ultimate strength of 
structural members under combined loadings. 


4.22 Combined Bending & Compression. 


In tubes subjected to combined bending 
and compression, the stress due to compression 
is uniform over the cross-section whereas the 
bending stress is not uniform over the cross- 
section. The following stress ratio equation 
is possibly somewhat conservative but is 
recommended by (Ref. 1). 


Ro + Ro’ 22 


which can be written 


~ tee tt tee (C411) 


Sect fbl tect oho cranatahd ets S ~ = (4.12) 
FoF 


Where f,' equals the maximum bending stress 
including the secondary moments due to axial 
load times beam deflection 

Fp = Bendirig modulus of rupture stress 

fo = Compressive column axial stress 

Fy = Allowable column stress 


Equation C4.12 could also be written, 


= + ie 0- ie ehd e (04.13) 
Where P = column load 

Pa = allowable column load at failure 

M = bending moment 

Mg = allowable ultimate bending moment 


Fig. C4.32 shows a plot of equation C4.11. 
The margin of safety equation ts, 


1 


M.S. Ro? Rp - 


Fig. C4.32 shows margin of Safety curves 
for estimating closely the M.S. values if 





equation C4.14 is not used. 











Fig. C4.32 
Combined Bending & Compression 
Ry + Ry’ = 


To LO dt 


C4.23 Mlustrative Problem Involving Combined Bending 
and Compression. 


Fig. C4.33 shows a round 2024-73 tube 
acting as a beam-column. It is supported at 
pin A and by the inclined strut BC at point Cc. 
Let it be required to determine the margin of 
safety when carrying a uniform lateral load of 
10 Ib./in. 


To find the axial load in tube AC, take 
moments about point (B). 


iMg = ~ 40x10x20+20 Ray = 0, hence 


Ray = 400 1d. 


Thus axial load in tube is 400 lb. compression. 


The column strength of 2 2024-T3 1-1/4 - 
+048 round tude 40 inches long with end fixity 
C = 1 is obtained from Fig. C4.6 and equals 
- 2100 1b., hence stress ratio 








= .191 


Re = Column load 
7 -2100 ~ 


~ Column strength 


The bending moment will be maximm at the 
center of span because of symmetry of loading 
and the value of the moment is obtained from 
the following equation which includes the 
Secondary moments due to deflection. (Refer- 
ence table Al0.1 of chapter A10). 


Mnax = w]" (1-sec Hy) 


. : 
ae [3 _ 16,200,000 0854 - eae. 29.5 
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40" 
w = 10#/in. 


c 
1-1/4 - .049 Rd. Tube 











bending and tension on round tubes, which is 
widely used, is 


Rp t+ RS FL -------- (C4.15)(Ref.2) 

This equation is plotted in Fig. C4.34. 
The stress ratio Rt = ft/Fty. The figure is 
based on D/t = 10 and in general is conserva- 
tive for other D/t ratios. 








Fig. C4. 33 
Bt 
wj* = 10 x 860 = 8600 
be 40 5 ot gt 
By = Ba.g 7 -685 800 35 L 
cos By 


From Table Al0.2 of Chapter Al0 cos of .683 = 
» 7787. 


hence = 1/.7787 = 1.29 





—i 
cos L/24 
Substituting in equation (A) 

Max, = 9600 (1-1.29) = - 2490 in. lb. 


From Fig. C3.2, the modulus of rupture Fy for a 
2024-T3 round tube which has D/t value of 25.5 
equals 64000 psi. Therefore the bending 
strength M = FpI/y = 64000 x .0534 = 3420 in.lbs. 


Si60 C4.24 Combined Bending and Torsion. 
Btress ratio in bending Fp = 3499 = -726 The interaction equation for combined 
bending and torston from (Ref. 1) is, 


Re + Rb = .191 + .728 = .917 which shows that 


member is not weak. Ro +Rgt =1 ------- +--+ -- (C4.16) 
=, 1 - pe This equation is plotted in Fig. C4.35 for 
Margin of safety M.S.= & +p = Tr 7E8° M.S. 2 0. Curves showing various M.S. values 
-1 = .09 


La 
The margin of safety could be read directly 


from curves in Pig. C4.32. 1.0 > 

The student should notice that the maximum 
bending moment of 2490 in. lb. is 24 percent 
greater than the primary moment which equals 
wL?/8 = 10 x 407/8 = 2000. The lateral de- 
flection at the midpoint of the tube thus equals 
490/400 = 1.22 inch. 





The secondary moments due to lateral de- 
flection do not vary linearly, so if design 
loads were increased the calculation of the 
maximum bending should be repeated instead of 
assuming that the moment would increase directly 
as the applied load to the beam. 








C4, 23 Combined Bending and Tension. 


The interaction equation for combined 
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for various values of Rp and Ret are also shown 
on the figure. 


The expression for Margin of Safety is, 


faceeee: See 
V Rb + Ret 


ILLUSTRATIVE PROBLEM 1 


M.S. = -1 


A 1-1/2 -..058 round steel tube (Fry = 
125000) 1s 30 inches long. It is subjected to 
an ultimate design bending moment of 10,000 
in. lbs. and a torsional moment of 6000 in. 
los. Find the Margin of Safety. 

Solution: D/t = 25.85, I/y = .0912, L/D = 20 

To find Fp, we refer to Fig. C4.11 where 
for D/t = 25.85 and Fey = 125000 we read 


Fp = 148000. Then Mg = Fpl/y = 148000 x .0912 
= 13500 in. lb. 
M _ 10000 
Then Ry = 3 > Tasco 7 °74 


To find Fgt, we refer to Fig. C4.18 where 
for D/t = 25.85 and L/D = 20 we read F54/1000 
to be 61, whence Fgy = 61000. 








- T ~ 6000 
Rst =a = Tio 4 
M.S. = etsy 
V RD * Ret” 
x Ske erek a 
ae ee eT 


thus the ultimate strength of the tube has 9 
percent Margin of Safety under the combined 
loading. 

In a design problem which involves a trial 
and error procedure, using an equivalent 
torsional moment Tg which will produce the 
same torsional stress as produced by the 
combined bending and torsional loads is quite 
useful in shortening the trial and error 
procedure. 


Let fo (max) 7 Ter/2l  -~~----- (c3.18) 
ts (max) also equals ¥ tS + (£,/2)" ~-- (C4.19) 
Also f, = Tr/21, and fy = Mr/I 


Substituting these values in C4.18, 
= 2)h/a> an 
T s(max) = I 1+ (TAN) | 


Equating C4.20 and C4.18 and solving for Tes 


(C4.20) 


Having the value of Tg, select tube sizes 
that will develop this torsional moment Ta as 
was done in Problem 2 of Art. C4.21. These 
sizes are then checked for combined bending and 
torsion as illustrated above in the example 
problem. 


..C4. 24 Ultimate Strength in Combined Compression, 
Bending and Torsion. 


The interaction equation for combined 
compression, bending and torsion from (Ref. 1) 
1s, 


Ro? + Rep = (1-Re)* 


Figs. C4.36 and 37 show a plot of this 


equation. The expression for the Margin of 
Safety is, 
M.S. = : -l +-+-+-+- (C4.23) 


Ro + V Riv + RE 


To illustrate the use of the interaction 
curves, let us assume the following values for 
the three stress ratios: ~ 

Rg = .333, 


Rh = .20, Ret = -20 


Then Rgt/R, = .20/.333 = .60. 


In Fig. C4.36 locate point (a) at the 
Intersection of Ro = .333 and Rj = .20. Since 
the intersection point (a) lies inside the 
Rgt/R, = .60 curve, we know that a positive 
margin of safety exists. A line is now drawn 
through (0) and (a) and extended to an tnter- 
section with the Rez/R, = .60 curve at point 
(b). Projecting vertically downward to Ro 
scale, we read Rg = .538. Then M.S. = (.538/ 
+333) - 1 = .62. 





t 


Cambined Commpression;. 
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Projecting horizontally from point (tr) to 
Rp scale, we read Rp = .323. Then M.S. = 
(.323/.200) - 1 = .62; which checks value 
previously found. If the ratio of Rgt/R, is 
greater than one, we use the curves in Fig. 
C4.37 and use the ratio R¢/Rst. 


Substituting 
M.S. = = 


+333 + ¥ .207 + .207 


from use of curves. 


in equation C4.23, 
- 1= .62, as given 








ILLUSTRATIVE PROBLEM 


A 1-1/8 ~ .049 round tube made from 
2024-T3 aluminum alloy carries the ultimate 
design loads as shown in Fig. C4.38. Find the 
margin of safety under the combined loading. 


gh w= 10#/in, 


t 1-1/8 -.049 2024-T3 Rd. Tube J 


it 
asn—t oe 
Fig. C4. 38 
Solution: 


The maximum bending moment due to symmetry 
will occur at midpoint of tube. For a beam 
column carrying a uniform side load with no end 
moments, the maximum moment is given by the 
following expression. (See Chapter Al0O, Table 


Al0.1). 
M = wi" (1 - see 
‘wax 24 


= /Bi - /10,300,000x .0240 _ - 
J p eo OV 187 = 1248 


Du. 25 25 


By 7 2x 12.43 ~ Ba.de = 1-008 


L ZL 1 
seC S> = sr = ~=eez = 1.87 (See Table 
2j cos L/2j +5361 10.2) 
hence, 
Macy. = 10x 154.7 (1~-1.87) = -1347 in. lb. 


The column strength for a 25 inch length 
and end fixity c = 1 can be read from Fig. 
C4.6 and equals 3700 lb. Then Rg = P/Pg = 
1600/3700 = .432. 


To find the ultimate bending strength, 
we refer to Fig. C4.12, where for D/t 2 
1.125/.049 = 22.95, we read Fp/Fry = 1.04. 
Then Fp = 1.04 x 62000 = 64500. Thus Mg = 
FpI/y = 64500 x .0427 = 2760 in. 1b. 
_ 1347 - 


Therefore Rj = 2760 7 2487. 





To find the ultimate torsional strength 
we refer to Fig. C4.26 where for D/t = 22.95 
and estimating location of L/D = 25/1.125 = 
22.2 line, we read Fst = 27500. 


Then Ta = FetJ/r = 27500 x .0427 x2 = 2350 








_ 7 _ 650 _ 
Whence Rst = Ta = 3350 = 2276 
M.S. = L =o Sst 
Ro + v Rp* + Ret 
= : i =1 _ 
432 + 487" + .276" eee 
-1 = .01 


C4. 25 Ultimate Strength in Combined Bending and 
Flexural Shear. 


The interaction curve from this type of 
combined loading from (Ref. 2) 1s, 


Ro + RGZ1l ------ ree eee (C4.24) 
Mis art es (04.25) 
V RO + Rg 


The allowable flexural or transverse shear 
stress is taken as 1.2 times the allowable 
torsional stress of the tube (Fst). 


ILLUSTRATIVE PROBLEM 


A 1-1/4 + .058 round aluminum alloy 
2024-TS tube is used as a simple beam and 
carries an ultimate design load of 600 lb. 
as shown in Fig. C4.39. 
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Shear Diagram 


Bending Moment 
Diagram 


Fig. C4. 39 


The critical section 1s adjacent to the 
midpoint of beam where shear and bending forces 
are largest. 


The ultimate bending strength can be found 
from Fig. C4.26 where for D/t = 21.60 we read 
Fp/Fty = 1.07. Then Fy = 62000 x 1.07 = 66300 
and therefore M, = FpI/y = 66300 x .06187 = 
4100. Then Rp = M/Mz = 3750/4100 = .915. 
aie — 

The allowable shear stress Fg can be taken 
as 1.2 Fez (Ref. 2). 


To find Fst, we refer to Fig. C4.26 where 
for D/t = 21.6 and L/D = 20, we read Foz 2 
28400. Then Fg = 1.2 x 28400 = 34000. 


The maximum shear stress tn a round tube 
which occurs at the centerline axis is given 
by the equation, 


fg s$ia +=) 


a +D 
where V = vertical beam shear load 
tube area 
outside diameter 
inside diameter 


A 
BD 
d 
An approximate fomnula is 


fg = az, for D/t »10 error less than 1g. 


Using the approximate equation, 











= 2x 300. 
ty = ies = 2760 pst. 
= £3 2760 - 
Rs = Fs * sado0 ~ +081! 
Ms. s——L—-15 i 2 
VR5 + Rg v .915" + .081* 
= 09 


The effect of the shear stress is less 
than 1 percent. In using Fg = 1.2 Fst, if the 
result is greater than Fg, for the material, 
use Fs, for Fg. 


C4, 26 Ultimate Strength in Combined Compression, 
Bending, Flexural Shear and Torsion. 


The interaction equation for this combined 
loading as presented in Ref. 2 is, 


ane i 








Re + Reg + V Ry + RG FL 


Interaction curves for this equation are 
given in Fig. C4.40, where Rg the stress ratio 
for flexural shear can be found as explained in 
the previous article. 


(C4.26) 





' 
| 
ined ae 
Bending, Flexural Shear 
and Torsion i 






! 
= 


Re 


C4.27 Ultimate Strength in Combined Tension and Torsion, 


The interaction equation for this type of 


loading as presented in Ref. 3 is, 
RE +R5p = 1 ------------- (C4.27) 
Where Re = ft/Fry 
= 1 
M.S. =~ 1 - - ee ee ee (C4,28) 
VRE + RSt 


C4,28 Ultimate Strength in Combined Tension, Torsion 
and Internal Pressure p in psi. 


Ref. 3 gives the following interaction 
equation, 





Re Mage se RS et ee ed 04.29) 


Where Rp = 9/D, 


wi = 
max 7 here Paax 


where t = wall thickness and d = tube diameter. 
(4) 


The expression for Margin of Safety is, 





M.S. = -l-----+- 


1 
V FE + Fot + Rp 
PROBLEMS 
(1) 


(5) 


Fig. 1 shows a portion of a steel tubular 
fuselage of a small airplane. The 
critical tension and compression load is 
Shown adjacent to each truss member. 
Assuming and end fixity coefficient c = 2 
for all members, select tube sizes for all 
members of the truss. The minimum size to 
be used is 3/4 - .035. The top and bottom 
longerons should be spliced at least once 
using telescoping sizes. The material is 


alloy steel Fy, = 95000 and truss is 
welded. 





G 
te 
ap a ll 


L 


: 
5 : 7 
bod aah 


Fig. 1 


(2) For the cantilever welded steel tubular 
truss of Fig. 2, select the lightest 


members for the truss loading as shown. 


40004 


t 






Ie 


(6) 





so” ——le— 20" a} 
10004 2000# 
Fig. 2 


The top and bottom longerons should be 
continuous members. Minimum size 3/4 - 
-035. Use C = 2 for web members and c = 
1.5 for longerons. Material (chrome-moly | 
steel Fy = 95000 psi}. 





4.27 






If the truss of Fig. 2 is heat treated to 
180000 psi after welding, how much weight 
could be saved over the results obtained 
in problem (2). 


Same as problem (2) but change material 
to 2024-T3 aluminum alloy round tubes. 
Members to be fastened together by rivets 
and gusset plates. For design of tension 
members assume that rivet or bolt holes 
cutout 10% of tube area. 


Fig. 3 shows a typical tubular engine 
mount structure. The engine !s supported 
at points A and B. For design purposes 
assume that engine torque is reacted 60% 
at A and 40% at B. Tube material ts steel 
Feu = 95000 psi. Use C = 1 for all 
members. Determine tube sizes for the 
following design conditions: 
Condition I Vertical Load factor = 10 
(down ) 
Thrust Load factor = 2 
(forward ) 
Engine Torque Load factor = 2 


Condition II {Same as I except vertical 
load factor is 5 up. 

General Data: wWeignt of power plant in- 
Stallation = 440 lb. 


Maximum engine thrust = 400 1b. Engine 
H.P. = 120 at 2000 R.P.M. 





The loads shown in Fig. 4 are to be 
transmitted to the support at the left, or 
in other words, a cantilever structure. 


The problem is to design the lightest 
truss configuration using round tubes of 
alloy steel Fry = 95000 and welded to- 
gether at the truss Joints. Use ¢ = 1.5 
for end fixity of all members. There are 
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no restrictions on type of truss or 
arrangement of members, however, the goal 
is the lightest truss. Omit consideration 
of weight of any gusset plates at truss 
joints. 


1500 


1400 1200 





2B" —te- 28% male 28" mole 287 —of . 
Fig. 4 


Same as problem (6), but instead of a 
cantilever truss use a simply supported 
truss with supports at points (A) and (B). 
Fig. 5 shows a front beam and front lift 
strut in an externally braced monoplane. 
The wing beam and lift strut are in the 
same vertical plane. The ultimate design 
loads on the beam for the critical 
conditions are w = SO ib./in. and w = -30 
ibs. per inch. Minus means load is acting 
down. 
(a) Design a streamline tube to act as 
the lift strut. terial ts 2024-T3 
aluminum alloy. 

Same as (a) but made from alloy steel 
Fry = 75000. Compare the weights of 
the two designs. 


(b) 





(9) 


Fig; 6 illustrates the strut and wire 
bracing for attaching float to fuselage of 
a seaplane. Determine the necessary sizes 
for the streamline struts AC and BD for 
the following load conditions. 


Condition 1. V = -32000 lbs., 
H 2 - 8000 lbs. 

Condition 2, V = = 8000 lbs., 
H = ~28000 lbs. 

Material 2024-T3 aluminum alloy. 


Tube size 2 - .065 round. L = 44 in., 

C's 1.5. Material alloy steel Fey = 
95000, welded at ends. Design ultimate 
loads equal 22000 1b. compression and 
28000 lbs. tension. Find margin of safety. 
(11) Same as Problem 10 but heat treated to 

Fey = 150000 after welding. 


Use c=l. 
(10) 
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Thrust Ling _ 


Fig. 6 
(12) The ultimate design load if 20,000 lbs. 
compression. L = 30 in. Use Cl. 


Design the lightest round tube from the 
following materials and compare their 
weights. 
(a) Aluminum alloy 2024-T3 
(b) Alloy steel Ftu = 180,000 
(c) Magnesium alloy Fey = 10,000 
Same design load as in problem (10) but 
design the lightest streamline tube from 
2024-T3 aluminum alloy material. 
A round tube is to carry an ultimate pure 
bending moment of 14000 in. lbs. Select 
the lightest tube size from the following 
materials and compare their weights. 
(a) Alloy steel Fey = 240,000, (b) 2024-73 
aluminum alloy, (c) Magnesium alloy 
Fey = 30000, (d) Titanium 6AL-4V 
alloy. 
A round tude 20 inches long is to carry 
an ultimate torsional moment of 15000 in. 
1b. Select the lightest tube size from 
the following materials and compare their 
weights. 
(a) Alioy steel Fey = 180,000, 
(b) Aluminum alloy 2024-T3, (c) Mag- 
nesium alloy Fry = 36000. 
Determine the lightest 2024-TS aluminum 
alloy round tube 10 inches long to carry 
a@ combined bending and torsional design 
load of 4500 and 3000 in.lbs. respectively. 
Same as Problem 16, but change material 
to alloy steel Fry = 95000. 
A 1-1/2 - .065 2024-T3 round tube 50 inches 
long is used as a beam-column. The 
distributed load on beam is 12 lb. per 
inch and the axial load is 700 lbs. What 
is the M.S. under these loads. 
If the tude in problem (19) was also 
subjected to a torsional moment of 1400 
in.1b., what would be the M.S. 


(13) 


(14) 


(15) 


(16) 


(17) 
(18) 


(19) 
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CHAPTER C5 
BUCKLING STRENGTH OF FLAT SHEET IN COMPRESSION, SHEAR, 
BENDING AND UNDER COMBINED STRESS SYSTEMS 


C5.1 Introduction. 


Chapter A1l8, Part 2, introduced the 
student to the theoretical approach to the 
problem of determining the buckling equation 
for flat sheet in compression with various 
edge or boundary conditions. A similar 
theoretical approach has been made for other 
load systems, such as shear and bending, thus 
the buckling equations for flat sheet have 
been available for many years. This chapter 
will summarize these equations and provide 
design charts for practical use in designing 
sheet and plate structures. Most of the 
material in this chapter is taken from (Ref. 1), 
NACA Technical Note 3781-Part I, "Buckling of 
Plat Plates" by Gerard and Becker. This report 
is a comprehensive study and summary of 
practically all important theoretical and 
experimental work published before 1957. The 
report is especially useful to structural design| 
engineers. 


C5.2 Equation for Elastic Buckling Strength of 
Flat Sheet in Compression. 


From Chapter Al8, the equation for the 
elastic instability of flat sheet in compression 
is, : 


nk, E 

Op = ———— @* + - -- -- (c5.1) 

wW(1-Ve) 
Where kg = buckling coefficient which depends 

on edge boundary conditions and 
sheet aspect ratio (a/b) 

£ = modulus of elasticity 

Vg = elastic Poisson’s ratio 

bd = short dimension of plate or loaded 
edge 

t = sheet thickness 


C5.3 Buckling Coefficient kc 


Fig. C5.1 shows the change in buckled 
shape as the boundary conditions are changed 
on the unloaded edges from free to restrained. 


In Fig. (a) the sides are free, thus sheet 
acts as a column. In Fig. (b) one side is 
restrained and the other side free, and such a 
restrained sheet is referred to as a flange. 

In Fig. (c) both sides are restrained and this 
restrained element is referred to as a plate. 





Fig, (a) 





Fig. {b) 





Fig. C5,.1 (Ref. 1) Transition from column to plate as . 
supports are added along unloaded edges. Note changes in 
buckle configurations. 


Fig. C5.2 gives curves for finding the 
buckling coefficient kK, for various boundary 
or edge conditions and a/b ratio of the sheet. 


The letter C on edge means clamped or 
fixed against rotation. The letter F means 4 
free edge and SS means simply supported or 
hinged. Fig. C5.3 shows curves for k, for 
various degrees of restraint (e) along the 
sides of the sheet panel, where € is the ratio 
of rotational rigidity of the plate edge 
stiffener to the rotational rigidity of the 
plate. 


Fig. CS.4 shows curves for ky fora 
flange that has one edge free and the other 
with various degrees of edge restraint. Fig. 
CS.5 illustrates where the compressive stress 
varies linearly over the length of the sheet, 
a typical case being the sheet panels on the 
upper side of a cantilever wing under normal 
flight condition. 


Fig. CS.6 gives the ke factor for a long 
Sheet panel with two extremes of edge stiff- 
ener, namely a zee stiffener which is a 
torsionally weak stiffener and a hat section 


cs.1 
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Fig. C5.2 (Ref. 1) Compressive-buckling coefficients for flat % 
rectangular pilates. 
Fig. C5.3 (Ret. 1) Compressive-buckling-stress coefficient 
of plates as a function of a/b for varicus amounts of edge 
rotational restraint. 
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: 4. Fig. C5.5 (Ref. 1} Average compressive-buckiing-stress 
2 coefficient for rectangular flat plate of constant thickness 

Fig. CS.4 (Ref. 1) Compressive-buckling-stress coefficient with linearly varying axiai load. Ko "Bootle 

“-. +. of flanges as a function of a/b for various amounts of edge . Jay =—~av OG) 


rotational restraint. 12 (2 - ¥y*) 
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which 1s a closed section and, therefore, a 
relatively torstonally strong stiffener. Fig. 
C5.6a gives the compression buckling 
coefficients k, for isosceles triangular 
plates. 


o 50 700 130 200 250 pn 





b/t * 


Fig. C5. 6 (Ref. 1) Compressive-buckling coefficient for long 
rectangular stiffened panels as a function of b/é and stiffener 
torsional rigidity. 








Fig, C5. 6a (Ref. 1) Uniform Compression. 


Illustrative Problem. Find the compressive 
buckling stress for a sheet panel with (a) = 10 
and b = 3 inches, thickness t = .04 and all 
edges are simply supported. Material is 
2024-T3 aluminum alloy. 


Solution: #& = 10,700,000. 
a/d = 10/5 = 2. The boundary or edge condition 
corresponds to Case (c) in Fig. C5.2. Thus 

using curve (c) for a/b = 2, we read ky = 4.0. 


Vg 2 0.3, 





C5.3 


Substituting in Eq. C5.1, 


Oop = Aik 4:0% 10,700,000 ¢.04,# 
er te (1 - .3*) 5 


= 2480 psi. 
This stress is below the proportional 

limit stress for the material, thus equation 

CS.1 applies and needs no plasticity correction. 


C5.4 Equation for Inelastic Buckling Strength of Flat Sheet 
in Compression. 


If the buckling or instability occurs at 
a stress in the inelastic or plastic stress 
range, then E and V are not the same as for 
elastic buckling, thus a plasticity correction 
factor is required and equation C5S.1 is 


written, 
VMK EB 
Ger = @° --------- (8.2) 
12(1-Vg*) 


Where 7) is the plasticity reduction factor 
and equals dcr plastic/og, elastic. 


The vaiues of ky, and UY, are always the 
elastic values since the coefficient 7 contains 
all changes in those terms resulting from 
inelastic behavior. 


A tremendous amount of theoretical and “ 
experimental work has been done relative to ‘ 
the value of the so-called plasticity cor- 
rection factor. Possibly the first values 
used by design engineers were 7) = E/E or < 
N= Egec/E- Whatever the expression for 7] it 
must involve a measure of the stiffness of the 
material in the inelastic stress range and 
Since the stress-strain relation in the plastic 
range 1s non-linear, a restrt must be made to 
the stress-strain curve to obtain a plasticity 
correction factor.. This complication is 
greatly simplified by using the Ramberg and 
Osgood equations for the stress-strain curve 
which involves 3 simple parameters. (The 
reader should refer to Chapter Bl for 
information on the Ramberg-Osgood equations.) 
Thus using the Ramber-Osgood parameters (Ref.1) 
presents Figs. CS.7 and CS.8 for finding the 
compressive buckling stress for flat sheet 
panels with various boundary conditions for 
both elastic and inelastic buckling or in- 
stability. Ki 


5.5 Simple Problems to Ilustrate Use of Curves in Figs. 


5.7 and C5.8, Gee 


- The sketch shows a 3x9 
inch sheet panel. The sides ss 
are simply supported. The 
material is aluminum alloy 
2024-T3. The thickness is 
094". E = 10,700,000. f 
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Find the buckling stress oer. 


Solution: We use Fig. C5.8 since it covers 

the boundary conditions.of our problem. The 
parameter for bottom scale is, 

k, 175 - 

@)° ----+------ (a) 





12 (1-Ve*) a5.7 


For a/b = 9/3 = 3, we find ko from curve 
(c) of Fig. C5.2 equals 4:0. 


The use of Fig. C5.8 involves the use of 
o,,, and n the Ramberg-Osgood parameters. . 
Referring to Table Bl.l of Chapter Bl, we find 
for 2024-T3 aluminum alloy that o,., = 39000 
and the shape factor n = 11.8. —-" 


Tere hoosy 


Substituting in (A):- 


4.0 n® x 10,700,000 
12'(1 = ,3%) 39,000 


6094.0 2 oo 
=e) 88, 

From Fig. C5.8 using .98 on bottom scale 
and n = 11.5 curve, we read on left hand scale 
that doy/o = .84.- 


o.7 


ted lee Sava esas eal 
Then der = 39000 x .84 = 32800 psi., 


If we neglected any plasticity effect, the: 
we would use equation C5.2 with n= 1,0, oF 


n? x4. 0x 10,700,000 (20%, ofa)" 


Ser = 
12 (1 - .3°) 


= 38400 pei 


Whereas the actual buckling stress was 32800, 
or in this case the plasticity correction 
factor {s 328/384 = .854. 


The sheet thickness used in this example 
of .094 1s relatively large. If we change the 
sheet thickness to .051 inches the results 
would be practically no correction within the 


accuracy of reading the curves, and the buckling| 


Stress Ocr would calculate to be 11200 psi, 
which {s below the proportional limit stress 
and thus no plasticity correction. 


C§.6 Cladding Reduction Factors. 


Aluminum alloy sheet is available witha 
thin covering of practically pure aluminum and 
is widely used in aircraft structures. Such 
material {is referred to as alclad or clad 
aluminum alloy, The mechanical strength 
properties of this clac material is consider- 
ably lower than the core material. Since the 
clad is located at the extreme fibers of the 
alclad sheet, it is located where the strains 
attain their highest value when buckling takes 
place. Fig. C5.9 shows make up of an alclad 
Sheet and Fig. C5.10 shows the stress-strain 
curves for cladding, core and alclad combina- 
tions. 





Thus a further correction must be made for 
alclad sheets because of the lower strength 
clad covering material. Thus the buckling 
stress for alclad sheets can be written: 


Fer = 7 doy 





Fig. 5.9 


Reference 1 gives simplified cladding 
reduction factors as summarized in Table (5.1. 
Thus the buckling stress for alclad sheets is 
determined for the primary strength properties 
as normally listed for such materials as 
illustrated in the two previous example 
problems. The resulting ogr 1s then reduced 
by use of equation C5.3, using values of 


7 trom Table cS.1. 





Fig. C5. 10 (Ref. 1) Stress-strain Curves for Cladding, Core, 
and Alclad Combinations. 0/0,,7271-f *BE 2 =Oq4 core: 


Table C5. 1 (Ref. 1) Summary of Simplified Cladding 
Reductton Factors 





o es 


1+ (G4/4) 


1+3f 













Short plate columns 










Long plate columns 1.3 + 3t 


Compression and 
shear paneis 









1+ 3f 





BUCKLING STRENGTH OF FLAT SHEET IN COMPRESSION, SHEAR, 
BENDING AND UNDER COMBINED STRESS SYSTEMS 


C5.6 








BUCKLING UNDER SHEAR LOADS 


C5.7 Buckling of Flat Rectangular Plates 
Under Shear Loads. 


The critical elastic shear buckling stress 
for flat plates with various boundary 
conditions is given by the following equation: 

i a > 
ace Tt Kg E fy 
or, * D 
wer. 12 (1 = Ve*) 


Where (b) ts always the shorter dimension of 
the plate as all edges carry shear. k, is the 
shear buckling coefficient and is plotted as a 
function of the plate aspect ratio a/b in Fig. 
CS.11 for simply supported edges and clamped 
edges. 


If buckling occurs at a stress above the 
proportional limit stress, a plasticity 
correction must be included and equation C5.4 
becomes 


of Wg KE 
Top = 
: ( - 12 (1 = Ve") 


Test results compare favorably with the 

. Tesults of equation CS.5 1f7,5 = Gs/G where G 
_ is the shear modulus and Gg the shear secant 
modulus as obtained from a shear stress-strain 
diagram for the material. 





he ------- (8.5) 





7 A long rectangular plate subjected to 

pure shear produces internal compressive 
stresses on planes at 45 degrees with the 

plate edges and thus these compressive stresses 
cause the long panel to buckle in patterns at 
an angle to the plate edges as illustrated in 
Fig. C5.12, and the buckle patterns have a half 
wave length of 1.25b. 


fe 1. 25b —o r 





Fig. C5, 12 (Ref. 7) 


Fig. C5.13 is a chart of non-dimensional 
shear buckling stress for panels with various 
* adge rotational restraint. This chart fs 
Similar to the chart in Figs. CS.7 and C5.8 in 
that the values go, , and n must be known for 
the material berore the chart can be used to 
find the shear buckling stress. 





BUCKLING UNDER BENDING LOADS 


C5.8 Buckling of Flat Plates Under Bending 
Loads. 


The equation for bending instability of 
flat plates in bending is the same as for 
compression and shear except the buckling co- 
efficient kp is different from ky, or kg. when 
@ plate in bending buckles, it involves 
relatively short wave length buckles equal to 
2/3 > for long plates with simply supported 
edges (see Fig. C5.14). Thus the smaller 
buckle patterns cause the buckling coefficient 
Kp to be larger than Ke or Kg. 





Fig. C5. 14 (Ref. 7) Bending Buckie Patterns 


For bending elastic buckling the equation 


is, 
nk, t.2 
Sor = Ga, sees teiss ~~ (C5.8) 
12 (1 = Ue") 
For bending inelastic buckling, 
nN, n* E 
Ser = oe Shscysuehe ie (C5.7) 
12 (1 - Ve?) 


Where Kp is the buckling coefficient and 
is obtained from Fig. C5.15 ror various a/> 
ratios and edge restraint « against rotation. 
In the a/b ratio the lodded edge is (b). 


The plasticity reduction factor can be 
obtained from Fig. CS.3 using simply supported 
edges. 


BUCKLING OF FLAT SHEETS 
UNDER COMBINED LOADS 


The practical design case involving the 
use of thin sheets usually involves a combined 
load system, thus the calculation of the 
buckling strength of flat sheets under com- 
bined stress systems is necessary. The 
approach used involves the use of inter-action 
equations or curves (see Chapter Cl, Art. 
C1.15 for explanation of inter-action 
equations). 


CS. Combined Bending and Longitudinal 
Compression. 


The interaction equation that has been 
widely used for combined bending and longi- 
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Fig. C5, 13 (Ref. 1) Chart of Nondimensional Shear Buckling Stress for Panels With 


Edge. Rotational Restraint. 7) = (Es/E) (1 - Ve*)/(1 - V4. 
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Fig. C5. 11 (Ref. 1) Shear-Buckling-Stress Coefficient of Fig. C5.15 Bending-Buckling Coefficient of Plates as a Function 
Plates as a Function of a/b for Clamped and Hinged Edges. of 2/b for Various Amounts of Edge Rotational Restraint. 2 
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tudinal compression is, 
Ry**72 + Re # 1.0 


This equation was originally presented in 
Ref. 2 and the interaction curve from plotting 
this equation is found in many of the 
structures manuals of aerospace companies. 


Fig. C5.15 is a plot of eq. CS.8. It 
also shows curves for various margin of safety 
values. 


Fig. C5. 15 
Combined Bending. 
+} & Long. Compression 


5.10 Combined Bending & Shear. 


The interaction equation for this com- 
bined loading (Ref. 1 & 2) is, 


Ry 


a. 
+RO2 0 ------------- (C5.9) 


The expression for margin of safety is, 
MS) 9 seek 2 


Vap+ Re 


Fig. C5.16 is a plot of equation (5.9. 
Curves showing various M.S. values are also 
shown. Rg is the stress ratio due to 
torsional shear stress and Rgt is the stress 
ratio for transverse or flexural shear stress. 


(cS.10) 


5.11 Combined Shear and Longitudinal Direct Stress. 
(Tension or Compression. } 


The interaction equation is (Ref. 3,4) | 
R, + Rg = 1.0 


MOB. 3 ——— ea - 1 CO - - - - SCO(08.22) 


a a 


{CS.11) 
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Fig.°CS.17 1s a plot of equation CS.11. 
If the direct stress is tension, it is 
included on the figure as negative compression 
using the compression allowable. 


C5.12 Combined Compression, Bending & Shear. 


From Ref. 5, the conditions for buckling 
are represented by the interaction curves of 
Fig. C5.18. This figure tells whether the 
sheet will buckle or not but will not give the 
margin of safety. Given the ratios Ro, Rg and 
Rp:- if the value of the Re curve defined by 
the given value of Rp and Rg is greater 
mumerically than the given value of Re, then 
the panel will buckle. 
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Fig. C5.17 
Combined Shear & Long. Direct Stress 
Ru + Rg = 1. 
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Fig. C5.19 (Ref. 5) Combined Compression, Bending and Shear. 
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The margin of safety of elastically 
buckled flat panels may be determined from 
Pig. C5.19. The dashed lines indicate a 
typical application where Ro = .161, Rg = .23, 
and Rp = .38. Point 1 is first determined for 
the specific value of Rg and Rp. The dashed 
diagonal line from the origin 0 through point 
1, intersecting the related R¢e/Rg curve at 
point 2, yields the allowable shear and bending 
stresses for the desired margin of safety 
calculations. (Note when R, is less than Rg 
use the right half of the figure; in other 
cases use the left half). 


C§.13 Mlustrative Problems. 


In general a structural component com- 
posed of stiffened sheet panels will not fail 
when buckling of the sheet panels occurs since 
the stiffening units can usually continue to 
carry more loading before they fail. However, 
there are many design situations which require 
that initial buckling of sheet panels satisfy 
certain design specifications. For example, 
the top skin on a low wing passenger airplane 
should not buckle under accelerations due to 
air gusts which occur in normal every day 
flying thus preventing passengers from 
observing wing skin buckling in normal flying 
conditions. Another example would be that no 
buckling of fuselage skin panels should occur 
while airplane is on ground with full load 
aboard in order to prevent public from 
observing buckling of fuselage skin. In many 
airplanes, fuel tanks are built integral with 
the wing or fuselage, thus to eliminate the 
chances of leakage developing, it is best to 
design that no buckling of sheet panels that 
bound the fuel tanks occur in flying and 
landing conditions. In some cases aerodynamic 
or rigidity requirements may dictate no 
buckling of sheet panels. To insure that 
buckling will not occur under certain load 
requirements, 1t 1s good practice to be 
conservative in selecting or calculating the 
doundary restraints of the sheet panels, 


Problem 1. 


Pig. CS.20 shows a portion of a cantilever 
wing composed of sheet, stiffeners and ribs. 
The problem is to determine whether skin panels 
marked (A), (B) and (C) will buckle under the 
various given load cases. The sheet material 
is aluminum alloy 2024-78. 


Load Case 1. 

P, = 700 lb., P, = 0, Ps 2 0 

With only loads P, acting, the one cell 
stiffened cantilever beam is subjected to a 


compressive axial load of 2 x 700 = 1400 lb. 
Since the P, loads are not acting through the 


centroid of the cross-section, a bending moment 
is produced about the x-x axis equal to 1400 x 
3.7 = 5170 in. 1b. = My, where 3.7 15 distance 
from load P, to x=x axis. 






Area of Zee P 
Stringer = .18 
Area of Corner 


Member = 
0. 25 sq. in. 


Fig. C5. 20 


The sheet thicknesses, stiffener areas and 
all necessary dimensions are shown on Fig. 
C5.20. The total cross-sectional area of beam 
section including all skin and stringers is 
3.73 sq. in. The moment of inertia about x-x 
centroidal axis calculates to be 49.30 in.*. 


Since the beam section {is symmetrical, 
the top panels A, B and C are subjected to the 
same stress under the P, load system. 


Compressive stress due to transferring 
loads P, to centroid of beam cross-section is, 


ft, = 2P,/area = 1400/3.73 = 375 psi 


Compressive stress due to constant bending 
moment of 5170 in. lbs. is, 


f, = MY2/T,. = 5170 x 4.233/49.30 = 444 psi 
Total f, = 375 + 444 = 819 psi. 


The skin panels are subjected to compres- 
sion as shown in Fig. a. The boundary edge 


conditions given by the longitudinal sti**-r-rs 
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and the rib flanges will be con- 
servatively assumed as simply 
supported. (Feop is same as dor} 
mk =15" 
Poon =F ©) 
Ser ~ 12 (1-¥,*) ‘bd 


2 


(See Eq. C5.1) fos" 


a/b of skin panel = 15/5 23 


From Fig. (5.2 far Case C, Mig. (a) 
we Tead k, = 4.0 
277 x 4.0 x 10,700,000 ,.085,2 _ 
Foor? T2 (1 > 0-3") (+=) = 1900 pst 


Since Foor the buckling stress is less 


than the applied stress f., the panels will 
not buckle. 


M.S. 5 (Fogp/fe) ~-1 = (1900/819) -1 = 1.32 
Load Case 2. 
P, = 700 1b., Pa = 500, Py = 0 


The two loads P, acting in opposite 
directions produce a couple or a torsional 
moment of 500 x 16.5 = 8250 in. 1b. on the 
beam structure, which means we have added a 
pure shear stress system to the compressive 
stress system of Case 1 loading. 


The Shear stress in the top panels A, B 
and C ts, 


fs = T/2at = 8250/2 x 138 x .035 = 854 psi. 


— 


(Where A 1s the cell inclosed area) 
’ 
The shear buckling stress is 


mk, B 
: ®* --- - (See Eq. C5.4) 


Fs HH 
oF 12 (1 = Ue") 


a/p = 15/5 = 3. From Fig. C5.11, for 
hinged or simply supported edges, we read 
Kg = 5.8. 


rm? x 5.8 x 10,700,000 


ars 2035.2 _ 
“Ser 2 (1 - .3F (37) = 2760 pees 


The sheet panels are now loaded in 
combined compression and shear so the inter- 
action equation must be used. From Art. C5.12 


the interaction equation is Ry, + Rg = 1. 
Re = fo/Fog, * 819/1900 = .431 
Rg = fg/Fg, = 854/2760 = .309 





C5. 11 






»526, 
the result is less than 1.0, no buckling 
occurs. 


The Ro + RE = .431 + .3097% = Since 


2 
Ro + V Ra + 4R3 
7 2 


-431 + V .431" + 4 x 1.309% 


Load Case 3. 


The M.S. = 





-1 





- 1 .69 


P, = 700, P, = S00, P; = 100 lb. 


The two loads P, produce bending and 
flexural shear on the beam. The bending moment 
produces a different end compressive stress on 
the three sheet panels since the bending moment 
is not constant over the panel moment. To 
simplify we will take average bending moment on 
the panel. 


Mav) = 200 x 52.5 = 10500 in. lb. 
f, dus to this bending = MyZ/Iy = 10500 x 
4.233/49.3 = 903 psi. 


Total fp = 903 + 819 = 1722 psi. 
Ro = fo/Fe,, = 1722/1900 = .906 


The two loads P, produce a traverse shear 
load V = 200 1b. The flexural shear stress 
must be added to the torsional shear stress as 
found in Case 2 loading. 


Due to symmetry of beam section and Py 
loading the shear flow q at midpoint of sheet 
panel (B) is zero. We will thus start at this 





point and go clockwise around cell. The shear 
flow equation (see Chapter A15) is, 
Fig. (b) 
q = aes 
Ix 
e 200 _ a 
qa =~ Dos = 4.05 BZA 
a, = 0 (Refer to Pig. b) 
dei =~ 4.05 %2.5x .035 x 4.23 = - 1.50 
Gag = - 1.50~-4.05 x .18xX3.69 = - 4.20 


Gsa =~ 4.20-4.05x5x 085 x4.23 = 7.20 
43, = - 7.20-4.05x .25% 3.69 = 10.94 
a5 = 7 10.94-4.05 x .051x5.69x3.69/2 = -12.64 


(See Fig. b for plot of shear flow) 











BUCKLING STRENGTH OF FLAT SHEET IN COMPRESSION, SHEAR, 
BENDING AND UNDER COMBINED STRESS SYSTEMS 


cS. 12 





The shear flow q on panel (A) varies from 
4.20 to 7.20 or the average q = (4.2+7.2)/2 
= 5.7. Thus the average shear stress is 
5.7/.035 = 163 psi. It is in the same 
direction as the torsional shear flow and thus 
is additive. 


Total fg = 163 + 854 = 917 psi 
Rs = f¢/Fggp = 917/2760 = .332 
Re + RG = 1, Sudt.:- .906 + .332" = 1.018, 


since the result is greater than 1.0, initial 
buckling has started. The margin of safety is 
slightly negative and equals, 


2 


+905 + ¥ .905* + 4x .332* 


In this example problem, the panels were 
assumed simply supported, which is conservative. 
Reference to Fig. C5.6 shows that k, could be 
assumed higher as the panel is riveted to a 
zee shaped stringer which has some torsional 
resistance and thus panel is not free to 
rotate at its boundaries. 


M.S. = ~1l2=- .01 


Panel (C) is less critical because the 
flexural shear 1s acting opposite to the 
torsional shear stress, thus fg total = 645 - 
163 = 682 psi. The Rg = 682/2760 = .246. 


Re + Rg ® .905 + .246* = .966, Since the 
result is less than 1.0, panel will not buckle. 


Panel (B) carries a small shear flow, 
bdeing zero at center of panel and increasing 
uniformly to 1.5 lb. per inch at the edges, 
and flowing in opposites directions from the 
centerline. Thus transverse shear will have 
negligible effect. Thus Rg = 854/2760 = .309. 


Re + Rg = .905 + .3097 = 1.00, or panel 
(B) 1s on the verge of buckling under the 
assumptions made in the solution. 


PROBLEMS 


(1) A sheet panel is 3" x 9" x .051" in size. 
The 3" side 1s simply supported and the 
9" side is free. Determine the buckling 
load if the compressive load is applied 
normal to the 3” sides. Do so for 3 
different materials, (1) aluminum alloy 
7075-76, (2) magnesium HKS1A, (3) Titanium 
T1i-am. 

(2) In Problem (1) If all edges were simply 

supported, what would be the buckling 

load. 


In Problem (1) 17 the 9” 
clamped or fixed and the 
supported, what would be 


sides were 
3" sides simply 
the buckling load. 


(4) A sheet panel 5" x 12.5" x .051 has all 
edges simply supported. The panel is 
subjected to combined compression and 
shear loads which produce the following 
stresses:- 
fo = 2400 psi, applied normal to 5" side. 
fs = 2800 psi. Will the sheet buckle 
under the given load system if made of 
aluminum alloy 2024-T3 material. What 
is the margin of safety. 

(S) If the material in problem (4) is changed 
to alloy steel Fy, = 95000 psi, what 
would be the margin of safety. If sheet 
was heat treated to Fry = 180,000, what 
would be the M.S. 

(6) A 3" x 12" x .040" sheet panel 1s sub- 
jected to the following combined stresses. 
fe = 3000, fp 2 10000, fg = 8000. The fo 
and fp stresses are normal to the 3" side. 
If sides are simply supported, will panel 
buckle {f made of 7075-T6 aluminum alloy. 
What is M.S. 

What will be the M.S. if material is 
changed to Titanium T1-éMn. 
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CHAPTER C6 
LOCAL BUCKLING STRESS FOR COMPOSITE SHAPES 


C6.1 Introduction. 


Thin flat sheet is inefficient for carrying 
compressive loads because the buckling stresses 
are relatively low. However, this weakness or 
fault can be greatly improved by forming the 
flat sheet into composite shapes such as 
angles, channels, zees, etc. Most of the many 
composite shapes can also be made by the 
extruding process. Formed or extruded members 
are widely used in Flight Vehicle Structures, 
thus methods of calculating the compressive 
strength of such members is necessary. 


C8.2 Compressive Buckling Stress for Equal 
Flanged Elements, 


The simplest equal flanged member that can 
be formed {1s the angle shape. Other shapes 
with equal flanges are the T section and the 
cruciform section as shown in Pig. C6.1. 


ay 


T-Section 
Fig. C6.1 

These sections can be considered as a group of 
long flanges, as illustrated, for the angle 
Section in Fig. C6.2. Since the flanges which 
make up the section are equal in size, each 
flange will buckle at the same stress. There- 
fore each flange cannot restrain the other and 
thus it can be assumed that each flange is 
simply supported along the flange junction as 
illustrated in Fig. C6.2. 


Cruciform 
Section 


Free 


Free 
Supported 


Simply 


hee hs 





Fig. C8.2 


From Equation CS.1 of Chapter C5, the 
buckling compressive stress for a long flange 
is, 





From Fig. C5.2 of Chapter C5, ky = .43, 
then 


= 0:43 NE tye 


=! Er = ay? * 
Ser = Fetno-347 (G) = 0-388 BEY" - ~ - 06.1 


If the buckling stresses are above the i 
proportional limit stress, use Fig. C5.7 in Ny 
Chapter C5 to taxe care of the plasticity effect. j/ 


For formed angles, the flange width b 
extends to centerline of adjacent leg, but for 
extruded angles, the width b extends to inside 
edge of the adjacent flange or leg. 


C6.3 Compressive Buckling Stress for Simple Flange-Web 
Elements. 


The most common flange-web structural 
shapes are channels, zees, and hat sections. A 
flange has one unloaded edge free, whereas a 
web has no free unloaded edge and thus has an 
unknown restraint on the boundary between the 
web and the flange. Fig. C6.3 shows the break 
down of 4 Z section into two flange and one web 
plate elements. 





§ 4 
= |e & 
a 3 
a & 2 
Flange} 2 2 a 
3 3 Pe 
& = 
fa 
ss 


Breakdown of Z into Flange 
and Web Elements. 





Fig. C6.3 


The buckling strength of the web and flange 
elements depends on the boundary restraint 
Detween the two elements. If this restraint 
which is unknown could be found in terms of a 
known rotational restraint « as presented in 
Chapter CS, the buckling coefficients could be 
found from charts in Chapter CS. Having the 


cé.l 








C6.2 LOCAL BUCKLING STRESS FOR COMPOSITE SHAPES 





buckling stress for each element, the critical 
buckling stress will be the smaller of the two. 
The buckling load based on the buckling stress 
is not the failing load as more load can be 
taken by the material in the corner regions 
before local failure or crippling tekes place. 
The subject of local crippling of formed and 
extruded shapes is covered in Chapter C7. 


Using the moment distribution method or a 
step by step analysis procedure, several 
research studies have determined the restraint 
factors between web and flange elements for 
simple shapes like channels, Z, H, square tubes 
and formulated design charts for such shapes. 
(Refs. 1 to S inclusive.) 


C6.4 Design Charts for Local Buckling Stresses of 
Some Composite Web- Flange Shapes, 


Figs. C6.4 to C6.7 inclusive give charts 
for determining the local buckling stress of 
channel, Z, H, square tube and hat shaped 
sections. For formed sections, the width b 
extends to centerline of adjacent element and 
for extruded sections the width b extends to 
inside edge of adjacent element. 


C8.5 Problems Mlustrating Use of Charts. 
PROBLEM 1. 


eT 084 
The Z section in Fig. (a) i 
is formed from aluminum alloy Ft 


2024-TS sheet. what compres- ange 


Sive stress will start local Web 
buckling of an element of the 
member. 


Solution: - 


Dy 1.5 ~ .064 = 1.436 
br 0.75 = .032 = 0.718 
be/dy = 0.718/1.436 = .50 
tw/te = .064/.064 = 1.0 


From Fig. C6.4, we read Kw = 2.9 


‘a ng a 
Sor * Tata ay BY 


der = 229.2% x 10,700,000 (2084.54 
ae 12(1-.3%) 1.436 





This stress is above the proportional 
limit stress of the material, thus a plasticity 
correction must be made. The buckling occurs 
on the flange. 


From Table Bl.1 of Chapter Bl, we obtain 
for 2024-T3 aluminum alloy:- o,,, = 39000 and 
n=11.5. 


= 56100 psi | 


For the plasticity correction of shapes 
covered in Fig. C6.4 (Ref. 4), the plasticity 
correction for a flange free on one edge can 


be used with accuracy. Thus we can use chart 
in Fig. CS.7 of Chapter CS.to ccrrect for 
plasticity effects. 


The parameter for bottom scale of Fig. 
CS.7 1s equation (A) divided by ao.,, or 
56100/39000 = 1.44. Using this value and the 
n = 11.5 curve, we read from Fig. C5.7 that 
Ger/Fo,7 = 1.02. 


Therefore the local buckling stress is 

Ser = 39000 x 1.02 = 39800 psi. 
PROBLEM 2. 

If the member tn Problem 1 is subjected 
to a 300°F temperature for 2 hours duration, 


what would be the local buckling stress. 


From Table Bl.1 for this temperature 
condition, 


Se.r = 35700, Eq = 10,300,000, n* 15 


R*E_ twys . 2.9 n* x 10,300,000 
wut (Oe.5) ‘bw T2U=.37) (a5700) 
0G4)* = 1,81, 


1.436 


Using this value on bottom scale of Fig. 
C5.7 and n curve = 15, we read oor/oo,.7 = 1.03, 
Thus Ocr = 1.03 x 35700 = 36800 psi. 


PROBLEM 3. 


Same as Problem 1, but change material to 
Titanium Ti-6Mm Sheet. 


From Table Bl.1 we obtain for this material:- 
Ee = 15,500,000, o,., = 119500, n= 13.7. 


2.9 n* x 15,500,000 , .064,8 
=f See O_o * = 
oat 12(1-.37) (Tage) = 81200 pst 


This stress 1s near the proportional limit 
stress so plasticity correction should be small 
if any. 


Sor/d 4,> = 81200/119500 = .68 

From Fig. C5.7, using n = 13.7 curve, we 
read Oor/d,,, = .68. Then dep = 119500 x 0.58 = 
81300, thus no plasticity correction. 


PROBLEM 4. 


The rectangular tube has the dimensions as 
shown in Fig. (b). 
alloy 2014-T6. 
buckling stress. 


It is extruded from aluminun 
Determine the local compressive 





























Fig. C6.4 (Ref. 2) Channel- and Z-section stiffeners. f 
ky" ty! Fig. C6. 5 (Ref. 2) H-section stiffeners, 


g, = ——_————— — 
oF 12 (L = U9?) dy? 


kyt"EB tee” 


Sp. —— 
wR (1 - Ve") by? 




















Fig. C6. 6 (Ref. 2) Rectangular-tube-section stiffeners. Fig. C6.7 (Ref. 5) Buckling stress for hat-section stiffeners. 
ky M7E th\? kpt7E (x 
= ——— | — tate =ty=tp; Sor = ——~—— _——. ata of Ref. 12.) 
12(1- Y¥Q4)\h 12 (1 - Ue") by* 


Ser 
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Solution: = 

b Sl- .08 = .92 

h =2- .08 = 1.92 — 
So 

b/h = .92/1.92 = .479 

th/th = 1.0 Fig. (b) 


From Fig. Cl.6, we read Ky = 5.2. 


204.3 


=~ 5:2 n* x 10,700,000 ( 
1.92 


Ger = as = 21900 psi. 


AS shown in Fig. Cl.6, buckling occurs on the h 
side of the tube. The computed buckling stress 
1s below the proportional limit stress, thus 
no plasticity correction. 


PROBLEM S. 


Same as Problem 4 but change the thickness 
of the h side to .072, but leave the b side 
+04 in thickness. 


Solution:- 

bd = 1l- .144 = .856 
h = 2- .08 = 1.92 
d/h -856/1.92 = .446 
tp/th = .04/.072 = .555 


From Fig. C6.6, ky = 4.3 


4.3 n" x 10,700,000 ,.072\2 


Ser = ~~~" Ta 3) (a2) 


This stress 1s above the proportional limit 
stress thus a plasticity correction is necessary 
(Ref. 4) gives no value for a plasticity 
correction but recommends the correction for a 
clamped long flange which is a Slightly con- 
servative correction. This plasticity 
correction should also be used for the hat shape 
as shown in Fig. C6.7, 


= $8600 psi. 


Thus Fig. C5.8 of Chapter C5 can be used 
to correct for effect of plasticity. 


From Table Bl.1, for our material oo 
53000 and n = 18.5. 


The value of the parameter for bottom 
scale of Fig. CS.8 1s apr/o,,, = 58600/53000 = 
1.10. 


From Fig. C5.8, using n = 18.5 curve, we 
read Ocr/o,,, = .91. Therefore oor = 53000 x 
+91 = 48100. 


Thus by changing the long side of tube 
from .04 to -072, the buckling stress was in- 
creased from 21900 to 48100 psi. 
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In the design of rectangular tubes, the 
designer should select the tube thicknesses for 
both long and short sides so that buckling 
occurs on both sides, thus giving the lightest 
section for buckling strength. 


AS pointed out previously in this chapter, 
the load on the member which causes local 
buckling 1s not the failing or maximum load for 
a short length of the member. This local fafling 
or crippling stress is treated in the next 
chapter. Since the buckling stress may fall in 
the inelastic stress range, the buckles will not 
entirely disappear when load 1s removed. Since 
limit or applied loads must be carried without 
permanent distortion, it ts thus important to 
know when local buckling starts. For those 
missile and space vehicles that carry no 
humans, the factor of safety on limit loads is 
considerably less than for aircraft, thus the 
Spread between local buckling and local failing 
strength becomes important in design. 


C6.5 Buckling of Stiffened Flat Sheets Under Longitudinal 
Compression. 


In supersonic aircraft, it is important 
that the surface skin, particularly that on the 
wing, not buckle under flight conditions since 
a buckled surface could effect the aerodynamic 
characteristics of the airflow around the wing, 
thus it is important to «now when the skin or 
its stiffening units inittally buckle in order 
to design so that sucu duckling will not occur 
under flight conditions. 


Gallaher and Boughan (Ref. 6) and Boughan 
and Baab (Ref. 7) determined the local buckling 
coefficients for idealized web, Z and T stiffened 
plates. The results of their studies are shown 
in Figures C6.8 to C6.12 and were taken from 
(Ref. 4). The initial local “buckling stress 
for plate or stiffener is given by the equation:- 


kg n* 5 .tg,? 

Ch AS Tavgt): bg)? OT Se 
If the buckling stress is above the pro- \ 
portional limit stress of the material, correct ! 
for plasticity effect by using Fig. C5.9 of ; 
Chapter C5. * 


Problem Illustrating Use of Charts. 
ea rat ng se of Charts. 


Fig. C shows a plate with idealized Z 
Section stiffeners. The material 1s 2024-73 
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Fig. C6.9 (Ref. 6) Z-section stiffeners. 
tw/tg = 0.50 and 0.79. 








o/b, 


Web stiffeners. 0.5 <tw/tg < 2.0 


Fig. C6. 8 (Ref. 7) Compressive-local-buckling coefficients for! 
infinitely wide idealized stiffened flat plates, 


kgVE /ty\* 
“Ra (148 Ve") bg 
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Fig. C6. 10 (Ref. 6) Z-section stiffeners. 
tw/ty = 0.63 and 1.0. 











a 2 , 6 
Fig. C6.11 (Ref. 7) T-section stiffeners. Be 


by by 
ty/ty = 1.0; -—> 10; > 0.25. 
te bg 


Fig. C6. 12 (Ref. 7) T-section stiffeners, 
tey/te = 0.7; be/tt > 10; by/dg > 0. 25, 





LOCAL BUCKLING STRESS 





aluminum alloy. Determine the initial buckling 
stress under longitudinal compression. 





(1) 
be _ 0.5 | bw . 1:5. 
Be 7 LE 0.333, Bg. rr) «375, 
tw . .0625 _ 
t= SBE = 50 (2) 


Using the above three values and referring 
to Fig. C&.9, we read the buckling coefficient 
Kg to be 4,2, Substituting tn equation (B) 


(3) 
= 4:20? x 10,700,000 ,.125)2 _ 
Ser © —TaT-.37) arm) = $9800 pst. 


This stress 1s no doubt above the pro~ (4) 


portional limit stress so a check for plasticity 
effect will be made. For this effect we use 
Fig. C5.8 of Chapter cs. (5) 
For our 2024-T3 material, we find from 
Table 81.1 of Chapter Bl, that Scr/do.7 = 39000 
and the shape parameter n = 11.5. 
The bottom scale parameter on Fig. C5.8 (6) 
is equation (B) divided by a, ,, thus it equals 
39800/39000 = 1.02. Using this value and the 
n = 11.5 curve on Fig. CS5.8, we read on lert 
Side scale that dor/a,,, = .86. Therefore the 
duckling stress agp = .86 x 39000 = 33600 psi. 


(7) 
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CHAPTER C7 
CRIPPLING STRENGTH OF COMPOSITE SHAPES AND 
SHEET-STIFFENER PANELS IN COMPRESSION 


SHEET EFFECTIVE WIDTHS. 


CT, 1 Introduction. 


Chapter C6 was concerned with the local 
buckling stress of composite sections when 
loaded in compression. Tests of short lengths 
of sections composed of flange-plate elements 
often show that after the section has buckled 
locally, the unit still has the ability to 


carry a greater load before failure occurs. In. 


other words, the local buckling and local 
failure loads are not the same. For cases 

where local buckling occurs at low stress, the 
crippling or failing stress will be higher. 

When local buckling occurs at high stress such 
as .7 to .8 Foy, buckling and crippling stress 
are practically the same. Fig. C7.1 illustrates 
the stress distribution on the cross-section 
after local buckling has occurred but prior to 
local crippling or failure. 


Fig. C7.1 


AS the load on the section ig increased, 
the buckles on the flat portions get larger but 
most of the increasing load is transferred to 
the much stiffer corner regions until the stress 
intensity reaches a high enough value to cause 
sufficient deformation to cause fatlure. 


A theoretical solution for the local 
erippling stress for all types of shapes nas 
not been developed as the boundary restraint 
between flange and plate elements is unknown 
and also the manner in which the stress builds 
up in the cormer regions is not well understood. 
Consequently, the methods of solution are semi- 
empirical in character, and the results of such 
methods have been sufficiently proven by tests. 
two methods of calculating crippling stresses 
will be presented in this chapter. 


C7.2 METHOD 1. THE ANGLE METHOD, or the 
Needham Method. 


This method which will be referred to 4s 
the angle method or the Needham method was 


COLUMN STRENGTH. 


presented in (Ref. 1). In this method the 
member section is divided into equal or unequal 
angles as illustrated in Fig. C7.2. The 
strength of these angle elements can be 
established by theory or tests. The ultimate 
strength or failing strength can then be found 
by adding up the strengths of the angle elements 
that make up the composite section. 


Needham made a large number of tests on 
angle and channel sections. From a study of 
these test resultsaas well as other published 
test data on channels, square and rectangular 
tubes, etc., he arrived at the following 
equation for the crippling or failing stress 
of angle sections. 


Angle Angle 4 such 
unit | unit \ units 

i T—)) 

Fig. b igo 


fob ay 


+ 
a th 
—t Fig. 2 
Basic Angle Basic Angle Basic’ Angle 
Unit. Two Unit. One Unit. No 
edges free. edge free. edge free. 
Fig. C7.2 





crippling stress (psi) 
compression yield stress (pst) 
Young’s modulus of elasticity in 
compression (psi) 

equivalent b/t of section > 

(a + b)/2t 

coefficient that depends on the 
degree of edge support along the 
edges of contiguous angle units. 
Specifically they are:- 

0.316 (two edges free) 

2 = 0.342 (one edge free) 

Ce = 0.366 (no edge free) 





The crippling stress for angles, channels, 


zees and rectangular tubes can be determined 
directly from use of equation C7.1. The 
crippling load on an angle unit is then, 


Pos = FesA 
where A is the area of the angle. - 


The crippling stress of other formed 


ctl 


335 





C7.2 


structural shapes can be determined by dividing 
the shape into a series of angle units and 
computing the crippling loads for these 
individual angle units by use of equations C7.1 
and C7.2. The weighted crippling stress for 
the entire section 1s obtained from the 
following equation:- 


= 2 (crippling loads of an les) _ 
Fes = = (area of angles (c7.3) 
C7.3 Design Curves, 


Fig. C7.3 gives curves for determining the 
crippling stress of angle units as per equation 
C7.1, and Pig. C7.4 gives curves for determining 
the crippling loads for angle units. Using 
these curves and equation C7.3, the crippling 
stress of composite shapes other than angles, 
channels, zees and rectangular tubes can readily 
be calculated. 


Illustrative problems, using this method, 
will be given later and the results compared 
with method 2. Crippling stresses for 
composite sections should be limited to the 
values given in Table C7.1 unless substantiated 
by test results. 


C?.4 METHOD 2. For Crippling Stress Calculation. 
(The Gerard, Method). 


Introduction: References 2 and 3 gives 
the results of a very comprehensive study by 
Gerard on the subject of crippling stresses. 
From a thorough study of published theoretical 
studies and most available test or experimental 
results, Gerard has developed and presented a 
more generalized or broader. semi-empirical 
method of determining crippling stresses. In 
one sense it is generalization or broader 
application of the Needham method which wes 
presented as method 1. The student and 
practicing structures engineer should refer to 
the above references for a complete discussion 
of how the resulting crippling stress equations 
were obtained and how these check the extensive 
test results. In this short chapter we can 
only present the resulting equations, design 
curves for same and example problems in the use 
of the information, in the determination of 
crippling stresses. 


C7.5 Stresses and Displacements of Flat Plates 

After Buckling Under Conditions of Uniform 

End Shortening. 

Fig. C7.5 shows a picture of the resulting 
stress distribution on flat plates after 
buckling under conditions of uniform end 
Shortening as determined by Coan tn (Ref. 4). 
The Gerard method recognizes the effect of 
distortion of the free unloaded edges upon the 
failing strength of the member section. 


CRIPPLING STRENGTH OF COMPOSITE SHAPES AND SHEET-: 








Fig. C7.5 Stresses and displacements of flat plates after 
buckling under conditions of uniform end shortening 
(reference 4). (a) Straight unloaded edges, (b) stress free 
unloaded edges free to warp in the plane of the plate. 


C7.6 The Gerard Equations for Crippling Stress. 


The following equations are taken from 
(Ref. 3). 


For sections with distorted unloaded edges 
as angles, tubes, V groove plates, multi-corner 
sections and stiffened panels, the following 
crippling stress equation applies within * 10 
percent limits:- 


Fos/Fey = 0.56" 
[cee*/a) (ary 4] 
For sections with straight unloaded edges 
Such as plates, tee, cruciform and H sections, 


the following equation for crippling stress 
applies within = 5 percent limits. 


O.a6 


Fos/Foy = 0.67 
pgqetes 
[tee “arierey/4] °°" =~ (07.5) 


For 2 corner sections, Z, J, and channel 
sections, the following equation applies within 
210 percent limits. 


Fog/Foy = 3.2 
[ce YA) (B/Fey)/*)"""" ~ = (07.8) 


crippling stress for section (psi) 
compressive yield stress (psi) 

element thickness (inches} 

section area (in.*) 

Young’s modulus of elasticity 

= number of flanges which compose the 
composite section, plus the number 

of cuts necessary to divide the 
Section into a series of flanges. See 
Fig. C7.6 for method of cutting compo~ 
Site sections to determine value of ¢. 





The cut-off or maximum erippling stress Pag 
for a composite section should be limited to the 
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(Note: Fe, same as Fog) 





<— 


Fig. C7.3 Dimensionless Crippling Stress vs. b'/t (Ref. 1) 


(Note: Pg, same as Pog) 
Fig. C7.4 Dimensionless Crippling Load vs. by/t (Ref. 1) 





C7.3 
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pg Unloaded Eases C7.7 Correction for Cladding. 


Plat 
sg Since many formed sections are made from 
alclad sheets, the clad covering acts to reduce 
agg the value of buckling stress and thus 2 
correction factor 7) must be used to takes care 
a 4 ie of this reduction in strength. This correction 
Basic Section t Cut ‘ats from (Ref. 3) is 
g=2 2 Flanges 8 Flanges (Ret ) 
Beg 122g R= [1+3 (ogy /oop)£]/(1 +32) - - - (07.7) 
where, 


Straight Unloaded Edges 


T-Section Cruciform H-Section 


T+ 


Se] = cladding yield stress 

Ocr = buckling stress 

f ratio of total cladding thickness to 
total thickness. f = 0.10 for alclad 
2024-T3 and .08 for alclad 7075-TS. 


Basic Section 0 Cuts 1 Cut : Pear 
ea 4 Flanges 6 Flanges C7.8 Maximum Values for Crippling Stresses, 
4ag Tag The cut-off or maximum crippling stress for 


a composite section should be limited to the 
values in Table C7.1 unless test results are 
obtained to substantiate the use of higher 
erippling stresses. 


Fig. C7.6 Method of cutting simple elements to determine g. 


Table C7. 1 


eee a 
eae eae erence 
[attend Punelp Pr] 
(ise, Gractorm ana Wateieme | Fay 
2 Corner Sections. Zee, J, Channels | .9 Fey _| 









values in Table C7.1 unless higher values can 
be sidstantiated by test results. The cut-off 
values given in Table C7.1 are no doubt slightly 
conservative. Design curves for equation C7.4, 
5 and 6 are given in Figs. C7.7, C7.8 and C7.9, 





















Fig. C7.7 

Curve for Crippling Stress F., for 
Angles, Tubes, V~Groove Plates, 
and Multi-Corner Sections. 


Fes a a/ajo.es 4 
Fano 56[(gt/ANE/Foy) */*] 

cy 
See Table C7. 1 for Cut-off Values. 
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Pr 
Fig. C7.8 

Curve for Plates, Tees, Cruci Form 

—and H Sections. 


= FF, a Oe 
Fes = 0,67 [(gt YANE/Feq) */*]°°*° 









See Table C7,1 
for Cut-off Values 


al «15 2.25 «30 4 5 6 7 8.91.0 15° 2 25 3 4 567 8910 


Ay Feyys/s 
Bee) . 


Fig. C7.9 
1.5 Crippling Stress Fes for 2 Corner Sections, 
f i Z, J and Channel Sections. 
z s Et : = \ 
Pe a Hy nite E&8 = 3, 2[(t/A) Be/Fey) A/a] sare 
9 SY; 
8 = See Table C7.1 


7 for Cut-off Values 


+25 
«15 


30 «40 «60 6070 8090100 


1 1.5 2 2.5 3 4 5 678910 15 «20 25 
Ay (Fey, 1/s 
Ge qe) 
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CT.9 Restraint Produced by Lips and Bulbs. 


Quite often in formed sections, the ‘lange 
element which has a free edge is rather small 
in width as {llustrated in Fig. a. Also for 
extruded sections, a bulb its often used as 
illustrated in Figs. b. The question then 
arises, is the lip or bulb sufficiently large 
enough to provide a simple support to the 
adjacent plate element. Since the compressive 
buckling coefficient for a plate element is 


Fig. a Bulb 
Bulb 
Lip Lip Bulb Fete 


4,0 and 0.43 for a flange element, the use of a 
small lip or bulb can increase the value of the 
coefficient considerably above 0.43 and thus 
produce a more efficient load carrying element. 
The problem of determining the dimensions of a 
lip or bulb to give at least a simply supported 
edge condition to the adjacent plate element has 
been investigated theoretically by Windenburg 
(Ref. S). The results of his studies gives the 
following design criterion. 


I AL 
2.78 Se ppt 28 7-7 +> = (07.8) 
Where Ij, and Ay, are the moment of inertia and 
area of the lip or bulb respectively. (See 
Flg. C7.10). 





Fig. C7. 10 


From Fig. C7.10a for the lip, AL = bit, 
and I, = tby5/3. 


In substituting these values in equation 
(C7.8), the dimensions of the lip are expressed 
as 


DLs  bu_ . be a 
0.910 (*)" - $7 5G ccc ee (07.9) 
To determine by, and t, an additional re- 
quirement is specified, namely, that the 
buckling stress of the lip must be greater or 
equal to the buckling stress of the adjacent 
Plate element. 
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From Chapter 
coefficient using %& = 


C6, the compressive buckling 
-3 1s 0.388 for a flange 


element and 3.617 for 2 plate element. There- 
fore, 2 
AGL a “ ajphtis ah 
0.388 a) = 3.617 BG?) - - - (07.10; 
From equations C7.9 and C7.10, the follow~ 
ing relationship {s obtained, 
SLs be ea) 
Fp 20-828 = ee ee ee (27.11) 


Fig. C7.11 shows the results as a curve. 


LP PROVIDES AT LEAST 
SUAPLE SUPPORT FOR FLANGE. 








‘O19 20 30 40 S060 70 60 
by 
t 


Fig. C7.11 Minimum lip dimensions required for flange to 
buckle as simply supported plate (Ref. 5). 


In extruded sections, a circular bulb is 
often used to stiffen a free edge as illustrated. 
in Fig. C7.10b. The moment of inertia of the 
bulb area about the centerline of the plate 
element is, 

mD* , w* D-t\, 

Teer te >) 

As for the case of the lip, the buckling 
stress of the bulb must be greater or equal to 
the buckling stress of the adjacent plate 
element, which gives, 


@* -1.6(2)° -0.574(2)* = 7.44 de/t = (C7,12) 


Fig. C7.12 shows design curve representing 
the above equation. 



































° 1 20 36 40 30 


be 
e 


Fig. C7.12 Minimum buib dimensions required for buckle as 
simply supported plate (Ref. 5). 
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C7.10 Qlustrative Problems in Calculating Crippling 
Stresses. 


Find the crippling stress for the 
The material 


Problem 1. 
equal leg angle shown in Fig. a. 
is aluminum alloy 2024-T3. 
Solution by Method 1. 


Material properties are:- oa 





Area, 093 


For this method, we use Fig. Figsia 
C7.3. The parameter for bottom scale of Fig. 
C7.3 1s (a + b)/2t, wnere (a) and (b) are leg 
lengths measured to centerline of adjacent leg 
of angle. For our case a =b=s1- .025= 
0.975. Thus (a + b)2t = 1.95/0.1 = 19.5. 


Foy = 40000, E, = 10,700,000 4 


From Fig. C7.3 using 19.5 on lower scale, 
and the curve for two edges free, we read on 
the left hand scale that Foc/VFoyB = .0330. 
Since we have only one angle, the crippling 


stress Fog * Foo # .0330 x y40,000 x 10,700,000 


= 21600 psi. 
Solution by Method 3 (Gerard Method) 


For angle sections we use equation C7.4. 
A plot of this equation is given in Fig. C7.7. 
The parameter for lower scale is, 


(he) Faxys/*, where A = section area and g 


equals the number of flanges plus cuts, or 
g = 2 for an angle section. Substituting, 


.093 40,000 1/2 
Sx .08*) FS5700,000) | > 2-158 


Using this value in Fig. C7.7, we read 
Fog/Fey = 0.50. Therefore Fog = 0.50 x 40,000 
7 20 , 860 psi. 
Problem 2. Same as Problem 1, but change 
material to aluminum alloy 7075-T6. 


Foy = 67,000, Eg = 10,800,000 


Solution Method 1. 
Fog = Fog = .0330¥87000 x 10,500,000 = 28,000 pst 
Solution by Method 2. 


( 2093 3( 67,000 yf? 


719,500, 000 


2x .05 eh 


From Fig. C7.7, Fos/Fey = 0.40, whence 
Fog = -40 x 67,000 = 26800 psi. 


Problem 3. 
material to Titanium Ti-dMn. 
Eo = 15,500,000. 


Same as Problem 1 but change 
Fey = 110,000, 


Solution Method 1. 
Fos = Fee = -0330V110,000 x 15,500,000 = 43000 pst 


Solution Method 2. 


083, 110,000 _ 43/2 
(Sx 7e5") “T57500,000° = 2-865 


From Fig. C7.7, Fog/Fey = 0.38, whence 
Pog = 0.38 x 110,000 = 41,800. 


Problem 4. 
for the channel 


material is 
Fey = 40,000, 


Find the crippling stress 
section shown in Fig. b if the 
aluminum alloy 2024-T3. 
Eg = 10,700,000. 


Solution Method 1. 


—_1.50 ——+ 







+ 








AS shown in Fig.c, 3) 
the channel is composed 16 || -75 
of 2 equal angle units Area =.137 L 
(1) and (2). Since they Fig.b —*h-.05 
are the same size, we je= bw 
need only calculate the +r 
failing stress for one Angle 
angle. a Nas Unit 
a+d 725 + .725 = a 

ef sO Fig. ¢ 

ao oa eS ‘* 


From Fig. C7.3 for b'/t = 14.5, we read 

Foc/VFoyE = .045 (for one edge free) 
. 
Then Feg = Fog = -045 x 
v40,000 x 10,700,000 = 29400 pst 

Solution Method 2. 

For a channel section we use equation C7.6 
which {s plotted on Fig. C7.9. The parameter 
for bottom scale of Fig. 07.9 is, 


+337, (__40,000 
5* ‘TG, 700,000 





)*7* 3 8.50 


= .65, whence, 


From Fig. C7.9 Fos/Fey 
psi. 


Fes = .65 x 40,000 = 26,00 
Problem 5. Same as Problem 4 but 
to aluminum alloy 7075-T6. Foy = 
Ee = 10,500,000. 


change material 
67 ,000, 
Soiution by Method 1. 

Fog = .045 x V67,000 x 10,500,000 = 38200 pst 
Solution by Method 2. 


e 137 87,000 


s/s e 
“05 '19,500,000) ps 
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From Fig. C?7.9, Fes/Foy = .57, whence 
Feg = .57 x 67,000 = 38,200 


Problem 6. 


Find the crippling 
stress for the square 
tube as shown in Fig. d. 
Material is 2024-T3 
aluminum alloy. Fey = 
40,000, Eg = 10,700,000. - 


14 








Area = .373 






Solution by Method 1. 


The square tube is Cut 
considered as made up 
of 4 equal angles with no 
edge free. 


Fig. d 


bi/t = (a+b)/2t = 1,.95/0.1 = 19.5 


From Fig. C7.3, using upper curve, we obtain 
Foc/VFcy = .0392. Whence, 


Fes ™ Fog = .0892 x V40,000x 10,700,000 = 


25,600 psi 
Solution by Method 2. 


Area A = .373. g = number of cuts plus 
flanges or 4+ 8 = 12, 


For rectangular tubes we use equation 
C7.4 or Fig. C7.7. 


A (Pey,a/a 373 40,000 ,3/a_ 
gee GI) "Tex .08*) $9,700, 0007 = (0.788 
From Pig. C7.7, Fog/Fey = .70 
Therefore Fog = 40,000 x .70 = 28,000 pst 
Problem 7. Same as Problem 6, but change 


material to magnesium HK31A-0 Sheet, subjected 
to a temperature of 300°F for 1/2 hour. 


Solution by Method 1. 


From Table Bl.1 of Chapter Bl, 
Foy = 11,100, Eg = 6,260,000, 


Fog = -0392V11,100 x 6,160,000 = 10,250 psi 


Solution by Method 2. 
ee ee bo as 





A Foy.s/a _ 2373 11,100 2/2 . 
gt Gl = Gage $,160,0007 ~~ 528 


From Fig. 07.7, Fog/Foy = .96 


Fog = -96 X 11,100 = 10,600 psi 


From Table C7.1, the cut-off or maximum 
crippling for rectangular tubes is .8 Foy or 
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-8 x 11,100 = S900 psi. Thus unless tests 
substantiate higher values, the crippling stress 
Should be taken as 8900 psi. 


Problem 8, Same as Problem 6, but change 
material to stainless steel 17-7PH(TH1050), 
Fey = 162,000, E, = 29,000,000 


Method 1. 
Fog = -0892V162,000x 29,000,000 = 85,000 pst 
Method 2. 


-373_) ,_162,000 2/2 


(EX tos") SS-G00,000) © = +83 


From Fig. 7.7, Fos/Foy = .595. Fog = 


162,000 x .595 = 96,200 psi. 


Problem 9. 





Fig. e 


Determine the crippling stress for the 
formed section shown in Fig. 6 1f material is 
aluminum alloy 2024-T3. Foy = 40,000, 

Ee = 10,700,000. 


Solution by Method 1 (Needham) 


The section is divided into 6 angle units 
by the dashed lines in Fig. e. They are 
numbered {1) to (3) since we have symmetry. 


The procedure will be to find the failing 
load for each angle and add up the total ror the 
6 angle units. The crippling stress will 
then equal this total load divided by the 
section area. 


Angle unit (1) (One edge free) 
dive = (a+d)/et = [(.375- 02) + (.5 - .02)] /.08 

= 10.44 * 
From Fig. C7.3, Foo/VFoyb = .06 


whence, Fog = .06 x ¥40,000 x 10,700,000 = 


39,300 psi 
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Area of angle (1) = .o3O9 =A 
Pog = -0309 x 39,300 = 1215 1b. 
Angle unit (2) Area = .0459 (no edge free) 
b'/t = (a+b)/2t = (.48+.73)/.08 = 15.1 

From Fig. 7.3 Foo/VFoyé = .0475 

Fog * ¥40,000 x 10,700,000 x .0475 = 31,100 psi 
Pa = 31,100 x .0459 = 1428 Ib. 

Angle unit (3) Area = .0509 (no edge tree) 
b'/t = (.73 + .605)/,08 = 16.7 

FFom Fig. 07.3, Foo/VFoyB = .046 


1046 x 40,000 x 10,700,000 = 30,200 psi 


Pog = .0509 x 30,200 = 1540 lb. 


Fee = 


= 3P,,/area 


(2 x1215 +2.x 1428+ 2x 1540)/0.255 = 
32,800 psi 


Solution by Method 2 (Gerard) 


A Foy,s/a 
gt? GD 

g = number of flanges plus number of 
cuts = 12+ 5 = 17, 


Substituting in the above tern, 


2255 40,000 \s/a_ 
TF ~04") F5, 760,000" ee 


From Fig. C7.7, Fog/Foy = .895, whence 
Fog = 40,000 x .895 = 35,600 pst. 

From Table C7.1, 1t 1s recommended for 
multi-corner sections that Fog maximum be 
limited to .8 Fey unless tests can prove higher 
values. 


Fesnay, = 8 X 40,000 = 32,000 psi. Since 


this is less than the above calculated values, 
it should be used. 


Problem 10. Find the 4 
crippling stress for the a 
extruded bulb angle shown 
in Fig. f 1f material is 


2014-T6 extruded aluminum (a) 1" be 

alloy. Oo) oy 
This particular bulb be Eats 

section ts taken from 

Table A3.16 of Chapter AZ Fig. f 


7.9 





as Section No. 2. The area from that table is 


0.113 sq. in. 


Solution by Method 2 (Gerard) 


For this material Foy = 53,000, Ey 2 
10,700,000. 


The first question that arises is the bulb 
size sufficient to give an end stiffness to the 
(a) leg so that the bulb may be equivalent to 
the normal corner. 


In Fig. f, by = 0.78, hence be/_ = 15 


Referring to Fig. C7.12, we observe that 
for a be/t value of 15 we need a D/t ratio of 
at least 3.8. The D/t value for our bulb 
angle is (7/82)/.05 = 4.4, thus bulb has 
sufficient stiffness to develop a corner. 
next question that arises should the bulb 
angle still be classed as an angle section 
for which equation C7.4 applies or be classed 
as a channel or 2 corner section with the bulb 
acting as a short thick leg of the channel. 
For this case, equation C7.6 would apply. 


The 


The crippling stress will be calculated 
by both equations. 


By equation C7.4 or Fig. C7.7:- 


If buib is considered as a full corner 
then g = 4 flanges plus 1 cut = 5. 


113 $3,000 _12/a. gag 


A, Fowys/s : 
a I = (Es 08") Ge 700,000 


gt 
From Fig. C7.7, 

Fos/Foy = .82, hence Fog = .82 x 53000 = 43500 
By equation C7.6 or Fig. 


76D, " 


& Faye « 53,000 _)i/s . 7.70 


10,700,000 





From Fig. C7.9, Feos/Fey = .7, hence Fog 2 
»7 x 53,000 = 37,100. 


Possibly the best estimate of the 
crippling stress would be the average of the 
two above results or 40,300 psi. 


In Table C7.1, the so-called cut-orf 
stress for angles is .7 Fey and channels .9 
Foy. If we use the average value or .8 Fey, 
it gives Fog = .8 x 53,000 = 42,400 as 
maximum permissible because of limited test 
results on bulb angles. 


For the case where the bulb or lip does \ 
not develop the stiffness necessary to 
assume a full corner, then the bulb is only 
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considered as an additional flange and the ¢ 
count would be four instead of 5, thus reducing 
the crippling stress. 


EFFECTIVE SHEET WIDTHS 
CT.11 Introduction. 


The previous discussion in this chapter 
has dealt with the crippling stress of formed 
or extruded sections when acting alone, that is 
not fastened to any other structure along its 
length. However, the major structure of 
aerospace vehicles, such as the wing or body, 
involves a sheet covering which is strengthened 
by attached or integral fabricated stiffeners 
such as angles, zees, tees, etc. Since the 
sheet and stiffeners must deform together, the 
sheet will therefore carry compressive load and 
to neglect this load carrying capacity of the 
sheet would be too conservative in aerospace 
structural design where weight saving is very 
important. 


CT7,12 Sheet Effective Widths. 


Fig. C7.13a illustrates a continuous flat 
thin plate fastened to stiffener and the entire 
unit is subjected to a uniform compressive load. 
Up to the buckling strength of the sheet the 
compressive stress distribution 1s uniform over 
both stiffeners and sheet as in (Fig. >) assum- 
ing same material for sheet and stiffeners. As 
the load is increased the sheet buckles between 
the stiffeners and does not carry a greater 
stress than the buckling stress, However as 
the stiffeners are approached, the skin being 
stabilized by the stiffeners to which it is 
attached can take a higher stress and 
immediately over the stiffeners the sheet can 
take the same stress as the ultimate strength 
of the stiffener, assuming that the sheet has 
@ continuous connection to the stiffener. Fig. 
¢ Shows the general stress distribution after 
the sheet has buckled. This distribution 
depends on the degree of restraint provided by 
the stiffeners and the panel dimension. 


Various theoretical studies (Ref. 6) have 
been made to determine this stress distribution 
after buckling. In general they lead to long 
and complicated equations. To provide a simple 
basis for design purposes, an attempt has been 
made to find an effective width of sheet w 
which would be considered as taking a uniform 
streas (Fig. d) which would give the same total 
sheet strength as the sheet under the true 
non-uniform stress distribution of Fig. c. 


The question of sheet effective sheet has 
been considered by many individuals. The 
names of VonKarman, Sechler, Timoshenko, 
Newell, Frankland, Margurre, Fischel, Gerard, 
and many more are closely associated with the 
present knowledge on effective sheet width. 
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Fig. 6 Sheet stress distribution before buckling 





Sheet stress distribution after buckling 





Sheet-stiffener panei 
Fig. C7.13 


From Chapter CS, the buckling compressive 
stress of a sheet panel is, 


Pop 2 Kons bya 
or "2 (1 =U9—") ‘d 

If we assume that the stiffener to which 
the sheet is attached provides a boundary 
restraint equal to a simple support, then k, 
= 4.0, and if Poisson’s ratio V, 1s taken as 
0.3, then equation C7.13 reduces to, 


Pop = 3.60E(t/b)* 


The Von-Karman-Sechler method as first 
proposed consisted of solving equation 07.14 
for a width (w) in place of (b), when Foy was 
equal to the yield stress of the material 
since experiments had shown that the ultimate 
strength of a sheet simply supported at the 
edges was independent of the width of the sheet, 
Thus equation C7.14 changes to, 


Foy = 3.60E(t/w)* , whence, 
ws l.90t VB/Fay --->------- (07.15) 


Since the crippling or local failing 
stress of a stiffener can exceed the yield 


| strength of the material, equation C7.15 was 


later changed by replacing Fey by the stress 
in the stringer Fop, thus giving, 








CT. 11 





w= 1.90t VE/Fep 


Some early experiments by Newell indicated 
the constant 1.90 was too high and for light 
stringers a value of 1.7 was more realistic, 
thus 1.7 has been widely used in industry. 


If we assume the stiffness of the stiffener 
and its attachment to the sheet as developing 
a fixed or clamped edge condition for the 
sheet, then 


For = 6.35E(t/b)* or w = 2.52t vVE/Fep 


For general design purposes, it is felt 
that 1.9 or equation C7.15 is appropriate for 
determining the effective width w. If 
stiffener is relatively light, use 1.7. 
C7.14 illustrates the effective width for 
sheet~-stiffener units which are fastened 
together by a single attachment line for each 
flange of the stiffener. 


Fig. 


2 = Rivet Lines 








One 
| Rivet Line 


ew 


Fig. C7.14 


hw bw 


The crippling stress is determined for 
the stiffener alone. This stress is then used 
in equation C7.15 to determine the effective 
widths w. The total area then equals the 
stiffener area plus the area of the effective 
sheet width w. The radius of gyration should 
include the effect of the effective skin area. 


Fig. C7.15 illustrates the case where 
stiffeners are fastened to sheet by two rows 
of rivets on each stiffener flange. In this 
case, the rivet lines are so close together 
that the effective width w for each rivet line 
would overlap considerably. A common practice 
in industry for such cases is to use the 
effective width for one rivet line attachment 
as per equation C7.16 to represent sheet width 
to go with each stiffener flange. However, 
in calculating the crippling stress of the 
stiffener alone, the stiffener flange which ts 
attached to sheet is considered as having 2 
thickness equal to 3/4 the sum of the flange 
thickness plus the sheet thickness. 







Staggered 


Rivet Rows Fig. C7.15 


fe wo jew 


The effective sheet width as calculated by 
equation C7.16 assumes that no inter-rivet 
duckling of the sheet occurs or, in other words, 
the rivet or spot welds are close enough together 
to prevent local buckling of the sheet between 
rivets when the sheet is carrying the stiffener 
crippling stress. The subject of inter-rivet 
sheet duckling 1s discussed later in this 
chapter. 


Pig. C7.16 illustrates a precedure to 
follow for determining the effective width w 
when sheet and stiffener are integral in 


manufacture. 
Case 1 Case 2 
tg & te ~ 2ts te 3 2tg 








Tee Section 
ts te 
-— * —4 ee 


Fig. C7. 18 


For Case 1, find the crippling stress for 
the tee section alone, assuming the vertical 
stem of the tee has both ends simply supported. 
For value of t in equation C7.15, use 
(tg + tr)/2. The effective stiffener area - 
equals the area of the tee plus the area of the 
sheet of width w. 


For Case 2, determine the crippling stress 
for the I section acting alone. Calculate w/2 
from equation C7.15 to include as effective 
sheet area. The column properties should 
include I section plus effective sheet. 


C7.12 Effective Width W, for Sheet with One 
Edge Free. 


In normal sheet-stiffener construction, 
the sheet usually ends on a stiffener and thus 
we have a free edge condition for the sheet as 
illustrated in Fig. C7.16a. The sheet ends at 







Fig. C7. 16a 

eb! 
0 

a bw 

a distance b’ from the rivet line. For a sheet 

free on one edge, the buckling coefficient in 


equation C7.13 ts 0.43, thus equation C7.13 
reduces to, 


For = .387E(t/b')*, and replacing b' by w , we 
er. 
obtain, 


w, 2 .62t Vi/Psp - -- - -- - - (C7.17) 
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Then the total effective sheet width for 
this end stiffener would thus equal w, + w/2. 


C1.13 Effective Width When Sheet and Stiffener Have 
Different Material Properties. 


In practical sheet-stiffener construction 
it is common to use extruded stiffeners which 
have different material strength properties in 
the inelastic stress range as compared to the 
Sheet to which the stiffener is attached. For 
example, in Pig. C7.17 the stiffener material 
could have the stress-strain curve represented 
by curve (1) and the sheet to which it is 
attached by the curve (2). Now when the 
stiffener is stressed to point (B), the sheet 
directly adjacent to the stiffener attachment 
line must undergo the same strain as the 
stiffener and thus the stress in the sheet 
will be that given at point (A) in Fig. C7.17. 
This difference in stress will influence the 
effective width w. Correction for this 
condition can be made in equation C7.17 by 
multiplying it by Fsy/Fsp, which gives 


WS 1L.90t(FgH/For) ( fe) ------ (07.18) 


Where fgp 1s the stiffener stress and fgy is the 


sheet stress existing at the same strain as 
existing for the stiffener and obtained from a 
stress-strain curve of the sheet material. 


STRESS IN THOUSANDS P.S.4, 





-002 .004 .006 .008 .010 .012 
STRAIN - IN./IN, 


Fig, C7.17 


For a rather complete study and comparison 
of the various effective widths theories as 
compared, see article by Gerard (Ref. 7). 
Equation C7.15 1s in general conservative for 
higher b/t ratios, 


C%.14 Inter-Rivet Buckling Stress. 


The effective sheet area is considered to 
act monolithically with the stiffener. How- 
ever, if the rivets or spot welds that fasten 
the shest to the stiffener are spaced too far 
apart, the sheet will buckle between the rivets 


CRIPPLING STRENGTH OF COMPOSITE SHAPES AND SHEET-STIFFENER PANELS IN COMPRESSION 








before the crippling stress of the stiffener 
is reached, which means the sheer is less 
eZfective in helping the stiffener 
subjected compressive load. Thus, 
to save structural weight, struc 
Select rivet scacings that will prevent inte 
rivet buckling of the shset. In zeneral, ths 
Tivet spacing along the stiffeners in the 
upper surface of the wing will be closer to- 
gether than on the bottom surface of she 

wing since the design comsressive loads on the 
top surface are consideraoly larger than those 
on the bottom surface. 







The following method is widely used dy 
engineers concerned with aerospace structures 
relative to calculating inter-rivet buckling 
Stresses. It {s assumed that the sheet 
between adjacent rivets acts as a column with 
fixed ends. i 


The general column equation from Chapter 
C2 for stable cross-sections is, 


(c7.19) 


Fo = Cr*&/(L/p)* ---------- 
Where C is the end fixity coeffictent and 
varies from a value of 1 for a pin end support 
to 4 for a fixed end support. 


Tae effective column length L' = L/VC, 
thus equation C7.19 can be written 


Fy = n78,/(L' /o)? 


Let p the rivet spacing be considered the 
column length L. Assume a unit of sheet 1 inch 
wide and t its thickness. Then moment of 
inertia of cross section = 1 x t°/12, and area 
A=1lxt=t. Then radius of gyration 9 = 
0.29t. Then substituting in equation C7,.20 to 
obtain the inter-rivet buckling stress Fir, 


a 
Se Seas (C?.21) 


Arvo .29t)* 


For clamped ends C = 4, thus 


Fir-# 


nee 


"ir * (570.580) 


To vlot this equation, the tangent modulus 
E, for the material must de Known, However, we 
can use the various column curves fn Chapter C2 
which show a plot of F, versus L'/p and in 
equation C7.22 the term p/0.58t corresponds to 
L'/p. 


The fixity coeffictent C = 4 can be used 
for flat head rivets. For spot welds it should 
be decreased to 3.5. For the Brazier rivet type 
use C 3 and for counter-sunk or dimpled rivets 
use C= 1. 
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Figs. C7.18 and C7,.19 show a plot of 
equation C7.22 for aluminum alloy materials. 


If the inter-rivet buckling stress cal- 
culates to be more than the crippling stress 


of the stiffener, then the effective sheet area 
can be added to the stiffener area to obtain the 


total effective area. This total effective 
area times the stiffener crippling stress will 
give the crippling load for the total sheet- 
stiffener unit. 


When the sheet between rivets buckles 
before the crippling stress of the stiffener is 
reached, the sheet in the buckled state has the 
ability to approximately nold this stress as 
the stiffener continues to take load until it 
reaches the stiffener crippling stress. This 
buckling sheet strength can be taken advantage 


or by reducing the effective sheet area. Thus 
effective sheet width equals, 
Woorrectea * “(Fir/Peg) ----- > - (c7.23) 


The area of the corrected effective sheet 
1s then added to the area of the stiffener. 
The crippling load then equals the crippling 
stress of the stiffener times the total area. 


The use of sheet effective widths in 
finding the moment of inertia of a wing or 
fuselage cross-section is a widely used pro- 
cedure in the analysts for bending stresses in 
conventional wing and fuselage construction. 
Reference should be made to article A19.13 of 
Chapter Al9 and article A20.3 of Chapter A20 
for practical illustrations in the use of 
effective widths. 


C715 Olustrative Problem Involving 
Effective Sheet, 


Conventional airplane wing construction 
is illustrated in Fig. C7.20. The wing is 
covered with sheet, generally referred to as 
skin, and this skin is stiffened by attaching 
formed or extruded shapes referred to as skin 
stiffeners or skin stringers. A typical wing 
section involves one or several interior 
straight webs and to tie these webs to the 
skin, a stringer often referred to as the web 
flange member, is required to facilitate this 
connection. Fig. C7.21 is a detail of the 
flange member and the connection at point (1) 
in Fig. C7.20. : 


The stiffener or flange member is an 
extrusion of 7075-T6 aluminum alloy. The skin 
and web sheets are 7075-T6 aluminum alloy. The 
skin is fastened to stiffener by two rows of 
1/8 inch diameter rivets of the Brazier head 
type, spaced 7/8 inch apart. The web is 
attached to stiffener by one row of 3/16 
diameter rivets spaced 1 inch apart. The 
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problem is to determine the crippling stress of 
the stiffener, the effective skin area and the 
total compressive load that the unit can carry 


at the failure point. Since the stiffener is 
braced laterally by the web and the skin, column 
bending action is prevented and thus the 
crippling strength is the true resulting strength 
of this corner member under longitudinal 
compression. (Additional stresses are produced 
on these corner members if web buckles under 
shear stresses and web diagonal tension forces 
are acting. This subject 1s treated in the 
chapter on semi-tension field beams.) 


Solution: 


Area of stiffener = 0.24 sq. in. 
For 7075-T6 extrusion, Foy = 70,000, Eq = 
10,500,000. 


The Gerard method will be used in calculating 
the crippling stress. Equation C7.4, or the 
design curve of Fig. C7.7, applies to this multi- 
corner shape. The lower scale parameter for 
Fig. C7.7 1s, 





A OF 

cyys/a 5 __0.24 70,000 _ja/a _ 
zn GS) Sx 0.787 'T6,500,000) 0.88 
Using this value, we read from Fig. C7.7 that 
Fes/Foy = 0.82. Thus Fog = .82 x 70,000 = 
$7,400 psi. The g value of 6 was determined as 





shown in Fig. (a). 


Effective Sheet Widths: foot 


Equation C7.16 will be 
used to determine the sheet 


f 
effective widths. Flanges (f) = 5 
For the skin t = .05. ae eee 
Material {s 7075-Té aluminum 


alloy. Eg = 10,500,000. Fig. a 
W=1.9t /Fog 7 1.9% 0.5 ¥10,500, 000/57 , 400 


= 1.28 in. 


Thus a piece of sheet 1.28/2 = .64 wide acts to 
each side of the rivet centerline. Observation 


a 


aku 
Ba 


v 














> INTE ~- RIVET BUCKLING STRESS - ksi 


ir 
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Fig. CT. 18 


Material Alum. Atloy Bare 
Curve Designation Thickness Basts 
(BARE) 


2024-14 =, 250 
2024-13 

2024~-T36 

2024-T6 

2024-T81 

2024-T86 *, 250 
7075-T6 .016-.039 
1075-T6 , 040-, 249 


Corr rorr 


i 
i 
5 
E 
E 


Per 


SNARE Ne— 


Fig. C7. 19 


Matertal Alum, Alloy Clad 


Curve Designation Thickness Basis 
(CLAD) 


2024-14 <=, 064 
2024-T3 

2024-T36 

2024-T6 

2024-T81 

2024-T86 ~<. 064 
1075-T6 =. 016-. 039 
1075-T6 =. 040-, 249 


Ber >r>om> 
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of the dimensions in Fig. C7.21 shows the 
effective width with each skin rivet line would 
overlap slightly thus we use only the width 
between rivet line (see Fig. b). 


For the web t = .064. Since the wed has 
a free edge, the effective width calculation 
will be in two steps. 


Wa t:8 % L064 Y10,500,000/57,400 = 0.82 


2 2 


W, from equation C7.18 = .62t vB/Fo3 = 62x 
+064 ¥10,500,000/57,400 = 0.55 inch. 


Fig. (b) shows 2 w/2 
the effective sheet ject 815 en 84 Sy 
width as calculated. “ 
Total effective 
Sheet area = 1.28 

x .05 + .875 x .05 
+ (0.55 + 0,82) 

.064 = .195. Total 
area = .195 + 0,24 
= 435. 





Fig. b 


The total 
compressive load that entire unit ce> carry 
before failure {s then equal to AF,, = .435 x 
57,400 = 25,000 lbs. 


This result assumes that no iater-rivet 
buckling occurs under the stress of 57,400 psi 
in the sheet between rivets. 


The skin rivets are Brazier head type 
spaced 7/8 inch apart or p= 7/8. 


As discussed under inter-rivet buckling, 
the end coefficient c for this type of rivet 
should be less than 4 or assumed as 3. 


Fig. C7.18 gives the inter-rivet buckling 
stress versus the p/t ratio. This chart is 
based on a clamped end condition or C = 4. 
Since C = 3 will be used for the Brazisr type 
rivet, we correct the p/t ratio by the ratio 
v4 / VS = 1.16. 


The corrected p/t = 1.16 x .875/.05 2 20.3 


From Fig. C7.18 using curve (8) which ts 
our material, we read Fyr = 50,000 psi, thus 
skin will not buckle between rivets as 
crippling stress is 57,400 psi. 


The web rivets are of the flat head type 
and C = 4 can be used. Spacing is 1 inch. 
Hence p/t = 1/,064 = 15.6 and from Fig. C7.18, 
curve 8, we read Fir = 54,600, which is 
considerably more than the unit crippling 
stress. 


In wing construction, the skin rivets are 


usually of the flush surface type, either 
countersunk or dimpled. If we make the skin 
rivets of the countersunk type, the end fixity 
coefficient must be reduced to 1 to be safe. 
Then the corrected p/t ratio to use with 

Fig. C7.18 would be (V4 / VI )p/t = 2 x .875/.08 
= 35. From Fig. C7.18 and curve 8, Fir = 29,000 
which is far below the calculated crippling 
stress, thus the rivet spacing would have to be 
reduced. Use 9/16 inch spacing corrected 

p/t = 2x .5625/.05 = 22. From Fig. C7.18, 

Fyp * 57,400 psi, which happens to be the 
crippling stress and therefore satisfactory. 


C7.16 Failing Strength of Short Sheet-Stiffener Panels 
in Compression. 


Gerard (Refs. 2, 3) from a comprehensive 
study of test results on short sheet-stiffener 
panels in compression, has shown that his 
equation C7.4, or Fig. C7.7, can be used to 
give the local monolithic crippling stress for 
sheet panels stiffened by Z, Y and H at shaped 
stiffeners. The method of calculating the 
value of the g factor is illustrated in Fig. 
C7.22,. Fig. C7.23 1s a photograph showing the 
erippling type of failure for a short panel 
involving the Z shape stiffener. 


CT.17 Failure by Inter-Rivet Buckling, 


Howland (Ref. 8) assumed that the sheet 
acts as a wide column which ts clamped at its 
ends and whose length 1s equal to the rivet 
spacing. The inter-rivet buckling stress 
equation {s then, 4 


en"n ht t, 
fir - way! 


The end fixity coefficient C is taken as 
4 for flat head rivets and reduced for other 
types as previously explained for equation 
c?.21. 





aes (Cray 


Nis the plasticity correction factor 
i is the clad correction factor 
Ve is Poisson’s ratio (use 0.30) 
ts = sheet thickness, inches. 
p = rivet spacing or pitch in inches. 
For non-clad materials the curves of Fig. 
c?.24 can be used. This figure is the same as 


Fig. C5.8 of Chapter CS. For the clad correction 
see Table C5.1 of Chapter C5. 


C7.18 Failure of Short Panels by Sheet Wrinkling. 


In a riveted sheet-stiffener panel, if the 
rivet spacing is relatively large, the sheet will 
buckle between rivets, sucn as illustrated in the 
photograph of Fig. C7.25. This inter-rivet 
buckling stress was discussed in the previous 
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Average g = 16.83 


12 Flanges (c) Hat-stiffened panel. 
=e 





e=8 |} g8 ! gest gat 


2 Cuts Average g = 7.83 


6 Flang 
re es (b) Z-stiffened panel, 





F Fir F | g=19 I 'gsl i g=19 | g=19 | g=i8' 
Cc 
sc Average g = 18. 83 
ts 
14 Fis eS {a) Y-stiffened panel. 





oA a SS 


Fig. C7.23 A 24S-T aluminum-: chilay Y~-stiffened panel (on the left) and its 75S-T counterpart after failure. 
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article. This sheet buckling does not deform 
the flange of the stiffener to which the sheet 
is attached. However, if the rivet or spot 
weld spacing 1s such as to prevent inter-rivet 
buckling of the sheet, then failure often occurs 
by a larger wrinkling of the sheet as 
tllustrated in Fiz. C7.26. The larger wrinkle 
Snape subjects to flange of the stiffener to 
which the sheet is attached to lateral forces 
and thus the stiffener flange often deforms 
with the sheet wrinkle shape. This deforming 
of the stiffener flange produces stresses on 
the stiffener wed, thus wrinkling failure is a 
combination of sheet and stiffener failure. 
The action of the wrinkling sheet to deform 
the stiffener flange places tension loads on 
the rivets, thus rivet design enters into the 
failing strength of sheet-stiffener panels 
under compression. 





Fig. C7. 25 
Inter-Rivet Buckling 


Fig. C7. 26 
Wrinkling Failure 


Several persons have studied this wrinkling 
or forced crippling of riveted panels (Refs. 9 
and 10). A rather recent study was carried out 
by Semonian and Peterson (Ref. 11), which ts 
reviewed and simplifisd somewhat by Gerard in 
(Ref. 2). The results as given in (Refs. ll 
and 2) used to calculate the wrinkling stress. 


C71, 19 Equation for Wrinkling Failing Stress Fy. 
From Ref. 2 we obtain, 


a Ky mnie 
wi 12 (1-V,*) 


vay 


“sya 
ipa ae Rime Re 
ky, the wrinkling coefficient is obtained 
from Pig. C7.27. This coefficient is a function 
of the effective rivet offset 2 which is 
obtained from Fig. C7.23. Having determined 
Ky from Fig. C7.27, equation C7.25 can be solved 
by use of Fig. C7.24. 


CT.20 Rivet Criterion for Wrinkling Failure. 


A criterion for the rivet pitch found from 
test data which results in a wrinkling mode 
failure ts, 
p/og = 1.27/tyi/? - e2- = -- (7.26) 

The lateral force required to make the 
stringer attachment flange conform to the 


wrinkled shset, loads the rivet in tension. An 


approximate criterion for rivet strength from 
Rez. 2 Is, 


The tensile strengta of the rivet Sy is 
defined in terms of the shank area and it may 
be associated with either shank fallure or 
pulling of the countersunk head of the rivet 
through the sheet. 


For aluminum alloy 2117-T4 rivets whose 
tensile strength is s = 57 ksi, the criteria 
are:- 


S = 57 ksi., de/tay = 1.57 
3 (c7 28) 
s =o 160 | de/tay > 1.67 


*"e/tay (4e/tay)” 


where tay, {5 the average of sheet and stiffener 
thickness in inches. The effective diameter dg 
is the diameter for a rivet made from 2117~T4 
material. 


The effective diameter of a rivet of 
another material is, 
d,/4 = (Sp/8)*/* --------- 
where Sr is the tensile strength of a rivet 


defined as maximum tensile load divided by 
shank area in ksi units. 


C7.21 Problem 1. MDlustrating Calculation of 
Short Panel Failing Strength. 


Fig. C7.29 shows a sheet-stiffener panel 
composed of formed Z stiffeners. The material 
ts aluminum alloy 2024-T3. Fey = 40,000. 
F,,, 2 39,000, n = 14.5, Ey {o,700;000. The 
problem is to determine the compressive failing. 
strength of a short length of this panel unit. 





Fig. C7.29 

General Panel Data: 

tw = .064 dy = 2.437 ba = 0.593 
ts = .06¢ be = 0.905 do = 0.33 
bg = 2.00 
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Fig. C7. 24 


Curves for 
finding Fir 
as per eq. 
CT, 24 and 
Fy as per 
eq. C7. 25. 
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Fig. C7,27 Experimentally determined coefficients for failure in 
wrinkling mode. (Ref. 2) 








Fig. C7. 28 (Ref. 2) Experimentally determined values of effective 
rivet offset. 
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whence, Dy/ty 0.372 


da/ty 


The rivets are 3/32 diameter Brazier head type 
AN456, 2117-TS material spaced at 0.75 inches. 


38, dr/dy, 


9.27, do/ty = 5.36 


0.252 in." 
2 inches = 2x .064 

= 0.128 
Total area of sheet and stiffener = 0.380 in.* 


Area of 2 stiffener 
Area of skin for bg 


Crippling Stress of Stiffener Acting Along. 


Fos st)’ 


Since we have a Z type of stiffener, 


equation C7.6 and Fig. C7.9 applies. The lower 
scale parameter in Fig. C7.9 is, 
\ 
Ay Foy.:/a _ /0.252,, 40,000 _\1/3 _ 
En) ¢ Ee) = Sar ) (597500, 000° = 9.56 
From Fig. C7.9, Fog/Fay = 0.5. Hence, Fog = 


16 X 40,000 = 24,000 pei = Patan): 


Crippling Stress of Panel Considered as a 
Monolithic Limit. Fg (M)" 
Equation C7.4 or Fig. C?7.7 applies for 
monolithic failure of sheet-stiffener panels. 
The lower scale parameter on Fig. C7.7 is, 


A) Foyya/a _ 9.380 40,000 
GG” = (arse oea*) To; 780,000 


y3/? 
= 0.73 
Z = 7.83 (see Fig. C7.22b} 


From Fig. C7.7, we read Foc/Fay = .725, hence 
Fog = 40,000 x .725 = 29,000 pSt = Fog(y)- 


Inter-Rivet Buckling Stress (Fir) 


The rivet type is Brazier head and the 
spacing p is 3/4 inch. 


Equation C7.24 applies and Fig. C7.24 is 
used to solve the equation. The lower scale 
parameter in Fig. C7.24 1s, 


Cree (FSy2 
12 (1 - Ve?) Fy, 60 


Por Brazier nead rivet C = 3. 
Substituting: - 


v= .3. 





Zn? _x_ 10,700,000 «064.4 
eh ee a 
Te (1 —.3*)(a3,000) “Tg” = 5-48 


The shape parameter n for our material is 
11.5. Reference to Fig. C7.24 for a value of 
5.45 om bottom scale which is off the scale, 
we estimate the Fy,/F, as above 1.1. Thus 


a.? 





7.19 


Fup = 39,000 x 1.1 = 43,000. 


This value is far 
about the stiffener or panel crippling stress 
as previously calculated so inter~rivet 
buckling is not at all critical. 


Failure by Sheet or Face Wrinkling. (Fy) 


The wrinkling failure stress by equation 
c7.25 is, 





To determine value of ky, we use curves in 
Figs. C7.28 and C7.27. 
P/d = .75/.0937 = 8, bo/tw = 5.36 
From Fig. C7.28, we read f/ty = 6.5, whence 
f= .064 x 6.5 = 0.416 
f/dy = .416/2.437 = .17 
(dy/ty)/0g/tg = 38/(2.0/.064) = 1.21 


From Fig. C7.27, we read Kw = 4.4. 


To solve equation for Fy we use Pig. C7.24. 
The lower scale parameter is, 


—w wf ets. 
12 -Ue) Fy) 


os 


bs 


2064 


4.4 n? x 10,700,000 yi 
T2 (1 — .3*)(39,000) “B.9) = 2-45 


For n = 11.5, we read from Fig. C7.24 that 
Fw/Fo.7 = «9, whence Fw = .9 x 39,000 = 35,100 
psi. Thus wrinkling failure is not critical as 
Fy is larger than Feg(y4) and Feg(gp)- 


The results show that the crippling stress 
for the stiffener alone of 24,000 psi is the 
smallest value, or the stiffener is unstable as 
it fails first. The entire panel unit will 
not reach its failing strength when stiffener 
stress is 24,000 because the skin wrinkling 
stress fy 1s higher. An approximation suggested 
in (Ref. 2) is to assume stiffeners carry the 
same stress as the skin up to Fos(sp) and beyond 
this the stiffener carries no additional load. 
Thus the panel failing stress F(p) can be 
calculated from the following equation. 


Fists * Fesisr) Asr 


ost, ; Ast 

~ 35,100 x 2x .064 + 24,000 xX 0.252 
eT Bx 08k Oiaes 8 edo, PEL 
The total load carried by each stiffener plus 
its sheet {s 27,300 x .380 = 10,600 lbs. 


The failing strength of the riveted panel 
cannot exceed the monolithic panel failing stress 
Fos(m)» Which was 29,000 psi for our panel or 


i} 
> 
eC 


ot 
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greater than the calculated fa‘ling stress of 
27,800 psi. 


neck of Rivet Strensth. 





From expression C7.26 
p/bs < L.27 ey 2/2 


saree 3 .375 = 1.27/(4.4)*/* = .608 (satisfactory) 





The criterion for required rivet strength 


to make the stiffener flange follow the 
wrinkled sheet is from 07,27 


0.7 bs DP a 
Sr> ap a a (Fw) 
0.7 2) 0.75) ae x 
=e) (SS) (SS 
Sr > (TE7760, 000" (Faq) Gag) (35,100) 


Sy = 13.7 psi. 
From expression C7.28 
8 = 57 xsi for de/tgy, = 1.67 


For given panel de/tay, = 3/32/.064 = 1.46, 
thus rivets nave plenty of tensile strength to 
produce a wrinkling failure. 


C7.22 General Design Limitations to Prevent Secondary 
Failure in Sheet~Stiffener Panels. 


Sheet stiffener units can be designed as 
columns if the secondary forms of failure such 
as inter-rivet buckling and face wrinkling are 
avoided. The following design rules referring 


to Fig. (A) will usually avoid these secondary 
weaknesses. 





Fig. A 
(1) te,/tg 2 0.5 - - Promotes overall crippling 
(2) 04< be, /Dby = 0.5 -- Rolling versus local 


buckling 
(3) Make Dy as small as possible — Face 
wrinkling 
(4) p/og = 0.5 --- -- - Inter-rivet buckling 
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(5) p/D = 8 


(6) Tensile strength or 
attachment per inch 
in order to prevent 


Face wrinkling 


rivet or spot weld 
should be = 0.05 F. 
failure in wrinklin: 


yes 
Zz. 





(7) As a rough guide do not use bent up 
Stringers if d</ts ~ 30 in orcer to prevent 
face wrinkling weaxness. 


CT.23 Y Stiffened Sheet Panels. 


A Y shape cannot be formed from sheet, 
thus it must be extruded. To make the ¥ shape 
efficient, the various parts usually have a 
different thickness. Furthermore, the extruded 
material has different mechanical properties 
in the inelastic stress range as compared to 
rolled sheet that is used for the panel, thus 
these effects must be considered in calculating 
the crippling stress of the stiffener and the 
complete panel unit. 


The effective thickness ty of the stiffener 
is determined by the following equation (Ref. 3): 


ty FE dyty/Z dy = = = 


where by and ty refer to the lengtn and thick~ 
ness, respectively, of the cross-section 
elements. 


When the yield stress Foy of stiffener and 
Sheet are different and effective Foy can be 
estimated as follows (Ref. 3): 


Fey = {Foy(su) * Fey(sr) [(tw/ts) - 2]}Ea/ts 
cso eee ere (07.30) 
The monolithic crippling stress for the 
Shest stiffener panel can be calculated from 
equation C7.4 or by the curve in Fig. C7.7. 
Equation C7.4 is 


Fes(tt)/Poy = 0-56 [(gt Ya) (E/Foy) */7]°°8* 


The constant 0,56 in this equation applies 
for Y and hat-stiffened panels when the ratio 
ty/ts = 1.0. For other ratios the correction 
of this constant which ts referred to as BE 
in Gerard’s basic equation can be obtained from 
curve in Fig. C7.30. 


@ NAT STMFENED PANELS 
© 7 STOFENED Pawets , 





Fig. C7. 30 By correction for Ty/tg effect on Y- or hat~ 


stiffened panels, 








C7,24 Example Problem Y Stiffened Panel. 


The compressive monolithic failing stress 
of a Y stiffened panel, as illustrated in Fig. 
C?.22a, will be calculated by the Gerard method. 
Fig. C7.31 shows details of the panel unit. 

The stiffener is extruded from 2014-T6 aluminum 
alloy for which Foy = 53000 and E, = 10,700,000. 
fne skin or panel Sheet 1s aluminum alloy 
7075-T6 for which Foy 3 67,000 and E, = 
10,500,000. 


(ane 









Lice 


Fig. C7.31 


Stiffener area = 0.538 in.” 

Sheet area = 4,21 x .064 = .270 in.* 

Total area (A) per stiffener unit = 0.808 in.” 
Radius.of gyration of stiffener alone =1.123 in. 


Solution:- 


Since the elements of the Y stiffener have 
different thicknesses, the effective tw by 
equation C7.29 13 needed. 
sy Edit 
wo EBL 


L.111L x .136 + 1.432 x .068+3.2x .064 + 1.188 x .064 
1.111 + 1.432 + 3.2 + 1.188 


or ty = .0763 inches 


Since stiffener and sheet have different 
material properties, an effective Foy from 
equation C7.30 will be calculated. 


{ ;.0763 


Foy = {67,009 + 53000 | ep = 64700 


0763 
7064 } / 


+064 


The curve in Fig. C7.7 will be used to 
solve the equation for Fog(m)- The lower scale 
parameter for Fig. C7.7 modified by ty and Foy 
is, 


A (st) a/a 
gt tg “Ee 


The value of g from Fig. C7.22a is 16.83 
as the average value for a 6 stiffener panel 
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unit. Eg, will be taken as 10,600,000 which is 
the average E for stiffener and sheet. Substi- 
tuting in the above parameter:- 

( -808 64,700_)+/2 . gag 


(ce ee) 
18.33 x .0763 x .064° °10,500,000 


From Fig. C7.7 we read 


Fos/Foy = -76 


Thus the monolithic crippling a failing 
stress Posy = Foy X 76 = 64,700 X .75 = 
48,200 psi. 


= The curve as plotted in Fig. C7.7 is fora 
t/tg ratio of 1.0. The ratio for our panel is 
.0763/.064 = 1.19. The correction factor from 
Pig. C7.30 is 1.03. Therefore Fes) = 1.03 x 


48200 = 49,600 psi. 


Load carried by one stiffener-sheet unit 
= 0.808 x 49600 = 40100 lb. 


COLUMN STRENGTH 


CT.25 Column Curve for Members With 
Unstable Cross-Sections. 


Chapter C2 dealt with the column strength 
of members with stable cross-sections. For 
example, if we took a round tube with relatively 
heavy wall thickness and tested various lengths 
in compression to obtain the failing stress and 
then plotted these stress values Fy against the 
slenderness ratio L'/p of the member, the test 
results would closely follow the curves ABFC in 
Fig. C7.32. The type of failure would be 
elastic overall bending instability at stresses 
between points B-C and inelastic bending 
instability at stresses for most of the range 
BA. Euler’s equation as shown in Fig. C7.22 
can be used to determine the failing stress for 
both elastic and inelastic bending instability 
with the tangent modulus Ey being used in the 
inelastic stress range. 


Now suppose we test various lengths of a 
member composed of the same material as used for 
obtaining curve ABC, but use a member with an 
open cross-section, such as a channel, hat 
section, etc., with relatively small material 
thickness. The test results for such members 
would often follow a curve stmilar to DEFC in 
Fig. C7.32. Thus it is obvious that Euler’s 
equation cannot be used in the range DEF, as the 
true failing stresses are far less than that 
given by the Culer column equation. A short 
length of the member with L'/p less than 20 will 
fatl at practically the same stress, thus the 
failing stress for lengths up to L'/o = 20 will 
be practically the same and this stress has been 
given the name of crippling stress (Fog) and the 
previous portion of this chapter has been con- 
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cerned with methods of calculating this local 
crippling or failing stress. At point (F) the 
elastic buckling of some part of the cross- 
section begins. Between stress points F to & 
the action for ths member involves both overall 
elastic bending instability plus locul buckling 
which becomes more extensive as the stress 
increases. The portion EF of the column 
strength curve is often referred to as the 
transition range. At present no reliable 
theoretical theory has been developed for 
determining the failing stresses in this 
transition range, thus resort is made to semi- 
empirical methods which have been checked 
against test results and found to give reason- 
ably close results. 


C7, 26 Methods Used for Determining the Column 
Failing Stress in the Transition Region. 


METHOD 1. JOHNSON-FULER EQUATION. 

Possibly the first method used in calcu- 
lating the column failing stress F, in the 
transition range EF in Fig. C7.32 was the well 
known Johnson-Euler equation which involves the 
crippling stress. The equation is, 

a 


Fo * Fog - Gang (L'/o)? 


where, Fo = colum failing stress (psi) 
Fog * crippling stress, assumed to occur 
at L'/p = 0, where L' = LAE. 
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The equation gives a parabolic curve 
starting from the crippling stress at L'/o = 0, 
and becomes tangent to the Zuler curve at 2 
stress value equal to one hal? the crippling 
stress. Fig. C7.33 shows a plot of equation 
C7.31 for aluminum alloy material for various 
values of the crippling stress which is the F, 
stress at L'/o = 0. 


This method is quite simple to use as the 
only additional calculation required is the 
crippling stress of the column section which is 
obtained by methods previously explained in 
this chapter. The other methods usually involve 
the buckling stress as well as the crippling 
stress. Since the crippling stress is normally 
constant below L'/o = 20, the assumption that 
Fes is zero at L'/p 0 is slightly conservative. 


MGTHOD 2. 


The following method or slight variations 
of it appears in the structural design manuals 
of a number of aerospace comoanies. The method 
or procedure for determining the column failing 
stresses in the so-called transition range 
involves the use of the basic column curve for 
stable cross-sections. The procedure can best 
be explained by reference to Fig. C7.34. 


A 


Fe 


F 
9 For 








Fig. C7. 34 


The curve AEC is the Euler column curve for 
@ column with a stable cross-section and for 4 
given material. It involves using the tangent 
modulus Ey in the inelastic stress range. The 
following steps are taken to determine the 
column curve for the so-calied transition range:- 
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JOHNSON & EULER COLUMN CURVES 
ALUMINUM ALLOY 


n*E 
Euler Curve Fo "(Loy 


Fos* 
Johnson Curve Fg 2 Fog - {L'/o)* 
4n*E 


E = 10,200, 000 P.3.2 





(1) Locate point (0) on the basic colum METHOD 3. 
curve by drawing a horizontal line through 
an Fo value equal to Foy, the yield stress Another method that is widely used also 
of the particular material being used. uses a parabolic curve to represent the column 


Strength in the transition range (see Ref. 12) 
(2) Draw a horizontal line Starting at point 
D. Point D is at an Fy value equal to the The parabolic approximation has the follow- 
(Pog) crippling stress for the column ing form:- 
Section being considered. Point (E£) on 


this line 1s determined by projecting P F PF 
vertically downward from point (0). eee at ie (l- eon aey see eee (C7 .32) 
"es Fos ®e 
(3) Locate point (F) at a value of Fy = .9 For 
Where For is the buckling stress for the where 
cross-section. Draw a horizontal line 
through point (F) to intersect the column Fg is the column failing stress. »° 
curve at point (G). Fog is the crippling stress. 
Fer is buckling stress for the column 
(4) Connect points § and G with a straight cross-section. . 
line. The line HG then represents the Fg is the Euler column stress for the 
column failing stress Fo for values of particular column being considered as 
L'/p between points EB and G. found from equation Pr = n*E/(L'/p)* 
This method requires the use of the column The equation applies for Fg > Fer. For 
curve for stable sections and the determination | cases where For > Fox where Foy ts the pro- 
of the buckling stress and thus requires more portional limit stress for the material use Foy 
calculations than Method 1. It also requires instead of For in equation C7.32, 


a graphical construction. 


ty) 
fa 
“bs 
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C1. 27 Example Problems Involving the Finding 
of the Column Strength of Columns With 
Unstable Cross-Sections. 


PROBL=M 1. 


A rectangular tube 
21 inches long has the 
cross-section as shown 
in Pig. (a). The 
material is aluminum 
alloy sheet 7075-Té, Fig. a 
with Foy = 67,000 and E, = 10,500,000. If the 
member fas 4&@ pinned end condition, what is the 
column failing stress. 


Solution, The area of cross-section = .234 in.? 
The least radius of gyration is 0.42 inches. 


Before the column failing stress F, for 
the 21 inch length can be found, the crippling 
stress Pgs and the buckling stress For must be 
determined. 


The crippling stress will be calculated 
by the Gerard Method. The parameter for use 
with Pig. C7.7 1s, 


A Foy.a/s_ _ .234 67,000 _1/a : 
gee Ge) = Tesco tp 5Ge,q00) /* > 0-978 


Prom Fig. C7.7, Fes/Fey = .57, hence Fog = 
+57 x 67,000 = 38,200 pst. 


The initial buckling stress Foy will be 
determined by the theory of Chapter Cs. 


ba1- .08= .92, h=2- .08= 1.96 
b/n = .92/1.96 = .479, ty/ty = 1.0 


From Fig. C6.6 of Chapter cs, Hy = 5.2 


a 
Per =p a 
cr 12 (1 = ¥9%) ‘h 

Par = 5:22" x 10,500,000 
Sf. 12 (1-.37 
Column Strength by Method 1 (Johnson-Euler eq.) 


L's LA 2 21/71 = 22 
L'/p = 21/142 = 50 


a 


(24? = 21,500 pst. 


1.92 
L = 21 inches 


The Johnson-Euler equation is, 


Fos* 
cS ant E 





= 
° 
a 

vay 


(L'/p)* , substituting, 


38,200 * 


= 38,200 - 75a" 1G, 500,000 


(S0)* = 29,400 pst 


value could be read directly from Fig. 





C7.33 for a value of L'/p 
Fo = Fog = 38,200 at L'/o 


wou 
ou 


Column Strength by Method 2 


Tnis method requires a grapnica 
construction which involves the column curve 
for the given material and for 2 stable cross- 
section. 


Fig. C7.35 shows the column curve for our 
material for a colum with stadle cross-sect 
It 1s identical to Fig. $2.10 of Chapter 22 
for the room temperature condition, except the 
curve in Fig. C7.35 has been draym to a smaller 
vertical scale, 





Fe (ksi) 





The graphical construction to obtain the 
column curve in the region between the erippling 
stress and the buckling stress is as follows: 


At a column stress Fy = Foy = 67,000, draw 
a horizontal line to intersect the basic column 
curve at point (0). ~ Draw a horizontal line 

from point (D) which equals the crippling stress 
of 38,200 psi. Locate point (Z) by projecting 
vertically downward from point (0). Locate 
point (G) at an Fy stress equal to .9 Fop = 

+9 x 21,500 = 19,350 psi. Connect points (gz) 
and (G) by a straight line. This line repre- 
sents the column failing curve for the member 
cf our problem for L'/o values between voints 
(2) and (3). Taking L'/p = 50, we project up- 
ward to 5G line and then horizontally to scale 
at left to read F, = 27,700 psi. 


Column Strength by Method 3 
——— ee tod 3 


In this method equation 07.32 is used. 


F 1 - (1 = Fop/Pog) (Fop/Fe) 
es 


Foy = 21,500, Fyg = 38,200 
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Fg is the Suler column stress for colum 
with a stable cross-section. To find Fr, we- 
project upward from L'/p = 50 to the curve 
AOC in Fig. C7.35 and then horizontally to 
read Fy = Fp = 41,700 psi. 


Substituting in eq. (A), 


Fa 
See ty 2 
3200 1 - (1 - 21,500/38,200) (21,500/41,700) 


Fo 2 38,200 (1 - 0.225) = 29,500 pst A 


Example Problem 2. 


A formed Z section as 
shown in Fig. (b) is used 
as a column. The length 
L = 30", The member is 
raced in the x-x directioy 
thus column bending failure 
must occur about x-x axis. 
Matertal is aluminum alloy, 
Fey = 67,000, S¢ = 10,500,000. 
AsSume the end fixity co- 
efficient c = 1.5. 





Find the column failing stress. 
Solution: 


Area of Section = 0.117 in. 

oO, = .535 in. 

x 

The initial buckling stress is needed in 
finding the column strength. 


Ww 1.5 = 0421.46, dp = 0.75 - .02 = 0.73 
br/ow = .73/1.46 5 0.5, tyw/tr = 1.0 
From Fig. C6.4 of Chapter C6, we read 
Kw = 2.9. 
2.9 n* x10,500,000 , 04,2 
Pop 2 COS * = 
or T2(1~ 57) ‘Gag? * 20,900 pst 


The crippling stress will de calculated by 
the Gerard Method using Fig. C7.9, which applies 
for 2 shapes. The lower scale parameter ts, 


A (Revy +/s = (2? 


( 67,000 
Eo ~Oa2) 


1/3 = 
‘To,500,000’ ‘= 15-6 








rom Fig. C7.9, we read, 
Fog/Foy = 455, hence, Fog = 67,000 x .455 = 
30,500 pst. 
Column Strength by Metnod 1 

= L/AVe = 30 V1.5 = 24.5 


L'/p = 24,.5/,535 = 45.8 


30,600 
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Substituting in Johnson-suler equation, 


30,600 
= 30,600 - ~ ea (ss 83" 3251880, psi 


Column Strength by Method 2 


On Fig. C7.35 point &' is located at 
Fo = Fog = 30,600. Point G' is located at 
+9 X 20,900 = 18,800 psi. The line £'G' is the 
column curve. For L'/p = 45.3, we project up~ 
ward to line E'G' and then horizontally to left 
scale to read Fy = 25,000 psi. 


Column Strength by Method 3 
To find fg, use Fig. C?7.35 with L'/o = 


and basic Euler curve, gives a value of Fg = 
47,000 pst. 


45.8 


Substituting in equation (A):- 


= 1 - (1 - 20,900/30,600) (20,900/47 ,000) 


= 30,600 (1 - .141) = 26,300 psi 


C7.28 Column Strength of Stiffener 
With Effective Sheet. 


Column members are often attached to thin 
sheet by rivets or spot welding. If the rivet 
Spacing is such as to prevent inter-rivet 
buckling, then the sheet will assist the stiffener 
to carry a compressive load and to neglect the 
sheet would be too conservative. 


If the attached sheet is relatively thin, 
that is, less than the stiffener thickness, the 
method of using the effective sheet width as a 
part of the column area is widely used by 
structural designers and will be used in this 
example solution. 


Example Problems. 


For an example 
problem, we will assume 
that the Z stiffener in 
Problem 2 is one of 
several stiffeners riveted 
to a sheet of .025 thick- 
ness and of the same 
material as the stiffener. 





Fig. ¢ 
Solution. 


The rivet or spot weld spacing is made 
Such as to prevent inter-rivet buckling. Thus 
the column area will be as shown in Fig. c, 
namely, the stiffener area plus the area of 
the sheet for the effective width w. Since 
the effective sheet width w is a function of 
the stiffener stress and since the stiffener 
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stress {8 a function of the radius of gyration, 
the design procedure is of the trial and error 
category. 


First Trial. 

Assume the effective sheet width is based 
on column strength of Z stiffener acting alone. 
The average column failing stress by the 3 
methods in the Problem 2 solution was (25,860 + 
25,000 + 26,300)/3 = 25,700 pst, 

The effective width equation to be used is, 
= 1.9 t VE/Fep 
1.9 x .025 x 10,500, 000/25,700 = .965 in. 


0.965 x .025 = 


= 
t 


Effective sheet area = 0242 


Area of stiffener = A, = .117 


Total area = .1412 

Adding the effective sheet to the stiffener 
will change the radius of gyration. Mr. R. J. 
White (Ref. 13) has developed equation C7.33 
which gives the variation in the radius of 
gyration in terms of known variables for any 
stiffener cross-section. Since the fatling 
stress of a column is directly proportional to 
the radius" of gyration squared, equation C7.33 
can be equated to the ratio of the column 
stresses. 


Sy4iwt _ Fo 
(Py srelr+ es Se - - ~~ - (07.33) 
Po MIA, For 








Lb 
At w.& 


Ae 


Ag = Area of Stiff 
ner Alone 
9 = Radius of Gy- 
ration of 9 
Stiffener Alone 
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where, QO, = radius of gyration of stiffener 

alone. 

9 = radius of gyration of sheet and stiffener, 

S = distance from centerline of sheet to neutral 
axis of stiffener. 

t = shdet thickness. w = sheet effective width. 


Equation C7.33 has been put in curve form 
as shown in Fig. C7.36, which will now be used 
to compute the radius of gyration p, for the 
stiffener plus effective sheet. 


+75 + .0125 = .7625 


Oo for stiffener alone = .535 


S/Pg = .7625/.535 = 1.425 
ws .965 
wt/Ay = ,965 x .025/.117 = .2063 A 


~~ 


From Fig. C7,.36 for the above values of 
S/O and wt/Ag, we obtain ‘ 


(p/p9)* = .775, whence 9” = .S35* x .775, which 
gives p = .471 in. 


Then L'/o = 24.5/.471 = 52, 
Use Method 1 for column strength:~ 


30,6007 


s ee haan 
Fo = 80,600 -7>5570, 500,000 


(52)* = 24,300 psi 






. C7. 36 ( 
Curves for the 
Determination of 
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The revised effective width based on this 
stiffener stress is, 


w21.9 x .025 ¥10,500,000/24,500 = .98 in. 


This value is only .02 inch more than the 


(4) Same as (2) but subjected to 300°F for 
1/2 hour duration. 


be 1-1/2 of ee | 
Ti 





value of .96 previously, thus the effect on the ib 04 it 05 
radius of gyration 9 will be negligible. The + L 
column failing stress for the sheet stiffener 


combination is therefore 24,500 psi, and the 
compressive failing load would be 24,500 x 
1412 = 3460 lbs. 


(4) Find the crippling stress for sections of 
Figs. g and h when formed from 2024-T3 

~~ and 7075-T6 aluminum alloy material. 

C7.29 Sheet-Stiffener Panels With Relatively Heavy 
Sheet Thickness. 


Rog hee 


, 





For Z, Y and hat shaped stiffener~sheet ~ 3/8 a 
panels as previously discussed relative to local FF 7 
failing stress, use entire sheet and stiffener Fig-ho i 
area in computing radius of gyration or, in 1/8 4 
other words, due not use effective sheet widths 
but use entire sheet as effective. jew/a > 


PROBLEMS (5) Find the crippling stress for the extruded 
sections numbers 4, 8, 16, 22, 28 and 34 
as given in Table A3.16 of Chapter AS. 


Material 2014-T3 aluminum alloy. 


(1) Find the crippling stress for the angle 
sections of Figs. (a) and (b) when formed 
from the following materials. Use both 
Needham and Gerard Methods. (1) 2024-T3 
aluminum alloy. (2) 7075-T6 aluminum 
alloy. (3) 17-7PH(TH10S0) stainless steel. 
(4) Same as (3) but subjected to an 
elevated temperature of 700°F for 1/2 hour 


(6) Fig. 1 shows a corner member, ina 
stiffened wing section. The skin is 
fastened to the stiffener by one row of 
1/8 diameter rivets at 3/4 inch spacing. 
The web is fastened to stiffener by 2 


duration. : staggered rows of rivets, with rivet spac- 
ing in each of 1-1/8 inch, and rivets ara 
of the flat head type. Material 1s 2024-T3S 
Ff) Fig.a =H Fig. b aluminum alloy. Also use 7075-T6 aluminum 
8" 2 vel g on material. 
a 16 + Find crippling stress for stiffener. 


4 

f- 7/8 4 F064 72 a Will inter-rivet buckling occur. Find 

effective sheet widths and total failing 

load unit will carry. 

(2) Find the crippling stress for the two 
channel shapes of Pigs. ¢ and d when 
formed of following materials. (1) AISI 
4130 steel, heat-treated to Fry = 
180,000. (2) Same as (1) but subjected to 
an elevated temperature of 500°F for 1/2 
duration. (3) Ti-8Mn Titanium. 

(4) 7075-T6 aluminum alloy. 





he 1-3/4 —-4+ e114 
a ae er 3 
1/8 || 16 3/4) 16 04 
+ Fig. c dou Fig. a 

064 


(7) Determine the compressive failing strength 
of a short Z stiffened sheet panel unit such 
as that illustrated in Fig. C7.29. The 
various dimensions are as follows. Refer 
to Fig. C7.29 for meaning of symbols. 


(3) Find the crippling stress of the 
rectangular tubes in Figs. e and f when 
formed from following materials. 

(1) 2024-T3 aluminum alloy. (2) HKS1A-0 





magnesium. (3) T1-8in Titansium. of aos - Soa ene BepTiBs8e 
Dy = 2.50 do = 0.375 


gs 


Wee 
a 
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(8) 


(10) 


(11) 


(12) 


(1) 


(4) 


Stiffener and sheet material is 2024-TS 
aluminum alloy. Rivets are 1/@ diameter 
Brazier Head type 2117-TS material and 
spaced 7/8 inch. 


Same as (7) but change material to 7075-T6 
aluminum alloy. 


Same as (7) but 
Titantun. 


change material to Ti-~8Mn 


In the Example Problem on a Y stiffened 
panel as given in Art. C7.25, change sheet 
thickness from .064 to .081 and calculate 
the resulting panel strength. 


The hat stiffener in Fig. g of Problem (4) 
is one of several stiffeners riveted to 
skin of thickness .032 and of the same 
material as the stiffener. f the length 
of the panel is 20 inches, what will be 
the column failing stress if end fixity 

ce #1.5. Also force = 2.0. Use method 
involving effective sheet widths. 


Same as Problem 11 but use Z stiffener of 
Fig. h of Problem 4. 
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CHAPTER C8 


BUCKLING STRENGTH OF 


MONOCOQUE CYLINDERS 


This chapter presents information on the buckling strength of ztircular cylinders 
under compressive, bending and torsional loads acting separately and in con- 


bination, without and with internal pressure. 


Some information on the buckling 


strength of conical cylinders is presented. 


C8.1 Introduction. 


Before the advent of the high speed air- 
eraft and particularly the missile and space 
vehicle, the use of the unstiffened cylinder or 
monocoque type of structure was quite limited. 
However, the arrival of the space age has 
caused the thin walled cylinder to become im- 
portant in the design of missiles and space 
structures. 


The classical small deflection theory 
which has proved adequate for determining the 
buckling strength of flat sheet structures as 
covered in Chapter Al8, has not proved adequate 
for determining the buckling strength of thin 
walled cylinders or curved sheet panels since 
the theory gives results much too high when 
compared with the experimental or test results. 


A more recent large deflection theory has 
Shown closer agreement with experimental 
results, however, the theory requires a prior 
Knowledge of cylinder imperfections. Asa 
result of the theoretical limitations to date, 
the strength design of such structures is based 
primarily on best fit curves for experimental 
or test results, using theoretical parameters 
and ¢urves when they appear applicable. 


A misstle structure in handling operations 
and flight maneuvers is subjected to tensile, 
compressive, bending and torsional load 
systems. The cylinders may be pressurized or 
unpressurized. The structural design of such 
structures thus requires a knowledge of the 
buckling strength under the various load 
systems, acting separately and in combination. 
This chapter will be confined to giving test 
data and design curves for the buckling 
strength of cylinders under the various types 
of stress systems. 


C8.2 Buckling of Monocoque Circular Cylinders 
Under Axial Compression. 


The term monocoque cylinder means a thin 
walled cylinder without longitudinal skin 
stiffeners or transverse intermediate frames 
attached to cylinder skin. 


Investigation by the author of the pro- 
cedure used by a number of aerospace companies 


- 


for the strength design of monocoque structures 
indicated that the design curves given in 

(Ref. 1) were widely used. It thus seems 
appropriate to give some design material from 
(Ref. 1). 


Cylinders are usually given four classi- 
fications relative to length:- 
(1) Short Cylinders. Short cylinders tend to 
behave aS flat plate columns (cylinders 
with infinite radius). They develop 
buckles in a sinusiodal wave form similar 
to flat plate buckling. The end fixity 
has considerable influence. 
(2) Intermediate or Transition Length of 
Cylinders. Buckling involves a mixed 
pattern combining sinusiodal and diamond 
shapes. The effect of end fixity and 
cylinder length are only of nominal 
importance. 
(3) Long Cylinders. Such cylinders buckle in 
a diamond Shaped pattern, and the length 
and end conditions are not of much in- 
portance. 


Very Long Cylinders. Such cylinders buckle 
by over-all column instability or act as a 
Euler type column. 


(4) 


Fig. C8.1 shows a photograph of the buckle 
failure of an intermediate length cylinder under 
axial compression. 


The name of Donnell is prominent in the 
development of a theory for the buckling strength 
of cylinders. From (Ref. 2), Donnell’s eight- 
order differential equation can be used to 
provide a small-deflection theoretical solution 
to the behavior of cylinders in the short to 
long length range. A solution of Donnell’s 
equation by Batdorf (Ref. 3) gives the critical 
stress in terms of the buckling coefficient Ky, 
which for simply supported cylinder ends is 
defined by the equation:- 


Ke = [(n?+9*)*/a* | + [reata*/nt (n* +39] 
where, 


m = number of half waves in longitudinal 
direction 


ca. 
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BUCKLING STRENGTH OF 


Fig. C8.1 Type of Failure Axial Compression and No 
Internal Pressure. (Ref. 1.) 





ad 


Fig. C8. le Type of Buckling Failure Under Pure Bending 





Load. No Internal Pressure. (Ref. 9.) 


MONOCOQUE CYLINDERS 


Fig. C8. 1a Type of Failure Under Axial Load With Internal 
Pressure. (Ref. i.) 





Fig. C8. 1d Type of Buckling Failure Under Pure Bending 


With High Internal Pressure. (Ref. 9.)}. 
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A= half wave length of buckles in 
cireumrerential direction. 
The compressive buckling stress is given 
dys 
Ke n* 5 te 
For/n = Bessy corr cece C8.2 
Where, t = wall thickness, L is the cylinder 


length and V is Poisson’s ratio. The term 7 is 
the plasticity correction factor and equals 1.0 
for elastic buckling. 


Minimization of Eq. C3.1 with respect to 
the parameter (m* + /7*)*/m*, gives the critical 
bucxling coefficient for long cylinders in the 
following form:- 


Kg 3 (4V@/n)Z = 0.7082 -------- 8.3 
where 2 = (L9/rt)/1-/* -------- c8.4 


Substitution of Eq. C8,.3 into Eq. C3.2 
reduces to the well known classical equation 


oxy 


cr = CE(t/r) 
where, C @ 1//3 (1- .3 *) 


The buckling coefficient for simply 
supported end conditions in the transition 
range can be determined by substituting the 
Limiting values of @ = 0 and m= 1 in gq. C8.1. 
A similar solution for cylinders with fixed 
adges deviates from the solution for simply 
supported cylinders only in the flat plate and 
transition ranges. 


= 0.605 for Y= .20 


Figs. C&.2 to C8.5 inclusive taken from 
Reference 1, show the theoretical curve which 
shows the buckling coefficient as a function 
of the geometrical parameter Z. Theoretically, 
the short cylinder range would occur at Z = 0. 
Tha values of Ky of 1.12 and 4.12 for Z=1 
correspond quite closely to the buckling 
coefficients of simply supported ana fixed 
ended plate columns. The leng cylinder behavior 
is represented by ¢ 45 degree sloping stratgnt 
Line portion of the curve. The curve con- 
‘ting the short and long cylinder ranges ts 
rred to as the transition ranges. 














Pigs. 08.2 to 8.5 show the plot of 
extensive test data and a $0 per cent proba-~ 
Sility curve derived by the author of (Ref. 1) 
oy a statistical approach. Fig. c8.6 from 

1) vest data ona 






logaritamic chart of 
10,000. A 





dest 2it curve and $0 and 99 per~ 
sent probability derived curves are also seen 
as well as the theor Lecurve for ¢ = .605. 





Observation shows that the theoretical results 






are far above the test values. Fig. C8.7 
(from Ref. 1} is a set of destin curves of Ky 
versus Z for various r/t val.ies and for 90 


percent probability. 


C8.3 Additional Convenient Design Charts for Determining 
Compressive Buckling Stress. 


Figs. C8.8a and C8.8b are more convenient 
design charts as the buckling stress Foop can 


be read from the chart, thus avoiding the 
calculations involved in using curves in Fig. 
C3.7. Fig. C8.8a is for 99 percent probability 
and 95 percent confidence level and Fig. C8.ab 
for $O percent probability and S5 percent 
confidence level. The curves are based on tests 
of steel and aluminum alloy cylinders only. The 
accuracy of these curves when used Zor other 
materials has not been substantiated by tests. 
The 99 percent probability curves are recom- 
mended as design allowables for structures whose 
failure would be highly critical. The 90 per- 
cent curves can be used for less critical 
structures. 


C8.4 Plasticity Correction. 


The plasticity correction for cylinders in 
the long range (L?/rt > 100) is given by the 
curves in Fig. C8.9 taken from (Ref. 4). In 
general most practical cylinders in aerospace 
structures will fall in the long cylinder range. 
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Ker . 
ao 
T-Bar e 
Fig. C8.9 (Ref. 4) Nondimensional Buckling Chart for Amally Compressed Long Circular 


Cylinders. 7) + (Eq/8)[(EVENI = Ve -Y%)] > 7. Applicabie 


when L?’rt = 100, 


C8.5 Buckling of Monocoque Circular Cylinders Under Axial 
Load and Internal Pressure. 


Exveriments conducted many years 2z0 
definitely showed that the compressive Duckling 
strength of monoceque cylinders was increased 
if internal pressure was added to the closed 
cylinder. Since weight saving 1s very important 
in missile design, the use of pressurized 
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Fig. C8.2 r/t = 100 to 500, 
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Fig. C8.4 r/t = 1, 000 to 2, 000. Fig. C8.5 r/t over 2, 000. 
Fig. C8. 2-C8. 5 (Ref. 1) Compressive Buckling Coefficients for Unpressurized Circular Cylinders. 
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Fig. C8.6 (Ref. 1) Compressive Buckling Coefficients as a 
Function of r/t. 











Fig. C8.7 (Ref. 1) Compressive Buckling Stress Coefficients 
for Unpressurized Circular Cylinders. 
(90 Percent Probability) 











ANALYSIS AND DESIGN OF FLIGHT VEHICLE STRUCTURES C8. 5 











axi073 


Pe, 






Fig. C8. 8a 


UNPRESSURIZED, UNSTIFFENED, CIRCULAR CYLINDERS 
TN AXIAL COMPRESSION 
(Clamped Ends) 


(Taken by Permission from 
General Dynamica - Fort Worth 
Structures Manual) 

ayes ‘ 


NOTE: 
Most of the teat data for these 
curves fall within cylinder 
dimensions of L/r ~ 2.0 and 
300 r/t = 1000. Caution 
should be used when curves 
tor L/r #2 are used. 

etsy 

is 


99% PROBABILITY CURVES 
Confidence Level = 95% 




























Fig. C8. @b 


UNPRESSURIZED, UNSTIFFENED, CIRCULAR CYLINDERS 
IN AXIAL COMPRESSION 
{Clamped Ends) 


(Taken by Permission from 
General Dynamics - Fort Worth 
Structures Mamuai) 


NOTE: 

‘Most of the test data for these 
curves fall within cylinder 
dimensions of L/r~ 2,0 and 
300 = r/t ©1000. Caution 
should be used when curves 
for L/r *2 are used. 
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90% PROBABILITY CURVES 
Confidence Level = 95% 
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cylinders in missile structures fas become 4 
common type of missile structural design. The 
famous Atlas missile was one of the first to 

use a pressurized monocoque type of structure. 


The major reason for the large discrepancy 
between the actual test strength and the 
theoretical strength by the linear small 
deflection theory that is generally accepted 
4s that the discrepancy is due to geometrical 
imperfections and the associated stress con- 
centrations. Now large internal pressures 
should smooth out such imperfections and 
approach a perfect cylinder and thus the re~ 
sulting buckling strength should approach that 
given by the linear small deflection theory. 
However, much of the available test data for 
pressurized cylinders gives values below that 
given by the linear small deflection theory. 
(See Fig. C8.la for buckling action of 
pressurized cylinder.) 


One of the first experimental and 
theoretical investigations of the effect of 
internal pressure upon the buckling compressive 
stress of monocoque cylinders was by Lo, Crate 
and Schwartz (Ref. 5). They analyzed the 
problem of long pressurized cylinders using an 
extension of the large deflection theory of 
Von Kaman and Tsien (Ref. 6). Plotting their 
results in terms of the non-dimensional 
parameters (p/B)(r/t)* and (Foy/B) (r/t), they 
found that the buckling coefficient C increased 
*rom the Tsien value (Ref. 7) of 0.375 at zero 
internal pressure to the maximum classical 
value of 0.605 at (p/E)(r/t)** 0.169. Fig. 
c8.10 taken from (Ref. 1) shows the large 
deflection theoretical curve. Also shown are 
the experimental values obtained in (Ref. 5) 
as well as those ootained oy the investigators 
in (Ref. 1) and dy other investigators in 
(Res. 8). From Fig. C6.10 it ts apparent that 
large discrepancies exist between the theo- 
retical predicted values and the experimental 
values. Lo, Crate and Schwartz suggested that 
better correlation with test results could be 
obtained 1f the increment in the buckling 
stress parameter (aFor/E)(r/t) were plotted as 
a function of the pressure parameter as shown 
in Fig. C8.11. The increase in the critical 
stress OFor due to the internal pressure 
directly represents the beneficial effect of 
the internal pressure. The total critical 
stress 1s thus obtained by adding the critical 
stress for the unpressurized cylinder to the 
increase in the critical stress due to the 
internal pressure. In order to plot the test 
points in Fig. C8.il, it was necessary to 
determine the unpressurized critical buckling 
stress for each test. The $0 percent vroba- 
bility values from Pig. CS.7 vere used. AS 
shown in Fig. Cé.11, the general trend of the 
test data agrees fairly well with the theo~ 
retical curve. Tie investigations in Ref. } 


GN OF FLIGHT VEHICLE STRUCTURES 









Ca8.7 





have shown a best fit curve and 4 80 percent 
probability curve obtained by a statistical 
approach and this gO percent curve in Fig. 
8.11 is recommended as a design curve for 
taking into account the effect of internal 
pressure. 








Fig. C8.10 Compressive Buckling Stress for Pressurized 
Circular Cylinders. (Ref. 1) 





Fig. C8.11 Increase in Compressive Buckling Stress Due 
to Internal Pressure. 


BUCKLING OF MONOCOQUE CIRCULAR 
CYLINDERS UNDER PURE SENDING 


C8.6 Introduction. 


Flight vehicles are subjected to forces in 
flight and in ground operations that cause bend- 
ing action on the structure, thus it is necessary 
to know the bending strength of cylinders. Two 
rather extremes have been used in past design 
practice. One design assumption takes the value 
of the bending buckling stress as 1.3 times the 
puckling stress under axial compression. The 
other assumption is to assume the bending buckling 


3 
wy 
os 
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C8.8 







Stress {1s equal to the 
duckling stress. 


axial compressive 

The first assumption is con~ 
Sidered by some designers as somewhat uncon- 
Servative while the second assumption is no 
doubt somewhat conservative. 


It ts relatively recent (Ref. 10) that a 
small deflection approach has been completely 
solved for a cylinder in bending. Tests of 
cylinders in bending show that the theoretical 
result 1s lower than the test results but 
higher than the buckling stress in axial com- 
Pression. No large deflection analysis which 
involves a consideration of initial imper- 
fections of the cylinder has deen formulated 
to date for the buckling strength in bending. 
Since the stress in bending varies from zero 
at the neutral axis to a maximum at the most 
remote element, the lower probability of 
imperfections occurring within the smaller 
highest stressed region would lead one to 
conclude that higher buckling stresses in 
bending, as compared to the buckling stress in 
axial compression, should be expected, 


C8.7 Available Design Curves for Bending Based 
on Expertmental Results. 


The same investigators (Suer, Harris, 
Skene and Benjamin) that carried out tests on 
cylinder in axial compression (Ref. 1), have 
also carrted on an extensive investigation of 
the buckling strength of monocoque cylindrical 
cylinders in pure bending (see Ref. 9). 


AS originally developed by Flugge (Ref.11) 
for long cylinders, the buckling stress in 
bending 1s expressed as:- 


bop BCpE(t/r) ---- 2-2-2222 02 C8.6 


The theoretical vlue of the 
buckling coeffictent as found by Flugge was 
about Zo percent Aigher than the corresponding 
Classical buckling coefficient or 0.605 in 
axial compression, 


bending 


Fig. CS.12 (from Ret. 9) gives a plot of 
considerable test data and a plot of Cy versus 
(r/t). A dest zit curve, a 90 percent proba- 
Dility curve and a 39 percent probability curve, 
are Shown. The dashed curve is a plot of the 
SO percent probability curve as previously 
given in Fig. ¢8.6 for Duckling in axial com- 
pression, thus 2iving a comparison between 
dending and compressive Duckling strengths. As 
indicated by the plotted test points, the test 
data above an r/t value of 1500 is quite 
limited, thus the accuracy of the curves is 
Somewhat unknown, 


Figs. C8.13 and c8.igza give convenient 
design curves for finding the bending buckling 
Stress based on 99 percent probability and 90 
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Fig. C8. 12 Unpressurized Bending Buckling Stress Co- 
efficients as a Function of r/t, . 


percent probability and confidence level of 95 
percent. These curves are from the structures 
manual of the General Dynamics Corp. (Fort 
Worth.) heir manual States that most of the 
test data upon which the curves are based fall 
within the range of cylinder dimensions .25 < 
L/r <5, ana 300 < r/t « 1500, and the curves 
are based on tests of Steel, aluminum and brass 
cylinders only. 


C88 Buckling Strength of Circular Cylinders in Bending 
with Internal Pressure. 


The published information on the buckling 
Strength of circular cylinders in bending with 
internal pressure is very limited and the status ' 
of theoretical studies to date leave much un- 
known regarding this subject. ! 


Reference 9 gives the results of a series 
of tests of circular cylinders in bending with 
internal pressure. Fig. C8.14 ts taken tron 
that published report. In Fig. CS.14 the ex~ ' 
perimental data are plotted in terms of the 
increment ACpbp to the buckling coefficient Coe 
The increase in the buckling stress coefficient 
4Chp Tepresents the beneficial effect of 
internal pressure. The total value or the 
duckling coefficient 1s obtained by adding the 
duckling coefficient for unpressurized eylinders 
to the increase in the buckling coefficient due 
to the internal pressure, in order to plot the 
data, it was first necessary to determine the 
unpressurized duckling coefficient for gach 
Specimen. The SO percent probability design 
curve of Fig. 08.12 was used for this purpose, 
The direct benefit of lateral internal pressure 
to the stability or cylinders in bending is 
indicated by those Specimens with no net axial 
stress (the balanced Specimens) represented by 
the circular Symbols. at large values of the 
pressure parameter, the additional benefit of 
che axial pretention is clearly demonstrated by 
the large increase in ACpp of the pretensioned 
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NOTE: 
Based on test data for 
cylinder sizes of 
.2$ = L/rs $ and 
300 ~ r/t~= 1500. 


99% PROBABILITY CURVES 
Confidence Level = 95% 


Dashed curves are extrapolated 
into untested regions 





rot ixo* t/t ixio? 


Fig. C813 





Pig. C8. 13a 
UNPRESSURIZED, UNSTIFFENED, CIRCULAR CYLINDERS 
IN BENDING 


(From Geseral Dynamics - Fort Worth 
Structures Manual) 


NOTE: 
Based on test data for 
cylinder sizes of 
+25 = U/r ~ 5 and 
300 = 2/t ~ 1500, 


90% PROBABILITY CURVES 
Confidence Level = 95% 


Dashed curves are extrapolated 
into untested regions 
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specimens, represented by the triangular 
symbols, over that for balanced specimens. The 
limiting value of the increase in the buckling 
stress coefficient for pretensioned pressurized 
cylinders at very high values of the pressure 
parameter is given by the line Sar = pr/2t. 


The analysis of the pressurized cylinder 
data was achieved by selecting a best fit curve 
for those specimens in which the axial pre- 
tension was balanced. This curve (shown tn 
Fig. C8,14) was selected by the investigators 
as best indicating the general trend of the 
experimental data. At large values of the 
pressure parameter, the curve is drawn to 
approach an asymptote agreement between the 
best fit curve and experimental data is 
apparent in Fig. C8.14. A statistical analysis 
of the test data was performed for the speci- 
mens with no axial pretension to establish the 
90 percent probability design curve shown in 
Fig. C8.14. Because data were available only 
from the tests made by the investigators, they 
indicate the sample may not be representative 
and a lower probability curve should perhaps 
be used for design purposes. The data was not 
considered sufficient to permit a statistical 
analysis of the pretensioned test data, and 
therefore they suggest a lower bound curve be 
used in the design of pretensioned cylinder. 
Additional tests are needed too for unpres- 
surized cylinders with r/t ratios greater than 
1500 to verify the shape of the design curve. 
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Fig. C8.14 Increase in Bending Buckling Stress Coefficients 
Due to Internal Pressure. 


BUCKLING OF MONOCOQUE CIRCULAR 
CYLINDERS UNDER EXTERNAL PRESSURE 


C8.9 External Hydrostatic Pressure. 


Under this type of loading, the cylinder 
shell its placed in circumferential compressive 
stress equal to twice the longitudinal com- 
pressive stress. 


The buckling compressive stress for this 
type of loading is given by the following 
equation (Ref. 12):- 


e kp 7 E tya 3 
"ecr “ 12 (1 - Ue) {p) ae ESS a ee 

Values of the buckling coefficient kp are 
given in Fig. C8.15. Equation C8.7 is for 
buckling stresses below the proportional limit 
stress of the material. 


C8.10 External Radial Pressure. 


Under an inward acting radial pressure only 
the circumferential compressive stress produced 
is fo = pr/t where p is the pressure. 


The buckling stress under this type of 
loading from (Ref. 12) is, 


_ ky n7E t,2 
Peer * TUT VE) 


Values of the buckling coefficient ky are 
given in Fig. C8.16. Equation C8.8 is for 
buckling stresses within the proportional limit 
stress of the material. 


C8.11 Buckling of Monocoque Circular Cylinders Under 
Pure Torsion. 


Fig. C8.17 (from Ref. 12) shows the results 
of tests of thin walled circular cylinders under 
pure torsion. The theoretical curve in Fig. 
C8.17 1s due to the work of Batdorf, Stein and 
Schildcrout (Ref. 15). Their theoretical in- 
vestigation utilized a modified form of the 
Single equilibrium form of Donnell (Ref. 2) and 
by use of Galerkins Method obtained the curve 
shown in Fig. C8.17. This theoretical curve 
falls above the test results and thus for safety 
a lowered curve should be used for design 
purposes. Fig. C8.18 shows a design curve which 
appears in the structural design manuals of a 
number of aerospace companies. 


The torstonal buckling stress is given by 
the equation:- 


Kt 1? 


o tee tt. 
ser 7 Te (1-0, 5b?) 


Fig. C8.19 gives the value of the torsion 
buckling coefficient ky and applies for buckling 
below the proportional limit stress. 


To correct for plasticity effect when 
buckling stress is above the proportional limit 
stress, the non-dimensional chart of Fig. C8.19 
can de used. Figs. C8.20 and C8.21 give other 
convenient design curves involving buckling 
stresses for 90 and 99 percent probability. 
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Fig. C8.15 Buckling Under External Hydrostatic Pressure. Foor =~ Ve & 
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Fig. C8,16 Buckling Under External Radial Pressure. 
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Fig. C8.17 Comparison of Test Data and Theory for Simply Supported Circular Cylinders 
in Torsion. 
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Fig. C8.18 Buckling of Simply Supported Circular Cylinders in Torsion 
or Transverse Shear 
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C8. 1 BUCKLING STRENGTH OF MONOCOQUE CYLINDERS 
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Fig. C8, 19 
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Nondimensional-Buckling-Stress Curves for Long Cylinders in Torsion. 


= (E9/B){(1 = Vet -Y2)] 27%. 


8.12 Buckling Under Transverse Shear. 


Shear stresses are also produced under 
bending due to transverse loads. These shear 
stresses are maximum at the neutral axis and 
zero at the most remote portion of the cylinder 
wall, whereas the torsional shear stress is 
uniform over the entire cylinder wall. Limited 
tests indicate a higher buckling shear stress 
under a transverse shear loading as compared 
to the torsional buckling stress. A general 
procedure in industry is to increase the shear 
buckling stress under torsion by using 1.25 
times ky. Thus in Fig. C8.18 find ky for 
buckling under torsion and then multiply it by 
1.25 in using Equation C8.9 to find buckling 
stress under transverse shear. 


C8.13 Buckling of Circular Cylinders Under Pure Torsion 
With Internal Pressure. 


Internal pressure places the cylinder 
walls in tension, thus the torsional buckling 
stress is increased as torsional buckling is 
due to the compressive stresses that are 
produced under shear forces. 


Hopkins and Brown (Ref. 13}, using 
Donnell’s equation, calculated the effect of 
internal pressure on the buckling stress of 
circular cylinders in torsion and the results 
were in fair agreement with test results. 


Crate, Batdorf and Baab (Ref. 14), 
utilized an empirical interaction equation to 


Tit test data. 
wasi-  ” 


The derived interaction equation 


Rst + Rp FL ---- 7-77-77 7 7 08-10 


where, 


applied torsion shear stress 
a _applied torsion shear stress _ 
Rst = ratio of ayyowable torsion shear stress 


‘a applied internal pressure 

Rpsratio of Srsrmal aydrostatic buckling pressure 
Note that Rp has 4 negative sign. The 

value of the external hydrostatic buckling pres- 

sure can be determined by use of Fig. C8.15. 

Fig. C8.22 shows a plot from Equation C8.10 and 

its comparison with test data. 


8.14 Buckling of Circular Cylinders Under Transverse 
Shear and Internal Pressure. 


For this load system, the derived inter- 
action equation is similar to Eq. 73.10. 


Rg + Rp Fl ---------- 5-07 cg.1l 
where, 

a. = ~apolied transverse shear stress 

6 2 ee es ahead Strese 


allowable transverse shear stress 


Rp is same as explained in article C9.13. 
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Fig. C8. 20 


UNPRESSURIZED, UNSTIFPENED, CIRCULAR CYLINDERS 
IN TORSION 


(From General Dynamics - Fort Worth 
Structures Manual) 





io 
NOTE: 
Curves based on test data 
within range of cylinder 
dimenstons:- 
6+ 8 <5 (r/y)* 
where, 
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Fig. C8. 20 





Pig. C8.21 
UNPRESSURIZED, UNSTIFFENED, CIRCULAR CYLINDERS = 
IN TORSION 


(From General Dynamics - Fort Worth 
Manual) 


within range af cylinder 
dimenstous:- 
64H = S (r/t)* 
re, 


90% PROBABILITY CURVES 
Confidence Level « 98% 





Fig. C8. 21 
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Table C8.1 


Summary of Interaction Equations 
for Buckling of Pressurized and 
Unpressurized Circular Cylinders 









Combines | tmteraction | eeuation | 
Equation ae a 









Longitudinal = Rgt?=1 
Compression and) (See Fig. C8. 23) 
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(See Nate t} 
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(See Fig. C8. 
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Fig. C8.22 Elfect of Internal Pressure on Torsionai- Buckling Stress 
of Long Cylinders. Test Results are from Ref. (14). 


C8.15 Buckling of Circular Cylinders Under Combined 

Load Systems. 

Ry sega sensile $ 

tt is very seldom that a circular cylinder +i Se ee : 
used in an 2erospacs structure such as 4 a 
missile is subjected to 4 load system causing 
only one internal stress system such as axial 
stress, bending stress, and shearing stress. 
Therefore it iS necessary to be able to safely 
detarmine the puckling strength under the 
practical cases of combined stress systems. 
“his problem 1s handled by the use of inter- 
action equations. 


Table C8.1 summarizes the interaction 
equations that appear in the structures design 
manuals of several aerospace companies. These 
equations no doubt nave been proven reliable 
by checking against test data. Fig. C8.25 
gives a plot of taree interaction curves. 

mese curves are useful in quickly observing 
amather cylinder ts weak and to determine 
margins of safety. 


C8. 16 Dlustrative Problems for Finding the Buckling 
Strength of Circular Monocoque Cylinders. 


problem l. axial Compressive Strength. 


A circular cylinder has 4 radius r = 50 
imcnes, 4 length L = 75 inches, and 2 wall 
thickness t of .05 inches. The material is 
aluminum alloy 2024-73, for which Ey 
10,700,000 psi. What compressive loac will 1t 


We 





"\ 


WN 
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carry using design curves based 
probability. 


on 90 bercent 


= 50’.05 = 1000, L/r = 75,/50 = 1.5 


Sipe taeg ee See 7) 
For ET TAD 


To find the duckling coefficient Ke, we 
use Fig. 03.7. 


2c /i wy 
22d /1~ S* = 2140 


50 x .05 


From Fig. 08.7 using 2 = 2140 and r/t = 
1000, we read Ky = 280, then 


aoe 10,700 ,000 


a a8 x 1052 
or * Ee ay (aE 


The buckling axial compressive .0a 
P= Qnrt For = 2n x 50 x .05 x 1205 = 1h 


by a, 


I? we use the design curves of Fig. CS.8b 
based on 90 percent probability ani 95 percent 
confidence, we read for r/t = 100C and L/r = 


1.5, thet Fo. /5 = .000121. Thus F, 2 
cor Cor 


10,700,0C0 x .Q000121 = 1295 pst. 
this value dy the .95 confidence value, we 
obtain 1230 psi which is practically the same 
ag obtained above using Fig. C8.7. 


P, = 1295 x 2n x .05 x 50 = 20350 lbs. 


If we require 99 percent probability and 
95 percent confidence, we use Fig. CS.8a. For 
r/t = 1000 and L/r = 1.5, we read Fs, /Ef = 


«000082 or Fs, 2 10,700,000 x .0C00&2 = 877 
psi, which wotilé give an axifal duckling Load 
or 13,700 Senne: a 99 percent 
uckling load 








The same cylinder 
be used in this example problem. What bending 
moment will ouckle this cylinder under 
percent probacil 









es 12 will de 
= 1.5, we read 
ing duckling 


= .16x10,700,000x .05/50 = 1710 dsi 
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If we multiply! 


used in Prodlem 1 will 
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The bending moment developed at this 
ouckling stress is, 


Mss, I/r = F 


1710 n x 50° x .05 = 670,000 in. lb. 


If we use Fig. C9.13a based on 90 percent 
probability and 95 percent confidence, we read 
for r/t = 1000 and L/r = 1.5 that Pyoy/= is 


000160. Thus Fp, Dor = 10,700,000 x .000160 = 
1710 psi. Since it is difficult to read Fig. 
C3.12, it is recommended that Fig. C&8.l3a be 


used in design. 


If we require 99 percent probability, we 
use Fig. C8.13 and obtain Pooy/E = ,00092, which 
gives Poor = 10,700,000 x .00092 = 


against 1710 for 90 percent probability. 


Torsional Strength. 


Same cylinder as in Problem 1. What 
torsional moment will this cylinder develop. 


985 psi as 


Problem 3. 


Solution. Using design curve in Fig. C8.18 
=i 22 —5*_/i_gts 
z= SV 1-Yt = ee v 1- .3* = 2140 


For this value of Z, we read the torsional 
buckling coefficient kK, from Fig. ©8.18 to be 
170. 





e ky 18 2 ty 2 Chee 
Peter 72 (lo ve) (See Eq. 8.9) 
170n? x 10,700,000 ,.05,4 _ ., 

Pster 12 tL = 42) (3) = 725 psi 


The torsional moment developed by this 
buckling stress is, 


J/r = Qnrst/r = 2nr*t 


T= Pep. d/r- 


3 
a 
a 
& 
7 
x 
v 
7 
ou 









The result 
Figs. 08.20 anc 
gO percent prob a: 
percent conzidence. 





1000 and L/r = 1.5, * 





x .05 








z. 0€.20 which is for 89 percent sroba~ 





es 000082 x 10,7C0,C90 
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bility, we read Fsgt/E = .000060 which gives 
Fst = 642 psi which, in turn, gives allowable 
torque T = 504000 in. lbs. 


Problem 4. Combined Compression and Bending. 





The cylinder of Problem 1 is subjected to 
an axial compressive load P of 10,700 lbs. and 
a bending moment M of 282,000 in. lbs. what is 
the margin of safety under this combined load- 
ing for 90 percent probability and 95 percent 
confidence. 


Solution, The interaction equation for this 
type of combined loading from Table C8.1 is, 


Ro + Ry = 1 

Re = P/Pg. (Pg from Problem 1 solution is 
20350 1b.) 

Ro = 10700/20350 3 .527 


Ry = M/M, (From Problem 2 results:~ M, = 
670,000 in.1bs.) 


Rp = 282,000/670,000 = .421 
Re + Rp = .527 + .421 = .948. Since the result 


1s less than 1.0, we have a small margin of 
safety. 


get pean Oye 
MS. = goog + Ls Tgyg 7 1 = 2088 


Problem 5. Combined Compression, Bending and 


Torsion. 


Same cylinder as in Problem 1. The load- 
ing {s the same as Problem 4 plus a torsional 
moment T of 89300 in. lb. Fing the M.S. under 
this combined loading for 90% probability. 


Solution. 


The interaction equation for this com- 
bined load system from Table C8.1 is, 


Re + Rp * Ret” = 2 
From Problem 4, R, = .527, Rp = .42 


Ret = 1/Ta- (From Problem 3 result 
688,000 in. ib.) 


i, 
St 


Ret = 29300/688,000 = .12 
Subt. in fq. (A):- 


-527 + .421 + .13* = .965, (since this result 
is less than 1.0, we have a small margin of 
safety. From Table C8.1, 

2 


MS. = Roepe /(Re + Rp)? + Ree? + 





a ee 
= I =07% 42] eax 13 


1527+ 421 n/( 527+ 421) axa? 71> 2085 


Problem 6. Combined Com 


T 






The same cylinder as in Problem 1 is sub- 
jected to the following loads:- 


0 
u 


¥ 10700 lbs. compression, M = 282,000 in.lbs. 
= 715000 in.lb., V = 1790 lb., (transverse 

external shear). Will the cylinder carry this 
combined loading under 90 percent probability. 


3 
u 


Solution: 


From Table C8.1 the interaction equation 
for this combined loading is, 


Ro + Rot? + VRgo + Ry FL 


Re = 10700/20380 = .527 
Rp = 282000/670000 = .421 
Rgt = 71500/688000 = .104 


The equation for shear stress due to 
transverse shear load V is, 





Vv 
f,* L f yaa 
I for cylinder section = m“t areas mrt 
/yaa = rrtx .6366r 225% _ (fp eae 
-_V Vv 
ts - arst (2 rt) = wt 
fs = 1790/nx50x .05 = 228 psi. 


From Article C8.12 we use buckling co- 
efficient for transverse shear to be 1.25 times 
that for torsional buckling. 


From Problem 3 the torsional buckling stress 
calculated to be Fg_ = 876 psi. Therefore the 
transferse shear buckling stress is 1.25 x 876 
= 1095 psi, = Fs 


Rg = ts/F5 = 228/1095 = .208 


Substituting in Equation (B), 


+527 + .1047 + ¥.208° + .421° = 975, This 
result ts less than 1.0 so a small margin of 
safety exists. 

Problem 7. Combined Compression, Bending and 
Transverse Sfear. 


Same cylinder and loads as in Problem 5, 
but without tne torsional moment load. 


solution: 


The interaction equation is, 








Ro t+V Rg + RP Fl ---- eee lee (c 
Re = .527, Ry 2 .421 and Rg = .208 (tron 
roblem 6) 


Subt. in Equation (C), 


527 + 7.208% + .421" = .964 (less than 1.0 


‘hus cylinder will not buckle.) 
Problem 8. Combined Bending and Torsion. 
a: (Lomb ned Bencing and Torsion. 


Using the sane cylinder as in previous 
problems, the combined loading is:- 


M = 478,000 in.lbs., T = 258,000 in. lb. 
Will the cylinder buckle under this loading. 
Solution: 

Rp = 470,000/870,000 = .701 

Rst = 358,000/688,000 = .520 

The interaction equation from Table C8.1 is, 
Rpt? + Rap” = 1 


+701**" * .520" = .88 less than 1.0, therefore 
cylinder will not buckle. 


The margin of safety can de determined 
graphically by using Fig. (3.21 as follows:- 


Find point (a) as indicated om Pig. ¢8.21 
using Rp = .701 and Reg = .520. Draw line 
from origin o through point (a) and extend it 
to intersect interaction curve at point (bd). 
Projecting downward and horizontally trom 
point (b), we read Ry = .78 and Ret = .58. 


The factor of utilization U = .70/.78 = 
+52/.58 = .8S5. Therefore Margin of Safety = 
(1/U) +1 (1/.895) ~1 2 .12, 





Problem 9. Combined Compressicn and Torston. 

Sa eee Lompressicn and Torsion. 
Same cylinder as in previous problams. 

The loads are P = 12900 lbs. T = 358000 in.ls, 

What {s M.S. 

Solution: The interaction equation trom Table 

O81 18, Ry + Roe? = 1 


Ry = 12900/20350 = .534 


= 258000/4880C0 = .520 
+524 + .5207 = .3C4 (less than 1.0, there~ 
fore no buckling.) 


2 
SRE oR ie 1S 


M = 
MS. «634 + (.634* + 4x .520%)472 7 = 
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Solution. 
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C8.17 Problems Involving Internal Pressure with 
External Loadings. 


Tne same cylinder and material as was used 
in Problems 1 to 9 will be used in the following 
example oroblems, namely, r = 50, t = .05, Ls 
78, = 10.7 x 10% 

Problem 10. Axial Compression with Internal 
Pressure. 


The cylinder ts subjected ‘to an axial com~ 
pressive load of 50000 lbs. and an internal 
pressure or 5 lbs. per sq. in. What is the 
margin of safety under this combined load system 
with 90 percent probability. 


From Problem 1, the buckling com- 
pressive stress Foop With no internal pressure 


was 1295 psi. To obtain the increase in the 
compressive buckling due to the internal pres- 
Sure, we uSe Fig. (8.11. The horizontal scale 


parameter is, 
Bes 5 50)2 Ly, e 
= =) = yo;760,000 (cag) = 4-87 


From Fig. C8.11, we read on vertical scale, 


Fe 
=>" (&) = .21, whenc 


aFoop * (NX «21x 10,700,000x .05)/S0 = 22507] pst 


Since the stress 1s below the proportional 
limit stress the plasticity correction is zero 
or =1.0. Thus Fo, = 2250 psi. 


Then the total buckling stress with the 
internal pressure 1s 1295 + 2250 = 3545 psi. 


Now the internal pressure produces 4 longi- 
tudinal tensile stress in the cylinder wall. 
This tensile stress is, 


Py = pr/2t = 5 x 50/2 x .05 = 2500 psi 


This tensile stress must be cancelled before 
walls can be subjected to 4 compressive stress 
due to an external compressive axial load. The 
allowable failing load P, thus equals, 


Pa = Enrt (Fo, + Foun * Pe) 
= én x 50 x .05 (3545 + 2500) = $5060 1b, 
M.S. = (P,/P)-1 = (95000/50000) -2 = .30 


Tals result shows the tremendous effect of 
internal pressure in increasing the compressive 
strength of 4 thin walled unstirfened circular 
cylinder. With no internal pressure, the 
failing compressive load as calculated in 
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Problem 1 was cnly 20350 Ibs. as compared to 
$5000 lbs. with 5 psi internal pressure. 
Problem ll. Bending with Internal Pressure. 

It the same cylinder as used in the pre- 
ceding example problems 1s subjected to 2 
banding moment of 3,000,000 in. lbs. when 
internal pressure is S psi, what is the M.S. 
use 90 percent probability. 


ound in Problem 2 to be 1710 psi. The in- 
oresase in this bending buckling stress due to 
internal pressure is obtained from the curves 
in Fig. 08.14. The horizontal scale parameter 


ts, 
Br. 5 B00 
= |)" = Toy7G0;000 (cos) ” * 4-87 


From rig. 08.14, we read 


—— &) = .51 for 20 vercent probability. 


= (.51x 10,700,000 x .05)/30 = 


5350 psi. 

AS calculated in Problem 11, the internal 
pressure of 5 psi produces a longitudinal 
tensile stress in the cylinder wall equal to 
Tt = 2500 psi. The allowable bending moment 
that cylinder can develop ts, 

a7 =F - 
Ma = Po(cotar)?/7 * Pocotay * Ft 
*o(totan) Shp AR bg Feb F 


1710 + $350 + 2500 = 9560 pst. 
M, = 3560xmx50*x .05 = 3760000 in. ibs. 


M.S. 5 (Mg/M) -1 = (2750000/3000000} -1 = .25 





in note the tremendous effect of 
inte pressure on the bending strength. 
with no internal pressure, the failing bending 
moment was $70000 as compared to 3780000 with 
5 2si internal oressure. 






Problem 12. 


arose 





Ssiution: 


Interaction equation is, Ry + Rp Fl 


compression plus 5 psi, internal pressure 
95000 lbs. 


From Problem 10, the allowable load P, for 
is 


Ry = P/Pg = 51000/95000 = .536 


From Problem 1l, the allowable bending 
moment M, with an internal pressure is 2,760,000 
in. lbs. 


Ry = M/Mg * 1475000/3760000 = .392 


Ro + Rp = .536 + .3592 = .929 (less than 1, thus 
will not buckle) 


M.S. = (1/.928) - 1 = .08 


Problem 13. Torsion with Internal Pressure 

If the same cylinder is subjected to an 
internal pressure of 5 psi, what pure torsional 
moment T, will it carry without buckling. 


Solution: 


With no internal pressure, the torsional 
shearing buckling stress as calculated in 
Problem 3 was 876 psi. for SO percent proba- 
bility. 


The increase in shear buckling stress due 
to the internal pressure sill be determined by 
use of interaction curve in Fig. C9.22. To use 
this curve, the external nydrestatic pressure 
(Pext,) to cause duckling of the cylinder must 
be determined. This buckling stress Poop is 


determined by equation C8.7, which is, 


Ky nie tye 
a Ray 
Foor "TE = Ve”) rn 


The buckling coefficiant k, is found by 


2 
use of Fiz. © 





Fe 





2 
z= ea ~ Uy*)*/? = 2140 (See Prodlem 1) 
From Fig, C3.15, we read ky = 60 


Py of 
s 10,700, C00 (see) = 258 sl 





2 to produce this 
the cylinder wall 


Fig. 23 
in the torst 














is less than 1, 
ie under the zi. 





8.17 Buckling Strength of Thin-Walled (Monocoque) 
Conical Shells. 


In a multi-stage missile, the uoper stages 
normally have smaller diameters than the lower 
Stages, thus 2 conical shell provides a type or 
Structure to permit changing the missile 
diameter between the various stages. 








5 = 4,18 1b. 
£150,000 in. ~ AS for the case of the cylindrical 


monocoque shell, the theoretical analysis for 


eters: 39 int ton curve in Fig, . wes 5 + 
mes paren se nee se? me. eee ae Saltese ig the buckling strength of conical shells oy 
meee Sarkar. 2 30.6n Se saresat prosability; 2ither the small or large deflection theortes 
OR or rae Se ata ee Re geen cobb Prose! “| sivas results considerably above those given 
Would give a curve consider 


ably below the 
curve shown. A correction fac 

“ould seem to be tn order or 

4220 281. 


= 7 by tests, thus design of conical shells at 
ob Saas 8 | present is based crimarily on results obtained 
ee9 by tests. The material presented in this 
chapter will thus be limited to tresentins a 


‘ + few gn buck curvas. 
ng stress can be calculated by design buckling curves 


i 
eracticon equation: 
ee C8.18 Allowable Compressive Buckling Stress for 
wn Thin-Walled Conical Shells, 





= 19.4 (use minus sien) Pig. C3.Z4 shows design curves for thi 
var ME ey compressive tuckling stress of a conical shell 

as derived from a statistical study of tast 

+4, or fet = ZS40 psi. data by Hausrath and Dittoe (Rer, 16). The 
expression for the buckling compressive stress 

cause Torsional duckling with 5 along 2 generator at mic~nelght of cone ts, 

pressure requires a torsional a 

or 3340 ost, 7er 


Then the torsional moment geveloped = 
S340 (2n x 507 x .05) = $3,109,000 in.lb, where, Pop ts the tuckling axial compressive 
load on cone. 

Proolem 14, Combined Compress 
rston and Inter 





5 = radius of curvature 9° cone at mid- 
t 


od 






pF 


"tf 







3 









= "10, 000/2,100,200 = .226 
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50 100 500 000 5,000 10,000 


lo 


Fig. C8.24 (Ref. 16) 


The "A" and "8" curves are recommended for 
practical design. Tne "A" level curve is 
for use for thosa structures where 
ure would result in catastrophic 







loss or injury to personnel. The stress level 
3m the small end of the cone should d@ checked 
to precluds the possibility of an early failure 
precipitated by inelastic stresses. 


C8.19 Additional Design Buckling Curves for Thin- 
Walled Conical Shells. 


Figs. C8.25, 26, 27 gives curves for 
armining the allowable buckling stress for 
n-walled conical shells in compression, 
ding and torsion respectively. These curves 


Oo 
a 






pressure for thin-valled 

so 2rom same Bosing Rerort. 
curves were used for minuteman interstage 
Kirt design and ¢ 
iffeners des 








i EON OF TERMS :- 


= allowadle oc 


mnpressive Suckling 





tebe be yay 
oOo 
ct 


oer tt 
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Buckling Under Combined Loading 


From Boeing Report (D£-3617) the effects 
of simultaneous compression, oending, s rand 
overpressure can be considered using tne inte 
action equation:- 





(Re + Ry + Ry)*? + gh = 1 
where, Ro = f6/Fg, Ry = fp/Fo, Ry = 
Rg = WGer 


8.20 Example Problem. 


A conical saell with wall thickness t = .05 
and other dimensions shovm in Fig. (a) is 
fabricated frem aluminum 
alloy (= = 10,700,000). 
Determine the following 
values:- frzor 4 

3 
{1) Allowable compres- 
Sive load Pa. 


Allowable bending | 
moment Moy. 


Allowable torsional 
moment Ter. 


(4) External duckling pressure der. 


Solution: 


10/cos 10° = 10.16 in. 
10.16/.05 = 203 
20/cos 109 = 20.32 in. 
20.22/10.16 = 2.0 


e 
p/t 
L 
L/o 


uwuwa 


To find Po: 


From Fig. C8.25 with p/t = 203 and L/o = 
2.0, we read Fo x 10°/E equals 1.20. Whence 
Fo = 1.20x10,700,000/1000 = 12,820 psi. Then 
mrt 
Ox én x 10x .05 = 





30,500 lbs. 


with o/t = 202 and L/o = 
x 10°/E = 1.48. whence Fy = 
C,0C0/10CO = 15820 ssi. Then 
rat 

mx 10? x .05 = 248,500 in. lo. 








From 33.27, with o/t = 203 and Lio = 
2.0, we read Fst X 10°/E = .61. ‘iaence, = 
51 x 10,790,000/1000 = 8520 psi. Then 
4 2nr%t 
x 2m x 107 x .05 = 205,000 in. Lb. 
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Te pS es 8 100 = 3 
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To find external buckling pressure Gori - 
ee ee eed 
Use {is made of Pig. C8.28. 


~ 10+ 13.52 _ 
Pave “2 cos 1o™ * 1.92 in. 


Pavg/t = 11.92/.05 = 238 


The lower scale parameter of Fig. C8.28 is, 


2 
z= Vi 


Paygt 


= 20.32" ee 
2=iTo2 x 05 Vi - -3* = 660 


From Fig. C8.28 for Z = 660, we read 
Ky = 27.5. The equation for buckling pressure 
from Fig. C8.28 Is, 





Ky Bt°n? 
Mer payg bt le (Ee) 


27.8 x 10,700,000 x 0S? xn? _ 
“[lve2 x 20.22 x12 (1-37) 7 5:37 pst 
PROBLEMS 


(1) A monocoque circular cylinder is fabri- 
cated from aluminum alloy for which 5 is 
10,500,000. Wall thickness is .064. 
Cylinder diameter is 80 inches. Length 
is 60 inches. Using a probability factor 
of 90 percent, determine the following 
values :~ 


(a) Buckling compressive load for 
cylinder. 

(>) Buckling bedding moment ror cylinder. 

{c) Buckling torsional moment for 
cylinder, 


(2) The cylinder in Problem (1) is subjected 
to the following design loads. Will the 
cylinder fail under these various design 
conditions:- 


Condition 1 
P = 30000 lbs. compression 
M = 50000 in. lbs. 


Condition 2 
P = 25000 lbs. compression 
M = 45000 tn. lbs. 
T = 50000 in. lbs. 


(3) If the cylinder in Problem 1 ts 
pressurized to 6 psi, what ultimate 
compressive load will it carry. What 
ultimate bending moment will it carry. 
What ultimate torsional moment will it 
carry. 








~MONOCOQUE CYLINDERS 





(4) A conical shell has a small end diameter 
of 30 inches, a length of 30 inches, a 
Semi-vertex angle of 8 degrees and a wall 
thickness of .057. Material is aluminum 
alloy with E = 10,500,000. Determine the 
ultimate compressive load, the ultimate 
bending moment, and the ultimate torsional 
moment the cone will sustain when each 
load 1s acting Separately. 


Determine the external pressure that 
will buckle the cone. 
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CHAPTER C9 


BUCKLING STRENGTH OF CURVED SHEET PANELS. ULTIMATE 
STRENGTH OF STIFFENED CURVED SHEET STRUCTURES. 


PART 1 


C9.1 Introduction. 


Curved sheet panels represent 2 common 
external part of flight vehicle structures. 
Examples are the skin of the fuselage and the 
missile. If the curved sheet has no longi- 
tudinal stiffeners, failure will occur when 
buckling occurs. If the curved sheet has 
stiffening elements attached then the composite 
unit will not fail on the development of sheet 
buckling, that is, the composite unit has an 
ultimate strength much greater than the load 
which caused initial buckling of the curved 
sheet panels between the stiffening units 
commonly referred to as sheet stiffeners. In 
some flight vehicle designs it may be specified 
that under a certain percentage of the limit 
loads that no buckling of the curved sheet 
panels shall occur. Thus tt is necessary to be 
able to determine what stresses will cause 
curved sheet panels to buckle and also to 
determine what external loads will cause a 
stiffened sheet panel to fail. 


C9.2 State of the Theory. 


In Chapter Al8, the small deflection 
linear theory was used to determine the com- 
pressive buckling stress of flat sheet panels. 
The theoretical results compare favorably with 
experimental test results. However, when the 
same theory is applied to unstiffened curved 
sheet panels or thin-walled cylinders, the 
theoretical results are considerably above the 
test results on such units. A large deflection 
theory gives closer comparison to test results, 
but this theory {nvolves a consideration of 
initial imperfections in the sheet and thus an 
unknown quantity. For the application of both 
small and large deflection theortes to the 
buckling of curved sneet and cylinders, the 
Treader is referred to the references listed at 
the end of Chapter CS, pvarticularly those 
veports which give the results of such in- 
vestigators as Donnell, Batdorf and Gerard. 


C9.3 Compressive Buciling Stress of Curved 
Sheet Panels. 


The expression for the buckling stress 
under axial compression is of the same form as 
tor flat sheets, the value of the buckling 
coefficient Ke maving a higher value. 

_ Ke nee 
Foor = 12 (1 - Ye") 


2 


(2) Siete 69,2 
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Fig. C9.1 gives curves for determining the 
buckling coefficient K,. The theoretical 
derived curve is shown along with the recom- 
mended design curves which were dictated by 
test results. These curves apply for buckling 
stresses in the elastic range. 


C9.4 Shear Buckling Stress of Curved Sheet Panels. 


The equation for the buckling shear stress 
1s, 


_ Kg n* 5 ta 
sor “12 (1- Ve) (>) 


Figs. C9.2 to C9.5 gives curves for finding 
the buckling stress coefficient K, to use in 
Equation C9.2. These curves apply when buckling 
stresses are in the elastic range. 


C9.5 Buckling Strength of Curved Sheet Panels Under 
Combined Axial Compression and Shear. 


The studies by Schildcrout and Stein 
{Ref. 1) gave the following interaction equation 
for combined longitudinal compression and shear 
on curved sheet panels:- 


fs fe 
» RLF 








where, Rg = 


Fer Peer 

If the longitudinal stress is tension 
instead of compression, then Ry, is considered 
as 4 negative compression using the compression 


allowable. The equation for margin of safety 
isi- 

. ee 

4.8. 5 RL + VA? * 4 Rg? ld o------ c9.4 


C9.6 Compressive Buckling Stress of Curved Panels 
with Internal Pressure. 


As for the case of monocoque cylinders, 
internal outward pressure increases the axial 
buckling compressive stress of the curved sheet 
panel. Rafel and Sandlin (Ref. 3) and Rafel 


(Ref. 4} performed tests on curved panels under 
axial compression and internal outward pressure. 
The results correlate with the interaction 
equation:- 
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Fig. C9.2 Shear Buckling Coefficients for Long Clamped Curved Plates 
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Fig. C9.4 Shear Buckling Coefficient for Long 
Simply Supported Curved Plates. 


_Kg N7E tvs 
Fscr "72 1 - ve) b 


a 
2p =a i Ver) */2 





Fig. C9.5 Shear Buckling Coefficient for Wide 
Simply Supported Curved Plates. 


KgN*?E it, 
Fscr “Ta (i- Ves b 


Zp = Be(L - Ye */ 
(From Ref. 2) 
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C9.6 ULTIMATE STRENGTH OF 


where Ro = fo/Fooy 


applied internal pressure 
external inward pressure that 
would buckle the cylinder of 
which the curved panel is a 
section. Found by use of 
Fig. C8.16 in Chapter ca, 


Rp = ratio of 


In using Equation C9.5, the value of Rp 
is negative as inward pressure ts opposite to 
the inward acting outward pressure, 


C9.7 Shear Buckling Stress of Curved Sheet 
Panels with Internal Pressure. 


As in the case of monocoque cylinders, 
internal pressure increases the shear buckling 
Stress of the curved Sheet panel. Brown and 
Hopkins (Ref. 5) solved the classical 
equilibrium equations to determine the effect 
of radially outward pressure upon the shear 
buckling stress of curved panels and obtained 
fair agreement with test data by Rafel and 
Sandlin (Ref. 3). The test data also 
correlates with the interaction curve used 
for the effect of internal pressure upon 


cylinders in torsion (see Chapter C8). The 
interaction equation ts; 
ReetRp ee 2> eS cece ee ee - 09.6 


where ‘Rg = ts/Fsop 


zs applied internal pressure 
Rp = ratio of external inward pressure that 
would buckle the cylinder of 
which the curved sheet panel 
is a section. Found by use 
of Fig. C8.16 of Chapter cs. 


In using Equation c9.6, Rp is given a 
minus sign. 


C9.8 Example Problems. 
PROBLEM 1. 


Fig. C9.6 illustrates a circular fuselage 
Section with longitudinal stringers represented 
by the small circles. The area of each 
stringer is .15 sq. in, The skin thickness is 


+04 inches. All material 1s aliminun alloy 
with Ey = 10,700,000. The fuselage frame 
Spacing (a) 1s 15.75 inches. The fuselage 


Section is subjected to the following load 
system: - 


My = 600,000 in.1b. 
top hair) 

Vg 7 5175 lbs. (acting up) 

T = Torsional moment = 210,000 in.lbs. 
counterclockwise) 


(causing compression on 


{acting 
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Fig. C9.6 


The problem is to determine whether skin 
Panels (A) and (B) will buckle under the given 
combined loading on the fuselage section, 


Solution. 

To find the bending stresses, the moment 
of inertia of the cross Section about axis y-y 
is necessary, which axis is also the neutral 
axis since all material is effective. The 
moment of inertia will equal 4 times that due 
to material in one quadrant, 

ly due to stringers is, 


ty = 4 [.075x20*+ .18 (19.307+ 17.34" + 14,148 
+ 10*+5.18*)] = 720 in.* 


Due to skin:- 
ly =m r°t = mx20°x .04 = 1008 in.*, 
Total ly = 720+1005 = 1725 in.*, 
Consider Skin Panel (A): 
r/t = 20/04 = 500, a/d = 15.78/5.25 = 3.0 
To determine the compressive buckling 


stress, use will be made of Fig. C9.1.to find 
the buckling coefficient Ky. 


b* 2)1/a 
Zs Fe (1 ~ Vy2)/ 
5.25? fa 
“20x .og (1 - -3*)*/* = 32.9 


From Fig. 09.1, Ky = 14 











7 we _tys 
Foor = 2 (1 -Ua) 0? 


14_n* x 10,700,000 ,.04, 
ee $e — 
Tar - 3") G.a5) = 2850 pst 


To find the shear buckling stress, we use 
Fig. C9.2. Z is the same as calculated above 


or 32.9. Thus from Fig. C9.2 we read for 
a/o = 3, that Kg = 20. 


= 20 2*X10,700,000 , 04a. 
Poop =e TL 03") (G25) ~ 12,200 pst 


The bending stress at midpoint of Panel 
(A) will be calculated: 


fg 2 M2/ly = (600,000x19.7)/1725 = 6850 pst 

Thus stress ratio Re = fo/Fe,,, = 6850/7850 
= 874 

Shear stress on Panel (A) due to torsion ts, 


fg = T/2at, where A is inclosed area of 
fuselage cell. 


fs = 210,000/2 x nm x 20° x .04 = 2090 pst. 


The panel is also subjected to shear 
stress due to transverse shear of V, = 5175 lbs 


The shear flow equation is, 


oe $175 - 
eee eee 


The shear flow will be zero on Z axis. 
The shear flow at top edge of Panel (A) will 
be due to effect of one-half the area of 
stringer (1). 


Gina = 3X .075 x 20 = 4.5 1d./in. 


Area of skin between stringers (1) and (2) 
is 5.25 x .04= .21 =A, 


Distance from centroid of Fanel (A) from 
neutral axis 1s Z =r sin a/a. a = 15°. which 
gives Z = 19.8 in. 


Thus q,_, = 4-5+3x .214£19.8 = 17 ib./in. 


Then average shear flow on panel is 
(17 + 4.5)/2 = 10.75. 


Then shear stress = q/t = 10.75/.04 = 
269 psi. 


This shear stress has the same sense or 
direction as the torsional shear stress so we 
add the two to obtain the true shear or: 
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ts (total) = 269 + 2090 = 2359 psi. 


Then shear stress ratio Rg = ts/Faor = 
2359/11200 = .21. 


The interaction equation for combined 
compression and shear is, 


Ry + Rg? = 1 


.874 + .217 = .918. This is less than 1.0 so 
panel will not buckle. 





2 
MS. * Tha + (ema? + ax ale b= 09 


Consider Skin Panel (B). 


Arm Z to midpoint of panel = 15.86 in. 
fe 


Re 


Mz/I = 600,000 x 15.88/1725 = S520 psi 
5520/7850 = .704 


The torsional shear stress {is the same on 
all panels or fg = 2090 psi as previously cal- 
culated. 


Shear flow q due to transverse shear load: 


a>} 32a = 3 BZA. 


Calculation of IZA at upper edge of panel: 


For stringers = .075 x 20 + .15 (19.3 + 17.34) 
7.0 


For skin: Area = 2x 5.25 x .04= .42. 
Vertical distance Z to centroid of skin portion 
=rsina/e. a= 30%. The result is Z'= 19.1 
in. The ZA = 19.1 x .42 = 8.03. Total 22a = 
8.03 + 7.02 15.03. Then qg >= 3 2A 23 x 15.06 
= 45.09 1b./in. 


A similar calculation for shear flow at 
lower edge of Panel (B) would give q equal 55.0. 
Thus average shear flow on panel ts (55 + 
45.09)/2 = 50.04. Then f, = a/t = 50.14/.04 = 
1251 psi. The total shear stress fg on panel 
then equals 1251 + 2090 = 3341 psi. 


Rg * f9/Fsgp = 3341/1120 = .299 

Substituting in interaction equation Ry + 
Rg* = .704 + .299* = .793, The result is less 
than 1.0, thus panel will not buckle. 


The student should check other panels for 
buckling and compare their margins of safety. 
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General Comment:- 


In general the compressive stress is the 
dominant factor in causing the panel buckling. 
Thus to increase the buckling stress of the 
panels and also to give a more effective 
Stringer arrangement to carry the bending 
moment, the stringers should be spaced closer 
in the top and bottom regions of the cross- 
section and with increased spacing as the 
neutral axis 1s approached. 


PROBLEM 2. 


The fuselage section in Problem 1 is sub- 
jected to an internal outward pressure of 5 
psi. What would be the compressive buckling 
stress of a panel and also the shear buckling 
stress with this internal pressure existing. 





Solution. 
From Art. €9.6, the interaction equation 
is, 
Ro? + Rp #1, R fe 
ce + Rp Sd, Re 
Peer 


From Problem 1, the compressive buckling 
stress Foor = 7850 psi. 


To evaluate Rp, the external inward radial 
acting pressure that would cause buckling of a 
circular cylinder having 2 radius equal to that 
of the curved sheet panel must be determined. 
Use 1s made of Fig. C8.16 of Chapter C8 to 
determine the backing stress under such a 
loading. The lower scale parameter for Fig. 
c8.16 is, 





= fh25_ JT 3 = 296 


20x .04 


From Fig. C8.16, we read Ky = 19 
-_ty We (by 
“12-0 = ve?) SL 


. a 
"Cer 


19 n? x 10,700,000 204 


rus = oa (TEr7g)* = 1216 pst - 


The external radial pressure to produce 


this buckling stress is, 

dD Foo pt/r = 1215 x .04/20 = 2.43 psi 
= 5.0 . 

Rp = ety = 2.06 


Subt. in interaction equation with 4 minus 
sign for Rp, 
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fo? 
eee aR a 
Fenn Pp 
a 


f, 
Feso® - 2.06 = 1, or fy = 13750 psi 


Thus the internal outward pressure of 5 
psi increases the axial compressive buckling 
stress from 7&50 to 13750 pst. 


Shear Buckling Stress Under 5 psi Internal 
Radial Pressure. 


From Art. C9.7, the interaction equation 


From Problem 1, Por or our panel was 


11200 psi. The value of Rp is determined as 





above or Rp = 2.06. Subt. in interaction 
equation: 
fe? 
S - 2.06 =1 
“Ser 


fg* = 112007 (3.06), or fg = 19500 psi. 





The internal pressure of 5 psi thus in- 
creases the shear buckling stress from 11200 to 
19500 psi. 


PART 2. ULTIMATE STRENGTH 


OF STIFFENED 
CYLINDRICAL STRUCTURES. 


C9.9 Introduction. 


A cylindrical structure composed of a thin 
skin covering and stiffened by longitudinal 
stringers and transverse frames or rings is a 
common type of structure for airplane fuselages, 
missiles and various types of space vehicles, 
and such structures are often referred to as 
the semi-monocoque type of structure. The 
design of a semi-monecoque structure involves 
the solution of two major problems, namely, the 
stress distribution in the structure under 
various external loadings and the check of the 
structure to see if these stresses can be safely 
and efficiently carried by individual components 
of the structure as well as the structure acting 
as a whole. 


C9.10 Types of Instability Failure of Semi-Monocoque 
Structures. 


(1) Skin Instability. 
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In general, thin curved sheet panels buckle’ 
under relatively low compressive stress and 
thus 1f design requirements specified no 
buckling of the sheet under limit or design 
loads, the sheet would have to be relatively 
thick or the stringers placed very close to- 
gether and the fuselage or body structure 
would be unsatisfactory from a strength weight 
Standpoint. In missile structures, internal 
pressurization increases the buckling stress 
greatly, thus the buckling weakness of thin 
Sheet is improved, but keeping a structure 
pressurized under all operating conditions nas 
its difficulties. 


In a semi-monocoque body, the longitudinal 
stringers provide efficient resistance to 
compressive stresses and buckled sheet panels 
can transfer shear loads by diagonal tension 
field action, thus the buckling of the sheet 
panels is not an important factor in limiting 
the ultimate strength of the over-all 
structural unit. when buckling of the skin 
panels takes place, a stress redistribution 
over the entire structure takes plece, thus it 
is important to know when skin buckling begins. 
Furthermore, design requirements may often 
specify that no skin buckling should take 
place under a certain percent of the limit or 
design loads, The equations and design curves 
in Part 1 of this chapter can be used to 
determine the buckling stress of curved sheet 
panels under various stress systems. 

(2) Panel Instability. 

The internal rings or frames in a semi- 
monocoque structure such as a fuselage divide 
the longitudinal stringers and their attached 
skin into lengths called panels. If these 
frames are sufficiently rigid, a semi-monocoque 
structure if subjected to bending will fail on 
the compression side as {llustrated in Fig. 
C9.7a. The stringers act as columns with an 
effective length equal to the panel length 
which is the ring spacing. Initial failure thus 
occurs in a single panel and thus is referred 
to as a panel instability failure. in general, 
this type of failure occurs in most practical 
aireraft and eerospace semi-monocoque 
structures because the rings are sufficiently 
stiff to promote this type of failure. Since 
the inside of a fuselage carries various loads, 
such as passengers, cargo, etc., the rings must 
act as structural units to transfer such loads 
to the shell skin, thus requiring rings of 
considerable strength and stiffness. Even 
lightly loaded frames must be several inches 
deep to provide conduits required in various 
installations to pass through the web of the 
ring cross-section, thus providing a relatively 
stiff ring for supporting the stiffeners in 
their column action. When the skin buckles 
under shear and compressive stresses, the skin 
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panels transfer further shear forces by semi- 
diagonal tension field action which produces 
additional axial loads in stringers and also 
bending which must be considered in arriving 
at the panel failing strength. This subject 
is treated in detail in Part 2 of Chapter Cll. 
{3) General Instability. 

In general instability, failure is not 
confined to the region between two adjacent 
frames or rings but may extend over a distance 
of several frame spacings as illustrated in 
Fig. C9.7b for a stiffened cylindrical shell 
in bending. In panel instability, the trans-— 
verse stiffeners provided by the frames on 
rings is sufficient to enforce nodes in the 
stringers at the frame support points as 
illustrated in Fig. C9.7a. Any additional 
stiffeners in excess of this amount does not 
contribute to additional buckling strength. 
General instability may thus occur when the 
stiffeners of the supporting frames is less 
than this miniman value. 


C9.11 The Determination of the Stresses ina 
Stiffened Cylindrical Structure Under 
External Loads. 


The stresses in a stiffened cylindrical 
structure such as used in typical fuselage or 
missile design can be fairly accurately 
determined by the modified beam theory as pre- 
sented in Chapter A20. A more rigorous approach 
is given in Chapter AS involving matrix formu- 
lation but this approach requires the use of a 
large electronic computor to handle the required 
calculations. For details of applying the 
modified beam theory, the reader should refer 
to Articles A20.3 and AZ0.4 of Chapter AZO. 

In the example problem solution as given in 
Article A20.4, the effective area to use for 
the curved sheet was based on the ratio of the 
buckling stress of the curved panel to the 
bending compressive stress on the panel due to 
bending of the entire effective cross-section 
of the fuselage under the design loads. In the 
example problem as given in Table A20.2, a 
conservative buckling compressive stress equal 
to .3 Et/r was used for the curved panel and no 
consideration of the effect of shear stress on 
the compressive buckling stress was considered. 


A more accurate procedure would be to cal- 
culate the effective area of the curved panels 
taking into account the influence of combined 
compression and Shear on the buckling strength 
of the panel. Thus in Table AgZO.2 on page AZ0.5 
of Cnanter AZO, the shear stress on each curved 
panel should also be calculated and then the 
buckling stress of the panel under the combined 
compression and shear calculated. 


The buckling stress under pure compression 








and shear should be calculated using Equations 


C9.1 and C9.2. The buckling stress under 
combined compression and shear is given by the 
interaction equation:- 


Ro + Rg* = 1, where Ry = fo/Foops Rg = fs/Fsyp- 
The expression for margin of safety is, 


3 7 ‘act 
Ro + V Rg? + SRg? 


Let ?, be the compressive stress that will 
buckle the curved sheet panel when subjected to 
combined compression and shear when the ratio 
of the applied compressive and shear stresses 
in a constant. Then, 





M.S. 


ey 2 
Fos fe Goa Vie + ag” 


These f, values should then replace the 
values in column 5 of Table A20.2. 


The author has noted that one aerospace 
company in their missile design uses only 90 
percent of the theoretical buckling stress in 
computing the effective area of the buckled 
curved panels. This correction assumes that 
the curved sheet fails to hold the buckling 
stress as the fuselage section as a whole is 
further loaded and the curved sheet suffers 
more buckling distortion. . 


C9.12 Panel Instability Strength. 


‘ Panel instability means failure of the 
stringer and its effective skin between two 
adjacent frames. The bending of the stiffened 
Shell as a whole produces a compressive load 
or stress on the striuger. The semi-tension 
field action of the skin after buckling 
produces an additional compressive load on the 
stringer and also a bending moment. 


The compressive stress due to bending of 
the stiffened shell as a whole is found by the 
methods discussed in Article C9.11. The 
additional stringer loads due to semi-tension 
field action are determined by the theory and 
procedure given in Part 2 of Chapter Cll. 


These calculated stringer loads are then 
compared to the stringer strength to determine 
whether a positive margin of safety exists. 
The local crippling and column strength of a 
stringer plus its effective skin can be found 
by the theory and analysis methods given in 
Chapter C7. The bending strength of the 


stringer cross-section can be found by the 
theory and analysis method given in Chapter ¢3. 
The strength of the stringer in combined 
compression and bending 1s found by use of the 
proper interaction equation. 


C9.13 Calculation of General Instability. 


“ great deal of theoretical and experi- 
mental work has been done on the subject of 
general instability of stiffened shells. The 
general goal in the design of such structures 
is to insure the frames have sufficient 
stiffness so as to prevent the type of fatlure 
illustrated in Fig. C9.7b or, in other words , 
to insure the type of failure illustrated in 
Pig. C9.7a which is panel instability. 


Shauley (Ref. 6) has derived an expression 
for the required frame stiffness to prevent 
general instability failure of a stiffened shell 
in pure bending. 

(EI)¢ = Cp MD*/L 


In a study of available test data, Ce was 
found to be 1/16000. Thus, 


(EI)¢ = MD*/16000L 


where, E = modulus of elasticity 


“ 


moment of inertia of frame section 
diameter of stiffened shell 

frame spacing 

bending moment on shell 


gprOoHn 
a on 


Becker (Ref. 7) in a comprehensive study 
of most published theoretical and experimental 
material relative to the general instability of 
stiffened shells, summarizes the results of his 
studies as given in Table C9.1. 


Bending. 


For the case of bending, the constant of 
4.80 in the equation given in Table C9.1 is for 
the condition where the frames are attached to 
the skin between the stringers. For frames not 
attached to the skin between stringers, the 
constant should be 3.25. 


The effective sheet width for use with the 
stringers may be found from the equation, 


W, 

—& . fa 
> 0.5 (Fegp/Fe) 
where, We = effective width of skin per side of 


stringer (in.) 
Dd 


stringer spacing {in.) 


= compressive buckling stress for 
curved skin panel 


Fo = compressive stress at bending 
general instability (psi) 


Foor 
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C9. 12 ULTIMATE STRENGTH OF STIFFENED CURVED SHEET STRUCTURES. 
Table C9.1 
(Ref. 7) 
Fm oy 
THEORETICAL GENERAL INSTABILITY STRESSES OF ORTHOTROPIC CIRCULAR CYLINDERS 
(Results are based on the assumption that spacings of longitudinal stiffeners 
and circumferential frames are uniform and small enough to permit 
assumption that cylinder acts as orthotropic sheil) 
— 
Loading Moderate-length cylinders Long cylinders 
———— 
Fo = gE (I¢t)*/#/Rtg 
Bending % 
& = 4.80[(/d\ 06/0 )(tg/te) *XO5/b)?] */* 
External radial t, 9, 
or hydrostatic Fy = 5. S1E GS)¥* (Gh? /2 Rh Fy = SE (0,/R)* 
if R y 
| pressure 
| 
: ts s/e Ht 6/0 /Ryr/a tes fat 5 /e 
Torsion Fer = 3.46 CE)? (ay*/* Per = 1.754 (2)*/+(t) 








Fy 
Fy 


FsT = Shearing stress at torsional general instability (psi) 


b 
d 
R 
t 
As 
At 


ts 


m 






= Compressive stress at bending general instability (psi) 


= Circumferentiai normal stress under external pressure at general instability (psi) 


= Stringer spacing (in. } 

= Frame spacing (in. ) 

= Cylinder radius (in. } 

= Skin thickness (in. ) 

= Stringer area (in. ?) 

= Frame section area (in. *) 

= Distributed stringer area = Ag/b 

= Distributed frame area = Ag/d 

= Bending moment of inertia of frame section (in. *) 
= Distributed bending moment of inertia of frame = fj/a 
= Stringer section radius of gyration (in. ) 

= Frame section radius of gyration (in. } 


Length of cylinder (in. ) 


Modulus of Elasticity, 

















| 
t 





4 
y 


. 
y 
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For the frames the effective skin width 
should be taken as the total frame spacing (d). 
For inelastic stresses, the use of the secant 
modules appears to be applicabie on the basis 
of limited test data. 


External Radial or Hydrostatic Pressure. 


The effective skin width to be used in 
computing the stringer and frame section 
properties may be determined from the following 
equation. 


The subscript s refers to stringer and £ 
refers to frame. The term d is the frame 
spacing. 


Torsion. 


The effective skin to be used can be 
determined from the following equation:—- 


Won  W, 
E et 
ie 0.8 (Fegp/Fat)*/* Se alee. BOLES 


where F. is the shear buckling stress 
Ser 


for the curved skin panel. Fz, the torsional 
shear stress at torsional general instability 
(psi). 


The equations for torsion as given in 
Table C9.1 would not apply to shells in which 
there is a strong tension field that could 
introduce appreciable secondary stresses in 
the frame. The reader should refer to Part 2 
of Chapter Cll for a treatment of this subject 
involving the effect of semi-tension field 
action in the skin panels. 


Transverse Shear General Instability. 


From Ref. 7, it 1s stated that a con- 
servative shear general instability shearing 
stress may be made by utilizing the relation. 
Fg = 0.85 Fg¢ cg.11 


where Fg is the transverse Shear stress under 
transverse shear general instability. 


General Instability in Combined Torsion and 
Bending. 


From (Ref. 7} the following interaction 
relation may be used to compute the permissible 
combinations of applied torsion and bending 
moments to a stiffened cylinder. 


where M = applied moment 


My = moment causing bending general in- ; 
stability acting alone I 


T = applied torsional moment 


To = torsional moment causing torsional 
general instability acting alone 


General Instability in Combined Transverse 
Shear and Bending. 


(Ref. 7) concludes there is no interaction 
for this combination of transverse shear and 
bending loads. General instability occurs only 
for either type of loading acting alone and thus 
both loadings may be examined separately. 


C9.14 Buckling of Spherical Plates Under Uniform 
External Pressure. 


Classical Theory using 0.3 for Poisson’s 
ratio gives the following buckling stress for 
a perfect spherical shell subjected to 4a 
uniform external pressure:- 

For 2 0.606 Bt/r ------------ 09.18 

Avatlable test data on practical shells 
show this theoretical buckling stress to be 
much too high. Thus to satisfy experimental 
results, reduced values must be used. The 
buckling equation which is similar to that for 
curved plates, under external pressure (from 
Ref. 2) is, 

_ Kp nt ts 
Por = 2 (1 - Aa) 

Fig. C9.8 shows curves for determining the 
buckling coefficient Kp and shows how test data 
falls considerably below the theoretical buckling 
curve. Equation C9.14 is for buckling stresses 
below proportional limit stress of material. 


Report AS-D-S68 of the Astronautics Division 
of General Dynamics Corp. from a statistical 
study of test data gives the following equations 
for the buckling stress of spherical shells under 
uniform external pressure for use in preliminary 
design. 


For Mean expected value:- 


Pop = 0+1581_ Et 
er * (sin a)?7% 


For probability = 90 percent and .95 
confidence factor: 


p= Oel138 Et 
cor * p(sin a)*75 


For 99 percent probability and .95 con- 
fidence factor: 


2s 
2 
p2ee 
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Fig. C9. (Ref. 2) Test Data for Spherical Plates under Externai 
Pressure Compared with Empirical Theory. 
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_ 0.0 
Fer = b(sin a) +7 as 


For explanation of 
angle a see Fig. A. 


when a = 90 or a 
hemisphere (sin a)*/* 
is one. 


The test range covered was 


792 a = 900 
175 = r/t = 2000 
The equations are for buckling stresses 


below the proportional limit stress of the 
material. 





ULTIMATE STRENGTH OF STIFFENED CURVED SHEET STRUCTURES. 


(1) 


(2) 


(1) 


(2) 


(3) 


(4) 


(6) 





PROBLEMS 


The fuselage cross-section as given in Fig. 
C9.6 of example problem 1 is changed by 
increasing the skin thickness to .05 inches. 
The design loads are increased to the 
following values: 


u 


My = 700,000 in. 1b., z ™ 6040 lbs. 


T = 245,000 in. lb. 


‘Will any of the skin panels buckle under 
this combined loading. 


The fuselage section as given in problem 1 
above 1s subjected to an internal outward 
pressure of 6 psi. What would be the com- 
pressive and shear buckling stress for the 
skin panels under this internal pressure. 
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CHAPTER C10 
DESIGN OF METAL BEAMS. WEB SHEAR RESISTANT 
(NON-BUCKLING) TYPE. 


PART 1. FLAT SHEET WEB WITH VERTICAL STIFFENERS. 


C10.1 Introduction. gyration of the beam section as large as possible, 
and at the same time maintain a flange section 
The analysis and design of a metal beam which will have a high local crippling or crush- 
composed of flange members riveted or spot- ing stress. Furthermore, the flange sections 
‘Nelded to wed members is a frequent problem in for large cantilever beams which are frequently 
airzlane structural design. In this chapter, used in wing design should be of such shape as 
the general theory zor beams with non-buckling to permit efficient tapering or reducing of the 
weos is considered. In Chapter Cll, the more section as the beam extends outboard. This 
common case where the beam wed wrinkles and tapering of section should also be considered 
goes over into a semi-tension field condition from a fabrication or machining standpoint. The 
is considered. The advantages and disadvantages | most efficient flange from 4 strength/weight 
of the non-buckling and the duckling or semi- standpoint might be very costly or entirely 


tension field web are discussed in Chapter cll. impractical from a fabrication and assembly 
The general beam theory as given in this chapter] standpoint. 
is basic to that given in Chapter Cll, thus the : 
student should study this chapter before Cll. xe 
1 


: Skin Skin 
Katast HRS % ke 5X 
1 - 4 
Web Web Web Web 
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Fig. f Wing beam 
of Boeing "Clip- 
per” flying boat. 
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metal covered wing construction. Sections {a}, 
(3), (c) and (a) are sypical team flange 
Sections for wide box beams where additional 
stringers or sxin stiffeners are also used to 
Provide bending resistance. These flange 
Sections are generally of the extruded type 
although such sections as (5) and (c) are 
frequently made ?rom sheet stock. These flange 
Sections are almost always used with a beam web 
composed of flat sheet, which is Stiffened by 
vertical stiffeners riveted or Spot-welded to 
the web or stiftened by beads or flanged 
lightening holes. 


Figs. (e) and (f) illustrate two types of 
flange sections used in truss beams which land 
themselves readily to connection with truss web 
members. Beam flange sections (z) and (h) are 
typical sections for wing construction in which 
no additional spanwise stringers are used. In 
section (g) tapering of sectional area is pro- 
vided by first omitting the reinforcing plates, 
and then gradually decreasing the extruded 
Shape by machining until only 2 small angle 
remains. In section (n) a gradual decrease in 
Section area is produced oy milling out the 
center portion to form an 4 section and then 
cutting this section down filly to a simple 
angle. 


C10.3 Allowable Flange Design Stresses. 


The calculating of the stresses fn the beam 
flanges ts in general not a difficult procedure 
if the usual assumptions are made in the flexure 
theory. The question as to what flange stresses 
will cause failure is the difficult one from 2 
theoretical standpoint. The only sure way to 
determine the design allowable ts to make 
Suffioient static tests of specially designed 
test beams. 


For dDeam sections as {llustrated in Fig. 
c10.1, the following tests are usually necessary 
for forming the basis of design allowable 
stresses. 


(1) A test subjecting the beam to pure 
dending. 
(2) test of a short length of beam In 





vending so that failure will occur tn wed 
instead of flange. 


(2) A test of a short length of deem tn 
ompression to obtain local crippling 


Several tests of beams in combined 
ratios 


(4) 
Sending and compression, using di?ferent 
of bending te compressive loads. 


Enough data from the above tests can 
usually be obtained to give rather complete 
allowable stress curves or the design of the 
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beam. For the approximate design of beam 
flanges, the method given in this chapter can 
de used. 


The beam flange sections (a), {b), (¢) and 
(d) of Fig. Clo.2 are Stabilized by the sheet 
covering and also by the beam web; thus compres- 
sive tests of short lengths to obtain crippling 
Stress, and a test of 4 length equal to the wing 
rid spacing should give suffictent information 
on which to base design allowables, Several 
iengths of the flange section for the truss 
of beam should de tested in compression to 
obtain the column curve since the distance 
between panel points of the truss will vary. 


type 


Sefore designing any test beams, the 
structural designer would like to know approxi- 
mately what his proposed beam flange sections 
will carry from a stress standpoint, since tt 
1s desirabie to make test Specimens closely 
approximate to the sections to be finally used 
in the completed structure. For most of the 
Sections of Fig, Cl0.2, the ultimate stresses 
can be calculated approximately by the methods 
of Chapter C7. For heavy sections similar to 
(g) and (h) of Fig. Cl0.2, where the ultimate 
stresses fall far above the yield strength of 
the material, and where some parts of the 
section buckle before other parts, and also 
where two differant Kinds of material are used 
in the same flange section, a logical procedure 
in trying to calculate ultimate strength of the 
Section would be to make use of the stress- 
strain diagrams of the materials. 


C104 Use of Stress-Strain Diagrams in Computing Beam 
Flange Bending Allowable Design Stresses, 


In the beam type of wing construction, 
where the flange material is concentrated over 
the web members instead of distributed over the 
Surface in the form of stringers, the allowable 
ultimate compressive stress which can be 
developed Is considerably above the yleld 
strength of the material since the flange ts 
composed of a section with thick elements which 
promotes 4 high crippling stress and since the 
beam flange is stabilized in both vertical and 
horizontal directions by the web and skin cover= 
ing respectively, the influence of column action 
is negligible. Fig. (a) tllustrates this ty @ 
of beam. The general flexure formula assumes 
that stress is Dreportional to strain whieh ts 
correct for stresses below the proportional 
limit of the beam material, but the ultimate 
vesisting stresses for the flange o2 a beam such 
as in Fig. (a) {s far above the proportional 
limit, thus the actual stress distribution is 
more like the dashed line tn Fiz. (b) instead 
of the triangular distribution as assumed in the 
commen beam theory. Thus to obtain beam fiber 





stresses above Che oroportional limit, it is 
necessary to consider strain and the stress 
which accompanies such 2 strain, wh relation- 

















Skin 


Assumed stress 
distribution in 
beam formula. 






Actual stress 


"7 
distribution 


Fig. 6 above yield point. 





ship can be obtained from the stress-strain 
diagram of the material. A straight line 

distribution for strain, that is, plane sections 
remains plane after bending is a reasonable one, 
and verified by tests. 


In a beam in dending, one side is in 
tension and the other in compression. The 
tensile and compressive stress-strain diagrams 
for materials like aluminum alloy are different 
above the proportional limit, and the same unit 
strain will cause different stresses on the two 
sides of the beam. In frequent cases of large 
beam design, the beam flange may be composed of 
two kinds of material and certain portions for 
attaching to skin or web may buckle befors the 
ultimate strength of the section as a whole is 
obtained. The solution for the ultimate 
internal resisting moment for such a beam re- 
quires that consideration be given to the 
stress-strain diagram of the various materials 
and units making up the beam section. This 
general method of approach in studying tne 
ultimate internal resisting moment of a beam 
section can best be explained by an example 
problem. 


Example Problem 


Fig. Cl0.3 shows the cross-section of a 
beam in a metal covered wing. The main flange 
members are composed of heavy 24ST extruded 
shapes. The extrusions are reinforced by 24SRT 
sheet strips. The beam web ts made from 24ST 
alclad material. The problem is to calculate 
the ultimate internal resisting moment for this 
beam section. 


Fig. Cl0.4 shows the stress~strain diagram 
for these various materials. The 1/8 inch thick 
outstanding legs of the extrusions act as 4 
plate stiffened on three sides and free on the 
fourth. These legs will buckle at a stress of 
35,000 psi in compression as determined by the 
methods given in Chapter C7. The stress-strain 
diagram of the two outstanding legs will be 
horizontal at 25,0CO psi as shown in Fig. 10.4. 
Although the legs buckle, they will tend to 
hold the buckling stress under farther flange 
strain. In Fig. C10.5, each beam section nas 
been broken down into narrow norizontal strips 
designated from (a) to (w). Only that portion 
of the web in way of flange nas been considered 
in this example. Fig. Cl0.Sa shows the strain 
@istribution assumed for the trial sclution. A 
heavy aluminum ailoy section in compression will 
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usually fail at a strain between .008 to .01 
inch per inch if column failure is prevented. 
In Pig. C10.5a, the compressive unit strain at 
the upper beam fiber nas been taken as .008"/". 
The neutral axis of the section has been 
assumed at 1.25" above center line of beam. 
Taking zero strain at this point the beam 
section strain 772> .. 1s as shown in Pie. 
C10.Sa. 


For equilibrium the total compressive bend- 
ing stresses above the neutral axis must equal 
the total tensile bending stresses below the 
neutral axis. 


Tables C10.1 and Cl0.2 give the detail 
calculations for calculating the resisting 
moment. The bending unit stress in column (5) 
is obtained from Fig. C10.4 using the unit 
strain in column (4). [2 the summation of 
column (6) in each Table is the same, the 
assumed location of the neutral axis is correct. 
The total ultimate resisting moment for this 
section equals 1032000 + 1360110 = 2393000 in. 
lb. Using the ordinary beam formula with 
properties about the geometric neutral axis as 
given in Fig. Cl0.3 and taking extreme fiber 
stresses of 46000 and 52000 psi which corres- 
pond to stresses as per strain diagram of Fig. 
C10.5a, the internal resisting moment would 
equal, M = f I/e = 46000 x 436/969 = 2070000 
in. lb. as compared to 2392000 in. 1b. by the 
more logical solution, which is a difference of 
16 percent. The discrepancy would still be 
larger if the outstanding leg (a) did not 
buckle, since the more exact solution only 
allowed 35000 psi on this element whereas the 
general beam formula stresses 1t to 46000 psi. 


Trial and Error Approach 


The location of the neutral axis is un~ 
known, thus the calculations in Tables C10.1 and 
2 are for the final assumption which is the true 
location of the neutral 
axis. The general pro- 
cedure would be as 
follows: Assume neutral 
axis as center line exis 
of beam, and find total 
axial load on each side 

of axis. The results will 


2nd Trial N. A. 
Above & 








usually show excess load 3 
on one flange. For the _ r 

= dist: 
next trial move neutral 2 Tang tO 
axis so as to give excess 3 . true N.A. 
load on other flange. lst Trial N. A. 


Plot the results as indi- 
cated in Fig. C10.5b to 
obtain true location of 
neutral axis and then make 
final calculations as 
illustrated in Tables 
C10.1 and 2. 


Fig. C10. 5b 
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“Buckling stress 


Cl0.5 Flange Strength (Crippling). of the flange in the web direction, thus the 
flange fails by local crippling action and the 
In many cases of beam design, the flange crippling stress is determined by the methods of 
is braced laterally because it is part of a cell Chapter C7. In many cases the beam loads are 
construction and the sheet covering which Is relatively small and thus the area required for 
fastened to the beam flange vrovides a contin- the flange may de relatively small, which means 
uous lateral bracing to the flange or prevents a flange shape with elements of small thickness, 
lateral dending-column action for the beam thus the failing local strength may be in the 


flange. The beam wed prevents column bending elastic stress range or Telatively low. 
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In many cases, such as a frame ina 
fuselage, the inner flange of the frame cross- 
section is free from a lateral brace, thus 
provisions must be taken to brace the flange 
laterally or the flange must be designed for 


lateral column action. This subject is dis- 
cussed further in Chapter D3. 


C10.6 Web Strength. Stable Webs. 


A stable web beam is one that carries its 
design load without buckling of the web, or in 
other words it remains in its initially flat 
condition. The design shear stress is not 
greater than the buckling shear stress for the 
individual web panels and the web stiffeners 
have sufficient stiffness to keep the web from 
buckling as a whole. 


In general, a thin web beam with wed 
stiffeners designed for non-buckling is not 
used widely in flight vehicle structures as 
its strength/weight ratio is relatively poor. 
In bullt-in or integral fuel tanks, it is often 
desirable to have the beem weds and the skin 
undergo no buckling or wrinkling under the 
design loads in order to give better insurance 
against leaking along riveted web panel 
boundaries. 


The student should realize that the 
buckling web stress is not a failing stress as 
the web will take more before collapse of the 
wed takes place, thus in general the web is not 
loaded to tts full capacity for taking load 
and the web stiffeners are only designed for 
sufficient stiffness to prevent wed buckling 
and not for the full failing strength of the 
web. 


Equation for Wed Buckling Shear Stress 


Equation CS.5 of Chapter CS gives the 
buckling stress of a flat sheet panel under 
shear loads. The equation is 


Ns 1° ks 


ee ee 
“Sor ~ 12(1= Ve") ‘bo 7 TTT 


(c10.1) 
The curves of Fig. CS.13 and C5.11 of 
Chapter C5 are used to solve this equation and 
the reader should refer to Art. CS.8 of Chapter 
cS for a review of sheet buckliug under shear 

loads. 


Equation for Wed Buckling Bending Stress 


If the wed does not buckle it will be 
subjected to longitudinal bending stresses of 
compression and tension with zero stress at the 
beam neutral axis. Thus in general, the beam 
18 Subjected to a combined shear and bending 
stress system. 





Equation CS.7 of Chapter CS gives the 
bending buckling stress. It is, 


Py, 2B RE (ty 
Der ~ 12(1= Ue") ‘d 


(C10.2) 


In solving this equation, Figs. C4.15 and 
C5.8 of Chapter CS are used. 


Buckling of Web Panels Under 
Combined Shear and Bending 


From Art. CS.11 of Chapter CS, the inter~ 
action equation for a flat sheet panel under 
combined bending and shear is, 


Ry? + Re? = 1 (cl0.3) 


The expression for margin of sdfety is, 
1 


eS ia 
C10.7 Web Bending and Shear Stresses. 


Since the web is designed not to buckle 
under the design loads, the web will be effective 
in taking bending stresses and the following well 
known equation applies. 


tp = M/Ix --------- --- == (C10.5) 


where Iy is the moment of inertia of the beam 
section and the web is included. 


In Art. Al4.3 of Chapter Al4, the well 
known flexural shear stress equation was derived, 
namely, 


Vv 
fe2 gy eh 


Since the term / ydA is maximum for a : 
section at the neutral axis, the shearing stress 
in a beam will be maximum at the neutral axis. 
In general, the weds of aircraft beams are 
relatively thin; thus the term / ydA for the 
wed {s quite small so that the shearing stress 
intensity over the web 1s approximately uniform. 
Thus a simple formula fg = V/hb has been widely 
used for calculating the maximum wed shearing 
stress. In this equation h is a distance which 
will make the shear stress fg check the maximum 
value of the shear stress as given by equation 
c10.5. 


A simple consideration of the internal 
stresses on a small element cut from a beam in 
bending and shear will indicate what value of 
h to use in the simplified shear equation f, = 
V/nb. 


Fig. Cl0.6a shows a beam element of length 
dx cut from a deam which is subjected toa 
















Fig, C10.6 


bending moment which produces compression on 
the upper portion. The bending moment on 
section (AB) is M and on section (CD) M+ 4M, 
thus the vectors representing the stress on 
face (CD) are drawn longer than on face (AB). 
The beam element is also subjected to a total 
shear force V on each face. C, and C, 
represent the resultant of the total compressive 
forces on each face and T, and T, the resultant 
or the tensile stresses. Fig. (b) shows the 
same free body but with the tensile and 
compressive stresses on each face replaced by 
a simple force C and T which tends to move the 
block with the same results as the system of 
Fig. (a). In Fig. (c) the beam element of Fig. 
(bd) has been cut along the neutral axis, and a 
force applied to the cut faces equal to fg bax, 
where fg equals the horizontal shear stress 
intensity. 


Writing the equilibrium equation, that the 
sum of the horizontal forces on the upper 
portion must equal zero, we obtain 

C - fg bdx = 0, hence C = fg ddx 


and likewise for the lower - T + fg bdx = 0, 
hence T = fg bax. 


Fig. (d) shows the free body of Fig. (bd), 
put with C and T replaced by their above 
equivalent values. 

Taking moments about point (0) 


. a - Vdx = 0, hence 


‘ Thus to obtain a value fg equal to & 
maximum value given by equation (a) use an 
effective arm (h} equal to the distance between 
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the bending stress centroids. For a rectangular 
section the effective arm is obviously equal to 
2/3 the beam height, but for the common beam 
sections as illustrated in Figs. C10.11 or 10.12, 
the distance between bending stress centroids 

ig not so obvious particularly if the web is 
considered effective in bending. A close 
approximation of the effective arm (h) and a 
procedure which 1s common practice 1s to assume 
(nh) equal to the distance between the centroids 
of the wed-flange rivets. The student should 
take several example beam sections and check 
this assumption for (nh) using Eq. (C10.6) 
against the exact values by Eq. (C10.5). 


Some structural designers make assumptions 
as to the proportion of the total vertical beam 
shear which is carried by the beam web. For 
example, it is sometimes assumed that the web 
takes the entire beam shear, or it may take only 
90 percent. The percentage of the shear load 
carried by the wed depends of course upon the 
size of the flange sections and the form of the 
wed section. For example, in Fig. C10.7, the 
game flange is connected by a web which is 
attached to the flanges in two ways as illus- 
trated in Figs. (a) and (b). In Fig. (a), the 
shear flow on portions (AB) and (CD) help resist 
the external shear, whereas the shear flow on 
these portions in Fig. (b) act in the same 
direction as the external shear load; thus 
causing the shear load on the web to be greater 
than the external shear load. (See Chapter Al¢ 
and Al5 for general discussion of shear flow in 
open and closed sections). 





C10.8 Shear Resistance Provided by Sloping Flanges. ‘ 


A large majority of the beams in airplane 
wing and tail surfaces have sloping flanges be- 
eause of the taper of the structure in both 
planform and thickness. This sloping of the 
beam flanges relieves the beam web of con- 
sidering shear load and should not be neglected. 
Fig. Cl0.8 shows a beam (abcd) carrying a load 
system P,, P,, etc. The top flange is sloping 
as shown. If both flanges were extended, they 
would intersect at point (0). 


Let M = bending moment at section (ac) 
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Fig. C10.8 





Then C = Ty = M/h (nh = distance between flange 
stress centroids) 


The vertical component Ty, of the load T in 
the upper flange equals Ty n/Lo, but Ty = M/n, 
hence 


Let Vp = shear load carried by beam flanges 


Then Vp = W/lo ---- 7-7 rr ttt (C10.7) 
‘us the shear component carried by the 
axial loads in the sloping flange members equals 

the bending moment at the section being con- 
sidered divided by the distance from the section 
to the point of intersection (0) of the flanges. 


The above derivation was based on the 
assumption that the entire resisting moment M 
was developed by the flanges. With the web 
effective in bending, the moment developed by 
the web should be subtracted from the total 
bending moment M. 


Let 1 = Ipl., + Iwed 


The moment developed by web = M 
where 


M = total bending moment on section 


In airplane construction the centilever 
beam with sloping flange members is the common 
case, and the shear resistance by the flange 
axial loads 18 an important factor which should 
not be neglected if an efficient structure is 
desired from a strength-weight standpoint. 


10.9 Effect of Variable Moment of Inertia on 
Flexural Shear Stress Distribution. 


The fundamental shear stress equation C10.5 
as derived in Chapter Al4 applies strictly to 
beams of constant moment of inertia. For air- 
plane beams the common case is one with variable 
moment of inertia; thus the stresses obtained by 
equation C10.5 are incorrect, although the 
discrepancy in most cases is not large. The 
student should realize this fact in studying 
the shear flow picture in tapered wing 
structures. See Art. Al5.15 of Chapter Als. 


C10.9a Flange Discontinuities. 


From a weight saving standpoint, it is 
necessary to taper flange sections in order to 
approach a beam of constant strength relative 
to the applied loads. 


Fig. a illustrates how such tapering of 
the flange section may produce local eccentric 
flange loads. Between sections (1) and (2) the 
upper flange tapers in side view as shown which 


ri ) 






Pi (3) 
Fig. a 


(4) 


displaces the flange neutral axis as shown. 
Assuming there is no change in bending moment 
over the beam portion as shown, the force F 
must be greater than F since resisting am d 
is less than d. For equilibrium this moment 
due to F, and F not being colinear must be 
balanced in some manner, If the flanges are 
rigidly connected to web and stiffeners, this 
moment can be balanced by an additional shear 
stress on the web panel between points (1, 2, 
3 and 4) as illustrated in Fig. b. Thus in 
cases of rather abrupt changes in flange 
sections which produce the eccentricity aa 
illustrated the web and stiffeners should be 
checked for the additional shear flow load on 
the web. If such displacements in the flange 
neutral axis occur in the plan view, the skin 
covering should be investigated for the 
additional shearing stresses. 


10.10 Stiffener Size to Use with Non- Buckling 
Web. 


A web stiffener is used to decrease the 
size of wed panel; thus when buckling of the 
web starts, the stiffener tends to keep buckles 
from extending across the stiffener or causes 
the sheet to buckle in two panels instead of 
one. Mr. H. Wagner in a paper presented before 
a meeting of the A.S.M.E. in 1930 offered the 
following expression as the required moment of 
inertia of a stiffener to be used with a shear 
resistant web. 


_ 2.294 Vbwt/* 


ye ee te Se ee (C10.8) 
where 

I, = moment of inertia of stiffener 

da = center line distance between stiffeners 


hy = 


depth of web plate 
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= vertical Shear at section 


v 
t = wed thickness 
& = modulus of elasticity 


A more recent criteria for stiffener 

stiffness (iy) for both flat and curved webs 

i$ given by the curve in Fig, ©10.9. When the 
stiffener {s used puraly as such and not as a 
means to transfer a concentrated external lead 
to the beam eb, the question arises as to what 
4s the minimum number of fasteners required in 
attaching the stiffener to the web. For non- 
ocuckling webs, two criteria are suggested:~ 


The stiffener should be attached to the 
flange at each end, 


The rivet pitch (spacing) should according 
to (Ref. L) be at the most equal to 1/4 
times the stiffener spacing, or 1/4 the 
web height if this is smaller, in order 

ta justify the assumption of simple support 
at the edges of the web panel. Normal 
practice uses more rivets. 


C10, 11 Notes on Beam Rivet Design. 


Exceot for 
may de@ extruded 


very small beam sections which 
aS one Diece, the usual beam 








consists of separate wed and flange members, 
fastened together by rivets, belts, spot welding 
or continuous welding. in the design of such 
beams {t is thus necessary to know what loads 
the rivets, bolts, etc., are subjectad to in 
order to provide the proper connective strength. 
It is quite easy to substituta in simple formulas 
to find the loads on beam flange rivets, how- 
ever, the Student should be sure that he under- 
Stands the fimdamental ceam action behind these 
formulas. 


Fle. C10.10 illustrates a beam portion 
equal in length to the flange rivet pitch p. 
The beam section at (a&')} is subjected to 4 
bending moment M and M + 4M at section (cc'). 
The vending stress distribution on the beam 
faces is indicated by the stress triangles. In 
tnis example section it will be assumed that the 
wab takes no bending stresses. 

Let Pr equal the total pull on the flange 
angles due to bending stresses at section AB due 
to bending moment M. Then total pull on flange 
angles at section oD due to a moment M + AM on 
beam section CC’ equals Pp + aPp. 


Under the action of these two forces the 
flange angles would move to the jeft, but this 
movement 1S prevented oy the rivet which tles 
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Fig. C10. 10 


the flange angles to the web. Thus load on 
rivet equals APy. The same reasoning applies 
to the rivet holding the bottom flange angles 
to the web. 


The beam portion of Fig. Cl10.10 as a whole 
is in equilibrium under the bending stresses 
and the shear load V on each face. 


Taking moments about the intersection of 
the lower flange bending load and the beam face 
cc’, 


[Pr - (Pp + aPp)] ni +p 20 ---- (cl0.9) 
hence, 
apy = 7 Siunel-eicoa-o Soe Se (C10 M10) 


Equation C10.10 says that the change in 
flange axial load in a distance p equals the 
vertical shear on beam times rivet pitch p 
divided by the distance between flange bending 
stress centroids. 4Pp is also the horizontal 
Shear flow produced. by flange angles over a 
length of p. The horizontal shear (q) per inch 
due to flange would be 
qs V/n' 


ee (c10.11) 
The general expression for shear flow (see 
chapter Al4) is, 


qe ty yds (c10.12) 

iq. (C10.11) is easier to use since the 
termy I and / ydA of Zq. (C10.12) are not re- 
quired, and the distance h can be estimated 
closely without calculation, and will be greater 
than the distance between the centroids of the 
flange areas. 


Equation (C10.11) was derived on the 
assumption that the beam web took no bending 
stresses. In general this is not true or only 
partially true. With the web taking bending, 


equation (C10.9} would be wrong because the 
moment of the bending stresses on the web about 
our moment center is not included. Thus to 
make the simplified equation (C10.11), check the 
exact result as given by equation (C10.12), the 
distance (h} would have to be greater than the 
distance between the flange stress centroids. 

In fact, taking (h) equal to beam depth would 
not be far off from the results of equation 
(C10.12). 


10.12 Loads on Rivets Attaching Reinforcing Plates to 
Flange Member. 


The beam flange is commonly composed of a 
main unit plus several reinforcing plates or 
parts which are held to the main unit by rivets 
or spot welds. Fig. C10,.13 illustrates typical 
beam flanges. The basic section of the upper 
flange 1s reinforced by the plates (a) and {b), 
and the lower flange by the plates (c) and’(d). 
The purpose of the rivets is to keep the rein- 
forcing plates from sliding along the flange tee 
section due to the bending of the beam; thus 
making the plates effective in bending. This 
horizontal force tending to slide reinforcing 
plates and which 1s prevented by the rivets in 
shear is given by the fundamental shear flow 
equation (Cl0.12), namely 


q -ts ydA, which 


equals the horizontal 
shear per inch along the 
beam. To find the load 
or rivet section 1-1 of 
the upper flange of Fig. 
C10.11, the term / ydA 
equals the area of the 
plate (a) times the 
distance from its 
centroid to the neutral 
axis. For shear load 

on rivet at section (2-2), 
the term / ydA equals the 
area of plate (b) times 
distance to neutral axis. 
On the lower flange rivet 
section (3-3) is critical 
since both reinforcing plates are on same side, 
and the entire shear flow produced by plates 
(c}) and (d) must be resisted by rivet section 
(3-3). The term / ydA would thus equal area of 
both plates times the distance to the neutral 
axis of the beam. 





Fig. C10. 11 


A simplified method which yields good re- 
sults is based on the relative areas of the 
units of the total flange. To design connection 
of flange to beam wed, the total horizontal 
shear q produced by entire flange is always 
necessary and involves the use of the entire 
flange area in the shear flow calculation 


aet/ yaa. 
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The shear flow produced by a reinforcing 
plate is then taxen as proportional to the arsa 
of the plate over the total flange area times 
the total flange shear flow. Using simpltfied 
equation (C10.11), we can write 
a Sp 

h' Ap 
where 


Ce ee (C10.13) 


ap area of plates under consideration 
Ap 
q 3 
V and nh 


a 


total area of flange 
load per inch on rivet 
same as explained before 


For rivet loads in beams with sloping 
flanges the shear VY is the net shear as 
explained before in discussing web shear 
stresses. 


C10.13 Web Splices. 


Usually in designing a sheet girder beam, 
it 1s necessary from a weight saving standpoint 
to use several web sheet thicknesses, which 
means web splices. Fig. Cl0.12 illustrates 
typical web splices. Fig. (a) is typical fora 








Fig. C10. 12 


comparatively heavy web which prevents joggling 
of web as in the case of Fig. (b). In the case 
of Fig. (b), the lap is usually made under a 
web stiffener which provides a support for the 
web in driving the rivets through the thin web 
sheets. 


Loads on Web Splice Rivets 


The web is subjected to shear loads and for 
stable webs, the web undergoes bending stresses. 


For rivet design 1t is usually assumed that 
the web Shear stress is constant over the depth. 
Thus the vertical component of load on each web 
Splice rivet is the same or 


ays --------------- (c10.14) 
where 
V = net web shear 
un = number of rivets in splice. If butt y. 


splice, n, equals the number of rivets 
on one side of splice. 


In bending the splice rivets must transfer 
the bending moment due to the bending moment M 
developed by the web. The largest rivet load 
on a rivet due to bending will be on the most 
remote rivet, e.g., rivet (a) at distance rg 
from center of rotation of the rivet group. 
Then load on this rivet due to wed moment equals 


ir* = moment of rivet group which equals 
the sum of the squares of the distances of the 
rivets from the center of rotation. of bolt 
group. 


The resultant load on the critical rivet 
will equal the vector sum or the values of 
equations (C10.14) and (15). 


Since in most cases only two rows of rivets 
are used in a web splice, a close approximation 
for the moment load on critical rivet can be 
written by using the vertical distances (y) to 
the rivets instead of the radial distances (r), 
the resulting force acting in the horizontal 





direction. Hence 
wa 
Gy Se ee ee (C10.16) 
The resultant combined load on critical 
rivet is 
R2v¥ Ry," + Rn," ee tcc ee eee (€10.17) 


The student should review Chapter Dl for 
more detailed information on rivet loads due to 
moment loads on riveted connections. 


When the wed of one beam is joined to that 
of another beam using shear "clips," @ special 
problem may sometimes arise regarding the 
adequacy of the clips. This design problem is 
discussed in Chapter DS. 


C10.14 Example Rivet Problem. 


Fig. C10.15 shows the cross-section of a 
riveted beam. If the design vertical shear on 
the section is 3000 1b., check the strength of 
the riveted connection. 
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/ ydd = first moment of flange area about 


Detail of NAS 


Flange Angies 
3 = angles = 2x .089 x 2.731 = .486 


Reinforcing plate = 1.75 x .0625 x 
2.961 = .324 


Total = .810 





Substituting in equation (A) 








3000, a 
q21.125x 6.17 x .810 = 443 lb. 
Tension Flange aN: 
Shear flow by simplified equation q =7r 


Solution: h' = beam depth = 7.062" (see Art. 10.10) 

The loads on the rivets will be calculated 
vy the "exact" and also by the simplified 
approximate equations. 


hence 


q = 2.125 x SO = 478 1b. which 1s con- 
The exact shear flow equation is servative compared to 443 by exact expression. 
q ety yda The web 1s attached to angles by 1/8 
diameter 2117-T3 aluminum alloy rivets and are 
The first step will be the calculation of acting in double shear. 
the moment of inertia of the beam section about 
the neutral axis. The bending loads are such 


as to put the upper flange in compression. 


From Chapter Dl: 


Double shear strength of 1/8 - 2117-TS rivet 
The moment of inertia will be calculated = 2x 388 = 776 lb. 
about the centerline axis of the beam section 

and then transferred to the neutral axis. Table 


10.3 gives the detailed calculations. 


Bearing strength on 2024-T3 - .051 web 
plate = 630 1b., thus dearing 13 critical and 

Margin of safety > ae - 12 .42 and with 
the approximate method the margin of safety 
would equal (630/478) - .1 = .3l. 


Table C10.3 


Upper reintore-| j993| 3,532 Check of Cover Plate Rivets:~ 


ing plate | 
| 


[Lower asgles | .1780|-3,301|~,5aa/ 1, 


Rivet spacing = 1.5" with two rows of 
rivets. 


os1| 
= 6.8753 = 1.380 
1.38 





By exact equation, load on two rivets 





1 
Faavet hole t | 
lower flange {7-022 |-3.062 


‘sm 5 ~ 7943 +453 


y = thx 483 © 57 
i” iG 


Ty,a, * 6:43 - 7943 x ,577 = 6,17 in.4 








q=1.5+/ yaa 


3000 
21S xo7* +1093 x 2.961 = 236 lb. 


Load per unit = 236/2 = 118 lb. 








ie Io = moment of inertia about its ova centroidal atts, 





By simplified formula: 


Rivet load on upper flange rivets which 


a 
N_ late — 3000 ~1093 
attach angles to web: ) 1.5 = ( X S555) 1.5 


flange 7.062 ~ .2873 


= 243 lb. = 122 lb./rivet. 





Rivet pitch = 1-1/8 inch 


Horizontal shear load per 1-1/8 inch 
‘distance equals 


The rivets are in single shear which is 
critical and equals 388 lb. a3 given above. 


v 
qa leas p/ yak - -- tt (A) Hence margin of safety 2 8 ~12 2.28 


ys 





ai 
tr 
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Flange Rivets 
1/8 Dia. At, 1" Spacing Web Stiffeners 1/2x1/2x.04 Angles, 
2700 lb. 2400 Ib. 


cll cay eee 26" ——__f 






















































Bay 4 - Web =. 057 


Bay 1 - Web = . 057 Bay 2 ~ Web = 072 Bay 3 ~ Web =. 072 
T T 


Fig. C10. 14. Sketch of Beam (See Fig. C10. 15 for Cross-section of Beam) 


C10,15 Example Problem, Strength Check of Beam. e-3/4-o}pe 3/4 -.028 3/4 Blk 


Fig. Cl0.14 shows a built up (I) section Tet 
beam, Simply supported and carrying its three 

concentrated loads as shown as the design load 
for the beam. 





Upper Flange Angle 
Check on Bending Strength of Beam -L Area =.132 
pte Leek INA. = .006 
Since the beam cross-se.“1on is constant, Material 2014-T8 
the critical section is at the midpoint of the Extrustion 
beam where the bending moment ts: | ‘ Lower Flange Angle 
= Te Area = .089 
Muay # 3750 x 50 ~ 2400 x 25 = 127500 in.1bJ us Iya, = 004 


3/4 


1 


AS indicated in Fig. C10.14, the beam is 1 Rivet Holes 


riveted to the sheet covering. On the upper 
flange wnich is in compression under the given j 
loading, a certain effective sheet width will 

act with the beam flange. This effective h—— uty. 
Sheet width depends upon the beam flange stress Fig. C10, 15 

which {s unknown as yet. As a preliminary 

value, the assumption that a width of skin 

sheet equal to 30 t as acting with each rivet Table C10.4 

line 1s a reasonable one. On the tension or 
bottom side, the entire skin sheet is effective 
or 2 inches to each side of the beam which is 
the distance half way to the first skin 
stiffener on each side. 





Fig. C10.15 shows the details of the 
effective cross-section at midspan of the beam. 
Three rivet holes are assumed in the tension 
flange. Table Cl0.4 shows the calculations for 
the section properties, first about centerline 
reference axis, then transferred to the neutral 
axis. 


Bending stress at midpoint of horizontal 
leg of upper angles:- Iya, = 10.44. 


fp = My/I = 127500 x 3.614/10.44 = 44200 psi 

The assumption of 30t = 0.75 inch as the 
skin effective width # will be checked. From 
Chapter c7, 


wes list J B/Fep 





y = .316/,9249 = . 34 
= ks al in® 
Tyg, 79-98 - 925 x.34° = 9, 87 in, 





Section with .072 web:- 
Ty, a, = 10,44 (N. A. Location Same. ) 
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Fgt = flange compressive stress which 
44200 psi. Then, 


wa21.90 x .025 ¥ 10,700,000/44200 = 


.74 in. 


Since 30t or 0.75 inches was assumed for 
w, the error is quite small and no revision ts 
necessary. 


Calculation of Allowable Failing Compressive 
Stress for Flange. 


Since the flange is braced tn two 
directions at right angles to each other by the 
skin and the web, column action is prevented 
and the allowable stress will be the crippling 
stress of the flange unit. 


Chapter C7 gives methods of calculating 
the crippling stress. In this example problem 
the Needham method will be used and the 
crippling stress for a single angle will be 
calculated, 


Bs (.75 - 3/64)/3/82 = 7.55 


From Pig. C7.S of Chapter C7, we obtain 
Fos/V Foye 2 -068 


For 2014-Té =xt., Foy = $7000, Ey = 
10,700,000. 


Whence Fag = .068 x ¥ 57000x 10,700,000 = 


53,000 pst 


Since the angle. legs which attach to web 
are riveted together, the crippling stress for 
these legs would be higher than for the angle 
legs connecting to the skin, thus the value of 
53,000 18 somewhat conservative. 


The margin of safaty for the upper flange 
1s (53,000/46,700) - 1 = .14. 


Check of Bottom Flange Tenstle Strength:- 
a ene ONS 1 LO Strengea:: 


fy = My/I = 127,500 x 4.35/10.44 = 
53,000 psi 


The material for lower skin = 2024-T3 
Sluminum alloy, which has an ultimate tensile 
strength of Ft, = 65,000 psi; and the extruded 
angles have a Fry = 60,000. Thus M.S. 
{60000/83000) - 1 13. 


AS a practice problem for the student, the 
ultimate bending resisting moment should be 
calculated by the method of Article ¢10.4 and 
compared with the above margins of safety. The 
result would show a greater margin of safety. 
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Check of Web Buckling Stress 


The maximum shearing stress occurs at the 
support point and equals 3750 lbs. The web 
thickness at this point is .057 and the web 
stiffener spacing is 3.57 inches. The maximum 
Shearing stress on the wed by the simplified 
equation is, 


fg = V/nt = 3750/7.125 x .057 = 9230 psi 


By the more exact equation, 


3750 
9.87 x .057 


+0375 x 3.673 + .057 x 3.6 x 1.8) = 9450 psi 


fy = ae / yaa = (.264 x 3.446 + 


Since the bending moment in the first web 
panel adjacent to beam end support is practically 
zero, the web can be considered as subjected to 
shear stress only. 


The buckling stress is given by equation 
c10.1. 





Facr * 


> = 3.57 inches 
a = distance between rivet lines = 7.125 


a/o> = 7.125/3.57 = 2.0. Assuming simply 
supported edge conditions, we obtain kg = 6.4 
from Fig. CS.11 of Chapter cS. 


= 7°X6.4%10,700,000 ,.057,2 _ 
scr =" “2B = 23) (Slg7) * = 15,800 pst 


This stress 1s below the proportional limit 
stress of the material so no plasticity 
correction is necessary ors = 1.0. 


The margin of safety against buckling is 
therefore (15,800/9450) - 1 = .67. This value 
is somewhat conservative as boundary condition 
for web panel is no doubt larger than for simply 
Supported, which condition was assumed. 


Check of .057 Web at End of Bay 1. 
ee OR YL 


The web will be more critical at this 
point because the beam is still subjected to an 
external shear load of 3750 lbs., plus a bending 
moment of 3750 x 23.22 = 87000 in.1b. at the 
midpoint of the end panel. 


Since the web {s clamped between the flange 
angles, buckling of the web will occur adjacent 
to the lower end of the upper flange angles or 
at a distance of 2.91 inches from neutral axis. 
fy = My/I = 87000 x 2.91/9.87 = 25600 


The bending buckling equation is, 











bd = 6.5 in. taken as distance between 
adges of flange angles since web is clamped in 
between flange angles. a = stiffener spacing = 
3.57. The a/b = .55. From Fig. C5.15 of 
Chapter CS:- 


ky for simply supported edges = 36 
Ky for clamped edges = 50 
We will assume an average value of Kp = 43. 


=X) X45 X10,700,000 (.057,) a 


"dor Te .= «8" 3.5) 7 32200 pat 


The shear stress at this section will be 
same as at support since the external shear 
load {s the same. Thus fg = 9450 and Faor s 
15800. 


The interaction equation for combined 
bending and snear is, 


Rp* + Rg* = 1 
Rp = fo/Foor 
Rg = f3/Fser 


etoeeemees a 
18. = TREE LT eee - 


M.S. = .O1 


25600/32200 = .795 
9450/15800 = .598 


Check of .072 Web at Centerline of Beam 


The bending moment at the midpoint of the 
web panel adjacent to the beam centerline is 
123,200 tn. lb. The shear load on the panel 
1s 1350 lb. 


fp = My/I = 123200x2.91/10.44 = 34200 psi 


2072 


: 
= 07X43 x 10,700,000 as 
Poor li st) 6.5) = 51800 pet 


This value is in the inelastic stress 
range so correction must be made for plasticity. 
™ne curves of Fig. C5.8 of Chapter C5 will be 
used. For 2024-TS sheet, F,., = 39000 and 
m=11.5. 


The value of the lower scale parameter in 
Fig. (5.8 will be Fp. _/Fo,7 * 51,500/S9000 = 


1.32. Prom Pig. 05.8 for n = 11.5 we read 
Fog /Fo.r = .93. Therefore, Poop = 39000 x .93 


= 36300 psi. 


The shear stress is, 





1 
=e = 27 
Todas x 107g 1-52) = 2710 pst 


7x 6,4 10,700,000 (072 


Re Sey sar ee 


a 
a 
au 


2710/25300 = .107 


e 
a 


34200/36300 = .94 
1 


MS. = 7yo7# + ag 1 = OR 


Check of Stiffness of the Web Stiffeners. 





The web is stiffened by 1/2 x 1/2 x .04 
angles on one side of the web. From Equation 
(C10.8), the moment of inertia required of web 
stiffener to prevent web buckling is, 


~ 2.294 /V tw s/s 
Ign = EG) 





= 2.29X%3.57 


(3750 x 7.875 _)4/s 
~——1087_ ‘35x 10,700,000 


= .000S0 


The moment of inertia of stiffener cross- 
section is .00094, thus stiffness is satis~ 
factory. F 


The required moment of inertia will also 
be checked using curves in Fig. Cl0.9. The 
lower scale parameter in Fig. Cl0.9 is d/h V¥ Kg 
where kg as used in buckling equation must be 
multiplied byn*/1 - .3* = .905. Thus, 


d/n V Kg = 3.57/7.125 V 6.4x .905 = .208 

From Fig. Cl0.9 we read 1.1 for Iy/dt*. Whence 
Ty = 1.1x3.57x .057° = ,000735. (Stiffener 
O.K.). 

Check of Rivets Attaching Web to Flange Angles. 
End Bay. V = 3750 lb., t = +057 


The horizontal shear load q per inch by 
approximate formula C10.11 is 


qa = V/n' = 3750/8 = 468 1b. per inch 
By the most exact ©10.12 equation, 
-v ~ 3750 a 
aFz f = Sar (.264x 3.446 + .0375 x 3.673) 
q = 398 


The single shear strength of 1/8 diameter 
rivets made from 2117-T3 aluminum alloy is 
388 lbs. Since rivets are in double shear 
and 1 inch spacing, rivet shear strength is 
2x 388 = 776 lbs. versus the design load of 
398 lbs. 


The bearing strength of a i/8 diameter 
rivet on .0S7 web is 780 lbs. as against load 
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of 398 lb. 
apart as margin of safety is rather large. 


Thus rivets could be spaced further 


The rivets attaching the skin to the upper 
flange should be spaced to prevent inter-rivet 
buckling of the skin, since the skin was 
assumed effective in computing the beam moment 
of inertia. The rivets attaching the lower 
skin to the lower angles would be checked for 
the shear flow load and not for inter-rivet 
buckling since skin is in tension. The general 
subject of rivet design for structures is 
treated in Chapter Dl. 


The web stiffeners at the external load 
points and at the beam support points must be 
designed to transfer the concentrated load to 
the beam web. Refer to Chapter A21, which 
treats of loads in such stiffeners. 


General Comments 


The reader should understand that the 
margin of safety for the beam web in the pre- 
ceding beam check was based on the design 
requirement of no initial buckling under the 
design load. The buckling stress as calculated 
1s not the stress that would cause wed to fail 
or collapse, as the web could take considerably 
more load in the buckled state. The subject of 
beam design with buckling webs is treated in 
Chapter Cll. 


In general, this type of beam web design 
is not widely used in flight vehicle structures 
because it is heavy construction since the web 
thickness must be relatively large to prevent 
buckling and the cost of fabrication and 
assembly is relatively high because of many 
parts and much riveting. The aerospace 
structures engineer decreases these disadvant- 
ages by using a web sheet with closely spaced 


peads or a series of flanged lightening holes 

which stabilize web against buckling and provide 
low fabrication and assembly cost. This type of 
web design is treated in Part 2 of this chapter. 


C10. 15a Use of Longitudinal Stiffener to Increase Bending 
Buckling Stress of Web Sheet. 


The strength check of the beam in the 
example problem showed that the compressive 
stress on the wed due to beam bending was the 
factor that had great effect in producing the 
wed buckling. This web weakness can be improved 
by adding a single longitudinal stiffener on the 
compression side as illustrated in Fig. C10.16. 
Theoretical and experimental information on the 
effect of such a stiffener is quite limited 
(see Ref. 3). Such a stiffener can raise the 
buckling coefficient kp to around 100 or more, 
thus the web can be made somewhat thinner if 
bending stresses are critical. Adding this 
longitudinal stiffener means another structural 
part and more assembly cost and therefore such 
construction is not widely used although it 
is a structural arrangement that will save 
structural weight under certain conditions of 
beam depth, span and external loading. 


Flange 
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PART 2. OTHER TYPES OF NON-BUCKLING BEAM WEBS. 


(BY W. F. McCOMBS) 


C10,16 Other Types of Web Design. 


At this point it should be noted that the 
web design discussed in Part 1 required a large 
number of parts (the stiffeners) to achieve 
lightness. To keep manufacturing costs down, 
the number of parts must be kept to a minimum. 
A balance, or economic compromise must be 
found between manufacturing expense and weight 
penalty. This can be arrived at since in every 
airplane design some “dollar” penalty can be 
assigned to every extra pound of weight. The 
exact figure will depend upon the type of 
airplane being designed. Thus, eliminating 
parts may incur some weight penalty but if the 
savings in manufacturing cost is greater, then 
the reduction in parts 1s economical. 


Three types of shear resistant, non~ 
buckling webs are frequently used in aircraft 
design to save the expense of stiffeners. 
Actually, the web in most cases is as light, 


or lighter, than a web with separate stiffeners. 


There is a general limitation, however, in 
that a stiffener must be provided wherever a 
significant load is introduced into the beam. 
The web types are: 


a) web with formed vertical beads at a 
minimum spacing. 


b) web with round lightening holes having 
45° formed flanges at vartous spacing. 


¢) wed with round lightening noles having 
formed beaded flanges and vertical 
formed beads between holes. 


‘he webs with holes, (b) and (c}, also provide 
lots of built-in access space for the many 
nydraulic and electrical lines and control 
linkages in alrplanes. 


C10.17 Beaded Webs. 
Figure C10.17 shows 2 web naving *male” 
peads formed into it at the minimum spacing 


forming will allow. The cross-section of the 
bead ts described in Table C10.5. 


.25R R 
Dee 
Bs 


View A-A 





Stiffener 


Fig. C10. 17 


See Table C10.5 


Table C10.5 


2,12 | 2,00 


The allowable shear flow, q in pounds per 
inch at collapse, is given in Fig. Cl0.18, by 
the solid lines. The dotted lines indicate 
initial buckling setting in but this is not 
failure (which is given by the solid lines). 
This is the strongest of the web systems not 
having separate stiffeners. Failure occurs 
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BEADED SHEAR PANELS 


DESIGN CURVES FOR CLAD 2024-14 AND 7075-76 
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REFERENCE: STRUCTURAL DESIGN MANUAL SECTION 4.230 












when the beads collapse. 
later in C10.19. 
used (replacing 2 bead) wherever a load is 
introduced to prevent earlier collapse of the 
bead. The allowables are for pure shear only, 
no normal loads (see art. 03.8). 


10.18 Webs With Round Lightening Holes Having 
Formed 45° Flanges. 


This ts a simple easily formed web. Pig. 
C10.19 shows such a beam with a cross-section 
through the web at the holes. The geometry of 
the hole and its flanges is given in Table 
C10.6 for typical forming. 


Flange ye ‘Load 





Stiffener 
ae Te 
ca cae —F View A-A 


Fig. C10. 19 


The N.A.C.A. has developed, from an extensive 
test program, an empirical formula that gives 
the allowable shear flow (collapse) for webs 


An example will follow 
A suitable stiffener must be 


ANALYSIS AND DESIGN OF FLIGHT VEHICLE STRU 


CTURES 





having this type of hole. Referring 
C10.19, the allowable shear flow is, 
Ref. (2). 


Qur.= * «(ton (1 - 2%) + f5, fl 


N 


where ead 


h 
+85 - .0006 + 


C10. 17 


to Fig. 
from 


ct 


o 


- - - -(C10.18) 


Collapsing shear stress of a long 


plate of width h and thickness 03. 
obtained from Fig. C10.20. 


fs. = Collapsing shear stress of a long 
plate of width c and thickness t, 
obtained from Fig. C10.20. 

bd = hole centerline spacing. 

h = hetght of web, between flange to 
wed rivets. 

Cc! = C-2B where B is given in Table C10.5 
for a typical hole. 

c fb-D 


For this type of web design, in 
those webs designed to take ultimate 


general, 
load will 


probably not show any permanent set at yield 
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Table C10.6 

















load if the shear stress at the yield load 
over the net sections, C' x t and + xt, is 
about equal to the yleld stress of the web 
material, Fey 


In general, it will be found, from formula 
(18), that the larger holes (about D *.8h) with 
wider spacings, b, will give the lightest webd 
in designing for a given shear flow q, but the 
stiffness will de less, of course. 


Again, the allowables per formula (18) are 
for pure shear only, no normal loads on the 
wed. Thus a stiffener must be provided wherever 
a load 1s introduced into the beam and also in 
areas where the beam may nave significant 
curvature as in round and elliptical bulkheads, 
see Chapter D3.8. An example is given in 
Art. C10.19. 





In addition to the above (collapse), ths 
web should be checked for met shear stresses 
through the holes to de sure that ouer = Fsy 
at ultimate load, qx fh. 


For a more complete discussion of this type 
of web design and the test data, the reader 
should review Refs. (2) and (1). Design charts 
can be prepared from formula (18), Fig. C10.18, 
and Table C10.6 for use in designing without 
having to resort to Zormula (18). Figure C10.21 
shows such a chart taken from Ref. (2) for the 
cases of D/n = .80 and D/h = .50. 


10.19 Webs With Round Beaded Flange Lightening Holes 
and Intermediate Vertical Male Beads. 


A third type of web has round 
beaded flanges and vertical "male” 
between the holes. Such a beam is 
Fig. C10.02. The vertical bead is 
in Table C10.5. The beaded flange 
described in Table C10.7. For the 


a  .6 and the hole spacing is 


holes with 
beads 

shown in 

as described 
shown {s 
particular 





case where 


equal to h, the allowable shear flows shown in 
Fig. C10.23 apply. 


Fig, C10. 22 
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So 


Table C10.7 
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The solid lines of Fig. Cl0.23 give the 
ultimate strength, q, of the wed as a function 
of web height, n. This represents the total 
collapsing strength of the wed. The dotted 
lines indicate the shear £LOW, q, at which 
initial buckling begins. if the 0.0. is greater 
than .6 x 4, or if the spacing of holes is 


Fig. C10. 23 
CHANCE VOUGHT AIRCRAFT, INCORPORATED 
REFERENCE: STRUCTURAL DESIGN MANUAL SECTION 4.230 
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DESIGN CURVES FOR CLAD 2024-T4 AND 7075-16 
SHEAR PANELS WITH CVC-3030 LIGHTENING HOLES 
AND. STIFFENED BY MALE BEADS 
BEADED SHEAR PANELS WITH 


LIGHTENING HOLES 





reduced, the allowablies will ts r 
data is included r 

other cases, Arts. 
is for pure shear only, ne x 
leading stiffeners must be u 
vertical bead locally) and ar 
de reviewed. 





Of course, in all three types of fom 
webs, 2 Small amount of normal loading can 
tolerated, but no limit is defined. Typical 
cases are wing ribs and fuselage frames where 
only relatively light normal airloads are 
distributed by the rib without loading stiffeners. 
In such cases some extra margin of safety adcve 
the shear load is usually used, depending upon 
the designers judgment and/or substantiating 
element tests. Where lerge distributed loads 
are involved, 2s in a Deam supporting a fuel 
cell, or where the beam curvature is significant 
(See D3.8), stiffeners should be used for the 
lightest design. 





AS @ final note, whenever using webs with 
formed beads 4s in 710.16 and C10.18, it {s 
important that the beads be formed with a length 
long enough to extend as close to the beam 
flanges as assembly will allow. Short beads, 
ending well away from the flanges, will not 
develop the strength indicated by the allowadles 
given in the figures. Rivets attaching the web 
to the flange above a hole also need be more 
closely spaced to take the nigher "net" shear 
locally, 


10,20 Example Problems. 


For the beam shown in Fig. €10.24, determine 
the web gages required Zor 


a) a beaded web, as in C10.16. 
bd) a 45° flanged hole web as in C10.17. 
inter- 


c) a beaded flange hole web with 
mediate beads as in C10.18. 


Tne beam shown in Fig. ©10.2¢ has the same 
external dimensions and design load system 
beam stown in Fig. 010.14 and used for 
example problem in Part 1 of this cna, 
shese example problems, we are replac 
web design by the three variations {a}, ¢ 
{c). Since the webs cannot be considered 
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effective in resisting beam bending stresses, 
the flanges would be stressed slightly higher 
than found in the example problem of Part l. 
Using the same Deam dimensions and beam design 
loading will provide a comparison of the web 
weights for the various web designs. 


Using the simplified formula, the shear 
flows in bays A and B are 


_V_ 3750 _. 
waa? Fes 7 526 1b./in. 





5 - 2 
aB = S780 = 2800 189 1b./in. 

Thus, for lightest weight, 2 web gages 
should be used, the lighter one for bays "8", 
and these could be spliced at the loading 
stiffeners introducing the 2400 lb. loads. 


a) Beaded web Gage Requirements. 


Entering Fig. ClO.18 with q = 526 1lb./in. 
and 4 = 7,125" we find that the minimum 
acceptable gage is .051". Thus the wed 
of Bay A Should be .051", giving 
Qaiiew.? 770 lb./in., *rom Fig. Cl0.18. 

- 770 
MS. Soap - 1s 146 
Repeating for the web of Bay B, enter with 
q = 189 ib./in, and h = 7.125" and find 
the minimum acceptable gage is .032, which 
has Var = 310 1lb./in. Thus for Bay B, 


_ 310 


eS = "Teg 


ls 


64 
ob) A 45° Flange Round Lightening Hole. 


Since the larger diameter (and more widely 
spaced) holes are more sfficient weight- 
wise, try a hole having D ~ .8h or D = 
5.61" from Table 10.6. Spacing two holes 
in the 25" bays would indicate a spacing 

2 = 12.5". Then, from C10.19 


C=b-D = 12.5-5.5 = 6.9 

BS .19, from Table C10.6 

o'= 0-28 = §.9~-2 (.19) = 5.52 
Now determine the allowable value of q 
for, say, t = .081" for Bay a. 


c) 
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x 






fg, = 13,800 


Substituting values in equation (13) 


: 5.81, 
Ag 2 790-082) [22,200 [2- eS) ] " 





3.61 | 6.52 
18,600 Sar | 22 
= .064 [ 13,200 (.38) + 13,800 (.887)] 
(521) 


= $73 lb./in. 


Also, the net shear stresses on any section 
through the holes must be less than Foye 
Checking a vertical section through the 
hole we get 

ie oo es E 526 (7.125) = 3780 
SNET (h-D)t  (7.125-5.61)(.081)  .123 








= 30,500 
Thus, MS.gq)) 75-1 209 
iy 
= Ssu_ _ 37,000 
MSype = Tenpp | 305500 ~ L= 21 


Repeating with the above geometry and using 

t = .051 for Bay "B" where q = 189 1b./in., 

we get 

Gary = .77(.051) [rs00c.se1 + | (.521) 
2 .0393 [10,630](.521) = 217 1b./in. 


217 


4.8 -cony.* Tag ~ 2 = 238 
and 
37,000 
=. = 
MSiyop = Sooo - 2 = Le 


The reader can repeat the above for smaller 
sizes of holes and thickness to see if a 
lighter arrangement (NET web weight) can 
be obtained. It can be seen that the 
example gages are confirmed by the data of 
Fig. Cl0.21 extrapolating in the case of 
the .081 wed. 


A Beaded Flange Hole with Intermediate 


ertical Seads. 


Tne geometry for this is as previously 
discussed (0.0. ~ .6n and > =h). 


First determine gage for Bay A. Entering 
Fig. C10.23 with h = 7.125" and q = 

526 1b./in., the closest acceptable gage 
is t = .064 (solid line), giving 
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ANALYSIS AND DESIGN OF FLIGHT 


Mart. 7 700 lb./in. 
_ 700 = 
MS. age - 1 = 33 








Repeating for Bay B with q = 189 and 
h = 7.125" the closest acceptable gage is 
t 032. 


Gat. = 208 lb./in. 


Actually, a hole with 0.D. = 4.43 (from 
Table C10.7) could be used even though 
O.D. 4.43 

ho o7 Fries 62 is a little larger 
than .6, since the M.S. above 1s well 
above zero. 





A comparison of the total weights of each 
of the 3 types of webs is given in Table 
C10.8, using a hole diameter of 5.61" for 
webs (b) and 3.31" (from Table C10.7) for 
webs (c) and a density of .10 1b./in. 

for aluminum. 







Table C10. 8 (2) 
a 
of Web Bays "A" (2) | Bays "B" (2) 
(3) 





[@ [vee [oui [ace | 
epee [see 
@ [ee | | 


Web of Fig. C10. 14 (with extra 
Stiffeners) 


Thus for a "non-distributed" load, web 
(a), a beaded web, is lightest for Bays 
"A" and (c) is lightest for Bays "B". If 
"access" for lines is required then a web 
of type (c) or (b) should be used for 
Bays "A". 






The weight of the web and vertical 
stiffeners designed for no initial buckling 
under combined bending and shear gave a 
value of 5.62 lbs., or much heavier than 
the other designs. 


PROBLEMS 


Fig. C10.25 shows the cross-section of a 
wing beam. Calculate the ultimate 
resisting moment for the beam section 
using the stress-strain curve for the 
extruded 24ST material given in Fig. C10.4. 
Use .008 unit strain at the extreme fiber 
of the upper flange. Compare the results 
with the resisting moment given by the 
general beam formula M = fpyI/y. 


(4) 


(8) 


er pet ew beam ihe 
Gil Hi 


Fig. C10. 26 
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—— a ——a 
Fig. C10. 25 


Design a butt web splice for the beam 
section of Cl10.13 for a design shear load 
V = 3000 lb. and a bending moment of 
50,000 in. lbs. 


Fig. C10.26 shows a simply supported beam 
carrying 4 2000 1b. design load located 
as shown. The cross-section of the beam 
is shown in Fig. Cl0.27. The design re- 
quirement for the web is no initial 
buckling under the design external load. 
Check the given design for strength and 
modify if too weak or too strong, or in 
other words, improve the design. Assume 
veam flanges are braced against lateral 
column failure. 


2000 th. 


eam rivet at 1-1/8" 





t 


Web stiffeners 1/2x1/2x.035 
angie on one side of web. 


Re-design the beam of Problem (3) to use 
the 3 types of stiffened web as presented 
in Part 2 of this chapter. Compare the 
web weights with the web weight required 
in Problem 3. 


Fig. C10.28 shows the external dimensions 
of a tapered cantilever beam carrying the 
distributed design load as shown. The wed 
is not to buckle under the design load. 
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Fig. C10. 27 


Loading = 45 Ib. /in. 


2.5" 
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H- FE Beam — - 
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a 
Fig. C10. 28 


WEB SHEAR RESISTANT (NON- BUCKLING) TYPE. 


(5) 


(1) 


(2) 


(3) 





Make a complete structural design of beam 
showing size of all parts. For flange use 
7075-T6 extrusion material and 7075-T6 
clad material for web and web stiffeners, 
Show rivet design. 


Same as Problem (4) but use web with 
vertical beads. 
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CHAPTER Cll 
DIAGONAL SEMI-TENSION FIELD DESIGN 


PART 1. BEAMS WITH FLAT WEBS. PART 2. CURVED WEB SYSTEMS. 


PART 1 


Cl1.1 Introduction. 


The aerospace structures engineer is 
constantly searching for types of structures 
and methods of structural analysis and design 
which will save structural weight and still 
provide a structure which ts satisfactory from 
a fabrication and economic standpoint. The 
development of a structure in which buckling 
of the webs is permitted with the shear loads 
being carried by diagonal tension stresses in 
the web is 4 striking example of the departure 
of the design of aerospace structures from the 
standard structural design methods in other 
fields of structures, such as beam design for 
bridges and buildings. The first study and 
rasearch on this new sype of structural design 
involving diagonal semi-tenston field action 
in beam webs was by Wagner (Ref. 1), and be- 
cause of this fact, this tyne of beam design 
is often referred to as a Wagner beam. 


In Chapter C10, Part 1, the subject of 
beam design with shear resistant (non-buckling) 
flat webs was covered. This type of web design 
leads to a comparatively heavy weight, which 
fact prevents its wide use in aerospace 
structures. Part 2 of Chapter C10 dealt with 
webs stiffened by closely spaced beads, flanged 
lightening holes, etc., a design which shows an 
improvement relative to web weight over the 
flat sheet web with vertical stiffeners. 
However, a large proportion of sheet panels 
used in aerospace structures {s part of the 
external surface and holes and deep beads in 
the surface skin cannot be permitted, thus 
continuous sheet 1s required and to save 
structural weight, semi-tension field action 
in the webs and surface sheet panels must be 
permitted, which means a wrinkling type of 
structure. 


Since the original work by Wagner, much 
further study and testing of structures 
involving semi-tension field design has been 
carried out by both industry and government 
agencies, nence a fairly accurate procedure 
for the design of such structures has been 
developed and this chapter is concerned with a 
limited presentation of the principles involved 
and the design procedures that have been 
developed. 


C1l.2 Elementary Approximate Explanation of Tension- 
Fieid Beam Action. 


Fig. Cll.1 shows a single bay truss with 
double diagonal members (A) and (B) and 
carrying an external load P. The load P will 
cause a compressive load {in member (A) and 4 
tensile load in member (B). If member (A) 1s 
quite flexible it will buckle as a long column 
as shown in Fig. Cll.1b, when load P is 
relatively small, however, panel will not 
collapse. AS the load P is increased, the 
member (A) cannot take any more load but it will 
practically hold its column buckling load as the 
bending deflection or bowing gets larger. 
However, member (B) being in tension can take 
further load until it reaches its ultimate 
tensile strength. Thus any increase of the 
shear in the panel due to an increase of load 
P after diagonal (A) has buckled can be carried 
by a further increase of tension load in member 
(B). 





PY Fig. C11.2 
(a) (b) 


Fig. Cll.2 shows the same panel but with 
the two diagonals replaced by a flat sheet wed. 
Under a small load (P), the web will not buckle 
and the stress picture on a small web element 
is shown in Fig. Cll.2a, and fc = f¢ = fs where 
fg is the Shear stress in the web at this 
particular point on the web. Now thin flat 
sheet is relatively weak under compression, thus 
when panel load P is increased, the compressive 
stress fg reaches the buckling stress of the 
panel in the diagonal direction and the web 
buckles, however, the panel dees not collapse 
as further increase in load P can be handled by 


cid 


oy 
Sa 
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further increase in f, or diagonal tension in 
the web sheet. The web has an ability to hold 
the f, stress that caused buckling but cannot 





increase it. Fig. Cll.2b shows the web stress 
picture after the load P has deen increased 
onsideradly, thus increasing the diagonal web 








stile stress as snown by She length or the 
vector for f£;. Since the shear load on the 
panel is transferred by diagonal tension in the 
wed and since flat sheet is erficient in 
tension, this metnod of carrying the shear load 
permits the use of relatively thin webs because 
of the high allowable design stresses in 
tension. Fig. Cl1.2 shows a photograph of a 
thin web beam under load. Since the diagonal 
wrinkling appears severe, the external load 
yeing carried is no doubt approaching the 
failing point of She wed. The student should 
realize that such a degree of web wrinkling 
dees not occur under normal flying accelerations 
since the loads carried in normal flying 
conditions are only a fraction of the design 
loads, and thus the buckling and wrinkling is 
parely noticeable under accelerations of 1/2 
gravity, which may be encountered often in 
flying in gusty weather conditions. 





C11.3 Elementary Derivation of Approximate Tension- 
Field Beam Formulas. 


In order to give the student a general 
picture of the influence of web tension field 
action upon the beam component parts, an 
alementary approximation of the beam equations 
will be given. 


DIAGONAL SEMI-TENSION FIELD DESIGN 


ig. 711.4 shows a cantilever team with 
parallel chords and vertical stiffeners sub- 
jected to a single shear load VY at the free end. 
The dashed diagonal lines indicate the direction 
of the wrinkles as the thin sheet ouckles under 
the load V. 


oi 


Assuming that the flange angles develop all 
the bending resistance, the vertical and hori- 
zontal shearing stress is constant over the web 
and equals 

t 





als 


where 


t is web thickness 

h is taken as the distance between centroids 
of flange rivets. 

V = vertical shear load. 


(See Fig. C11.5) 








Fig. C11.3 Loaded Cantilever Beam Showing Severe Diagonal Web Wrinkling (Ref. 3) 





ANALYSIS AND DESIGN OF F 


wiz. Cll.5 shows the free body diagram of 
a small triangular segment of the web cut from 


the upper cortion of the beam. 


Fig. C11.5 





From elementary mechanics the horizontal 
and vertical shearing stresses produce com- 
pressive and tensile stresses on planes at 45° 
with the shearing planes. 


The web, being very thin, can carry very 
Little compression stress on the surface (AC) 
of Fig. ClL.5 before buckling; thus this small 
stress which produces buckling on AC will be 
neglected or fo = 0. The edge BC is subjected 
to tensile stresses which the sheet can carry 


effectively. The forces acting on the sheet 
element are shown in Fig. Cll.5. 
. For equilibrium of the element: 
tdx. 1 
BFy 2 O or -fg tax + fy SS. 2 0 
= s “Ve Vve 
whence 


te22ts  -----4+7 rrr 
or the web tensile stress equals twice the wed 


shearing stress: 
From (1) fg = V/2 
whence 
fe = eV/at 


Likewise for equilibrium: 


ify = 0 or fy tdx - fy e+ = 9 
whence 

fecsretys SSteey Siass Sst Rarer en (4) 
hence 

fre fe - Se eGo ea Si (Ss) 
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Rivet Loads 


The sheet element is held to the flange 
angles by the rivets along line (AB). The 
rivets are subjected to two loads, one parallel 
to AB and one normal to AB; and each force 
equals fg tdx. The resultant rivet load there- 
fore equals ¥2 f, tdx; and if dx is taken as 
one inch, the resultant load will be V2 fs t. 


But fs = v/nt, hence 


Rivet load/inch = 1.41 V/n 


web Stiffener Load 


The tendency of the web is Fig. Cll.4 which 
has broken down into the tension bands, is to 
pull the flanges together; this action is 
prevented by the vertical stiffeners which keep 
the flanges apart. Thus if a pure tension field 
is assumed, the axial compressive load Pg in the 
stiffeners from Fig. Cll.6 equals the vertical 
component of the 

web tensile 


stresses over a d d 
distance (d), the d 
stiffener spacing. | ise 
whence 
Po = P sin @ Pp 
% 
But 
P= ty dt 1/2 
Fig, C11.6 


hence 


P, ts fy at/2 


Fela ls tg 
s V2 Ve t 
but 

ft, = 2 fg and fg = V/nt 
whence 


Stiffener load Pg = Vd/n (compression) 


(7) 
Flange Axial Loads 


Fig. C11.7 shows a free body of the 
portions of the beam to the right of a section 
a distance x from the end of the beam. 


Let M, = external bending moment at Section 
AB. For equilibrium the internal resisting 
moment on Section AB must equal external bending 


moment My. 


Taking moments about point B: 
IMg = My-Frn' -fpcos 45°0n' t 





ni 
0 =, 
+ cos 45° 









where 


a’ = distance between flange centroids. 
But 

fy = 2 fg and 2, = F/h't, hence ft =o 
Substituting this value of 2 in Eq. (8) 

My - Peon! - a =0 
whence 

poten’ badeatses - -(ea 
Then to make 3H = 0 on Section AB: 

ipa e A Se aeieee Se (9) 


Thus the compressive flange axial load due 
to bending is increased by a value equal to V/2 
lbs. and the tension flange load due to bending 
is decreased by V/2 due to the horizontal com- 
ponents of the web tension field. 


€11.4 General Wagner Equations for Tension Field Beams. 


The approximate elementary derivation given 
in the previous article was for the purpose of 
giving the student a general idea of the 
influence of a complete tension field beam on 
the various beam stresses. The angle a !s in 
general not 459 but depends on ?lange areas, 
beam height, stiffener spacing, etc. 


The 
(Ref. 1} 


general equations derived by wagner 
are as follows: 


For 
parallel 


veams with infinitely rigid and 
flanges with vertical web stiffeners: 


Diagonal tensile stress in web: 


ev 1 


ca esa —_—_— 
“tht ° gin2a 


Axial load tn tension flange: 


DIAGONAL SEMI-TENSION FIELD DESIGN 


= S eae ds ele ek 
Fotirr. 77 Vy tana ~~ - (18) 
In the above equations: 


V = applied shear load 


h = distance between centroids of flange- 
web rivets 

h'= distance between centroids of flange 
sections 

t = wed thickness 

d = vertical web stiffener spacing 

a = angle of web buckle (see Fig. C1l.7) 


In deriving equations (10) to (13) Wagner 
assumed that the beam flanges were infinitely 
stiff in bending. Actually the flanges due to 
the lateral pull of the web tension field will 
act somewhat as a continuous beam over the web 
stiffeners as supports, as illustrated in Fig. 
Cll.8a. The deflections of the beam flanges 
relieves the web stress in the midportion of 
the panels and concentrates the web stress near 
the stiffeners where deflection of the flange 
is prevented (see Fig. Cll.8b). 





Fig. Cll. 8a 


Fig. C11. 8b 


Wagner (Ref. 2, Part III) has developed a 
correction factor R to take care of this web 
stress concentration due to flange deflection. 
This stress ratio factor is obtained from Fig. 


C1l.9 and the following equations: 
y = 4 £ “-- = 
wd = 1.25 d sina “/ (i+ tnjh (14) 
ad = stiffener spacing 
I, and I, = moment of inertia of upper and 


u 
lower beam flanges about their own neutral axis. 


Wagner also has derived the fullowing 
equations for determining the wed buckle angle 
aas follows: 


sin*asVat+a-a-------- (1s) 
ht 
cE RL Set Rate oe Pa eae ) 
a at he (16) 
As Au * AL 
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wd radians 


Ay and AL = area of upper and lower flanges 
including reinforcing plates but neglecting web 
material. 


Ag = area of stiffener 
METHOD 1 


C11.5 Modified Wagner Equations for Use in Design. 


Tne Wagner equations are too conservative 
for design, particularly in the web stresses 
and the loads in the vertical stiffeners. The 
shear stress carried by the web before tt 
buckles is in many cases an appreciable part 
of the total resistance, as the buckled sheet 
normal to the diagonal compressive stresses has 
the ability to hold this buckling shear lead 
after wrinkling. The load in the vertical 
stiffener 1S too conservative, since the 
stiffener is riveted to the web and the web is 
riveted to the flange; thus the web acts as a 
large gusset plate instead of a pin end 
condition as assumed in the Wagner equation. 


The following general method of analysis 
of Wagner beams has been used by many airplane 
companies. Instead of assuming that the entire 
beam shear is taken by the web in diagonal 
tension, the following assumptions are made 
relative to the resistance for carrying the 
beam vertical shear. 


{1) The shear strength of the beam rlanges 
is not neglected. 


(2) The shear carried by the web before it 
buckles, that 1s, a3 a shear resistant member is 
considered as an effective resistance, and not 
neglected. 


c1l.s 


(3) The remainder of the beam shear after 
subtracting that carried by (1) and (2) is con- 
sidered carried by‘the web in a buckled state 
in the form of a diagonal tension field. 


The above assumptions apply to beams with 
parallel flange members. If the beam has sloping 
flanges, part of the beam shear will be carried 
by the shear component of the flange axial loads, 
and thus the assumptions should be applied to 
the net beam shear. 


C1l.6 Shear Carried by the Beam Flanges. 
The general flexural shear flow equation is 
qs teva = 2 (if f/ydA ts given symbol Q) 


For beam flange and web arrangements 
commonly used in aircraft structures the shear 
stresses are approximately constant over the 
web, that is, between the centroids of the 
flange-web rivets. Using this assumption, the 
value Q in the above equation equals the static 
moment of the flange area about the neutral axis 
of the beam, and I equals the moment of inertia 
of the flange area about neutral axis. (web 
area is neglected). 


The shear load resisted by the web alone 
therefore equals 


v, = Wh. _V 


we pgp a7) 
where 
h = effective web depth = distance between 


centroids of flange-web connection rivets. 


The total beam shear V which equals the 
resistance of both wed and flange, equals 
Ww it 
et ..-------- +++ (18 
qh ) 
The difference between (17) and (18) gives 
the shear carried by flanges. 


Cll,7 Shear Load Carried by Web. 


Up to the buckling stress of the web plate, 
the shear flow is assumed to be of constant in- 
tensity over the effective web depth. When the 
web buckles, it is assumed that the web main- 
tains the diagonal critical compressive stress 
that produced the buckling of the plate. For 
further increase of shear load on the web, the 
entire resistance is provided by the increase in 
diagonal tensile stresses with no increase in 
the diagonal compressive stresses. In other 
words, for loads above the web buckling point, 
the web acts as 2 pure tension field beam. Fig. 
€11.10 tllustrates these assumptions. 


Shear Load Carried by Web at Web Buckling Stress 


Fig. (C11.10a) shows the shear resistance 


us 
“a 
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fos Fe 
oI bx Ven, Load Vt taken by Vw = Total 
Fy =F up to web web after load on web = 
1 Se buckling buckling Ver + Vt 
Fig. C11. 10 


on the web face (aa) when the web is shear 
resistant. The vertical shear stresses on (aa) 
have been replaced by the diagonal compressive 
and tensile stresses. The intensity of these 
diagonal stresses equals the intensity of the 
critical shearing stress Psop . 


Hence the shear load carried by the wed 
at the web buckling stress equals 


Yor = Fg, Bt ------ ~---- (19) 


The critical shear buckling stress is 
given by the following equation from C5.4 of 
Chapter C5. 


where kg is 2 function of the aspect ratio a/b 
of the shear panel and of the edge conditions. 
Pig. CS.11 of Chapter C5 gives the value of Ks 
for edges simply restrained. Taking a value 
of Kg for this edge condition is no doubt 
slightly conservative. 


Shear Load Carried by Web after Buckling 





Fig. Cll.10b shows the web stress distri- 
bution that 1s assumed to be subjected to the 
web when the wed shear load is increased above 
that which caused the web to break down into 2 
tension field. The diagonal tensile stress fy 
tends to pull the beam flanges together, and 
thus to bend the flanges. The diagonal tensile 
stress fy for the shear resistant web does not 
produce such action. To obtain the maximum 
combined tensile stress in the web, the stress 
f, must be multiplied by a concentration factor 
I/R from Fig. C1l.$. 


Hence 
Junfft f 
ftmax.) = Rt Page) t-te (21) 
Solving for fr 
te = (tame) 7 Papp) R -- ~~ > - (22) 


If the web is riveted to the flanzes and 
web stiffeners, part of the web mterial ts cut 
away due to the rivet noles thus the tensile 





stress of equation (21) must be multiplied by 
a rivet correction factor 1/Kr to obtain the 


true ft, 


Hence for riveted connections: 


Tt(max.) * Ge Fsop) e oo whe (23) 
whence 
Fsor 2 
fr = (2t max.) -=, & R----+ (24) 
where 
ke = rivet spacing - rivet diameter 


rivet spacing 


Squation (22) would apply for webs spot 
welded to flange members. 


The vertical components of the total ft 
stresses on the web effective depth (h) would 
thus equal the shear load Ve developed by the 
wed after buckling. 


For spot welded flange, web and stiffeners 
connections: 


Ve = (Ltmax - Fs.,) Rht Sinacosa ~ (25) 


Por riveted connections: 


Fser 
Ve * (fr 7 22) Kp Rht sina cosa 


; - = (26) 





ir ftnax is taken as the tensile yield 


point stress Fry or the ultimate tensile stress 
Feu equations (25) and (26) will give the shear 
load carried by the web above the buckling load 
when the web is stressed to the yleld and 
ultimate tensile strengths respectively. 


Thus for yield strength: 


Ps 
ty = (Fty - me) Kp Rht sinacosa 





(riveted comect.) - (27) 


Vey = (Fey - Fsqp) Rht stnacosa = ~ (28) 
(Spot welded connect. } 
For ultimate strength: 
Fear 
Veu = (Feu -=E>) Kp Rht sinacosea 
r 
(riveted connect.) ~ (29) 


Yeu = (Feu-Fsy,) Rat sinacosa = ~ (30) 
(spot welded connect.) 


The total yield shear resistance of the 
wed equals 








Vary = (Vop + Vey) +-------- (31) 
Total ultimate web shear resistance: 
Wey = (Vor + Vty) --------- (32) 
Total beam shear resistance equals 
equations (31) or (32) multiplied by 
(Ret. Squation 13) 
Hence 
Boks 2 7 
yield = Op (Vor + Vey) ~---- (33) 
Sa 
Yare. = Qn Ver * Yeu) ------ (34) 


Substituting values from equations (27 to 
30) for Vey and Viu, 
For spot welded connections: 


It 
fr, + (Fey Fs.) R sin 


Vv = 


yield @ cos a] 


- + (35) 


It, 
™ lon + (Feu -Fagp) R sina 


cos a] 
- - (36) 


Yat . 


For riveted connections: 





F 
It Sey 
Vytala lage (Fey - iG ) Kp Rsinacos a] 
See LST) 
F, 
= it Scr 
Yuet. Q [Fog ¢ (Fey ATR ) Kp Rsinacos a 


---- (3a) 


Cl1.8 Beams with Parallel Flanges but with Oblique 
Web Stiffeners. 


Wagner has developed equations for the 
condition where stiffeners are placed at an 
angle with the parallel flange members, (Fig.A). 
In this case equations (27) to (30) snould be 
multiplied by a correction factor equal to 
(1 - tana cot 2) where # 1s the upright angle. 
For oblique stiffeners the wrinkle field angle 
@ is equal to #/2 and the concentration factor 
R can be taken as unity. Hence the equations 
for Vey and Vey become as follows: 











Fr, 
+s - 

‘ey = 1/2 (Pry-) xp a tH if - -(36a) 
Fs 

Yeu = 1/2 (Fey — Keats ae ~ -(38b) 


(For spot welded joints, omit term Ky) 


Fig. A 


C11.9 Rivet Loads. 


The loads on the rivets connecting the 
flanges to the web consists of two parts, (1) 
that due to the web acting as a shear resistant 
member subjected to stresses which cause web 
Duckling, and (2) that due to the web tension 
field for web stresses above the web buckling 
stress. 


Rivet Load at Web Buckling Stress 
Ee ce Keng cress: 





Vor Ip 

Pxop PT OT tree (39) 

where 

Pxor = load on rivet parallel to flange in 
io./in. 

Ip = moment of inertia of flanges about 
beam neutral axis 

I = moment of inertia of total beam 
section 

h = distance between flange rivet 
centroids 

Vor = buckling shear strength of web, lbs. 


Rivet Loads for Tension Field Action 

In Fig. Cll.11 the web element (abc) is 
attached to the flange along line (ab). A 
vertical depth (bc) of 1 inch has been taken. 
The shearing stress on this length due to Veu 
equals Vty/n. This load represents the vertical 
component of the tension field, hence 

Yeu 


Pee ein 2 Oe Es (40) 


Resolving the tension load Py into x and y 
components on rivet line (ab) and dividing by 
the length ab to get rivet loads per inch, we 
obtain 


_ “ty Sina sing Vey 


"y "ipa cosa = 7g tana - - (41) 
ae Vey cos a sina _ Vty 
ea ain 608 OM ee (42) 


Combining the three component rivet forces 
as given in equations 39, 42 and 41 to obtain 
resultant load R on rivet:- 


y 


a) 
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Ye |, 
Fig. Cl. 11 h ! 
‘cS 
Vor Ip Vt Vey rfa 
Pr = f ae _ = tana | 


C11.10 Flange Loads. 


The axial flange loads are due to two 
primary causes, namely 


(1) Stresses due to primary bending of 
the beam by the usual flexural theory. 


(2) Additional stresses produced by the 
web tension field. 


In addition to these two primary effects, 
Secondary bending stresses due to the bending 
of the flange because of the tenston field are 
produced as tllustrated in Fig. C11.8. 


Stresses for Primary Bending: 


= + Mor ys (M - Mer)y 
fp =- topo - - (44) 
where 
I = moment of inertia of total section 


including web about neutral axis 


Ip = moment of inertia of section without 
web about neutral axis 


Mor = bending moment for load which causes 
wed buckling 


M = total bending moment on section 


The first term in the above equation gives 
the bending stresses at the point where the web 
breaks down into a tension field. The web is 
thus effective in computing the moment of 
inertia I. The second term in the equation 
gives the bending stresses when the beam web 
acts as a tension field web, or in other words 
the buckled web is assumed ineffective in 
bending. 


To be slightly conservative the bending 
stresses can be computed by the following 














equation which neglects the resistance or the 
web in bending before buckling. 


The total flange loads can be calculated 
by equating the internal resisting couple to 
the external resisting couple to the external 
bending moment, or 


Fo and Fe. = total compressive and tensile 
flange load respectively 


= 
0 


distance between flange 
centroids 


Equation (46) neglects the resistance of 
the web in bending. 


Flange Axial Stresses Due to Web Tension Field 
— eee Bo et tension Field 
Due to the horizontal components of the 


dtagonal tension field each flange Is subjected 
to a compressive load 2qual to 


Vi 
Po = Fp = -shcota -------- (47) 


(Reference see Equation (12) and general 
derivation wnen a = 45° see Equation (8) and (9). 


In Equation (47) Vt = shear load carried by 
tension field action. 


Secondary Bending Stresses 


For estimating the secondary bending moments 
on flanges due to lateral pull of web tension 
field, the flange can be treated as a continuous 
deam with spans equal to the stiffener spacing. 


The component of the web diagonal tensile 
stresses normal to flange. 


vi 
Wy 2 == tan a (pounds per inch) ~ - - (48) 


* 
’ 


= shear carried by web in diagonal 
tension 


For a continuous beam of equal spans, the 
Moment over the supports = 1/12 wy, a*, where d 
equals the stiffener spacing. The deflection or 
the Zlanges tends to relieve the pull in the 
center portion between stiffeners which then 
decreases the continuity moment over the support. 
wagner (Ref. 1) gives a relieving factor C (See 


a 
5 
i 
i 








i 
i 
! 








‘ 
f 
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Fig. C11.9) for use with the bending moment 
expression. 


Therefore, the secondary dending moment on 
flanges is 


Ve 4a 
Mgee F 1/12 C =- 4" tana 
Cll, 11 Loads in Web Vertical Stiffeners. 


Tne following method of checking the 
strength of vertical web stiffeners was 
originally proposed by Wagner (Refs. 1, 2) and 
can be considered conservative. 


The axial column load in the web stiffener 

equals 
d 

Pstirr, - Ve ptana ------- 

This is the same as equation (13) except 
Vis replaced by V4, the shear carried by the 
ned in diagonal tension field action. Under 
this load Wagner considers the stiffeners as 
columns with elastic supports as the web 
tension restrains the struts from buckling out 
of the plane of the web. Wagner’s calculations 
yield a reduction factor Cg which the actual 
length of the stiffener 1s multiplied by to 
obtain a reduced length L', or 

L'=¢(,L ----+---+---- = - -(50a) 

With this reduced length L', and the actual 
cross section of the strut, the column strength 
can be calculated by the metheds of Chapters 31 
and BS. Fig. Cll.12 by Wagner shows a plot of 
the reduction factor C which is a function of 
the parameter as shown. 


Since the work of Wagner, the NACA has 
conducted an extensive research program on the 
strength and design of semi-tension field beams 
and the strength design of the web stiffeners 
has been based on a more rational basis. The 
NACA method is given later in this chapter and 
it {ts recommended that for final check of web 








a 
0 02 04 06 


| 
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Fig. Cl1.12 
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stiffener design, the NACA method be used. 
method above, proposed originally by Wagner, 
can be used for quick preliminary design of the 
web stiffener. 


The 


C11.12 Beams with Non-Parallel Flanges. 


In many aircraft beams the flanges are not 
parallel but have a slight taper. For this case 
equations (46) and (47) give only the horizontal 
components of the flange loads. The total flange 
forces and their vertical components can be com- 
puted from the horizontal components and the 
Slope of the flanges. Thus from Fig. Cll.lga 
subtracting the vertical components of the flange 
forces we obtain the net web shear load Wn? 


Van = Vw 7 (Fe tan Of + Fo tam @) = (51) 


where 


= 
a 


net web shear for beam with non- 
parallel flanges 


x 
a 


web shear for parallel flanges 





Qe ¥¥ 





F. ten Oe Fig. C11, 12a 


po 


11,13 Example Problem Using Method 1. 


Fig. Cl1l.13 shows a cantilever beam of 
constant cross-section carrying a 13500 lb. 
load at the free end. The beam will be strength 
checked for the given load. The material 
properties are: 


Web: 2024-TS alim. sheet. Fry = 64000, 
Fry = 42000, E = 10,500,000, 
Flanges: 7075-T6 alum. alloy extruded. 


su = 78000, Foy = 70000, 
= 10,300,000. 


Investigation of Web Strength 


Web panel size between web stiffeners and 
centroid of flange rivets = 10 by 28.56. 


Aspect ratio of panel = a/b = 28.56/10 = 
2.956. 


The critical buckling shear stress is given 
by Eq. C5.4 from Chapter C5;- 


2BBr 
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_ tt? & E (Ss? 

Psor 7 TEL - Very or a (a) 

The buckling coefficient kg for an a/b 
ratio of 2.856 and simply supported edges is 
ovtained from Fig. CS.11 of Chapter C5 which 
gives Kg = 5.8, Substituting in (A), 

a — 1.x5.3x 10,500,000 ,.025.4 _2,. 

sop "JB = 3) (“Io +342 bs 


Therefore shear load resistance developed 
by web up to buckling stress equals 


Vor = Pg., 4 t = 342x28.56 x .025 = 244 lb. 


The shear strength of the web acting as a 
tension field after buckling is given oy the 
following equations, when stressed to the yield 
point in tension 


Bs 
Vey = (Fey -—*) Ky Rht sin acosa 
Kr (See uq. 27) 


when stressed to ultimate stress tr. tension 





}) Kp Rut sinacosa 
(See Eq. 29) 


| 


| 2117-T3 Rivets 
A__2 Rows - 5/32" @ 


Yeu = (Prunrng 


Scr 
r 











2024 Alum. Al! aie Area =. 378"? 
~ 27.338" Iya =-0291"* 
Ina =. 1075"* 

Areas .675"> 


15/32 wall 1/8 
ee 
Lower Flange 


7075-T6 Extrusion 
Fig. C11. 13 
Web Effective 


Upper Flange 
7075-T§ Extrusion 


Web Neglected 


to 
10.94 : 12.58 
—hhg— A === NA 
ore ae 
19.06 1 17.42 
At 4 4 


Total Area = 1.79 in.* 
Iya = 270.5 in.* 


Total Area = 1.053 in.” 
Ina = 210 in* 
Qe7.15 
Before solving these equations, the terms 
a, R, and Kp must de determined: 
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The angle of the diagonal tension ftsld 
with horizontal is 
sin®asVa*+a-a (see Eq. 15) 
where 
ht 
g i+ it at ane 
a "ae (see Eq. 16) 
AS Ay + AL 
Substituting 
3 = Tox des Ee 
223 675 + 
hence 
sin? a = ¥ 4.05* + 4.05 - 4,05 = .47 
sina = .68, a= 43°, cosa= .7% 


To determine the web stress concentration 
factor R, we solve for term wd and use curve 
of Fig. C1l.9. 


= Ay a a 5 
wd = 1.25 d sina (ih, > TL)a (Ref .2q.14) 
= IF aD ao 
wd = 1.25x10x .685 /7497g-F"Ga91) aaLSE 


= 2.43 
From curve Fig. C1l1.9, R = .86 
Since the web is riveted to the flange, 


correction must also be made for net area of 
wed. 


x, = Eivet spacing-rivet diameter _ .75 ~ .156 
F. rivet spacing +75 
= .79 


For 2024-73 material, Fry = 42000 and 
Fey = 64000 pst. 


= 342 
Vey = (42000 - SS: 


x .685x .73 


).79 X .86 x 28.56 x .025 


Vey = (41565) .242 = 10100 lb. 





Veu = (64000 - =) .242 = 18400 lb, 
Tne total shear load including strength of 


flanges is given by equations (33) and (34), 
nanely 


Vv = 


yleld Ver + Vey) 


a 
Qh 
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From Fig. C11.13 


L of section without web = 210 in.* 
Nea. 


Q of flange about N.A. = 7.15 


_ 210 - 
Vyte1a = Fis x26.s6 (P44 * 10,100) 
10,670 1b. 
: _ 210 tee J 
Yue. * Wiexeese (244+ 15,400) = 


16,070 1b. 
The design ultimate shear load = 13,500 1b. 
hence 
M.S. = (16,070/13,500) - 1 = .19 


{he apolied shear load using a factor of 
safety of 1.5 1s 13,500/1.5 = 3000 lb. 


The yield strength is 10,670 lb. Thus for 
margin of safety of yleld strength over applied 
load, we have (10,670/9000) - 1 = .18. 


The results show that the beam shear 
resistance is proportioned as follows for a 
total ultimate strength of 16,070 ib., 

(244/16 ,070x 100 = 1.5% carried by web in pure 
Shear, and 15,400/16,070) 100 = 96.0% carried 
oy wed as a diagonal tension field. 


Tne remainder or 2.5% ts carried by the 
shear strength of the flanges. This value is 
relatively low for this particular beam, as in 
general the flange may provide considerably 
more of the resistance. Due to the thin web 
thickness and the large web panels, the web 
buckles at a relatively Low stress, thus the 
percent of the external shear load carried by 
the web at the buckling stress is quite small. 


Oneck of Rivet Attachment - veb to Flange 

The .025 web is attached to the flange 
Member by 2 rows of 5/32 diameter 2117-T3 rivets 
at 3/4 inch spacing. 


The resultant load on the rivets per 
of flange is given by equation (43), nam 


inch 
¥ 








The web is not stressed to its ultimate 
tensile stress since we have 4% margin of 
safety. We will therefore solve equation (A) 
for Vey using the given external shear load 
y= 12,500 lb., and call this value Vt, the 


shear load carried by the tensile field under 
the given shear load of 13,500 lb. 


hs Big = + 
13500 = 5775 28.56 (244 * Ve) 
13500 = 1.03 (244 + Vp) 
whence 


V_ = 12,850 1b., which represents Vey, in 
equation (B) for P, 


Substitute in Equation -(B) 





= [;.244. 210 , 12850... 12850 apt/? 
Pr = [He 270.5 °28.56) * 28.56% .933°| 


[is + 450)? +420°] nee 


Py = = 624 1b./per 
inch. 
Load per rivet pitch of .75 inch = .75x 
624 = 468 lb. 


Single shear strength of 5/32 - 2117-13 
rivet = S96 x .86 = 512 lb. (See Chapter Dl). 


Bearing strength on 2024-TS sheet = 1.24 x 
392 = 486 1d. (See Chapter D1). 


Bearing is critical and the rivet strength 
per rivet pitch is 2 x 486 = 972 lb. (2 rows of 
rivets). 


Margin of Safety = (972/468) - 1 = 1.08 


Due to large M.S., the rivet diameter 
could be made 1/8 inch, or 5/32 rivets could 
be spaced farther apart. 


CHECK OF FLANGE STRENGTH 


The end bay of the cantilever beam involves 
special design considerations such as the two 
beam fittings and the special end stiffener. 
Therefore, the basic flange areas will be checked 
at Section A-A, which is 50 inches from the load 
point, which is where the end fitting would 
possibly begin to take load out of the flange 
members. 


Design bending moment at beam Section A-A 
is, . 


50 x 13,500 = 675,000 in. lb. 


Since Vopr = 244 1b., which is the shear 
load the wed carries without buckling, the 
bending moment due to a snear or 244 lb. will 
be resisted by the entire cross-section including 
the web. Above this vaiue the remaining moment 
is resisted by the section with the web neglected 
in computing the moment of inertia. 


aay 
cp 


we 
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Thus bending moment at web buckling load = 
244 x 50 = 12200 in. lb. 


Bending moment for tension field beam = 
675,000 - 12200 = 662800 in. lb. 


Bending Stresses 
Upper Flange Bending Stresses: 
mere sabes pending tresses: 


12200 x 12.58 _ 662,800 x 10.94 


fy = - "37005 2i0 
(See Eq. 44) 
= - 567 - 34600 = ~ 35167 psi. 
If the entire bending moment were assumed 


resisted by the flanges alone, then, 


675000 x 10.94 


210 = - 35200 pst. 


fp # 


Lower Flange Bending Stresses 


= 712200 x - 17,42 + ~662800 x 19.06 


fo = 270.5 210 


= 783 + 60200 = 60980 pst. 
(Note: Section properties were computed with— 
out taking out one 5/32 rivet hole in 
vertical leg of flange tee, thus 
stresses are slightly unconservative, 
To de on the safe side, the net section 
properties Should be used in figuring 
stresses). 


Average Axial Flange Loads Due to Bending 
ei? ads Due to Bending 


M . 875000 _ 


Total Flange Load ren 29.45 7 22900 Ib. 

Upper Flange tolaver ) = -22900/.675 = 
33900 psi. 

Lower Flange lt laver ee 22900/.378 = 
60500 psi. 


Flange Axial Loads Due to Tension Field Action 





The axial load in eacn flange due to 
diagonal tension in web equals 
Pe = Fo = =.5 Vy cota (See Sq. 47) 
~.5 x 12850 x 1.07 = ~6860 
Average stress on upper flange 
fg = - 6860/.675 = -10,170 pst. 
Lower flange, fy = -6860/.378 = -18180 psi. 


Combined Flange Axial Stresses 
eee ee ARIEL OUTS SOS" 


Upper Flange - Extreme Fiber 
fo = ~35167- 10770 = -45337 psi. 
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Average stress:- 
feay ) = ~33900 - 10170 = -44070 psi. 
Lower Flange ~ Extreme Fiber 

fy = 60980 - 18180 = 42800 psi. 

Average fy = 60500 - 18180 = 42320 psi. 

Since the tension field action tends to 
decrease the tension load in the lower flange, 
it 1s good practice not to include the entire 


relieving effect as tension field action is not 
an exact theory. 


Flange Secondary Bending Stresses 
anamge secondary Bending Stresses 


Since the web is ina diagonal tension 
condition, it pulls on the flange members, or 
in other words, each flange acts as a contin- 
uous beam with the web stiffeners as the support. 
points and the transverse lead on the flange is 
equal to the vertical component of the wed 
diagonal tensile stresses. This secondary bend- 
ing moment is approximated by equation (49). 


3 Vt 
Mgec, = 1/12 C =a" tana 
From Fig. Cl1.9, C = .925 when wa = 2.43 


whence 


2850 


1 3 a 
26.56% 10 x 933 = 3230 


in.lb, 


Msec, = 1/12x .925x 





Secondary Bending Stresses on Upper Flange 
em esses_on Upper Flange 


Ty.a, upper flange = .1075 (See Fig. C11.13) 


I/y lower fiber = ,1075/1.16 = .0925 
I/y upper fiber = ,1075/.338 = .318 

fotower fiber) = 3230/.0925 = 34900 psi 
Compression as flange bends over the support. 


= 3230/.318 = 10140 pst. 


fo Cupper fiber) (tension) 


The combined stress on the lower fiber then 
would be ~34900 - 44070 = -78970 psi. 


The combined stress on the upper fiber 
would be 10140 - 45237 = ~ 35197 psi. 


Secondary Bending Stresses on Lower Flange 
Se , tmesses on Lower Mlange 


V1 ower fiber 7 -0291/.217 = .134 (from 


Pig. C11.13) /Yupper fiber = +0291/.939 = .031 
fy = 3230/.031 = 104000 psi 
(upper fiber) (Compression) 
fo Ciower fiber) = 3230/.134 = 24100 psi 


tension 











The combined stresses on lower flange are:-| 


© upper fiber) = 42320 - 104000 = -€1280 psi 


: = 2 = 
flower fiber) 42800 + 24100 = 66900 pst 


Calculation of Failing Compressive Stress for 


Upper Flange. 





It will be assumed that lateral colum 
action is prevented by lateral bracing from 
adjacent structure, thus failure of flanges will 
be by local crippling. 

awa te tered 

The crippling stress for the flange as av 
whole will be calculated by the Gerard method 
as given in Chapter C7. The bulbs on the Tee 
Section (see Fig. Cll1.13) will be assumed as 
only partially effective in producing a simple 
support to the adjacent plate. The g number 
for the Tee Section will be taken as 4 which is 
no doubt slightly conservative. The design 
curve of Pig. C7.7 of Chapter C7 will be used. 


A Foye _ 0.875 70,000 _yi/a_ 
ar Gy) Tx .1562* 0,300,000) wn 
From Fig. C7.7 we read Fos/Foy = .90, 


hence Fog = .9 x 70000 = 63000 psi. compression. 


Without the effect of secondary bending of 
flanges, the average axial stress on upper 
flange was previously calculated to be -44070 
psi. Thus margin of safety would be 
(63000/44070) - 1 = .43. However, the upper 
flange must also carry the stresses due to the 
flange acting as a continuous beam with the web 
vertical stiffeners as the support points. This 
bending moment over the support points was 
previously calculated to be 3230 inch lbs. 
bending moment midway between the support 
points would be about 50 percent of this value 
since lateral deflection of flange produces a 
Telteving effect. The previous calculations 
gave the combined stress on upper fiber as 
-35197 psi, and on the lower fiber as -78970 
psi. This compressive stress is above the Foy 
value of 70000 for 7075-T6 material and thus 
the vertical leg of the Tee is obviously weak. 
The permissible average stress on the vertical 
leg can be calculated by considering it part of 
an equal angle section and computing the 
crippling stress by the Needham method of 
Chapter C7. The result would be -51500 psi, 
thus with a stress of -78970 existing weakness 
is indicated and re-design is necessary. 


The 


The question now arises, what changes can 
be made without adding any weight to the 
present flange. Two obvious faults exist in 
the flange design. (1) For a beam 30 inches 
deep, increasing the depth of the flange by a 
small amount such as 0.5 inch would not effect 
appreciably the over-all beam bending strength, 
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however, the 0.5 inch increase in depth of the 
Tee would raise the moment of inertia of the 
Tee considerably. (2) The strength of the 
vertical leg of the Tee can be improved by 
adding a lip. This addition will likewise 
increase the flange moment of inertia, which is 
needed to decrease the stresses due to the 
secondary bending action. 


Fig. (A) shows a re-design of the flange 
section with the same area as before, thus no 
weight is added. The Tee nas been made 0.5 
inch more in height and an 0.5 inch wide lip 
has been added to bottom of Tee. The thickness 
and bulb size has been reduced to cancel the 
area added. The new section properties are 
given in Fig. A. 





Area = .675 

INA = 0.35 

Vy upper fiber = . 584 
Vy lower fiber = .25 


The secondary bending stresses will now be 
recalculated. 


= 3230 _ 
to (upper) #35 77 12900 
3230 _ 5530 


tp(1ower) * S84 


The combined stress on the lower fiber is 
44070 - 12900 = -56970 psi as against the 
previous value of ~78970 before Tee was modified. 
Adding the lip on the bottom of the Tee would r 
raise the allowable stress above the ~51500 
previously calculated, thus stress of -56970 
can now be carried. 


This example problem has brought out the 
fact that the secondary bending stresses can be 
a major stress factor unless proper attention 
is given to designing the flange to reduce the 
secondary bending stresses. 


Another approach to calculating or checking 
the strength of the flange would be to use the 
inter-action equation, 


Ro * Rp Fl 


where Re is equal to the flange load due to beam 
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by the crippling stress Fog of the flange 
section. 


Rp is the ultimate oending moment that the 
flange can develop as cer the method presented 
in Chapter C3, divided by the design secondary 
bending moment. 


Strength Check Lower Flange (Tension Flange) 





AS previously calculated, the stress on 
hottom fiber was 66900 psi tension and -61880 
psi compression on the upper fiber of the 
lower flange. The tension is 0.K. since the 
Fey of the material is 78000 psi which should 
give enough margin of safety to take care of 
rivet holes. However, the compressive stress 
of -61880 is too high and re-design is 
necessary. The difficulty 1s due to the large 
stress from secondary bending. Thus making 
similar changes for the lower flange Tee as was 
done for upper “lange Tee would solve the 
problem without adding appreciable weight. 


Check of Web Vertical Stiffener Strength. 


Column load in web stiffener is given in 
Eq. (50). 


: eh a 
Pocire, = “Yt p tan 


10 
28.56 





= -12850 X .923 = -4200 1d. 


The reduced column length factor C of the 
web stiffener is obtained from Fig. Cll.l2 for 
& parameter of 

¢@ = 10 = 

a (cot a cot f) 28.56 (cot 40°) © 7e0F 
and gives ©, = .38 
nence 

L' = .78 x 23.56 = 10.8" 

Assuming an effective width of web sheet 
equal to 50 t as acting with the 1x 1x 1/8 
angle stiffener the radius of gyration equals 
.267 and the area equais .253, 


hence 






L'/o = 10.8/.267 = 40.3 


The crippling stress * fe 


will be calculated dy 5 26T 
Needham method of Chapter : Area =. 253 in.? 
C7. Material 2014-T6 


bits 


-9375/.125 = 7.5 


bending and web diagonal tension effect, divided 
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From Fig. C7.5_of Chapter C7, Fos/V Foy= 


= .07. Fog = .07¥55000 x 10,700,000 = 52500 psi. 


Using Johnson-Suler equation of Chapter 
C7, 


Fos* 144.48 
Fo = Fos ~ Gqap (L'/0) 





52,500 2 
Fo = a oy ee (40, aA 
Fg = 52500 a? 10,700,000 (40.5) 41800 
psi. 
Stiffener strength = P = FoA = 41800 x 


«253 = =10600 1b. 


The load being only 4200 lb., the stiffener 
{is far overstrength and should be re-designed to 
save structural weight. 


METHOD 2 


C11.14 NACA Method of Strength Analysis for Semi-Tension 
Field Beams with Flat Webs. 


Method 1, or the modified Wagner equations 
and procedure used in example problem, are 
somewhat conservative relative to web and web 
stiffener design. To eliminate this conserva— 
tism and place the web and stiffener design on 
a@ more rational or truer basis, the NACA carried 
on a comprehensive study and testing program to 
develop a better understanding of semi~tension 
field beam action and to present a design pro- 
cedure for use by the aeronautical structures 
engineer. The results of this program are 
summarized in (Refs. 3 and 4). The material 
which follows is taken from those reports. 


NACA SYMBOLS 


The list of symbols which follows is the 
same as used in Refs. 3 and 4 except o, T and do 
have deen replaced by fy, fg and Fy, respectively, 
in order to be consistent with the symbols used 
in the first part of this chapter. 


cross-sectional area, square inches. 
Young’s modulus, KSI. 

shear modulus, «SI. 

force in KIPS. 

static moment about neutral axis of parts 
of cross-section as specified by sub- 
scripts. in. 

coefficient of sdge restraint. 
transverse shear force, xips. 
spacing of uorights, inches. 

distance from median plane of web to 
centroid of (single) upright, inches. 
depth of beam, inches. 
diagonal-tension factor. 


wo oOvAaw YS 


wD 
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it: thickness, inches (used without subseriot) 
signifies thickness of web). 

a angle between neutral axis cf beam and 
direction of diagonal tension, degrees. 

e centroidal radius of gyration of cross- 

section of upright about axis parallel to 

web, inches (no sheet should be included). 

normal stress ksi. 

s shear stress ksi. 


re Mt 
s 


Subscripts 


DT diagonal tension 
Fr flange 

8 shear 

u upright 

W web 

er critical 

ult ultimate 

3 effective 


Special Combinations 

Py internal force in upright, kips. 

R" Shear force on rivets ver inch run kips. 

per inch. 

total shear strength (in single shear) of 

all rivets in one upright, kips. 

de upright spacing measured as shown in Fig. 
C11.16a. 

fig depth of web as measured as shown in Fig. 
Cll.16a. 

he depth of beam measured between centroids 
of flanges, inches. 

dy depth of beam measured between centroids 
of web to flange rivet patterns, inches. 

hy, length of upright measured between 

centroids of upright to flange rivet 

patterns, inches. 

theoretical buckling coefficient for plates 

with simply supported edges. 

Fy "basic" allowable stress for forced 


crippling of uprights. 
/ (igtiqy Me 


Kss 


wa flange flexibility factor (.74 
where Ig and Ip are 
moments of inertia of 
compression and tension flanges 
respectively. 


C11,15 Engineering Theory of Incomplete Diagonal 
Tension. 


a beam with a thin flat sheet as a web, 
if the external shear load is less than the 
Duckling load for the web, then the web is in a 
state of pure shear at the neutral axis as 
indicated in Pig. C1l1.14 (Fig. 4). If we 
neglect the normal stresses due to bending over 
the depth of the web, this shear stress 
arrangement can be assumed constant over the 
full depth of the web. 


If a web is ‘thin, it will buckle under 4 
certain critical load and if the load is in- 


ereasing beyond this critical buckling value, 
the buckle pattern will approach a pure tension 
field as indicated in (b) of Fig. Cll.l4b. 


eS 


a 





(a) Nonbuckled ("shear-resistant") web. 





(b) Pure diagonai-tension web. 


Fig. C11. 14 - State of Stress ina Beam Web. 


In the usual practical thin web beam in 
aircraft construction, the state of stress in 
the web 1s intermediate between pure shear and 
pure diagonal tension. The engineering theory 
as developed by the NACA considers that this 
intermediate state of incomplete diagonal 
tension may be based on the assumption that the 
total shear force in the web can be divided into 
two parts, @ part S, carried by pure shear and 
a part Spr carried by pure diagonal tension. 


Thus under this assumption one can write, 


S$ = Sg + Spp, which can be written in the 
form 


Spp = ks 
Sg = (1-k)s 


where k is the "“diagonal-tension factor" which 
expresses the degree to which the diagonal 
tension is developed by a given load. Thus the 
state of pure shear is measured by k = 0 and the 
state of pure diagonal tension byk=1. Fig. 
C11.15 illustrates the stress condition for the 
limiting cases of K = 0 and k = 1 and for the 
intermediate case. The letters PS, DT and PDT 
as labeled on Fig. C1l1.15 mean pure shear, 
diagonal tension and pure diagonal tension 
respectively relative to web stress conditions. 


Cll1.16 Formulas for Stress Analysis, 


Limitations of Formulas: 


The NACA believes the formulas which follow 
will give reasonable strength predictions if, 


oS 
ot 
wy 
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Fig. C11.15 Resolution of Web Stresses at Different Stages 
of Diagonal Tension. 


normal design practices are used. The follow- 


ing limitations should be observed. 


(1) Uprights on wed stiffeners should not 
be too thin. + > 0.6 


(2) The upright or web stiffener spacing 
should not be too much outside the range 


o.2~<4 <=1.0 


(3) The tests by NACA did not cover beams 
with very thin or very thick weds, hence some 
possibility of inconservative predictions may 


exist if 2» 1500 or less than 200. 
C11.17 Critical Shear Stress. 
In the elastic range, the critical shear 


stress between two wed uprights is calculated 
by the formula:- 


Poor™ Ha (Z)"[Rn +3 (Ra Pn) GL (53) 
where, 


Kgs 


theoretical buckling coefficient 
(given in Fig. Cll.1é6a for panel 
length of he and width dg with 
simply supported edges. 


dg = width of sheet between uprights 
measured as shown in Fig. Clil.léa. 


Ne = depth of web measured as shown in 
Fig. Cll.léa. 


Ry = restraint coefficient for edges of 
Sheet along upright (See Fig. 
C11.16d). 


Rq = restraint coefficient for edges of 
Sheet along flanges. (See Fig. 
C11.16b). 


(If dg = he, substitute he for dg; dg for 
Hos Rq for Ry; and Ry for Rg). 


Curves of the critical shear stresses for 
plates of 2024 aluminum alloy with simply sup- 
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ported edges are given in Fig. Cll.17. 


To the 
right of the dashed line the curves in Fig. 
C11.17 are plots of the theoretical equation, 


and may be used for most alumimm alloys. To 
the left of the dashed line, the curves repre~ 
sent straight line tangents to the theoretical 
curves in a nonlogarithmic plot and are valid 
only for 2024 aluminum alloy, 


If the critical shear buckling stress is 
above the proportional limit stress for the 
material, a plasticity correction must be made. 
Fig. C11.18 presents curves for correcting the 
calculated elastic values for this plasticity 
effect. The plasticity correction for other 
materials can be obtained as explained in art. 
CS.8 and Fig. CS.13 of Chapter cs. 


C11.18 Loading Ratio. 


The loading ratio is the ratio ts/Fsqp 


where fs is the depth-wise average or nominal 
shear stress. 


When the depth of the flanges 1s small 
compared with the depth of the beam and the 
flanges are angle sections, the stress fg may 
be computed by the forma 


In beams with other cross-sections, the 
average nominal shear stress should be computed 
by the formula 


Sw Or 
It 


2 ww 


fg = iis (36) 





(1+ 


Where Qp is the static moment about the neutral 
axis of the flange material and Qy is the static 
moment about the neutral axis of the effective 
web material above the neutral axis. For the 
computation of I and Q, the effectiveness of the 
web must be estimated in the first approximation. 
AS second and final approximation, the effec- 
tiveness of the web may be taken as equal to 

(1 - k), where k is the diagonal-tension factor 
determined in the next step. Thus tn computing 
I and Q the effective wed thickness is (l-k) t. 


C11. 19 Diagonal-Tension Factor k. 


Having determined the loading ratio fs/Psops 


the diagonal tension factor k can be read from 
Fig. Cll.19. 
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C11.20 Average and Maximum Stress in Upright or 
Web Stiffener. 


The average stress over the length of the 
upright for a double upright (stiffener on each 
side of web) can be calculated by the formula, 


This equation can be evaluated with the 
use of Fig. C1l.20. The stress fy is uniformly 
distributed over the cross-section of the 
upright until buckling of the upright begins. 


Eq. 57 assumes the values fg, k, and a to 
be the same in the panels on each side of the 
stiffener. If they are not, then average 
values should be used, or a conservative check 
should be made using the largest shear value. 


Single Upright (or Web Stiffener on one side of 
Web) 


The stress f, for a single upright is 
obtained in the same manner, except that the 
ratio Ay/dt is replaced by Ay,/dt, where 

Su 


ey) 
1+) 





Aue 


For the single upright fy 1s still an average 
over the length of the upright, but it applies 
only to the median plane of the web along the 
line of rivets connecting the upright to the 
web. In any given cross-section of the upright, 
the compressive stress decreases with increasing 
distance from the web, because the upright is a 
column loaded eccentrically by the web tension. 
Thus formulas for local crippling based on 
uniform distribution of stress over the cross- 
sections do not apply. 


Maximum Stress in Upright 


The stress fy in the upright varies from a 
maximum at (or near) the neutral axis of the 
beam to a minimum at the ends of the upright 
("gusset effect"). The maximum value is given 
by tre following equation:- 


fumax, 


tu py eee ee ee (59) 


tet 


fimax. = 


where, (Pumas /fy) is the value of the ratio 


when the web has just buckled, Fig. C1l.21 
gives the value of this ratio. 


C11.21 Angle of Diagonal Tension. 


Having determined x and f,,/f,, the angle a 
between the direction of the diagonal tension 


and the axis of the beam can be determined by 
the use of Fig. C1ll.22. 


C11.22 Allowable Stresses in Uprights. 
Four types of failure are conceivable. 


(1) 
(2) 
{3) 
(4) 


Column Failure. 

Forced Crippling Failure. 

Natural Crippling Failure. 

General elastic instability failure 
of web and stiffeners. 


Column Failure 


Column fatlures in the usual meaning of the 
word (fallure due to instability, without 
previous bowing) are possible only in double 
uprights. When column bowing begins, the up- 
rights will force the web out of its original 
plane. The web tensile forces will then develop 
components normal to the plane of the web which 
tend to force the uprights back. This bracing 
action is taken into account by using a reduced 
“effective” column length Le of the upright, 
which is given by the following empirical 
formula, 


t h 
e* 7 a dq, 
L+k* (3-25) - 


The stress f, at which column failure 
place can be found using the standard 
curve with the slenderness ratio L2e/p 


takes 
column 
as shown, 


The problem of "column" failures in a single 
upright has not been investigated to any extent 
and test results are greatly at variance with 
theoretical results. Two criterions are 
Suggested for strength design, namely:- 


(a) The stresses f should ve no greater 
than the column yield stress for the upright 
material. This accounts for the upright acting 
as an eccentrically loaded compression member. 


(9) The stress at the centroid of the up- 
right (which is the average stress over the 
cross-section) should be no greater than the 
allowable column stress for the slenderness 
ratio hy/Zp. This is an attempt to take in 
account a two-wave type of buckling failure that 
has been observed in very slender uprights. 


Forced Crippling Failure 


The shear buckles in the wed will force 
buckling of the upright in a leg attached to the 
web, particularly if the upright leg is thinner 
than the web. These buckles give a lever arm to 
the compressive force acting in the leg and 
therefore produce a severe stress condition. 

The buckles in the attached leg will in turn 
induce buckling of the outstanding legs. 


1S 
oy 
eae 





C11, 18 


DIAGONAL SEMI-TENSION FIELD DESIGN 





In single uprigt 
rellaved to a consid: 3 ent by virtue of 
fact that the comoressiy tress decr 
vita distance from the web; the allowable 
stresses for single aes ara therefore 
somewhat aigher than those for double uprights. 
Because the forced crippling is of local 
mature, it 18 asaumed to depend on the peak 

val of the upright stress rather than 


standing legs are 














ue oy 
We TUmax, 
on the average value. 


The upright stress at which final collapse 
occurs 13 ddtained by the following emoirical 
method:- 


(1) Compute the allowable valne of F 
for a perfectly, elastic upright material by 
the formula:- 


For 2024-T3 Aluminum Alloy: - 


Fy221000k*/* (ty/t)*/* (For double upriauts =~ 
Fy226000k*/9 (ty/t)*/*(For single uprights)~(5 


for 7075-15 Aluminum Alloy:- 


y=26000K ea. /*(Por double uprights 


)-(612} 
Fys32500K*/? (ty ) 


/s}*/*(Por single uprights )-(31d) 


(2) f Fy exceeds the proportional limit 
for the upright material, use as allowable 
value the stress corresvonding to the compres- 
Sive strain Fy/E. 


Fy can also be obtained for various 
materials from Fig. C11.38. 


Natural Crippling Failure 


The term "natural crippling failure" ts 
used to denote 4 criopling failure resulting 
from a compressive stress uniformly distributed 
over the cross-section of the upright. By this 
definition it can oceur only in double uprights. 
To avoid natural crippling faliure, che veak 
Stress in the upright Fy, in the upright 





should De less than the crippling stress of the 
section for L/o —»O. It appears that crippling 
failure does not appear to be 2 controlling 
factor in actual destgns. 


General Elastic Instability of wed and Uprizhts 








Test experiance so far has not indicated 
that general elastic instability need be von- 
sidered in design. Apparently the web system 


is safe agaiast general elastic instability if 
the uprights are designed to tall by column 
action or by forced criopling at a shear load 
not much lass than the shear strength of the 
wed. 


C1123 Web Design. 


For design purposes, the peax yalue 
nominal web shear stress within 4 bay is 
as, 


or the 
taken 


2 fs (Lex }(1+kC,) - - - ~ (62) i 


° 
“Smax. 
Refer to Figs. Cl1l1.23 and C11.24 to 

determine values of factors C, and Ca. 
term constitutes a correction factor to allow 
for the angle a of the diagonal tension field 
diftering from 45 degrees. C, makes allowance 
for the stress concentration due to the flexi- 
dility of the beam flanges. 


The Cy 


Allowable Shea Stress Fs. 


The allowabla shear stress Fs is determined 
by tests and denends on the value of the 
diagonal-tension factor k as well as on the 
details of the web to flange and web to upright 
fastenings. Fiz. C11.25 gives empirical allow- 
abla curves for two aluminum alloys. It should 
be noted that these curves contain an allowance 
for the rivet factor; inclusion of this factor 
in these curves is possidle because tests have 
shown that the ultimate shear stress based on 
the gross section (that is, without reduction 3 
of rivet holes) is almost constant within the 
normal range o¢ rivet factor (CR = 0.5). 


For the allowable stress for other 
materials refer to Fig. C11.42. 


Permanent Buckling of Web. 


A check for the development of permanent 
Shear buckles can de made using Fig. C11.46. 
In this figure Fs, B is the allowable web 


gross shear stress for no permanent buckles. 
The Air Force usually specifies no pernanent 
buckles at limit load. 


C11.24 Rivet Design. 


Weo to Flange 





ets 


The load per 
flange rivets is 


inch run acting on web to 
taken as, 


Sw 
RY sy (1 + 0.414 «) -- ------ ($3) 
hy 


With double uprights the web to upright 
rivets must orovide sufficiant longitudinal 
shear strength to make the two uprights act as 
an integrai unit until column fallure occurs. 
The total shear strength (single shear strength 
of all rivets) required in an upright is 
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where 


Feo = column yield strength of upright 
material. (If Feo is expressed in 
ksi, Reotar will be in Kins.) 

tota 


Q = static moment of cross-section of 
one apright about an axis in the 
median plane of the web in.* 


> = width of outstanding leg of upright. 


ny/Le # ratio obtainabl2 from formula (60). 


The rivets must also have sufficient 
tenstle strength to prevent the buckled sheet 
from lifting off tne stiffener. The necessary 
strength is given by the criterion. 


Tensile strength per inch of rivets > 
0.15 x t Feu 


where Fry, 13 the tensile strength of the web. 


For Web to Upright Rivets on Single Uprights. 


The required tensile strength ts given by 
the tentative eriterton, 


Tensile strength 
+22 xt Fou 


inch of rivets > 
ercrere ~----- (56) 
(The tensile strength of a rivet is defined as 
the tensile load that causes any failure; if 
the sheet is thin failure will constst in the 
pulling of the rivet through the sheet.) 


No criterion for shear.strength of the 
rivets on single uprights has been established; 
the criterion for tensile strength is probably 
adequate to insure a satis?actory design. 


The pitch of the rivets on single uprights 
should be small enough to prevent inter-rivet 
buckling of the web (or the upright leg if 
thinner than the web), at a compressive stress 
equal to toy Rs The pitch should also de less 
than d/4 in order to justify the assumption 
on edge support used in the determination of 


Psop 
Upright to Flange Rivets 
These rivets must carry the load existing 


between upright and beam flangs. These loads 
are, 


a 


Py =f, Ay (for double uprights) - -~ (67) 


Py = fy Au, (for single uprights) - - (68) 
These formulas neglect the gusset effect 
(decrease of 2, towards the ends of the upright) 


in order to de conservative. Two fasteners 


should be used to attach the upright to the 


flange, especially when the upright is Joggled. 
(See Chapter D3.) 


C11.25 Secondary Bending Moments in Flanges. 


The secondary moment in a flange, caused 
by the vertical component of the diagonal 
tension may be taken as, 


where C, is a factor The 
moment given by this 


moment and exists at 


given in Fig. Cll.24. 
formula is the maximum 
the ends of the bay over 
the uprights. If C, and k are near unity, the 
moment: in the middle of the bay is half as 
large as that given by formula BAG? and of 
opposite sign. 


C11. 26 Shear Stiffness of Web. 


The theoretical effective shear modulus of 
a wed Ge in partial diagonal tension is given 
in Figs. Cll.26a and Cl1.26b. In Fig. Cll.26a, 
Qrpp is valid only in the elastic range. The 
correction factor for plasticity is given for 
2024-T3 aluminum alloy in Fig. C1l.26b. 


The effective modulus should be used in 
deflection calculations. 





3 
og = We aiesse Se, - - (70) 
ior 


Gg, for example, should be used in place of G 
in the flexibility coefficients for shear panels 
in Art. 47.10 of Chapter A7, if buckling skins 
or weds are present. 


C11.27 Example Problem. 


Using NACA Method. 
(Method 2). 


The beam used in example problem of Art. 
C11.13 will be checked by the NACA Method. 


First check to see if given beam falls 
within the limitations of the NACA formulas. 


From Art. C11.1€:- 


t 
= should be greater than 0.8 

For our beam t,, the leg thickness of the 
upright is .125” ang the wed thickness is .025" 
hencs .125/.025 2 5, which is greater than .6. 


Also from Art. C11.16, the d/n value for 
the beam should fall between .2 and 1.0. 


The d/h value for our beam is 10/30 = 
which falls within the given range. 


+333 
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Calculation of the Critical Shear Stress (?5 


Use will be made of Fig. Cll.17, 





Go: = 29_ 2 4o9 = Stiffener spacing (See Fig. 
t +025 Web thickness c11.16) 
Ke _ 27.94 

a 9 2.79, See Fig. C1l.16 for Rigs 


Using the above values, 
C11.17 that 


we find from Fig. 


Fegp = 370 psi. 


Calculation of the Loading Ratio t3/Fsor 
8 Sor 


From equation 55 


Sw 
het 


external shear load on web. 
distance between flange centroids. 


13500 
29.45 x .025 








fe = 18350 pst. 


where, Sw 
he 


Equation 55 was used because the flanges 
Will take very little of the shear load. 


Therefore the loading ratio, 


ft 

S_ . 18350 _ 
7 = =" 5 ag. 
Por 370 


Calculation of Diagonal-Tension Factor k 
eee tenSton Factor k 


With ts/Fsop = 49.6, we use Fig. Cll.19 to 


find value of k = -69, for zero curve since 
Sheet {s flat or R = 0. 


Calculation of Average Stress in Upright 
et rage Stress in Upright 


Upright consists of one 1 
extruded angle section. 


x 1x 1/8, 2024 


To obtain effective area, we use eq. 58 





Au 234 
Au, = =e = «oe 
8 8\a 23025 ya 
i+ SH lt >) 
where, 
Ay = area of web upright or stiffener 
@ = distance from median plane of web 
to centroid of single upright. 
® = centroidal radius of gyration of 


cross section of upright about axis 
parallel to web. 


112 
10x .025 
+69, we obtain value of fy/ts = 


Using Fig. Cll1.20, with Ay,/at - 


= .45 and k = 
925 


as 
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Hence, fy 2 18350 x .92 = 16900 psi, which 
represents the average stress over the length of 
the upright but applies only along the median 
Plane of the web or along the line of rivets 
connecting upright to web. 


Calculation of Maximum Stress Upright 
eT vere Upright 


d 


Value fa 36.50 7 «352 
where, d upright spacing 


hy = distance between centroids of up- 
right-flange rivet connections. 


Using .352 as value of d/ay and k = 
from Fig. Cl1.21 that funay/fu 


-69, we find 
= 1.17. Hence, 


fy * -16900 x 1.17 = -19800 psi. 
Calculation of Diagonal Tension Angle a 
gona’ Tension Angle a 


From Fig. Cll.22 for values of k = .69 and 
fy/fg = 16900/183S0 = .92, we obtain tan as 


Calculation of Allowable Stresses for Upright 
eee me rn te Stresses for Upright 


Check allowable stress for failure as a 
column:- 


Since the design is of the single upright 
type, we check the following two criteria:~ 


(1) Stress f, should be no greater than 
the column yield stress for the upright material. 


In the previous solution of this beam by 
Method 1, the crippling stress of the web up- 
right was calculated to be -S2500 psi., which 
corresponds to the column yield stress Peo. 
Since fy (average) was -16900 psi., the upright 
is far overstrength for this particular strength 
check. 


(2) The stress at the centroid of the up- 
right should be no greater than the allowable 
column stress for a Slenderness ratio of 

hy, = 20 = 28.50/2 x .29 = 49 


The Johnson-fuler colum equation is, 





Fos" , 2 

Fe = Fes - TH z {b'/p) 
52500 * ae 
Pe = 82500 - F-5a-=T0,700,000 (49)* = 


-38000 psi 
M.S. = (38000/16900) - 1 = 1.14, 
for Upright for Forced 


For a single member upright equation (61b) 
applied. 


ERS ser nnereeentatece 
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Fy = 26000 k?/* (ty/t) */* 


Fy = 26000 x .697/* (.125/.025)*/® = 
34600 psi 


The Foy for 2014-Té6 Ext. = 53000 
Correcting from Foy = 42000 for 2024 
material by directly as the Vv of the yield 


stresses, which 1s approximately true, we 
obtain, 


a/a 
Fy = tapeo} x 34600 = 38800 psi 


M.S. = (38800/19800) ~ 1 = 0.96 

The stress is below the proportional limit 
stress of the material so no correction is 
necessary. 


The stress Fy could also be found by use 
of curves in Fig. C11.38. 


The wed stiffener or upright is too much 
overstrength and should be re-designed. 


Check Web Design 


The peak value of the nominal web shear 
stress within a beam bay is taken as, 


fonay, 7 fg (L*k0,) (1+ kC,) 


From Fig. C1l.23 using tan a = .815, we 
find C, = 022. 


Using Fig. Cll.24, we must find value of term 


4 
wd = 0.7 dv £ before the value of 


(Ig + Ip) Be 
C, can be found. 
4 
wd = 0.7 x 10 V 025, = 1.96 


(.1075 + .0291) 29.45 
hence from Fig. C1l.24, C, = .075 
Substituting: ~ 


tain = 198350 (1 + .69 x .022)(1 + .69 x..075) 


19600 psi. 
Allowable Web Shear Stress 


From Fig. Cll.25@ for kK = .69, the allow- 
able F5.,,, for 248T (Fry = 52000 psi.) equals 


21000 psi for web without rivet washer and 
23700 psi Zor web with rivet washer. The 
margin of safety for web with rivets without 
washer is (21000/19600) - 1 = .07. For rivets 
with washer the margin of safety would be 





(23700/19600} ~ 1 = .21. 
Check of Rivets 


Loads per inch of run web to flange rivets 
is given by the following equation. 


R" =o (L + 0.414 k) 
> 


= 13500 
28.50 





(1 + 0.414 x .69) = 610 lb, 


Load per rivet pitch of 3/4 inch = .75 x 610 
= 456 lb. 


These values are practically the same as by 
the first method of solution in Art. Cl1.13. 


Single shear strength of 5/32 2117-T3 rivet 
#512 1b. Bearing strength on .025 web = 486 
ld. (critical). 


Strength per rivet pitch = 2 x 486 = 972 lb. 
M.S. = (972/456) - 1 = 1.12 


Web to Upright Rivets 


The required tensile strength is given by 
the criterion, that the tensile strength of 
rivets per inch of stiffener should be greater 
than 0.22 to Fey Which equals 0.22 x .025 x 
62000 = 340 1b./inch. 


In our rivet problems we have specified no 
web-stiffener rivets. Thus rivets should be 
specified that will develop 340 lb. tension 
strength per inch of stiffener. See Fig. 
€11.37a for tension strength for some fastener- 
skin combinations. Refer to further 
discussion tn latter part of Art. Cll1.42. 


Upright to Flange Rivets 


The web uprights are fastened to the flange 
both upper and lower by 1/4 dia. AN steel bolt. 


The load on the upright at its ends is, 
Py = fy Aus * 16900 x .112 = -1895 1b. 


Shear strength of 1/4 bolt = 3681. 


Bearing on vertical 3/32 leg of lower flange 
= 1.25 x 2340 = 2930 lb. (critical). 


M.S. = (2930/1895) - 1 = .54 


Since a 1/1" dia. rivet A17ST, Fgy # 38 ksi 
has a shear strength of 1970 lb. it could be 
used instead of the 1/4" bolt and the M.S. would 
be .04, 


Check of Flange Strength 


Section 50" from end. Design external 


ty 
“) 
we 








Cll, 22 



















bending moment = 50 x 13500 = 675000" Ib. 
Diagonal tension factor = .69 
Thus bending moment developed as a shear re- 


sistant beam = (1 - .69} 675000 = 209000" lb. 





The remainder of the bending moment is 
developed as 2 Dura tension fisld beam, or 4 
moment of 466000" 1b. 


Bending Stresses 


Upper flange bending stresses, (extreme 


sioer) fy = - 209000 £12.58 _ 466000 _x 10.94 
wen SB 270.5 210 


= - 9700 - 24300 = - 34000 pst. 


Lower Flange Bending Stresses (extreme fider) 





eq - 209000 x =17.42 , ~466000 x -19.06 
tb 270.5 210 
= 13450 + 42400 = 55850 pst. 


Average Axial Plange Loads Due to Bending 


AS @ Shear resistant beam average axial 
flange load equals 


T-ty. M (1-3 
aa ea id) 
where M (1 - «) = 875000 (1 - .69) = 209000" 1b. 


at tine of web duckling. 

hg = distance between flange centroids 

I 2 moment of inertia of entire beam 
section about neutral axis 

Iw = moment of inertia of web about beam 
N.A. 


Substituting 


209000 (22035 0-5) +5 


Flange load = 29.45 S700: =45510 ib. 





Average axial flange load due to bending with 
yeam in diagonal tension state, 


= 486000 


2115 
39.45 15840 1b. 


Total Flange Average Axial Loads Due to Bending: 


-15640 - 5510 = -21350 lb. 
Po = 21350 lb. 


Upper flange Fo = 
Lower flange Fr = 


Flange Axial Loads Due to Tension Field Action 


= _ St 


pF 2 cot a 


my 


Spp = shear load carried by diagonal 
sensicn field action = ks, where 
k= .69 
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262 % 35500 x 1,228 = - 5710 Ib. 


dence Fp = - 


Total Flange Average axial Loads 


Upper flange F¢ -21350 -5710 3 -27060 1b. 
Lower flange Fr = 21350-5710 = 15640 1b. 
-27060 _ 
575 
~40000 pst. 
15640 _ 
a8 
40300 psi. 


Average stress upper flange 


Average stress lower flange 





Comparing these values sith the values obtained 

by the first method of solution we find -44000 

and 42450 respectively. Thus the NACA method 

decreases the load on the flanges. oO 


Cneck of Fiange 
Bending Moments 


Stresses Due to Secondary Flange 


From Formuis 65 


Magee ts tat cy 


From Fig. C11.24, C, = .97 when wd = 1.96 


Hence, 
w= px .69 x 16350 x .025 x 10" x .97 = 
2560 in. 1d. 


This compares with 3210 in.1b. by the first 
method of solution. The flange stresses could 
be found as in solution method 1. 


C11.28 General Conciusion. 


In general the NACA method gives higher 
margins of safety. The NACA method is recom 
mended for actual design of semi-tension field 
beams. The NACA method has been extended to 
cover curved webs and this subject 1s presented 
in Part 2 of this chapter. 


In the example problem the web was 
relatively thin and the diagonal tension factor 
k of .69 means that wrinkling is quite severe 
as 69 percent of the snear load 1s carried by 
diagonal tension. In heavily loaded and rather 
shallow depth beams, sucn 25 wing spars or wing 
dulkheads subjected to large external loads, 
the webs are much thicker and the k factor 


much less. 
‘ 
The great saving in wed weight over that 
required for a non-buckling web design easily 


exceeds the weight increase in the flanges and 

the web uprights that diagonal tension field 

action produces. The rivet design in semi- , 
tension field design presents more detailed 

design protlems since the rivet loads are larger 
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and more complex than for a beam with non- 
buckling web. 


C11.29 End Bay Effects. 


The previous discussion has been concerned 
with the "interior" bays of a beam. The 
vertical stiffeners in these areas are subject, 
primarily, to only axial compression loads, as 
discussed. The outer or "end bay” is a special 
case. Since the diagonal tension effect 
results in an inward pull on the end stiffener, 
it produces bending in it, as well as the usual 
compression axial load. This action can be 
clearly seen in Fig. Cll.7. Obviously, the 
end stiffener must be considerably heavier than 
the others, or at least supported by additional 
members to reduce the stresses due to bending. 


Actually an end bay effect exists wherever 
a buckled panel ends and structural members 
along the edge of the panel must carry the 
bending due to the diagonal tension loads. 


Typical examples, in addition to the end 
stiffener discussed, would be the edge members 
bordering a cut-out or a non-structural door 
ina flat beam, or a curved fuselage or wing 
panel. Illustrations are shown in Fig. C1l.27. 


Flange End 
Stiff. 
Tens. 
Field -_/|} {PP 
Pull _7 


(a) 
Fig. C11.27 


The component of the running load per inch 
that produces bending in such edge members is 
given dy the formulas 


wskq tana 
for edge members parallel to the neutral axis 
(stringers) and 


wekqcota . 
for members norsal to the neutral axis 
(stiffeners or rings). The longer the un- 
supported length of the edge member subjected 
to w, the greater wlll de the bending moment it 
must carry. 


For example, consider the end stiffener of 
the beam of Fig. C11.13 in Art. c1l.13. Using 
the data from Art. C11.27, 
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w = 388#/in. 


C11, 23 


k qcota 
-69 (18,350 x .025) x 1.228 = 388_lb./in. 


This is a severe loading for the end 
stiffener to carry in bending in addition to its 
other loads. A heavy member would be required. 


There are in general 3 ways of dealing with 
the edge member subjected to bending, the object 
being to keep the weight down. 

(1) Simply "beef-up" or strengthen the 
edge member so it can carry all of its 
loads (this {s inefficient for long 
unsupported lengths). 

(2) Increase the thickness of the end bay 
panel to either make it non-buckling 
or to reduce k and thereby the running 
load producing bending in the edge 
member (this is usually inefficient 
for large panels). 

(3) Provide additional member (stiffeners) 
to support the edge member and thereby 
reduce its bending moment due to w. 
(this requires additional parts). 


Actually a combination of these methods might 
be best. 


Consider method (3) above. This will some~ 
times increase the local shear in the bay and 
should be considered. Assume that 3 additional 
stiffeners are added (equally spaced in this 
case) to support the end stiffener against 
bending and analyze the end bay internal loads 
resulting for the beam of Fig. Cl11.13 and the 
analysis used for it in Art, Cl1.27 (NACA 
Method). 


Fig. C11.28a shows the end bay and the 
loads applied to it. 






13, 5004 


: 4570# 


13, 500# 
29.45" 


10, 280# = f+ 10" 13, 500# 
er 







h- 
Laster 
[L457 #/init 





Vv = 13, 500 











5, T10# 
—-. 


Fig. C11.28 
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Note that in Fig. (a) there are two sets 
of applied loads. One is the basic applied 
shear load of 13,500 1b. and the other is the 
component of the tension field load, w, 
calculated as 388 lb./in. earlier in this 
article, 


Pig. (b) shows the shear flows in the end 
bay panels, taken as constant in all the panels, 
due to the 13,500 1b. load applied. The shear 
flows are shown as they act on the edge members, 


Fig. (c) shows the shear flows in the 
panels due to the applied load w. Average shea: 
flows (in the center of each panel) are shown. 
Actually the shear flow in the end bay will 
29.45 _ 
2x i107 571 
ibd./in. to 0 lb./in. at the center. The values 
of this variation at the center of each bay are 
shown for analysis purposes. 


vary from a maximum of q = 388 x 


In Fig. (@) the load systems of (b) and (c) 
are added to obtain the final (preliminary) 
loads. It can be seen here that the shear flow 
in the upper two panels of the end bay is 
significantly increased over the nominal value 









= 457 1b./in. existing in the 


other bays of the beam. This means that the 
diagonal tension effects in this area will be 
greater (for the same wed thickness) and must 
be considered locally here in checking the 
upper flange, the end stiffener, the added 
Support stiffeners, the rivets, the web, etc, 





Having determined the basic internal loads, 
the members involving the end bay can be 
checked for strength using the methods and data 
of Art. Cll.14 to Cll.26. When, as in the casa 
of the upper added support stiffener, the shear 
flows are different in the adjacent bays, 
average values of q and k should de used in 
checking the stiffener for strength. Forma 
57 assumes equal shears in adjacent bays. 


In general, there 1s no simple analytical 
way of calculating exact tension field load 
variations wnen shear flows vary from panel to 
panel in a structural network. ‘The procedure 
outlined above is but an elementary "approxi- 
mation” that can be used for design purposes. 
If all margins are near zero, substantiating 
element tests are in order. 


# 


sees 
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Fig. Cli. 16 Graphs for Calculating 
Buckling Stress of Webs. 





F 
too. 


(8) Theoretical coefficients fcr osictes (3) Empirical rastrant coefficients, 
with simply supported edges. 


20 






1.0 
Fig. C1l.17 Buckling Stresses Fg. _ for Plates with Simply 
Supported Edges. E = 10, 600 ksi. (To left of 
6 dashed line, curves apply only to 24ST 


aluminum alloy. ) 











Fig. C11. 18 


ksi 


Peer, elastic * 
Plasticity correction. 
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Fig. C11.19 Diagonai-tension factor k, (Ifh >d, replace by 2; if 4. (or 4) = 2, use 2.) 
For Flat Sheet Use Zero Curve. 





















































Fig. C11.20 Diagonal-tension analysis chart. 
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Fig. C11. 21 Ratio of Maximum Stress to Average Stress in Web Stiffener. 


NOTE for use on curved webs: 
For rings, read abscissa ast, for stringers, read abscissa ash. 
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Fig. C11,22 Incomplete Diagonal Tension. 





Fig. C11.24 Stress-Concentration Factors C2 and C3. 


(wd=0.7a Vou Ti ) 
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(a) 2024 Aluminum Alloy. (b) Alclad 7075 Aluminum Alloy. 


Fig. C11.25 Allowable Values of Nominal Web Shear Stress. 
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(b) Plasticity Correction for 24S-T3 Aluminum Alloy. 
Fig. C11.26 Effective Shear Modulus of Diagonal-Tension Webs. 
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PART 2. CURVED WEB SYSTEMS. 


(BY W. F. McCOMBS) 


C11. 30 Diagonal Tension in Curved Web Systems - 
Introduction. 


This type of structure has an important 
place in the design of light metal structures, 
The structural designer should have as good an 
understanding of it as he must have for the 
somevhat Simplsr plane wed system. Actually, 
most airframe shear web systems are curved 
rather than flat, tne fuselage of a modern 
aircraft being the oustanding example. To make 
2 fuselage skin entirely non-buckling would 
require a very thick skin and/or a closely 
spaced substructure supporting it. This would 
involve a considerable weizht penalty compared 
to the buckling skin arrangement. The typical 
metal skin tn a modern fighter or transport 
airplane thus carrias its limit and ultimate 
loads with a considerable degree of skin 
buckling. In view of this, the need for an 
understanding of diagonal tension effects in 
curved web systems is obvious. 


C11,31 General Discussion, 


Before getting into the details of design, 
a general discussion of what happens ina 
curved web system as the web buckles {ts helpful. 
Consider a semi-monocoque structure with a 





Circular (or elliptical) cross-sectional shape 
as shown in Fiz. C11.29. 
Ring Aeaites 
to Skin 
‘Skin 
~~ 5 - Ring 
T (a) ” Floating” Ring, 
Attached Only to 
Stringers 
Fig. C11, 29 
The structure consists of a number of axial) 
memoers (called "strlagers" 1£ they are numerous 


and *Longerons” if they are 
2 to 8) which are supported oy frames or rings 
and covered with a skin. The rings may be 
attached to the skin and "notched" to let the 
stringers pass through, as in Fig. (b), or they 
may De located entirely under the stringers and 
not, therefore, attached to the skin. in this 


few in number, say 





latter case they are called "floating" rings, 
as in Fig. (c) 


Sometimes both types of rings ~ 


are present. Comparing this structure to 2 
plane wed beam, the stringers correspond to the 
flanges, the rings correspond to the uprights 
and the skin corresponds to the web. Thus, the 
stringers carry (or resist) axial loads. The 
rings support the stringers and, if not of the 
"floating” type, also divide the skin panels 
into shorter lengths. The skin carries (or 
resists) shear loads. 


Now, assume the structure to be subjected 
to a pure torsion, T, as shown in Pig. C11.29. 
Before the skin buckles, this torsion produces 
@ shear in the skin panels given by the well- 
known formula 


T 


2A 


Only the skin is loaded. As in the case of the 
uprights of a plane web beam, the rings are not 
loaded. There is no load in the stringers. 


As the torsion is increased, however, the 
Skin shear stress eventually becomes larger 
then the critical buckling stress and the panels 
buckle. Any further increase in torsion must 
now be carried as diagonal tension. Five main 
things then occur as the torsion is increased 
above the buckling value, as illustrated in 
Fig. C11.30. 


l. The skin panels buckle and flatten out 
detween rings fastened to the skin, from 
their original curved shape. This gives a 
polygonal cross-section (away from a ring). 
The angle of diagonal tension is less than 
that for a plane web beam, however, in the 
range of 20° ~ 30°, 


2. The stringers now feel an axial load, due 
to the pulling on the ends, (011.30b), of 
the structure by the buckled skin, Just 
as in the case of the plane web beam. 


3. The stringers also ?eel a normal loading 
that tends to bend, or "bow", them inward 
detween supporting rings, as shown in 
Fig. C11.30c. 


4. The supnorting rings feel an inward loading 
which puts them in "hoop" compression. For 
rings attached to the skin this loading is 
applied by the stringers and the skin, and 
is thus "spread out". For floating riags 
this loading is applied only by the 
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T (b) 
Generation 
of Axial 
Loads in 
the Stringers 





Net Loads Applied by the Skin to the 
Sub-Structure (Stringers and Rings) 


PRG 
(d) 
End View of 
Stringer Showing 
Loads & Supports 





) 
Loads on Stringer and Support 
by Rings (PRq) 


Pro 
Loads on Ring Due 
to Supporting 
Stringers. (Addi- 
(e) tional Loads also 
Present Due to 
Skin) 
Fig. C11.30 


stringsrs, coming entirely from (3) above, 
and 1s thus concentrated at points. This 


concentration produces not only compression! 


but also internal bending moments in the 
floating rings. This is shown tn Fig. 
211.30e. 


5. Any fasteners splicing skins together or 
fastening the skins to the end rings feel 
not only a shear panel type of loading dut 
also a normal loading, as in the case of a 

plane sed Deam. Also, the "folds" in the 
skia due to the diagonal buckles ory on 
the rivets as they “attempt” to extend 
cross the rivet lines at the stringers 
rings. 








The important thing to realize here is 
that, although only a cure torsion has been 
applied, consiierable axial loads nave deen 
generated in the stringers and rings. And 
even some Sending moments have been incuced in 
@ stcingers and in the rings of the "floating" 
type. 








Now, assume that at the same time the 
torsion loaq is being applied an increasing 
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compressive axial load, P, is being applied, 
simultaneously, @s shown in Fig. C1l.31. 





Fig. C11. 31 


The following will now happen due to the 
presence of P, 


1. The stringers will, of course, have to, 
carry the compressive load, P, which will 
be divided among them. There will be some 
"effective" skin to help. 


2. Less obvious, but very important, is the 
fact that the diagonal tension loads due 
to the torsion, T, will be considerably 
affected by the presence of the axial load, 
P. The larger P is, with respect to T, 
the greater will be its effect upon the 
diegonal tension effects. This Is as 
follows. 


2) The skin panels will now buckle at a 
lower amount of applied torsion since 
they are now also strained axially in 
compression. Actually there 1s a "com- 
bined" buckling consisting of compres- 
sion and shear ouckling. This can be 
obtained from an interaction equation, 
discussed later. 


b} Since the critical shear buckling stress 
is now lower the diagonal tension 
factor, k, is larger. 


¢) All of the diagonal tension effects 
dependent upon Kk are increased. These 
include the axial loads induced in the 
stringers., the normal loads bending the 
stringers inward, the loads induced in 
the rings and the loads felt by the 
fasteners. 


d) The angle of diagonal tension will be 
larger, closer to 459, 


Thus we see that the effect of compression is to 
increase the loads due to diagonal tension. 


Now assume that instead of being compres- 
sion, the axial load, P, is tension, In this 
case, the effects of diagonal tension, due to 
T, are reduced. 


le The stringers and skin feel tension due to 
P, which oproses compression due to diagonal 
tension. 


j 
i 





ANALYSIS AND DESIGN OF FLIGHT VE 





2. The skii panels can carry a larger shear 
stress before buckling in shear. In fact, 
a relatively small amount of axial tension 
can prevent them from buckling at all, as 
will be discussed later. 


3. The diagonal tension factor, k, will be 
smaller (or zero if no buckling occurs). 


4. All diagonal tension effects dependent 
upon K are reduced and the diagonal tensio: 
angle is smaller. 


Finally, suppose that instead of an axial 
load, P, a bending moment is being applisad 
Simultaneously with the torsion, T, as in Fig. 


C11.32. 
p : 


Ty 

@ 
Fig. C11. 32 
In this case, also, as the torsion is being 
increased from 4 small mount, M is also being 
iacreased, (the ratio of M to T being constant, 
as was the case for axial load, >). Then, 
from the usual bending theory, ts Mz, the 
I 


following will occur. 


1. The stringers (and skin) above the neutral 
axis will feel compression loads, the 
further away the greater the load. The 
upper skin panels will thus buckle earlier 
in combined compression and shear and 
produce the largest diagonal tension loads 
on the stringers and rings. 


tant} in the rings and 
this region. 





3. The skins near the neutral axis will feel 
little or no strains due to bending and 
will buckle about as in the case for the 
pure torsion, T, producing equivalent 
effects. 


In an actual airplane structure, a fuselage 
for example, the applied leading is more 
complex. Instead of simply an applied torsion, 
there is also, usually, a vertical and perhaps 
a@ Sideward set of loads which produce shears 
that vary from panel to panel. And there may 
be not only a Dending moment, which changes, 
along the fuselage, but also axial loads due to 


landings, catapulting requirements, etc. 
Obviously all of this complicates the calcu- 
lations and experience and judgment are of 
great help; out the method of going about it 
is fundamental and will now be discussed. 


The N.A.C.A. has conducted an extensive 
program over the years with the object of 
determining a system for the design of 
structures having curved webs in diagonal 
tension. The theory for this system, as in 
the case for the plane web beam, was given by 
Wagner and others and modified as necessary 
from the results of many tests. The design 
method is fully discussed in Ref. (3) and the 
substantiating test program in Ref. (4). The 
reader is encouraged to consult these refer- 
ences for a fuller presentation of the 
theoretical development and test results. 


As mentioned earlier, curved web systems 
are of two general types. One of these has an 
arrangement which results in the web, or skin, 
panels being longer in the axial direction, d, 
than in the circumferential direction, h. 

This is typical of the stringer system in a 
fuselage, as shown in Fig. C11.33. 





Fig. C11.33 


That is, the geometry of the stringer spacing, 
h, and the ring spacing, d, is such that 


d 


fel 


"Floating” rings, not being attached to the skin, 
do not determine the spacing, d. 


A second type of curved web structure may 
be referred to as the longeron system. Its main 
characteristic is that the skin panels are long 
in the circumferential direction. This tyve of 
structure would, typically, in a fuselage, con- 
sist of a few axial members (a minimum of 3 but 
more usually 4 to 8 for a “fail safe" design) 
and a large number of closely spaced frames. 
The frames would, in this system, be at about a 
4" to 6” spacing as compared to a 15"-20" spac- 
ing for a stringer system. This gives 


a . 


as indicated in Fig. Cl1.34 


ee 
293 
2 
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Ring 
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Fig, C11. 34 


In the longeron system the frames are attached 
to the skia and longerons, there are no 
"floating" rings. 


Most of the NACA data and design method is 
for the stringer system. The design method for 
the longeron system, also presented herein, 
has evolved from Ref. (3) and also from the 
results of an investigation and test program 
at Chance-Vought Aircraft Corp. These latter 
checks are in some places different from the 
ones in the stringer system. The main problem 
1s the determination of the angle of diagonal 
tension, for either system. Once this is known 
all of the diagonal tension stresses are known, 


The stringer system will be discussed 
first and the longeron system will be discussed 
Secondly. The baste approach is similar to 
that for plane web beams. 


C11. 32 Analysis of Stringer Systems in Diagonal Tension. 


Before the diagonal tension effects can 
be Calculated, the primary internal loads in 
the structure, due to the applied loads, must 
be determined. This can be done as discussed 
in Chapter A20. The engineers theory of bendir 
can usually be used to determine the axial 
loads in the stringers, as in Art. A20.2-A20.5. 
The shear flows in the various skin panels can 
de determined as in A20.6-A20.8. In the case 
of striager constructton a more accurate 
determination 92 the skin shear flows may, if 
destrad, de obtained if the skin panels are 
considered flat, rather than curved, between 
Stringers. This ts because the panels, after 
Duckling, actually flatten out, giving a 
polygonal cross-sectional shape, 2xcept 
imnediately adjacent to non-floating rings, as 
Shown in Fig. C1l1.30a. 


The diagonal tension effects can now be 
evaluated. 


i. DETERMINATION OF CRITICAL BUCKLING STRESS 
OF SKIN PANELS. 


The buckling strength of curved panels 
under pure Shear and compressive stresses is 
covered in Chapter C9. The equation for 


buckling Snear stress F. is, 
Ser 


DIAGONAL SEMI-TENSION FIELD DESIGN 













- ~ U1 ks E 4 
Ser “ 12 (1 - Vy) ‘by’ 


where simple support is usually conservatively 
assumed in determining kg. 





When axial loads (and strains) are present, 
as in practical structures subjected to bending 
as well as shear, the situation is more compli- 
cated. As discussed in Chapter C9, the presence 
of compressive stresses together with shear 
stresses causes the panel to buckle at a lower 
value of shear than if no compression were 
present. The presence of tension stresses, 
along with shear stresses, enables the panel to 
Stand larger shear stresses before buckling 
occurs. In fact, a relatively small amount of 
tension stress may prevent the panel from ever 
buckling in shear. 


It ts important to determine the actual 
shear buckling stress when axial stresses, 
particularly compression, are present. The 
reason ts that this affects the diagonal tension 
factor, k, and all of the ensuing stresses 
affected by k. 


® First consider a shear panel subjected to 
a shear stress f, and a compression stress fg. 
It has been demonstrated experimentally at the 
NACA, Ref. (5) that.a curved panel, thusly 
loaded, buckles according to the interaction 
formula 








where Fog, and Fsoy are the critical panel 
duckling stresses for pure compression and pure 
Shear respectively. From Chapter C9, the 
buckling stress for a curved sheet panel, in 
end compression is given by the equation, 


r e n? 7] ke E Bite 
fer 12 (1 = Vy") ) 
Now for any particular panel, 


for 





Fr. =A, (a constant) ---.-+.. 
Ser 


and 


Fo. 2A Ps 


Cer or 


Now, also for any given applied loading con- 
dition being checkad we Can calculate 





fo (= ES) at the center of the panel (before 


buckling) and also fg (previously done). These 
stresses will bear a constant ratio ta each 
other until buckling occurs, after which the 


Seana eee eee eee eee Pe 
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compression stress no longer increases. Thus 
we can write 

fo 

ts =Bo--------+-+-+----- (73) 
or f, = 8 fg 


Substituting these formulas for Foor and f, 


back {nto the interaction formula (71) we 
obtain, 


fs 
oe (—3-)? = 1.0 
"Ser “Scr 


Solving this quadratic for fg we get 


fs = Fsor 





where fg is the actual shear stress at which 
the panel buckles due to the presence of 
compression stresses. Calling this svress 
tsor and calling the expression in tue bracksats 


Re 


fgop * Psgp Ro ~~ - 7-7 ~~ (78) 
where Re is always less than 1.0 when 
compression Stresses are present. 


7 Next, consider a shear panel subjected to 
a Shear stress, fs, and a tension stress, fr. 
For this case it has been experimentally 
demonstrated, Ref. (6), that the interaction 
relationship defining buckling is 











fs 
Sc 


vy 


ir Cer 


where Fg, and F, are as previously discussed. 


cer 
The shear stress, fg, at which the panel will 
buckle when the tension stress present is fy 

can be solved for directly from equation (76), 





Sop 
poe l.o+gt—--------- (77) 
"Sor or 
or, 
tr 
Soop F (1-0 + BEI Fogg, (78) 


r 


Calling the 
Rp we get, 


expression in parenthesis in ‘78) 


tsor * 
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Since Rp is always greater than 1.0 when tension 
stresses are present, the actual shear buckling 
stress will always be greater than Psa the 


buckling stress for pure shear loads only. 
Inspection of the term in parenthesis itn (78) 

making up Rr shows that as the tension stress 
becomes several times larger than Foor the - 


value of gop will become several times larger 
than Fs... Thus, if fy is large enough no 
buckling will occur even when large shear 
stresses are present. 
2. DIAGONAL TENSION FACTOR, k. 

The next step is the determination of the 
diagonal tension factor, k. This is a function 


fi 
S where, as discussed above, 
t scr 





of 


fsor = Papp Re OF fsop = Fsop Rr 


depending upon whether compression or tension 
stresses are present. 


For a curved panel the formula for k, as 
determined from much test data, Ref. (3) 1s the 
empirical relationship, 


ta fs 
k = tanh [ (8+ 00 fh) logis 7] - (80) 


R = radius of 
curvature 


with the auxiliary rules that 


a) it S>2 use only 2 


bd) if h=d replace fos ("longeron” 


system) and, in this case, if a> 2 


use only 2. 


Rather than calculate k from the formla, it 
can more easily be obtained from Fig. C11.19. 


3. STRINGER LOADS, STRESSES, AND STRAINS 


aS in the case of the plane web system, the 
total stringer load will consist of the primary 
axial loads, Pp , due to applied bending moments 
and/or axial loads, plus the diagonal tension 
induced loads, Pp.p, 


P. = PS + P. 


STR D.T. 


Pp is determined as in Chapter 420.2-a20.5. 
Pp.t. is determined, similarly to tne case for 
the flanges of a plane wed beam, from the 
“pulling” of the buckled skin on the end 
frames. 
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Fig. C11. 35 


As shown in Fig. C11.35, Pp.p, 18 the 
diagonal tension load in a stringer bounded by 
panel "a" on one side and panel "b” on the 
other. Lat the width of panel (a) be hg and 
tha width of panel (b) be hy. (For equally 
spaced stringers, of course, h, = hy). Let the 
shear flow in panel (a) be Qg and that in panel 


(b) be qy. Then we can write 
_ Ka % By cot a, KY By cot a, 
?, ee 
D.T. 2 3B 


To keep the calculations sinpler (as will be 
aporeciated later) we can accept some in- 
accuracy and use average values for the 

Ae + hi g 
respective terns a, Be, etc.) and 


get 


Pop, =k qnesta +=------- (83) 
rememdering that this ts an "average" Load, 
which, for closely spaced stringers, 1s 
suffictent, especially for preliminary design. 
The total stringer load is then, from 30 and 82 


Pspa = Pp + x qa cota 
where all terms are known except a. 
Tas stringer stress ts obtained by 


dividing tha terms on the right side by their 
respective effective areas 





y 
r it. 
tome. * k gah cota 


Sent, 





@ 


) Ag, 18 the total effective area, stringer 


» 


nd skin, used in determining the primary loads 


ew 





Ref. (3) suggests a more accurate calculation. 
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R..m depending upon whether axial compression 
o,T : 

or tension {s oresent. Again, « and R5 or Rr 
are also average values for the panels on eacn 
side of the stringer. Thus we can write 


pean es Pp ‘. k qh sot 
<< [DR 
Agra * Aeseiy Aste * “nt (1-K)Re 7 
or 
Pp k fg cota 


f ————__——_—- + 
STR Aste * Aesxin ASTR + .5(1-K)R, 9 





are tae (88) 


where all terms are known on the right hand 
side of the equation except a. 


The total stringer strain is then 





tsrr 
Egrp Be SS OS (86) 
If fgpp is larger than the proportional limit 


stress, or in the neighborhood of the yield 
stress, E_ 1s not a constant and a stress strain 
diagram should be used to read ¢ directly, using 
fopa. Again, fgpR, and hence egpp, cannot be 
determined until a is known (later). 


Tnere is also a secondary loading on the 
stringer which tends to bend or "bow" it inward. 
This is caused by the fact that the taut skins 
are pulled flat on each side of the stringer. 
Thus as in Fig. C11.30 thare is an inward 
component of the skin diagonal tension loading 
that pulls the stringer inward. This loading 
is not a simply distributed one; it is largest 
in the middle of the stringer and becomes 
smaller at the supports. Ref. (13) recommends 
that the effect of this loading be considered 
as producing secondary bending moments in the 
stringer, taken as 


fg ht d*ktana | * 
Mora = SS Me TR SSS (87) 
R = radius of curv. 


Tais represents a "peak" moment at the middle 
and at the ring supports. It will produce 
tension on the inside of the stringer at the 
middle and compression on the inside of the 
stringer at the supports. The recommended 
value of Mgt, is the result of many test 
measurements, therefore it is of a semi- 
empirical nature. 


4. STRESSES AND STRAINS IN RINGS 


There are two types of rings, those attached 
to the skin and those not attached to the skin, 
called "flcating rings," which support, and are 
therefore loaded only oy, the stringers. 


Rings attached to the skin are usually 
“notched” to let the stringers pass througn. 











ne stringers are 
ocally by some shear clip arrangement. Tae 
ings feel an inward acting loadine whicn puts 
hem in "hoop compression”, These loads come 
from the stringers and from the skin. The 
Stringer being pulled inward by the skin, as 
described above and in Fig. C11.30, in turn 
pushes inward on the Supporting rings. The 
skin, not being flat at the ring, also pulls 
Inward on the ring. The result of all of this 
is, essentially, according to Ref. (3) a hoop 
compression stress ta the ring for the case or 
a cylinder under pure torsion. This is because 
the loading is approximately equivalent to an 
evenly distributed tnward acting radial loading. 
For this case the radial loading can be taken 
as, per inca along the ring, 


f. dt-k tan a 


actacned to these rings 





1 
r 
t 





PRG 
Raina 


The axial (hoop) compression load in the ring 
will then be 


Pag = DR = fg dt k tana 


The axial compression stress in the ring will be 


e PL Kf, tana 
+ se $s 
PAG ang 


x - - (89) 
°RG + SKIN 
dt 


+ .5 


{1-k} 


where ali terns on the right are known exc2pt a. 
The axial strain in the ring will be 


= ERG 
Sy 


©8G 


where ipg and hence epg are unknown until a is 
determined. 


When loads other than pure torsion are 
adplied fg and « will vary from panel to panel 
and the hoop compression stress will not be 
constant around the ring. There will also be 
Some varying Secondary shear stresses in the 
panel due to unequal "pulls" on each side of 
the panel, at the stringer, by the buexled skin. 

When "floating" rings are used concentrated 
inward acting radial loads are apyslied by the 
Stringers. This produces hoop compression and, 
since all the loads ars concentrated, also 
Some bending moments. There is, of course, no 
effective skin acting with these Tings. The 
axial compression load is 


Pop. =f5 dt k tana 


The axial compression stress is then, 

























where all terms on the right hand side are known 
except a. 


The axial strain is given by 


or can, of course, be gotten from a stress 
Strain diagram for the material, 


The maximum bending moment present ina 
floating ring is given by 


kf, thd tana 
R = radius of curv. 


12R 
This occurs at the Junction with the stringer. 
There is a secondary moment, half as large, 
midway between stringers in the ring. 





(93) 


S. STRAINS IN THE SKIN PANELS 
EN PANELS 


The strain in the skin panels is given in 
Ref. (3) as 


f 2k 
e782) - i 
ers EE Ba * Sin 20 (1 war] 


~ >t (94) 


where u = Poisson’s Ratio = .32 for aluminun, 
every term on the right hand side of the equation 
is known except a. Fig. C11.36 is of help in 
calculating €, giving the value of the bracketed 
tern. 


6. DETERMINATION OF a* 
SSEEREEENATION OF a” 


For the stringer system (d >h) Ref. (3) 
shows that a is related to the stringer Strain, 
the ring strain and the web, or skin panel, 
Strain by the formula 


e-€ 
tan? ¢@ = ———__SP__ (95) 
& = fag te BY 
“RG 24 °R 


R = radius of curv. 
where € is @ tension strain (+) and erg and 
€sTR are entered as negative members for com- 
pression, thus adding to e. 


a is determined by successive approximation 
using the three prior formulas for e, egp and 
€pg and then checking with the formula (95) 
above. That is, 


* For a faster estimate or for preliminary design, step 6 can 
be skipped for panels in compression and shear and @ simply 
assumed to be 459, 






















Assume @ value for a. 


2) Determine c, epg and egTR using this 
assumed value of a. 


3) Substitute ¢, epg and égpg into the 
formula for tan? a and get a "new" 
value for a. 


4) Repeat stens (1) to (3) as many times 
(say 3) as necessary to get a to a 
"converged" value. 


If rings attached to the skin are being 
used then epg in step (2) above is obtained 
from (90), using (89) for fpq. If "floating" 
rings are used then egg is obtained from (92), 
using (91) for fra. 


Once a is determined, the stringer stresses 
and ring stresses are known, having been used 
in getting the strains egpr and erg for the 
final check of a in (95). The bending moments 
in the stringers can then be calculated fron 
(97) and the bending moments in floating rings, 
tf used, from (93). 


7, LOADS ON THE RIVETS 


The only remaining internal loads to be 
calculated are those acting on the rivets. 
These are of two types. 


a) There are the primary loads, in the 
plane of the skins which try to cause 
shear or bearing failures at the 
riveted joints, as in any spliced skin. 


b) There are also, "prying" forces on the 
rivets which try to "pop off" the rivet 
heads or to pull the skin up and around| 
the rivet heads. This latter may 
oceur, particularly, when counter= 
sunk or dimpled skins and flush head 
rivets are used and the rivet diameter 
4s too small or the rivet spacing is 
too large. These are "secondary" loads. 


The primary rivet loads occur whenever the 
skin {s spliced, which is usually, but not 
necessarily, along a stringer or along @ ring. 
These loads would also be present if the skin 
panel ended at stringer or ring, as at an 
opening or "cut-out" and the panel had not 
‘ean re-enforced by a doubler to prevent 
buckling. 


At a splice parallel to a stringer the 
load per inch along the rivet line is due to 
the same effects as discussed for the plane 
web beam. it is 


Load/inch = fst [z+x ( 2) = - (96) 


web 
cos a 
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At @ solice (or opening) along a ring (a 
vertical splice) the loading is 


Load/ineh =f, t [1+K tqhy-u- - 7) 


Note that in either case, if the panels involved 
are made non-buckling (on each side of the 
splice) k=0 and the load per inch is the same 
as for a non-buckled web. It is only around 

a "cut-out" or opening that the panels are made 
either non-buckling or made to buckle to a 
lesser extent, and this is done te "relieve" 

the loading on the edge member rather than on 
the rivets (see Art. C11.29). 


The second type of rivet loads, the prying 
loads, are not determinable by any formula. 
Ref. (3) recommends that an arbitrary criteria 
be used as follows. The tensile strength of the 
rivet-skin combination, Pp, should be such that 
it is as large as the number given by 

Pp per inch = .22t Fry -- 7-7-7 (98) 
where Foy is the ultimate tensile strength of 
the skin or web material being used. 


Bp is usually most critical for flush 
attachments. As an aid in getting this, Figs. 
C11.37a and C11.37b give information on the 
tensile strength of various rivet types and 
sizes. 


C11. 33 Allowable Stresses (and Interactions). 
1.  STRINGERS 


Just as there are two types of basic loads 
{and stresses) in the stringers and rings (the 
primary ones and the ones due to diagonal 
tension effects) there are also two types of 
allowable stresses yor local failure. An 
interaction formula is thus used to predict 
adequate strength. This is,for the stringer 





tsty 
a+ sak = 1.0 
foo 





st 
where 
fp = stringer stress due to the applied 


loads, this is the first term on the 
right hand side of equation (65). 





Foc= the allowable crippling stress for the 
stringer, obtained as in Chapter C7. 


tst 
2 MAX, 
fstax = fst * T51 


fgt is the second term on the right 
hand side of equation (85). 








is a ratio obtained from Fig. 
3T 

Cll.21. It 1s explained in the plane 
wed beam discussion. 


Pgp= the "forced crippling” (diagonal 
tension effect) allowable stress for 
the stringer is obtained from Fig. 
C11.38, as in the case for the 
uprights in the plane web beam, or 
calculated from the formulas (also 
for Fag and trq). 


t 
gt= 26,900 x?/* ents for 24ST 
material. 


t 
Fgp= 32,500 k#/* (-STR)2/2 poy yegp 
st t 


material with i same restrictions 
noted in Cll.22. (The total axial 
Stringer stress is f[) + fgp at the 
area near the supporting rings, and 
fp + aT eax in the middle between 





supports. 


The stress in the stringer due to the 
bending moment, Mang, of equation (87) can be 
calculated and added to fp in the proper 
manner. 


Ref. (3) also suggests the stringer be 
Checked as a column, fully fixed at the 
supportiig rings and carrying the stress tong: 
Some allowance should be made for beam column 
action, due to the bending moment present in 
the middle of the stringer. This can be done 
using some effective loading producing the 
moments discussed or by carrying some extra 
margin of safety over and above the column 
buckling stress, 


Qe RINGS 
The rings nave allowable stresses similar 


in nature to the stringers. The interaction 
equation is, 








for the case of rings attached to the skin. 


fy) is the stress due to the ring carrying 
loads other than the tension field ones (as a 
bulkhead analysis would show). Fpq is the 
allowable forced crippling stress for the ring, 
obtained in the same manner as that for the 
stiffener, (Fig. C11.28), 


“Ryn Ib th 
it) = tpg x » obtained in the same 
RGMAX Taq 
manner as discussed for the stiffener. It 


occurs in the ring midway between stiffeners, 
Fog is the "normal" allowable crippling stress 
for the ring. If Faq > Foo then use Fog for 
Fre- 


Floatt rings, not being subject to forced 
crippling by the skin, are checked in the usual 
manner for the stresses due to hoop compression 
loads and the accompanying bending moment, 
equations (17) and (19). The interaction 
equation is, 


+f. 


fpg is a constant stress between stringer 
junctions; 1t does not have a maximum peak as 
do the rings attached to skin. 


3. GENERAL INSTABILITY 


A general instability check for the 
stringers and skin can be made from the 
empirical criteria presented in Fig. C11.39. 
This is obtained from test data and recommenda- 
tions of Ref. (7) and Ref. (3), The allowables 
are based upon pure torsion tests. The ade~ 
qQuacy of the structure is checked by 


ts 


sist 





-130 -----+----- (102) 


It is suggested that a respectable margin of 
Safety be held (M.S. 2.15). The radii of 
gyration in Fig. C11.39 should be made assuming 
the full width of sheet to act with the stringer 
or ring respectively and that the sheet is flat 
because the criterion was obtained under these 
assumptions. 


4. ALLOWABLE STRESSES IN THE SKIN (OR WEB) 
—me ee ORLN (OR WEB} 


Ref. (3) recommends that the allowable 
stress in a web or skin be taken as, for non- 
flush attachments, 


* 
Tsar. > feqrp, (65 + 4) ----- (103) 


: ARG AST 
where 4 = .3 tann “84+ .1 tann SST. 4 an, 
dt ates 


more easily, be read from Fig. C11.40. Banh 


is obtained from Fig. Cll.41b or Cll.4ic after 
obtaining appp from Fig. Cll.4la. Data from 
tests by the Chance-Vought Aircraft Corp. 
indicate that the allowable web stress can 
siuply be read from Fig. Cll.42. In either case, 
the allowadles apply to fs, the gross stress in 
the panel. The net shear stress between rivet 
holes can be carried up to the ultimate shear 
Stress FP, of the material. 





as, 


ti 


34 
J 
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11.34 Example Problem. 


The foregoing explanation can be better 
explained or clarified through the presentation 
of an example problem. 


Assume that we have a fuselage with a 
structural arrangement as in the example problei 
of A20.5 and Fig. A20.3 and A20.4 of Chapter 
AZO. Also, assume the moment of inertia and 
neutral axis for a linear bending stress distri-| 
bution to apply. These values are given on 
page A20.8*. Also let it be assumed that the 
supporting rings are attached to the skin and 
spaced at 15". The rings are 1" x 3" x 1" 24ST 
% sections, .040" in thickness (see Fig.C1l.43). 


An analysis will be made of stringer #3, 
skin panels 2-3 and 3-4, and the ring. It is 
assumed also that an axial skin splice occurs 
along stringer #3 and a vertical splice along 
the ring to show a check of the fasteners. 


& 
Ys Ring "bY Ring "a" 
% 
Zo, 15% 
%, 





M=1,387,000"# 





Ros 634,0por# 


11, 700# 


Fig. C11. 43 


First the internal loads in the stringer and 
skin panels are determined. The "average" 
loads at the middle of the bay will be used in 
this example to get the diagonal tension 
effects. 


At the center of the bay, 


M = 1,475,000 in. 1d. 
T = 634,000 in. 1b. 
¥Y = 11,700 1b. 


Max. stringer stress occurs at Ring d:- 


= MZ, 1,563,000 (32.9) _ 
tomay 73 ages SF 22800 pst 
1,475,000 (32.9) . 5 
2: oe eee TE 4 
fay, SBE £0,400 psi. 


Shear flows in skin panels:~- 


vQ Tt 
bg > T* 


, Where A consists of area 
of 26 triangles 


= 12,700[.167(38.3) + .169(36.4)], 
a 





* A non-linear bending stress distribution can be used, but it 
also is affected by the diagonal tension compressive stresses 
and involves considerable iteration. Linear ones are often 
used. 


DIAGONAL SEMI-TENSION 


FIELD DESIGN 


634,000 


2 |26 x Sx 7.25 


= 61.6 + 113 = 175 1b./in. 


_ 11,700[.167(38.3) + .169(36.4)+.216(32.9)] 
4 eas 


+ 113 = 96 + 113 = 209 1b./in. 
The diagonal tension effects will now be 


calculated assuming average q’s, bending 
stresses, etc., for the panels 2-3 and 3-4. 


_ 175 + 209 _ 

dave, = 3 = 192 1b./in. 
ise _ 192 _ 

tsayo_4 7 = = wea 7 $000 pet. 


The average critical shear buckling stress 
will now be calculated using equation (75). 


First, if no skin buckling occurred the 
average compression stress in the two panels 
would be, approximately, the stress in the 
stringer between them, thus 


tcpaneis 2 Tpay. = 20,400 psi. 


then the constant, B, would be ; 





fo _ 20,400 _ 
Baa5- €,000 * 3.40 


The critical pure shear buckling stress 
equation from Chapter C9 is, 


a 
mw koe 


tya \ 
Faw = ja7r pL) %) Prom Chapter 
cer ~ 12 (1 -Ue*) ‘d co eg 216.824 
69%. 
pe. = H2X16.8% 10,600,000 (.082)2 . 
Ser 12 (1 - .3°) 7.25 


3140 pst. 
For pure compression the critical buckling 
stress equation from Chapter C9 is, 
a > 
n kK, z 


pee aay 
Poor = TET -V_2) ) 







nm? x 15.9% 10,600,000 G& 


Poor * "12 (1 - +3) 7.25 


Thus, A = Fo_/F: = 2980/3140 = .950. 
Cer’ “Ser 


Since duckling stresses are below the pro- 
portional limit stress of the material, no 
plasticity correction was necessary as 1s 
usually the case in thin walled structures. . 
Thus stress ratio (A) could be obtained directly 
as kp/Kg. 


: 


pa 


ANALYSIS AND DESIGN 












~B. /@* +4 
=_A A = 
Ro # 3 = 
3.40 3.40, 
-~360 7 / “e074. os 
5 : 


and, from equation (75) 


fScro4 = Taan x Ry = 3140 (.26) = 815 psi 


which is quite small, due to the presence of 
compression. 


Next, 
Tsay _ 
Sero.4 
now k can be determined: 


td _ 300 (.032) *: 
300 $e = SO (2.0)"= 164 


From Fig. Cll.19, k = .75 


The expressions for stringer and ring 
stresses can now be written in terms of a: 
Substituting into equation (85) and using fp,y 


for the first term on the right side, 


t «75 (6000) cot ¢ 
STR. 


“ 
© 
2 
& 
3 
+ 


180 
(7.25) (.082) 


20,400 + 5570 cot a 
this 1s the “average” stress in the stringer. 


Substituting into equation (89) for rings, 
and using Apg = (1"+3"+1")(.040") = .20 in.*, 
-75 (6000) tan a 


RG * 20 
Tis}(.cgay * *8 (2 = -78) 


f. 


8,500 tan a 


a will now be determined, by successive 
approximation using equations (94), (86), (92) 
and the above expressions for stresses in them, 
and also Fig. C1l.36 for equation (94). Since 
there 1s so much compression involved, assume 
a = 45°, to start with. From Fig. C11.36 


ek 1.83 (6000) _ = 
7183 © 7px 10 * 1036 x 10 
= 20,400 + 5570 (1.0) = ays x 107¢ 


srr {0.6 x 10 


—_— 


* since 4 > 2.0, use 2.0 (See page C1l. 33) 


OF FLIGHT VEHICLE STRUCTURES 


Eee 


+,5(1-.75)(.26) 
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_ 8,300 (2.0) _ . 
feq = be x 10* = 782 x 10" 


Now solve for "new" a using equation (95) 


3 (1036 + 2450)107¢ 
tan” a = me LL /eeedya > 0.822 
(10g6 + 782)10°* +35 aR) 


tana = .907 


a 42.29, which is less than the assumed 


45°. 


As a second trial assume a = 42.49. 
eB. 
£8 = 1.84 (from Fig. C11.36) 


€ = 1.84 x 6000/10.6 x 10° = 1041 x 107° 


€. = 20400 + §570 (cot a)/10.6x10* = 2505 x10-* 


STR 


Eng = 8,300x tan a/10.6x10° = 752 x 10-4 


a. . _(oa2 + 2505)107* 
tan* a = ga + veayice + ooems * 


whence a = 42.6° as against 42.4° assumed. The 
accuracy of the theory does not warrant a closer 
check, thus a will be taken as 42.4°, | 


The corresponding stringer and ring stresses 
are as follows: 


for = 20,400 + 5570 (1.092) 


20,400 + 6090 


These are not added for local strength checks. 
They are added for 4 column stability check. 
The term on the right is the average stress, 
forced crippling, due to the diagonal tension 
effects. 


faq = 8,500 (.917) = 7,610 pst. 
Also, from equation (87), 


= 6000(7.25) (.032)(15)"(.75)(.917) . 


Morr’ 24 (30 
299 lb./in, 
and 
M c 
TR 299 (.532 
tp =a = 298 52) 5,200 psi. 


Ts7R 


The rivet load/in. along the axial splice 
is, from eq. (96), 


Load/in.= g000( .032)] 1+ 7835) =| = 


243 1b./in. 








C11, 40 








Load/in.= 6000( .082)[1 + Ble -1)] = 


262 1b./in. 


From the above stresses, Logay/t ratios, 


and the allowables, checks for adequate strength 


can be made as follows:- 
STRINGERS : - 
At the Junction with ring (b), 


Tork = (21,600 + f,) + 6090 pst. 


For adequate local strength, 


ti. +t) tsp = 
Fe OP ne 
c st 


= 
u 


tgr 
a/a(aBtys/ 
Fgp = 26,000k £3 ee 


26 ,000(.78)*/* es = 24,900 pst 


(Also determinable from Fig. C11.38). 


Thus, 

232600 + 3200 * meee = ,92 (sufficient) 
At the center of the stiffener, 

t, tgp COT) 

FST 
STMax top 
fst 
from Fig. C4.21, et w1.o2. 
st 


Therefore, 
fetway = 6080 (1.02) = 6210 psi. 


then we get, using the interaction formula, 


20,400 + 5200 6210_ - ent 
2 fee = 
+ O .90 (suffict ) 


Checking as a fixed end colum, 


_ fi . (se. 
or fiz, vig 412 


a 
L/2p * Saray = 18-2 


F == 39,500 (very short column range) 


COL. 
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and, along the circumferential splice, from (97) 








thus 


20,400 +-6090 _ + Ss 
—29,500 .67 (sufficient) 


RINGS 


The rings attached to the skin are subject i 
only to the forced crippling stresses, fpq- 


Midway between stringer junctions this 
action ts a maximum and for adequate local i 
strength, 


FROM 3 4 1g | 
7 . 


RG 





Using the data in Fig. C1l.21, 





tre 

TRG = TRO XE 
‘ 5 
= 7,610 x 1.0 = 7,610 psi. 3 
and thus 

tRGMax : 
7,610 : 
MAX. i 
7 237100 * .33 (sufficlent) 


‘ 
{ 
The same compression stress (and load, P = ' 
tag x Arg) exists at the stringer Junction. If i 
the ring is notched to let the stringer pass t 
through, as is usually done, the net section at b 
the ring must be made capable of carrying this 4 
load, which is located at the centroid of the } 
unenotched ring cross-section. Usually this ; 
means some *beef-up", locally, around the notched 
section; sometimes incorporated into the clip ui 
attaching the stringer to the ring. s 


Actually the rings, like the stringers, are 
subject to the average of the shear stresses in $ 
the panels fore and aft of them. These have x 
been assumed equal in this example. 
SKIN 


The allowable shear stress taken from Fig. 
c11.42 is 


Fg = 21,800 


Using the method of Ref. (3) 


Pegi, = 20,800 (from Fig. Cl2.41a and >) 


4 


.38 (from Pig. C11.40) 


Thus 


Fg = 20,800 (.65 + .38) = 21,400 psi. 
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Either case shows there to be a large 
margin of safety for the actual shear stress 
of fg = 6000 psi, (average value shown). 


(Panels nearer the neutral axis will, of 
courses, feel a larger shear stress.) 


FASTENERS 


Any fasteners used in this area must, of 
course, be able to transfer the load/inch at 
the splices as previously calculated. This 
criterion might not design the spacing however. 
Tney must also have a tension allowable, when 
installed in .032 skin, of, equation (98), 


Tens .All.Load/Inch 3 .22 (.032) (62,000) 
= 435 1b. 


From Fig. C11.37 it can be seen that 1/8" flush 
head aluminum rivets in a dimpled .082 skin at 
.50" spacing should be adequate, or 1/8" 
brazier head rivets at a spacing of ./S" ifa 
"flush" joint is not required. The tension 
requirement is most severe in this case. 


GENERAL INSTABILITY 


A check against overall instability of the 
"network" of rings and stringers can be made 
using Fig. Cll1.39. This is analagous to the 
column stability check for the uprights of a 
plane web beam. In the case of curved webs, 
however, no "help" is given by the taut skin 
in preventing instability. 


For this example problem the values used 
in calculating the shear stress in the skin at 
which “collapse” due to instability would occur 
are: 


= .414 (Stringer S, of Fig. A20.4 in 


0. 
st Chapter A20} 


Pag = +319 
(Both of these radii of gyration are gotten by 
including a full width of skin acting with the 


stringer, Wo =h, and with the ring, We = d, 
per Ref. (3). 


Then 


(Psp Paay’/* xi0* — 
(dn)*/? Ro/*+ 


(.414x .819)"/* x10* 
(15 x 7.25)*/* (30)8/* 


= 2388 x 10° 


133. 
From Fig. C11.39 
Fs 
INST . go. ~ Ips > 
Eo 3.0; hence Fsiyer 3x10.3x10 


30,900 psi 


and the margin of safety against collapse is, 


SINST 30,900 
MLS. ts l> 5.000 * 000 large 


Other panels, of course, might have a larger 
shear stress and a smaller allowable Fsryot 


and thus be more critical, but there is toc 
much stiffness available, as seen, to expect 
any instability troubles. 


LONGERON TYPE SYSTEM 
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The longeron type of structurai system is 
somewhat simpler from a total analysis stand- 
point. This is, of course, primarily because 
there are fewer members carrying the axial 
loads and not as many shear panels with varying 
shear loads. This type of structure may, or 
may not, be the most optimum arrangement from 
a weight and manufacturing cost consideration 
for a particular airplane. But this is not the 
sudject of this discussion since it depends 
upon an optimization study. The methods of 
analysis presented here would, however, have a 
place in the calculations behind such a study. 


Sane typical types of longeron structural 
systems cross-sections for a fuselage are shown 
in Fig. C11.44. 


CXO O 


Fig. C11. 44 


Fig. (a) shows the minimum arrangement, ag 
to number of longerons, since at least 3 axial 
load carrying members are necessary for 
equilibrium when bending moments in more than 
one plane are involved. This arrangement, how 
ever, has a disadvantage in that it is not a 
"tail safe" design. This means that the fatlure 
of any one member will not leave a structure 
capable of still carrying some arbitrary 
percentage (usually 50% to 67%} of the design 
ultimate loads. 


The system shown in Fig. Cll1.44b is capable 
ef doing this and is, therefore, the minimm 
type acceptable from the "fail safe” standpoint 
(4 longerons). More longerons may be used, as 
in Fig. (c), occasionally, depending upon other 
factors of design and manufacturing. 


The longeron system, however, requires 
more closely spaced rings than does the stringer 
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system for strength-welght efficiency, as 
mentioned before. The optimum spacing of the 
supporting rings, or frames, is determined 
after many trial calculations have been made 
involving different gauges and sizes and 
spacings of rings and thicknesses of skins. 


AS in the previous discussion of stringer 
construction, the rings support the skin, 
dividing it into smaller panels, lengthwise. 
They also support the longerons, similarly to 
the uprights (stiffeners) in a plane web beam, 
against bending due to unequal tension field 
"pulls" by the skin on each side of the 
longeron. There are no "floating" rings in a 
longeron structural system. 


After buckling, the skin in this system 
has tension diagonals which, rather than being 
"flat" between closely spaced stringers, 
instead lle on a hyperboloid of revolution. 
That is, they flatten diagonally between the 
closely spaced rings. This action is discussed 
in Ref. (8) and the reader should consult it 
for the basic theory as presented by Wagner 
originally. In this system the ring spacing 
"d" 1s such that d < h; see Fig. Cll.34. 
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The engineering procedure for calculating 
stresses and allowables for the longeron system 
is somewhat similar to that used for the 
Stringer system. The reader will note the 
differences. 


1. First, at any bay being checked, determine 
the primary internal load distributions in the 
longerons and shear panels due to the applied 
loads. This can be done as in Art. 611.34 
using the engineers theory of bending in most 
cases. In other cases where judgment and 
experience and the rature of the structure 
indicate it, the method of Chapter A8 may be 
used in determining the primary load distri- 
bution due to the applied loads. 


2. Next determine the critical shear buckling 
stresses in the skin panels. Since compression 
stresses are nearly always also. dresent in 
practical situations, pure shear buckling does 
not occur. Thus, as discussed in the case for 
Stringer design, some rational interaction must 
be used to obtain a "reduced" shear buckling 
stress. This can be done, for example, by 
using some "average" compression stress in the 
panel, weighted toward the high side for con- 
servatism. Thereby the interaction method of 
Article Cll.32 can be used where 
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and (A) is determined for a curved panel of 
length "d" between rings and height (n) between 
longerons measured along the circumference as 
in Fig. Cll.42. (B) is the ratio of the com 
pression stress to the shear stress, (f¢/fg), 
for the particular loading condition being 
investigated. The compression stress should be 
calculated as if the panel being calculated had 
not yet buckled. Then, as in equation (75) 


fsor * Re For 
gives the reduced shear buckling stress, tsore 

When tension strains, rather than com- 
pressive ones, are present with the shear we 
have, as in equation (78) 

ft 
RT = 1.0 + = 
Foor 

and then 

foop = BY Fagp 28 in equation (79). 


3. Next, the loading ratio, fs/fso, can be 


calculated using fs,, a8 determined in (2) 
above. 


4. Following this, the diagonal tension 
factor, k, can be obtained from Pig. Cll.19. 


Ss. The total axial stress in the longeron can 
now be written as 


fLetp+t, 











D.T. 
k, f, cot a, 
2f, - 82 
Pp "2AL 
mt, * “2 (1-k, )Ry 
Ke ft. cot ag 
2 - - = (104) 
L \ 
tet.” +25 (1-Ka)Re 
where 
f_ = primary longeron stress from Step (1) 
P (+) if tension and (-) 12 compression 
AL, = Longeron Area 


and 


k, fg, cot a, Ry (or Rp), h, and t are as 
previously defined. One set, subscript (1), is 
for the panels above the longeron and the other, 
(2) for the panel below the longeron. 


6. The average stress in the supporting ring 
(or frame) due to diagonal tension effects is 
given by the following formula {and note that 
this is different from the stringer case) 
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kf tan « 


o 
£ 





"Ge +68 (L~k) 





at 


Here, as in equation (58), 


Ana 


@,@ 
1 oS 





ARG, = 


Tats formula {s simtlar to the one for the 
‘aifective" area of a Single upright in a plane 
ved beam system, (Art. C11.20), where 


it 


@ = distance from c.g. of ring to the skin 


radius of gyration of the ring (cross~ 
Saction) about an axis parallel to the 


skin. 


eC 


Equation (105) assumes that k, fg. 4, t, 
etc., are the same for the panels on each side 
of the ring. If not, then some average value 
Should be used, or else fag must be written as 
the sum of 2 diagonal tension affects (for each 
Side panel) as was dona for the longeron in 
(S) above. 


The "“aaximum" stress, PRGMax » im the ring 
wiil be, as before, eq. (59) 


PRGA 
*ROyax = Tag (Tz) 


where 


*RGMax 
f ts obtained from Fig. Cll.21. 
RG 





7, The next problem ts the determination of 
the angle of diagonal tension, a. There are 
Several ways in which a can be evaluated. Four 
are as follows:- 


a) When there is a simificant amount of 
compressive strain, simply assume 
a= 459, 


b) when there is no, or very little, axtal 
strain present (only shear) use Fig. 
C1145 to obtain a. 


c) If sufficient tension stress (or 
strain) 1s oresent to prevent duckling, 
from eq. (78), then, of course, a = 90, 


Calculate a by the method of successive, 
approximation as follows. This is the 
most tedious method and (a) and (b} 
above will suffice in most cases, 

especially for preliminary design. 


a 


The angle, a, must satisfy the equation, 
from Ref. (3), and this {s different from the 
case for stringers, 
e- ey 
tan” a Boo - + (108) 
e - fag tg Ql” tan* a 


where, as before, from equation (94) 





fr 
e 2[s8& + sin2e awa] 
or use Fig. C1l1.36 for bracketed expression. 
ty 
eS (ft, from equation (104) )} 


f, 
= 2G = 
ng *7E {faq from equation (103) ) 


Equation (106) must be solved by successive 
approximation as was done in the stringer system 
discussion. 


8. Strength checks can then be made as follows, 
using stress ratios. 


2) Longerons: 


ho 

+ 
2 
ta 
A 


= 1.0 


where Fog is the "natural" crippling 
strength and RB is obtained from Fig. 
011.38. 


Frequently, tn the case of thicker 
longerons, the following is used as a 
strength check: 

t+ 

D D.T. < 1.0 


Foe 
That is, the primary and diagonal 
tension effects are Simply added and 
checked against Foo. 


b) Rings: 





rt 

FE F119 

“RG 

If the rings have stresses in them dus 
to loads other than diagonal tension 


(1.e, bulkhead type loads, see Chapter 
A21), then an interaction equation is 
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where f, is the stress due to loads 
othe: r tha an diagonal tension effects. 
ce) Skins: 
Strength check: 
fs us 
Fc 1.0 
s 
where By is obtained from Fig. Cll.42. 
Permanent suckling: 
Usually no perm. buckling is allowed 
at limit load. 
fsprmuqr 
EDEL 3 1,0 
Sp.b, 
where Fg >. is obtained from Fig. 
c11.46. °° 
d) General Instability: 


fs 


go 1.0 
Pstner. 


where Fsiygn 18 obtained from Fig. 


C11.39. [It 1s recommended that 2 
margin of safety of .15 to .20 be 
maintained here. Note in Fig. C1l.39 
that no effective skin is used and 
that Prong $3 at most .34. 


The loads on rivets at splices, etc. 
are the same as for the stringer 
system, eq. (96) and (97). 


Tae procedure outlined in (1) to (8) above | Cross-Section Area = 2830 in.* 


can best be illustrated through the use of an 
example problem. 


Fig. C11,37 Example Problem, 


Consider a longeron type fuselage structure 
having a cross-section as shovym in Fig. C11.47, 
The details and section properties of the 
longerons and rings are included in the figure. 


The properties of the structural cross- 
section are given in Fig. C1ll.48. The 
properties shown are for the case where the 
bending moment causes the upper skin to De in 
compression and the Lower in tension. The upper 
Skin thus buckles out early, as indicated. 


For this example problem assume that the 
applied loads are, 

M = 2,135,000 in.1lb. (compression in 
upper skin) 
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7 1. 7-3 >| 50h Ring 
‘ , t=.15" Le 032(Typ) 
1.50 
(typ. } Long. 
Ring Cross Section Splice 
= 0787 in Plate 
tana Tt loese 
Cross-Section = 0252 in.* Detail "A" 
A =,60 in.? O =.565 in. 
I =.197 in? Clad 7075-T6 Sheet Mtl. 
2 = .580 in. ow 
7075-T6 Extruded Mti. QY) ‘ 
Fey=70, 000 psi Detail "A" 
Ec 210. 5x 106 
Skin, , 025" 7075-T6 
Sw.” ‘Longeron 


Cross-Section and Details of Members 
Fig. C11.47 


600,000 tn. 


= lb. (reversible) 
= 18,000 lb. 


(produces comp. in upper 
skin) 


7 
v 


These are the loads at the middle of 
bay being checked. 


the 





Effective Section in 
Bending - Skin Shown 
“Dashed” is not Effective 
In. A. = 1895 in. * 





Geometry 


Fig. C11. 48 


1. Using the geometry and properties of Fig. 
011.48 and the engineering theory of bending, 
we find the primary internal stresses to be, 


= MZ _ -2,135,000(33) . 
T 1895 


~37,200 psi (comp.) 


t upper long. 





z 600,000 
> >= = 
‘stop skin * Bat ~ 2(2830)(.0a5) — *#40 Pst 
fg NO as 
'sside skins’ ~ Gat’ Bit ~ #40 * 


18,000(2 x .60 x 33} 


“ZS (1s85)(.025) = 24+780 pst 


MZ. +2,135,000(-13.2) | 
I 1895 
+14,800 (tens.) 





tower long. 








2a. Check top skin panel ror fur and k. 

Use properties of Fig. C11.47 and the 
applied loads to get Re, ea. (74). The skin 
compression stresses will be "fictitious" since 
the skin buckles out early, but will give the 
proper constant, B, for interaction. Assume 
foskin at a point 3/3 up from upper longeron 


to top surface as governing compressive 
buckling. 


-2,135,000(27.7) ~31,200 











L695 psi (comp. ) 
_ ft 600,000. 
ts * gap * B(easo)(.0n5) ~ 240 Pst 





sz (a), 41.8" wide 
in and R= 30 tie eal pure shear and 
compression buckling stresses can de found 
from buckling equations in Chapter C8. 


From Chapter C8, for our panel dimensions, 
ko = 10 and Kg = 12.83, thus 


2 
’ £10x10,300,000 (=025)* 2510 pst 


Foor *~ Ta (1 - .3*) 


ne nee & $10,500,000 (2% )*= 2980 pst 


hence, from eq. (72) 


ser = 








Fo 
or . 2310 . 
As = .774 
Pop * "2980 
Then, from eq. (74) 
B B 7.38 7.35)a 
ae ok &) eam form *4 
c 2 2 
= .105 
and 
tsoy = Ro Fag = -105 (2980) = 313 psi 
fs 
3a. The Loading ratio, =—-, is 
fs 
er 
Fs _ 4240 2 
se St 15 
sop S85 
4a. k is then, from (3) and Fig. Cl1.19, for 


BOO th, S00 (025) (yee 15 
Rd 30 maa 


k= 82 


Next, repeat steps 2a-4a for the side 
panels. This involves an arbitrary interaction 
to serve as a criterion for buckling under- 
combined shear and compression. 


2b. The stresses at the top (upper longeron) 
and bottom (lower longeron) of the side panels 
are -37,200 (comp.) and 14,800 (tension) 
respectively. This gives an | average "etotitious” 
stress of -11,200 axial and * 26,000 psi bending 
stress (equivalent). The actual reduced buckling 
stress for the side panels could be obtained 
from an interaction for these axial and bending 
stresses. 


Another way is to use an axial stress only, 
"weighted" on the high side of the average, 
arbitrarily, to account for the effect of the 
pending stress. For this problem a compression 
stress value half-way between the average, 
-11,200, and the maximum, ~37,200, is used. 





Thus ty = 22200 : 37,200 - _ 94 200 pst 
then, since fg = 11,780, 
= 24,200 
= See 
Be 11,760 = 2-0 
and, as before, 
Fo 
A= .774 ea 
Scr 
Hence 
2.05 2.05,a 
-=s tt J Gr) +t 
Re = 774, : 774 = 335 
and 
tser =HRe *Sor = .335 (2980) = 998 psi 
3b. The loading ratio is then 
£: 
ao 11,780 aiid 
Ser = 


4b. From Fig. C11.19, using 11.8 from (3b) 
K = .79 


5. The upper longeron stress can then be 
gotten from eq. (104); 





* since =2,0 use 2.0 (See page C11. 33). 
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kK, f, cota, k, f, cota, 
peeve ae Ce aS eo 
eee? 5 -ks)Re Et *B(1-Ka)Re 
# Bt 0 = ay =e e TT 
(41.8)(.025) © * ie ; 
= «79 (11,780)cot a 
itty —: 13 (1+.79) (.335) 
= =37,200 - 2970 cot a, -9810 cot dg 
6a. The stress in the rings supporting the 


upper skin is obtained from eq. (105). 


First, 
ARa .0787 

Sige ae a tee 

Let ey 1+ 38) 
Then, 
ae = — 30) (p00) san ss 10,600 tan a 

+ + 5 (1-.81) 

5(.025) 


As discussed earlier, this assumes the upper 
panels on each side of the frame to have the 
same shear stress. 


60. The stress in the rings supporting the 
side panels is, similarly, 


_ __-79(11780) tan a2 
RG ~ _.0235 
Bt .025) + 6 (L-.79) 


f, = 27,900 tands 


a, and a, in the above equations refer to the 
upper panels and side panels respectively. 


7. Angle of diagonal tension. 


The compression in the upper panel is so 
large that a, can be reasonably taken as 45°. 


For the side panel the same is probably 
true, in the upper portion, but this will be 
checked using the method of successive 
approximation and equations (106}, (105), (104) 
and (94). 


Assume a = 449 (and u = 45°). 
Fig. C11.36 and equations above, 


From 


= is, _ 11,790). * 
e€ = 1,88 >) = 1.38 pie «00215 


be 


Ic 





= =.00361 - .00028(1.1S) - .00095 
(1.19) = -.00507 


a 
u 


td 
o| 
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frq _ -27,900 (.967) 
2s eee: é 
®aq * 70.3 x 10 goz62 
then, 
€1 = & 
tan? a, 3 rs 
&, - fg, tg tan a 
s 00215 - fscps07) = 1.00 
tale Pi —— fe 
.00215 - (-.00262) +> (gq) (.705) 


Thus, a2 * 45° which is close to the 44° assumed. 
Let a, = 45°. This bears out the statement that 
any significant compression stress (or strain) 
forces a towards 45°, 


Had there been no significant average axial 
strain (or stress) present a could be gotten 
from Fig. C1l1.45 which 1s based on pure shear 
(no axial loads present). Using this for the 
above side panels, for example, we would proceed 
as follows: 


10.3x10° ( 





E (dys e ee 

7, R ii, 720 ‘gq = 25-5 

ARG A. 

ae, pool 

ae = +228 3-He = Ges (oes) * “8? 


Then from Fig. C11.45, using the above para— 
meters, 


a = 36° (for no compression) 


‘nus the. effect of compression, as previously 
calculated, is significant in forcing a towards 
45°, as frequently assumed for simplicity. | 


8. Now that a has been established as 45° for 
the upper skin panels and for the upper portion 
of the side skin panels, the stresses are 
available (from (5) and (6) } and strength 
checks can be made. 


a.  Longerons: 


fp = -37,200; f, - 2970(1.0) ~ 9820(1.0) 


D.? 





= - 12,780 
Foe = $5,000 


Using Fig. C11.38, and the 
in the figure, 


fommla for "c" 


Fao = 


then using the interaction 
suggested, 


Nxc = 43,500 (1.28) 


55,600 
equation 


= 12,780 . 


B50 7 .801 < 1.0 (adequate! 
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be Rings: General Instability 
The ring under the side panel skin will be Using Fig. C11.39, with 
most critical (fs is larger): 
p. = .554 and o = .565 
faq = 27,900 (1.0) = 27,900 LONG BG 
(Using no effective skin, per the figure) 
fre = 27,900 (1.15) = 30,500 (Using 
Cra . 139 (onq)7/* v/a 
Fig. C11.21) RG x1o+s +39(.565 
‘ (dh)*7# Re/* (5 x52.3)*/? (30)8/7* 
x2/% (2254/9 = .9g2/s (2082yr ys. 
HAPS (EEL? = 79°78 (eagR)A/® = 927 x 10* = 11.35 
Then, using Fig. C11.38, From Fig. C11.39 
=, = 20" = = 
For R = 30 Fstyst. 3.0xEx 10-5 = 30,900 psi 
N = 1,200 
Thus 
Fag = Nxc = 19,200x1.187 = 22,800 r 
“s 
Fr¢ 22,800 MS. = HET 1 = Hehe 1 = 1.62 
MS. So - l= apteag - 1 - 225 s 2 (large) 
tng o0,0 
ft. Rivets 
Thus the ring is not adequate. Hither 
more area (thickness) is required or a The rivet requirements can be checked in 
closer ring spacing (or both) are needed the same manner as was done for the stringer 
to lower tpqe type structure along any skin splices and 
for the tension field "prying" forces. 
ce. Skins: 
The load transferred between the longeron 
The side panel has the highest stress and and the ring can be calculated as 
will be, therefore, more critical from an 
ultimate shear strength than the top Pog = faq *Ara, » from (8b) and (6a) 
RG RG e 
panel. 
= 27,900 x .0285 
fg = 11,780 pst = 795 lb. 
Pre F Co fe z i = 
Ae 000 on De ae nee ie ey Fru This load is actually carried by the rivets 
ae DON DS Res eB: attaching the outer ring flange to the 
(25,000/11,780) + 1 = 1.13. longeron flange (next to the skin) and also 
by the gusset action of the skin at the 
d. Cneck for Permanent Buckling ring-longeron junction. Two fasteners, 


Usually there is the requirement that no 





staggered if necessary, should be used to 
attach the outer ring flange to the longeron 


permanent sxin buckles shall occur 2t flange. (See discussion of joggles in 
limit lead. This its checked as follows: Chapter D3). 
fs__ 11,780 C1138 su: 
2 =o 2 7 - mmary. 
Tsitait ~ Te = rg = 72840 pst 


From these examples involving both stringer 


Using rig. 011.46 


5 ® 
= 4 (2,980) x 10° _ , ap 


and longeron type construction it can de seen 
that the effect of axial compression stresses 
(or strains) along with the shear stresses in 


47s5,. x 10° 





Bq X Foy ~ 10.3x10°x62,000 ~ the panels is two-fold: 
Fsp B a) It brings about, through interaction, 
= == 2.8, Fsp B = 2.8(2980) = 8,340 pst earlier buckling of the panels than 
Ss : 


would result from shear stresses alone. 
The result is, of course, a nigher 
value of k and, hence, of all the en- 
Suing loads and stresses that are a- 
function of k. 
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bd) The angle of diagonal tension is 
forced to approach 45°, more than 
would result from shear stresses only. 


Tne effect of tension stresses 1s just the 
opposite and can thus be conservatively 
ignored, or evaluated 1f desired. 


From a time-saving standpoint, in pre- 
j{minary design, an arbitrarily large value of 
% and an angle of diagonal tension of 45° can 
be assumed where significant axial compression 
strains are present. 


The exact magnitude of the various diagona 
tension effects throughout a network of skin 
panels defies simple evaluation from an 
analytical standpoint. This is particularly 
true when both shear stresses and axial 
stresses change from panel to panel as in most 
practical structures and loadings. No simple 
analytic expressions are available. But some 
rational approach is necessary to complete the 
design, or specimens for test programs, and the 
approaches given in this chapter represent one 
such procedure. If margins are extremely 
small, element tests for sudstantion are in 
order. The reader is encoureged to consult 
the references for a more thorough understandi 
of the basic theory and its limitations, 
particularly with regards to areas where sub~ 
stantiating test data is relatively meager. 


The stringer system is usually found, for 
example, in fuselage structures where there 
are relatively few large "sut-outs™ to disrupt 
the stringer continuity. This is more typical 
of transport, bomber and other cargo carrying 
aircraft. The longeron type structure is more 
efficient and suitable where a large number 
"quick-access" panels and doors and other 
"cut-outs" are necessary to service various 
systems rapidly. These would "chop-up" a 
stringer system rather severely, making it 
quite expensive from both a weight and manu- 
facturing standpoint. Therefore, longeron 
systems are more usually found in fighter and 
attack type aircraft, and in others with un- 
usual features. There are also, of course, 
other factors influencing the choice of 
structural arrangement. 


Some further notes concerning this general 
subject are included in Chapter C3. This 
includes “beef-up" of panels and axial members 
bordering cut-outs or non-structural doors, 
which is also related to "end-bay” effects 
discussed in C1l.24. 


—_ 


* Tt is not conservative to ignore the reducing effect of tension 
stresses on k if the compression stresses due to diagonal 
tengion are being relied upon to reduce any primary load 
tension stresses in stringers or longerons. 
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11.39 Problems for Part 2. 


1. In the example problem of Art. C1l.4, 
what M.S. would exist if the ring were 
made of .032 2024 (instead of .040). 
(Assume a = 45°). 


2s In the example problem of Art. Cll.34, how 
- wide could the ring spacing, d, be made 
And still show a positive M.S. for the 
ring. (Assume a = 45°.) 


3. In the example problem of Art. C11.34, how 
much additional torsion, T, could be 
applied before the ring would show a 
M.g. = 0. (Assume a = 45°.) 


4. Repeat example problem Art. C11.34 using 
applied loads 


M = 2,600,000 in./1b. 
p20 
¥ = 40,000 ib. 


Assume the general section properties (I 
and neutral axis location) remain the same 
as in C1l.34. 


S. In the example problem of Art. C11.37 
a) What (standard) gauge of 7075-T6 sheet 
aluminum would the ring have to de to 
show a minimum positive M.S. 
b) What ring spacing, d, would be required 
for the .02" ring to show a minimum 
positive M.S. (M.S. = 0) 


6. Repeat the example problem of Art. C11.37 
using as applied loads. 


2,400,000 in./Ib. 
0 


sak 
wun 


28,000 1b. 
(Assume section properties are not changed. ) 


Fy what is required to eliminate any negative 
margins of safety in Problem (6). 


11.40 Problems ‘or Part 1. 


(1) The beam as shown in Fig. (A) is sub- 
jected to a shear load of 8000 1b. as shown. 
Determine the margin of safety for the given 
loading for the following units: {1} web, 
(2) wed flange rivets, (3) wed stiffeners. 
NACA method. 


Use 


(2) Same as problem (1) but with web up- 
right spacing = 4". 


(3) Design a semi-tension field beam for 
the beams and loading of Fig. (B). Take wed 
as 2024-73 with minimum thickness being 020. 
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dxdxd x 7g Stiffener 


One Side 






¥r 
1x1x3/32 
Dia. @ 3/4” 
4 ao 
us 
1x1x3/32 
All Rivets 17ST. Y ia Fre 
Ps, 3 
Fig. (A) 80, 000# g Dia. @ 1-1/4 
70#/in, Design Loading 


Fig. (B) 








ouside 


Web 
Stiffener, -064 Web 
26" 7075 Clad 
a 1-3/8 


1/2 (EIT 
oe 
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Web uprights and flange members to be 2014-TS6 
extrusions. Rivets to be 2117-T3. Show cal- 
culations for at least four sections along 
beam length. Assume the beam braced laterally 
by .025 skin on top and bottom. 


(4) Fig. (C) snows the cross-section of a 
single spar wing beam. Strength check the 
following units of the beam section. (1) web, 
(2) web uprights. The upright spacing is 8 
inches and the design shear load on section is 
35000 lb. web material is 7075 alclad. 
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Fig. C11,36 Graph for Calculating Web Strain (Ref. 3) 
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Tensile strength ol 


0 2 4 8 8 
sheet thickness. 
vet diameter 5 


Fig. C11. 37a Tensile Strength of Four Types of AL7S-T3 
Aluminum-Alloy Rivet in 24S-T3 Aluminum-Alloy Sheet. (Ref. 3) 


Approximate a 028 





eI. 
aere 9, degrees 





‘af Tivet shank 











th of rivet 





























-Sheet_thickness: 
Rivet diameter 


Fig. C11.37b Tensile Strength of NACA Machine-Countersunk Flush Rivets 
of ALTS-T3 Aluminum-Auoy in 24S-T3 Aluminum Alloy Sheet. (Ref. 3). 
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Fig. C11.40 Correction for Allowable Ultimate Shear 
Stress in Curved Webs. 











Fig. Cll. 4la 











Fig. Cl1.4ld Angle of Pure Diagonal Tension. 


Fig. C11.41b 2024-T3 Aluminum Alloy. Syj¢ = 62 ksi. Rat $ i Re aL 
: Dashed Line is Allowable Yield Stress. RG st 
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_ APPROXIMATE VALUES OF THE ANGLE OF DIAGONAL TENSION. a__ - eb 
FOR PANELS WITH h'> d (LONGERON SYSTEMS) : : 











45 


40}. 









NOTES: eS a - 
1) This curve ia-for panels loaded in shear~_ 
~ "omy, no significant axial. strains. . 
2) The curve. is an. roximation of the following 


35. 








K+ cos *Q. 2 (f-k)(1+p) sin? 0. + 


30 





—~— 

|. 3) The range ot alues represented on-this curve is-from: 0.2 to-1, 5.-~ 
Valuea.of:this parameter outside this range (for values of GG)" 20). 

~~~ must be applied to’ the equation above (Note 2). to determine’ a SS fia 


K + sin? l (ir k)(1+u} cos? 


2. 















Q ~ Degrees (The Angle of Diagonal Tension) 











— 
NOTES: 
1) This curve good for flat or curved panels. Conventional 

panel stiffening members must be attached to edge members. 
2) Curve does not apply to panels with stringers. 


3) Curve may be used for any material at any temperature 
provided proper values of Fsop » EB & Foy are used in 
the parameters. 






= Panel Shear Buckling Stress 
= Modulus of Elasticity in Compression 


= Compression Yield Stress 
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CHAPTER Di 
FITTINGS AND CONNECTIONS. BOLTED AND RIVETED. 


Di.1 Introduction. 


The ideal flight vehicle structure would 
be the single complete unit of the same material 
involving one manufacturing operation. Un- 
fortunately the present day types of materials 
and their method of working dictates a composite 
structure. Furthermore general requirements of 
repair, maintenance and stowage dictate a 
structure of several main units held to other 
units by main or primary fittings or con- 
nections, with each unit incorporating many 
primary and secondary connections involving 
fittings, bolts, rivets, welding, etc. No 
doubt main or primary fittings involve more 
weight and cost per unit volume than any other 
part of the aerosjace structure, and therefore 
fitting and joint design plays an important 
Part in aerospace structural design. 


Di.2 Economy tn Fitting Design. 


Por structural economy the structural 
destgner in the initial layout of the flight 
vehicle should strive to use a minimum number 
of fittings particularly those fittings con- 
necting units which carry large loads. Thus 
in a wing structure splicing the main beam 
flanges or introducing fittings near the 
centerline of the airplane are far more costly 
than splices or fittings placed farther out- 
board where member sizes and loads are con- 
Siderably smaller, Avoid changas in direction 
of heavy members such-as wing beams and fuse~ 
lage longerons as these involve heavy fittings. 
If joints are necessary in continuous beams 
place them near points of inflection in order 
that the bending moments to be transferred 
through the joint be kept of small magnitude. 
In column design with and fittings avoid intro-~ 
ducing eccentricities on the beam and on the 
other hand make use of the fitting to increase 
column end fixity thus compensating some of 
the weight increase due to fitting weight by 
saving in the weight of the beam. 


For economy of fabrication, the structural 
designer should have a good knowledge of shop 
processes and operations. ne cost of fitting 
fabrication and assembly varies greatly with the 
type of fitting, shape and the required toler- 
ances. Poor layout of major fitting arrangement 
may require very expensive tools and jigs for 
shop fabrication and assembly. 


Fittings lixewise add considerably to the 


cost of inspection and rejections of costly 
fittings because of faulty workmanship or 
materials are quite frequent » thus adding 
greatly to the unit cost. 


D1.3 Fitting Design Loads. Minimum Margins of Safety, 


As discussed in other chapters, limit 
loads are the maximum loads, which a flight 
vehicle may be subjected to during its life- 
time, when carrying out the required ground 
and flight operations. The limit loads must be 
carried by the structure without exceeding the 
yield stress of the material used in the 
structure. The ultimate or design loads are 
the limit loads multiplied by a factor of 
safety, usually 1.5 for aircraft and less for 
missiles, The structure must have suffictant 
strength to carry the ultimate or design loads 
without failure. 


The normal flight vehicle structure in- 
volves many parts which are joined together by 
various types of connections. In general, an 
additional blanket factor of safety is required 
for design of these connections. This blanket 
factor of safety is normally 1.15 to 1.20.. The 
stress analysis of most connections or fittings 
is more complicated than for the primary 
structural members due to such factors as com= 
bined stresses, stress concentration, bolt-hole 
tightness, etc., thus an additional factor of 
Safety is necessary to give a similar degree of 
strength reliability for connections as provided 
in the strength design of the members being 
connected. 


Dl.4 Special or Higher Factors of Safety. 


A Dlanket factor of safety for all types of 
fittings or load conditions is not logical. The 
manner in which a load is applied to a joint 
often involves a dynamic or shock load, as for 
example Joints or fittings in landing gear. 
Single pin connections often undergo rotation 
or movement between adjacent parts, thus pro- 
ducing faster wearing away of material itn oper~ 
ation. Repeated loads often present a fatigue 
problem. In an airplane or missile there are 
certain main fittings which, if they failed, 
would definitely cause the loss of the vehicle. 
Thus the design fitting requirements of the 
military and civil aviation agenctes involve 
many special or higher factors of safety. This 
is so particularly in design involving castings. 


Dit 
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D1.5 Aircraft Boits. 


The aircraft bolt is used primarily to 
transfer relatively large shear or tension 
loads from one structural member to another. 
Fig. Dl.1 shows three standard aircraft bolts 
in common use. There ars other types but they 
will not be presented in this limited chapter 
on connections. 


Hexagon Head 





Clevis 
aoe © (|__| 


Pig. D1. 1 


The hexagon head bolt is an Army-Navy 
standard bolt made from SAE 2330-3.5 percent 
nickel steel, heat treated to an ultimate 
tensile strength of 125,000 psi. The bolt head 
is of sufficient size as to develop the full 
tensile strength of the bolt. 


The internal-wrenching bolt is a high 
strength steel bolt usually heat treated from 
160,000 to 180,000 psi. It is especially 
suitable for main splice fittings because of 
its high strength and the relatively small 
space required for the bolt head. 


The clevis bolt is referred to as a shear 
bolt because its nead is not designed to 
develop the full tensile strength of the bolt. 
The clevis bolt 1s usually used when 4 group 
or cluster of bolts is required to transfer a 
load by shear loads on the bolts. The smaller 
bolt heads thus save weight and also provide 
greater bolt head clearances. The clevis bolt 


W111 develop about one half the tensile strength| 


of the standard AN nexagon head dolt. 


The three bolts are also made from alvminum| 


alloy for diameters over 1/4 inch. In many 
fitting designs weignt can be saved by using 
aluminum alloy bolts. 


General Rules in Using Bolts. 


Bolt threads should not be placed in 
bearing or shear. The length of the bolt shank 
Should be such that not more than one thread 
axtends below fitting surface, which can be 
done by the use of washers. 


Bolts less than 3/8 diameter should not be 
For steel bolts, 3/16 


used in major fittings. 
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imch diameter should be the smallest size to be 
used in any fitting. 


Bolts connecting parts having relative 
motion or stress reversal should have close 
tolerances to decrease shock loads. 


For bolts connecting members having rela~ 
tive motion a lubricator should be incorporated 
in the surrounding parts of the fitting; the 
fitting should not be drilled to provide lubri- 
cation. 


Bolts should be used in double or multiple 
shear if possible in order to increase strength 
efficiency in bolt shear and to decrease bending 
tendency on bolt. 


D1.6 Aircraft Nuts. 


Fig. D1.2 illustrates four standard steel 
aircraft nuts. Nut material is more ductile 
than bolt material, thus when the nut is 
tightened the threads will deflect to seat on 
the bolt threads. 


The Castle nut ts probably the most common 
aircraft nut. It develops the full rated 
strength of the bolts. The nut has slots milled 
in it so that nuts can be prevented from turning. 


The Shear nut is only one half as thick as 
the Castle nut, and thus has only threads enough 
to develop one half of bolt tensile strength. 

It 1s used with a clevis bolt which has a screw 
driver slot to limit the torsion in tightening 
the nut. The nut is also castellated for cotter 
pin lock. 


: COTTER a e: FIBRE 


CASTLE NUT SHEARNUT PLAIN NUT SELF LOCKING 
AN - 310 AN - 320 AN - 315 AC - 365 


Fig. Di.2 


The Plain nut which is very seldom used in 
present design is used for permanent locations 
and is locked by “peening” or riveting the end 
of the belt over the nut, an operation which 
destroys the bolt protective coating or finish. 


Aluminum Alloy Nuts. Aluminum alloy nuts 
are not used on bolts designed for tension. 
Sometimes aluminum alloy nuts are used on steel 
bolts on land planes to save weight provided the 
bolts are cadmium plated. If the bolt is used 
in places where the nut is repeatedly removed, 
neither bolt or nut should be aluminum alloy 
because of the danger of injuring the relatively 
soft threads. 
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Self Locking Nuts. Self locking nuts are Table Di. 2 
widely used In aircraft industry and there are 
a number of types on the market. Fig. D1.2 
shows one type of self locking nut involving 4 
fiver insert. when the bolt reaches the fiber 
collar it tends to push the fiber up because 
the hole in the collar is smaller than the 
bolt, and is not threaded. The fiber ring thus 
sets up a heavy downward pressure on the dolt 
automatically throwing the load carrying sides 
of the nut and bolt threads into positive 
contact. Thus all play in the threads is 
eliminated and a friction is set up between 
every bolt and nut thread in constant. This 
constant pressure which 1s maintained on 
threads, provides the friction which prevents 
nut from moving under vibration. The use of 
the self locking nut reduces the assembly costs 
as it eliminates the bothersome cotter pin 
which takes extra operations of the mechanic 
and is very difficult to install on the nut 
in the many Joints and corners of an airplane. 
In another type of self locking nut, the lockl, 
force {1s provided by the spring action of the 
upper part of a specially designed nut. 


Ultimate Shear and Tensile Strengths of 
Steel Internal Wrenching Boits (Ey, = 160, 000) 


ult. 

Tensile 

Strength | Strength Strength 
2 lbs, 


58, 300 
83, 900 
114, 200 
149, 200 
188, 900 
233, 200 





Table D1. 2a 


Ultimate Shear, Tensile and Bending Strengths 
of 2024 Aluminum Alloy Bolts 


D1.7 Bolt Shear, Tension & Bending Strengths. 


Table Dl.1 gives the section properties 
and the ultimate shear, tension and bending 
strengths for AN Standard Steel bolts at room 
temperature. Fig. D1.3 shows the correction 
to be applied to the strength values in Table 
Dl.1 when bolts are subjected to elevated 
temperatures. Tablo D1l.2 gives the tensile 
and double shear strengths of Steel Internal 
Wrenching bolts. Table Dl.2a gives ultimate 
shear, tension and bending strengths for 
aluminum alloy bolts. The value of Fp, the 
modulus of rupture, was’ determined by the 





D1.8 Bolts in Combined Shear and Tension. 


When bolts are subjected to both shear and 
tension loads, the resulting strength is given 
by the following interaction equation:- (Ref. 
1, 2) 





method given in Chapter C3. xy 
Table D1. 1 ae 
Ultimate Shear, Tensile & Bending 
Strengths of AN Steei Bolts where, 


(Pqy = 125, 000, Pyy = 75, 000, Fy = 180, 000) 







Area of 
solid 
Size of pin| section, 


Ultimate single 
Moment of} shear strength | Ultimate tensile 
at full 






shear load 

tension load 

shear allowable load from Table D1.1 
tension allowable load from Table D1l.1 





uu 


Tes x 


Pigs. Dl.4 and D1.5 is a plot of equation 
for the various AN steel bolt sizes. The curves 
are not applicable where shear nuts are used. 
the curves are based on the results of combined 
load tests with nuts fingertight. 


Dl. 8a Bushings. 


It is customary to provide bushings in the 
lugs of single bolt or pin fittings subjected 
to reversal of stress or to slight rotation. 
Thus if wear and tear taxes place a new bushing 
can be inserted in the lug fitting. Steel 
bushings are commonly used in aluminum alloy 
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TENSION LOAD IN THOUSANDS OF POUNDS 


oe 
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TENSION LOAD IN THOUSANDS OF POUNDS 
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Psattow Phanlow single bolt fitting lugs to increase the allow- 
= lor able bearing stress on the lug since the 
bushing increases the bearing diameter 1/8 inch 
since bushings are usually 1/16 inch in wall 


M.S. 


-| teraction Formula PTS pete = thickness. If bushings are not used on single 


+1 1 : : : bolt connections sufficient edge distance 
2 = = : should be provided to ream hole for next size 
Were ce tees : ; bolt in case of excessive wear of the unbushed 
y * Tension Load : ; hole. If considerable rotation occurs a 
a = ANC-5 Shear Allowable ~ = lubricator should be provided for a plain 
b= ANC-5 Tension Allowable bushing or an oil-impregnated bushing should 
+ Ht + i ; be used. 


D1.9 Single Bolt Fitting. 


Possibly the simplest method of joining 
two members together is the use of 4 single 
bolt or pin connection. Such a joint can trans- 
mit relatively large loads and yet the joint is 
easily and quickly disconnected. 


Fig. D1.6 illustrates the four general 
methods of connecting two members by a single 
bolt. First the connection 1s made symmetrical 
about the centerline of the load on the joint. 

= Thus is Fig. Dl.6éa the load P on the male part 
5 vo 15 X20 Psatiow 25 of the fitting divides equally and symmetrically 
SHEAR LOAD IN THOUSANDS OF POUNDS to the two female plates or units which make up 
part of the fitting unit. If the male and 





Fig. D1.4 Combined Shear and Tension on AN Steel female parts of the connection are to be tied 
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Bolts (Fty = 125,000, Fgy 2 75, 000) together by a single bolt it is evident that 
the connecting plates will be weakened due to 


the bolt hole unless extra material is added at 















































; Where: the bolt hole section. 
an sStension toad 
=e I ANC. 6 Shear Allowables Pig. Dl.éa shows a fitting consisting of 
baANC~5 Tension Allow- three rectangular plates of uniform section 
= abies throughout fastened together by 4 single bolt. 
Interaction Formula Obviously the weak section for the plates in 
ri 3-Get tension would be a section through the center- 
4-190 : line of the hole. If this section is strong 
= pee = ; enough to carry the given loads, then the re- 
rs ; maining part of the fitting members are 
Ms t considerably over strength. To avoid this 
Nag over-strength which means extra weight of fitting 
+ units, a single bolt fitting unit is often made 
‘ like one of the examples indicated in Fig. b, ¢ 
thea tert + and d of Fig. D1.6. 
Lanny : ; : 





In Fig. b, the plates are made constant 





- = —— thickness but increased in width in the vicinity 
AN-T3 or = of the hole section. In Fig. ¢, the width of 
; ; oe ; ; the plates is kept constant but the thickness 
of the plates are increased in the vicinity of 
the nole section, and in Fig. d, both width and 























rues ee thickness of plates are changed. 
































ieeat beneesastses So=zeae! Hit Di. 10 Methods of Failure of Single Bolt Fitting and the 
ot = Allowable Failing Loads. 























. . a As the load on a fitting is transferred 
10 20 30 40 80 60-70-80 90100 from one side of the fitting to the other, in- 
SHEAR LOAD IN THOUSANDE OF POUNDS ternal stresses are produced which tend to cause 
the fitting to fail in several different ways. 


Fig. D1.5 Combined Shear and Tension on AN Steel Bolts 
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Fig. D1.6 


Failure by Bolt Shear, 


In Fig. D1.7 the bushing is not continuous 
between the plates, but each of the three 
plates have separate bushings. As the pull P 
1s placed on the fitting it tends to shear the 
bolt at sections (1~1) and (2-2), (Fig. Dl.7a). 
Fig. D1.7b illustrates the forces or pressures 
on the bolt and the failure which can take 
Place if the stresses are sufficient. 


Let Py represent the maximum or ultimate 
load on the fitting. This force Py must be 
resisted by the shear strength of tne bolt at 


the two sections (1-1) and (2-2). Hence, 
Purport shear) SPAR ---- 5 -- ee (1) 


where Fg, = ultimate shearing stress for bolt 
material. 
A = cross-sectional area of bdlt. 


Fatlure by Bolt Bending. 
ree OE BONS INE. 


The main concern regarding bolt bending 
is that under the limit loads any bending 
deflection of the bolt be not permanent as such 
deformation would make removal of the bolt 
dizficult. The subject of bolt bending 
stresses is discussed in a later article. 


Failure of Lug Portion of Fitting. 
ae So ton of Fitting. 


The lug portion of the fitting refers to 
that portion of the fitting that involves the 
hole for the single bolt that connects the 
male and female parts of the fitting unit. The 
simplified assumptions regarding failing action 
and the resulting equations which follow have 
been widely used for quick approximate check 
of the lug strength. The procedure which 
follows will be referred to as Method 1. 


D5 





Fig. b 





a 
Pu y Fig. D1.8 
'b, 
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Fig. D1.9 4go\ 
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Fig. a Fig. b 


METHOD 1 OF BOLT & LUG STRENGTH ANALYSIS 
EE ES ERENGTH ANALYSIS 
Failure in Tension. 


Fig. D1.6 indicates how a fitting plate can 
pull apart due to tension stresses on a section 
through the centerline of the bolt hole. Both 
the male and female parts of the fitting must 
transfer the load past the centerline of the 
hole, thus both parts must be considered in the 
design of a fitting. iquating the allowable 
load P, to the ultimate resisting tensile 
stresses at points (a) and (b) Fig. D1.8, we 
obtain, 


Pu(tension) = Ftu (@R-D)t 


where fy = ultimate tensile strength or plate 
material. 


Equation (2) assumes that the tensile stress on 
the cross-section is uniform. This is not true 
as the flow of stress around the hole causes a 
stress concentration. To take care of this 
stress concentration requires a margin of safety 
of 25 percent. 


Failure by Shear Tear Out. 
—— eer ear Sue. 


Fig. Dl.4 {llustrates the manner tn which 
failure can occur by the shearing tear out of a 
In Fig. a, 


plate sector in front of the bolt. 
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ommon practice to take the 

Wal to the edge distance 

2 the nole times tae 

the plate times two since there 
This is slightly con- 
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se. cause ctual shear area ts 
larger. Ref. 1 pe S one to use the area 
along line 1-1 whi: limited by the 40 
degree line as sho. Fig. Dl.Sc. 


Pallure by Bearing of Busaing on Plate. 


In Fig. D1l.10a, the pull P causes the bolt 
{not shown) to press against bushing #@ll which 
in turn presses against the plate wall. If th 
Pressure {is high enough the plate material ad- 
jJacent to the hole will start to crush and ?low 
thus allowing the bolt and oushing to move 
which results in the elongated hole 2s 
tilustrated in Fig. >. Zquating the load Py, to 
the ultimate bearing strength on the bearing 
surfaces we can write, 


Py? Fpp Dt ------------ --- (4) 
where Fpr = allowable bearing stress 

D = diameter of bushing 

tos Kness 
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zin of s y of 50 parcent should be 
maintained. I? th ttl 
infrequent rotati under 1 
involving mo shock or vibration, require 4 
margin of safety of 100 sercent. I? shock or 
vibration with infrequent rotation is present, 
require 2 margin of safaty of 150 percent. 
Snock is considered t2 cccur in such structures 
as landing gears, gun mounts, hoisting, mooring 
and towing connections. 


General Comment on Margins of Safety for Lugs. 


In general it is geod desizn cractice to 
design lugs conservatively as the weight of 
lugs 1s small relative to their importance in 
insuring tne safety; cf the flight venicle. In- 
accuracies in manufacture are difficult to 
control. It 1s go0d desten practice to provide 
sufficient material to permit drilling for a 
bushing if bushing is not used in original 


design. if castings are used as fittings, 
much higher factors of safety on the limit loads 





are specified because of th 
the material in castings. 


low ductibility 97 


DI.11 Method 2. Lug Strength Analysis Under Axial 
Loading. 


Due to a comprehensive study and test 
program by Cozzone, Melcon and Hobbit (Refs. 3 
and 4), the procedure as ziven in Method 1 is 
somewhat modified. Tha tmoortant difference 
is that curves derived from test results give 
the stress concentration factor to use for 
tension on the net secticn and the shear out 
failure as 2ssv in Metned 1 has deen re- 
placed by a combined shear-out bearing failure. 








Fig. 51,11 shews tne lug-pin combinations and 
types of failure eas taxen from Rs?. 3. 
Bushing 
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ew _. Tension Failure | 
~° Shear Bearing Failure— | 
c. Hoop Tension Failure—— 
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Fig. Dl. 11 








The methods of failure and the matnods of 
lug strength analysis are as 2oliows: 








Because of strass concentration, the 
Stress on the net cross-section cannot be 
taken as uniform. Ths ultimate allowable 
tension load P, for lug equals, 


Pu = Kt Fey dp -- --- +--+ ele (6) 


where Ky is the stress concentration factor as 
found from Fiz. Dl.12 and Table 02.3. Fey = 
ultimate tensile strengta of the material and 
Ay = net tension area, 


nares: 
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31. An agaitional M.S. of 2, 15 ever and s0cve 
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Fig. D1.12 Lug Design Data 
Tension Efficiency Factors fo1 
Axially Loaded Lugs (Ref. 3, 4) 


Table D1. 3 


Curve Nomenciature for Axial Loading for Fig. D1. 12 


L, LT and ST Indicate Grain in Direction F in Sketch 
L = Longitudinal 

LT - Long Transverse 

ST - Short Transverse (Normai) 


MATERIALS 
Curve 1 - 2014-T6 and 7075-T8 Die Forging (L) 
4130 and 8630 Steel 
2014-T6 and 7075-T6 Plate = 0.5 {L, LT) 
7075-T6 Bar and Extrusion (L) 
2014-T6 Hand Forged Billet = 144 in. (L) 
; Curve 2 - 2014-T6 and 7075-T6 Plate > 0.5 in. = K\0 in. 
i (L, LT) 
| 7075-6 Extrusion (LT, ST) 
2014-T6 Hand Forged Billet > 144 in.? (L) 
2014-T6 Hand Forged Billet = 36 in. (LT) 
2014-T6 and 7075-T6 Die Forgings (LT) 
| Curve 3 - 2024-T4, 2024-72 Extrusion (L, LT, ST) 
| Curve 4 - 2014-T6 and 7075-T6 Plate = i in. (L, LT) 
\ 2024-T4 Bar (L, LT) ! 
2024-T3, 2024-T4 Plate (L, LT) 
Curve 5 - 2014-T6 Hand Forged Billet > 36 in,? (LT) 
Curve 6 - Aluminum Alloy Plate, Bar, Hand Forged Billet 
t and Dte Forging (ST). NOTE: For Die Forgings 


i ST Direction Extsts Only at Parting Plane. 
| 7075-T8 Bar (T) 

| 
| 





Curve 7 - AZ91C-T6 Mag. Alloy Sand Casting 


356-T6 Aluminum Alloy Casting 
Hoe casting 






Failure dus to shear out and cearing are 
closely related and are covered by 4 single 
calculation based on empirical curves, The 
ultimate or failing load in this shear-bearing 
type of failure ts:- 


Poru = Korn Fey App ot eee eee ee (7) 


The values of Kpry, the shear-bearing 
efficiency factor, is given by curves in Fig. 
D1.13. : “s 





ve 


For shear-bearing yield strength the 
equation ts, 


Pory = Kory Feu Apr - > > -- --- +e (8) 
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Fig. D1.13_ Lug Design Data 
Shear-Bearing Efficiency Factors for 
Axially Loaded Lugs (Ref. 3, 4) 


Fig. Dl.14 gives curves for ?inding Kory 
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the same manner 2s given in Method Ll. 
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D1.8 


Py * Kory Abr Fy 

FOR ALL MATERIALS 

20 ‘p 
0.8 and higher ¢/D values ~ 





3.5, 


2.0 2.8 
e/D 
Fig. D1. 14 (Ref. 5) 
Values of Shear-Bearing Factors of Lugs 


Bolt or Pin Bending. 


3.0 4.0 


The subject of bolt bending strength is 
treated in Art. Dl.14. 


D1, 12 Lug Strength Analysis Under Transverse Loading. 


Cases arise where the lug of a fitting 
unit 1s subjected to only a transverse load. 
Maicon and Hobbit in (Ref. 4) express the 
ultimate transverse or failing load by a single 
equation:- 


Pou = Keu Abr Fen - toc ttt ttt (10) 
Similarly the yield strength of luge ts, 
Pry @ Key doe Pty) ee ee ee (11) 


The effictency failing and yield co- 
efficients Kry and Key are given by the c 
in fig. D1.15. The curve nomenclature for the 
ves in Fig. D1L.15 is given in Table D1.4. 
in using Fig. D1.15, a value called Agy 1s 
needed, the value of which is shown in the 
aquation shown on Fig. D1.15 








D1,13 Lug Strength Analysis Under Oblique Loads. 


Fitting lugs are often subjected ta 
adlique loads. Ref. 4 gives the following 
anproaca to this loading case. 


Resolve the applied load into axial and 
transverse components. Then use the following 
interaction equation;—- 


Rg? + Rey"? 21 


FITTINGS AND CONNECTIONS. 





| 


BOLTED AND RIVETED. 


6 


Aav 
Apr 


Fig. D1.15 Lug Design Data 
Tension Efficiency Factors for Transversely 
Loaded Lugs (Ref. 3, 4) 

(See Table D1. 4 for Curve Nomenciature) 


Table D1.4 
(To be Used with Fig. D1. 15) 
Curve Nomenclature for Transverse Loading 


1 - 4130 and 8630 Steel thru 125 KSI H. T. 
2 - 4130 and 8630 Steel 150 KSI H. T. 
3- 
4 - 4130 and 8630 Steel 180 KSI HT. 
5 - 356-16 and AZ91C-T6 Sand Castings 
6 - 2024-T3 and 2024-T4 Plate = 0.5 in. 
7 + 220-T4 Sand Casting 
8 - 2014-T6 and 7075-T6 Plate = 0.5 in. @ 
9 - 2024-T3 and 2024-T4 Plate > 0.5 in. also 
2024-T4 Bar 
10 - Approximate Cantilever Strength for All 
Aluminum and Steel AHoys. If Kty is Below 
this Curve a Separate Calculation as a 
Cantilever Beam is Warranted. 
11 - 2014-T6 and 7075-T6 Plate = 0.5 in. = 1.0 in. 
7075-T6 Extrusions 
2014-T6 Hand Forged Billet = 36 in. * 
2014-T6 and 7075-T6 Die Forgings 
Curve 12 - 2024-T6 Plate, 2024-T4 & 2024-T42 Extrusions 
Curve 13 - 2014-T6 and 7075-T8 Plate > 1 in. 
Curve 14 - 2014-T6 Hand Forged Billet = 36 in? 


Curve 
Curve 
Curve 


Curve 


or margin of safety is, 








‘eat 


for All Aluminum and Steel Alloys 2 





where, Ra = axial component of applied ultimate 


load divided by the smaller of the 
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values obtained for equations (6) 
or (7). 


Rer = transverse component of applied 
ultimate load divided by the values 
of Pty in equation (10). 


Di.14 Bolt Bending Strength. 


In general static tests of single bolt 
fittings will not show a failure due to bolt 
bending failure. However, {t is important that 
sufficient bending strength be provided to 
prevent permanent bending deformation of the 
fitting bolt under the Limit loads so that 
bolts can be readily removed in maintenance 
operations. Furthermore, bolt bending weakness 
can cause peaking up a non-uniform bearing 
pressure on the fitting lugs thus influencing 
the lug tension and shear strength. The 
unknown factor in belt bending 1s the true 
value of the bending moment on the bolt because 
the moment arm to the resultant bearing forces 
is unknown. An approximate method (Ref. 4) 
for determining the arm (b).to use in caleu- 
lating the bending moment on bolt is given tn 
Fig. D1.16, which gives b = .St..+ .25ta+¢ hs 
where g is clearance or gap between lugs. The 
resulting bending moment is considered to be 
conservative. (See Ref. 4 for other refine- 
ments relative to determining moment am b.) 
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Fig. Di, 16 


DI. 15 Dlustrative Problems. 


PROBLEM 1. An engine mount fitting ts attached 
to the nacelle fitting by a 5/6 diameter AN 
steel bolt. The ultimate or design loads on 
the bolt are tension = 16700 lbs. and shear = 
$800 lbs. Due to vibration a 25 percent 
margin of safety will be required. 


Solution:- This is a problem of combined 
tension and Shear on @ bolt. Use is made of 
curves in Fig. Dl.4 which ere interaction 
curves for combined tension and shear. On Fig. 
D1l.4 at a value on lower scale equal to the 
shear load of 16700 lb., labeled point (x) on 
the figure, we erect a vertical dashed line as 


D1.g 






Shown. On the vertical scale we locate point 
(y) at tension load of 5800 lbs., and draw 
horizontal dashed line to give point (a). A 
straight line through points (c) and (a) is 
drawn and extended to intersect the curve for 

a S/8 AN bolt at point (b). Projecting down- 
ward from point (b} to lower scale, we obtain 
Ps(atiow) = 22400 1b. and projecting horizontally 





we obtain Pttatiow) = 7700 1b. 


Then M.S. = s (artow3/*) - 1-3 (22400/ 
16700) + 1 = .34 or M.S. = Pe cartew)/? -1 
= (7700/5800) - 1 = .34, 


The specified required M.S. was .25, thus 
bolt strength is satisfactory. 


PROBLEM 2. 


Fig. D1.17 shows a single pin fitting. The 
lug material is AISI Steel, heat treated to Pry 
= 125000 psi. The bolt is AN steel, Fry, 2 
125000. The bushing is steel with Fey = 125000. 
The fitting is subjected to an ultimate tension 
load of 15650 1b. The fitting will be strength 
checked for the design load. The check will be 
made by both Methods 1 and 2. 


1/2" Dia. AN Steel Bolt 
1/16" Thickness Steel 
Bushing 


— Pal, 15x 15650 = 180004 








Fig. D1, 17 


SOLUTION BY METHOD 1. 


A fitting factor of safety of 1.15 will be 
used which is standard practice for military 
airplanes. 


Design Fitting Load = 1.15 x 15650 = 
18000 1b. 


Check of Bolt Shear Strength. 
Bolt ts in double shear. From Table D1.1, 


single shear strength of 1/2 inch diameter AN 
steel bolt is 14700 1b. 


Whence P, = 2 x 14700 = 29400 1d. 
(29400/18000) - 1 =.62 


M.S. = 








D1. 10 





2 moment 2m 


HOLE is, 








@ = 160000 


psi. 
of inertia) 


From Table D1.1, F, for AN Steel bolts is 
10,000, 
Therefore M.S. = (180C00/160000) -2 = .12 





Tais lug is more critical than lug 8 
ince thicknsss of lug B is more than one-nal2 
lug A. 


ow 








Pu * Psy Ag » Psy = 82000 
Py = 82000 x (5937 - .3125}2 x .375 = 17300 Ib. 


ign fitting Load of 
e to take 2 slightly 
fan the edge 

Fig. Dl.Sc}. The 

o the 40 degree line would 
out area to give a positive 
This method of calculating 
32 conservative as will be 
result in Method 2 solution. 
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2 calculated in ths same manner as 
1 and thus the calculations wiil not 





Tension Net Section 


Py, = 


Pa > Kp Fey At 

K, is the tension efficiency factor to take 
care of stress concentration due to the hole and 
is determined from Fig. 01.12. Table D1.3 says 
to use curve number 1 for all steels. To use 
Pig. 01.12 requires the ratio W/D = (1.1875/.628) 
= 1.9. Then from Fig. D1.12 we read Kt = .98, 
whence, 


Py = .98 x 125000 x (1.1875 - .625).375 = 
28500 lb. 


M.S. = (28500/18000) ~ 1 = .58. 
Fig. Dl.12 says that a M.S. of .15 ts 
appropriate over that of all required fitting 


factors of safety, thus our M.S. cf .58 provides 
more than this additional M.S. of .15. 


Shear Bearing Strength. 
Poru = Xpru Feu Apr 


Kyry 18 the shear-~bearing efficiency factor 
and 1s obtained from Fig. 01.13. 


D/t 
e/D 


+625/.375 = 1.55 
-5937/.625 = .95 


From Fig. Di.13, we read Kyry = .80 


” 


Pyry = «80 x 125000 x .625 x .375 = 23400 1b. 


“ 


M.S. (23400/18000) ~ 1 = .30 

The reader should note shear out strength 
by Method 2 is considerably larger than by 
Method 1. Fig. D1.13 says a .15 M.S. 1s appro- 
priate, thus our 0.30 1s satisfactory. 


Bushing Yield. 


» Foy = 123000 for steel 


S3S0co 1b, 


Pory = 1.65 x 112000 x .5CO0 x .375 = 


Since 211 margins of safety are positive, 
the strength of fitting unit is satisfactory. 
It could be redesiznaa to save weight. Moving 
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nole slightly back of the center of the 
out strength. This 





2 he oree thickness 
t bending moment and 
of 7/15 diameter bolt. 
oceaiea the Lug. 


The 


tden- e 


A lug 
tical to lug 4 in 
Proolem 2 is 
sudjected toa 
transverse load 





Poy, Woich 1s 





Find tag load Pey. 





SCLUTION: From 
equation (10) the 
Pailing load is, = 


Pu 


Pry = Keu Abr Feu 


Tne falling coefficient Kr 
by use of curves in Fig. DL.13. 
scale parameter for Fig. D1.15 
waoere 


ry is determined 
The lower 
1s Aay/Aor> 


6 





Aay = 






oa 


Lot 
+ + +e 
2 As As 


+ 


L 

For the meaning of these (A) areas, refer 
to sketch of lug in Fig. D1.15. Simole 
calculations give the following values for 
these areas. 


A, =A, 3 014, Ag 2 Ay = -105 


whence, Agy = 





for 
Then 








Fig. DL.1S shows a steel £ ic 
bolted to a double channel $ ection ma 
-C75-T6 aluminum alloy. The hinge Sin is 8/38 
diameter AISI Steel, neat treated to Fry = 
150000. Steel fitting is also 150000 steel. 

A strength check of the 2itting will be carried 
out. 
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Fig. D1. 18 


SOLUTION: 


Design fitting load = + 23000 tension and 
-25000 lbs. compression. These loads include 
the fitting ractor of savaty of 1.15. 


Let Py equal ultimate strength of the 
fitting unit in the various failing nodes. 


Check Shear Strengtn of Hinge Pi 


The hinge 2in diameter 
is AISI Steel, neat treated 
Fsu = 95000. Pin is 


1s 5/8 and material 
to Fry 2 150000. 
in double shear. 


Py = Fgy Ag = 95000 x +3068 x 2 = 58300 1d. 


M.S. = (58300/23000) - 1 3 .77. 
Sheck Bending Strengtn of Hinge Pin. 


The bending moment arm (D) on pin trom 
Fig. D1.16 is 


db .5t, + .25t.+ ¢ 


g. The clearance g will de 
taken as 1/64 inch. 





p25 x .3125 + .25 x .625 + 1/64 =. 


Pin bending moment M = .SP> = .5 
= $410 in.ib. 
63125 7.00748 


fy = Mr/I = 5410 x 


= 226000 psi. 


The modulus 9 
be calculated Sy ¢ 





tet 


>. = o. fe o yt 
F Fey t 29 (2 - 2) 





From Table CZ.2 for steel with Fey = 150000, 
we find fg 2 146000. 


Por a solid round er X = 1.7 (see Fig. 
C3.7 of Chapter C3). 
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Fy = 150000 + 146000 (1.7 = 1) = 258000 psi 
M.S. = (258000/226000) - 1 = .14 

Check Shear-Bearing Tear Out of Lug. 

Poru = Xoru Feu Aor 

D/t = .75/.625 = 1.2, e/D = .6875/.75 = .92 
From Fig. D1.13, Koru = -72 

Poru = -72 x 180000 x .75 x .625 * 51500 lb. 


M.S. = (51500/33000)-1 = .56 (margin desirable 
at least 0.15). 


Check Tensile Strength of Lug Section Through 
Pin Hole. 





Py = Ke Feu At 

Ke obtained from Fig. D1.12 using curve 1. 
W/D = 1.125/.75 = 1.5 

From Fig. 01.12, Ky = .99 

Py 2 .99 x 150000 x (1.125 ~ .75).625 = 34800 
M.S. = (34800/33000) - 1 = .06. 


It would be desirable to have 2 M.S. of 
15. 


Check Tensile Strength of Section 2-2 of Steel 
zack ors ore 
eitting. 


From Fig. D1.18, four 5/16 diameter AN 
Steel bolts are used to attach fitting to 
channel members. Since bolts are the same 


size, it will be assumed that each of the 4 
bolts transfers 1/4 of the total fitting load. 
ig. D1.19 shows the load in the steel fitting 
and the channel members. 
by section 2-2, 


The total load passes 


OF Loan DISTRIBUTION } 
On STERL FITTING 





Fig. D1.19 


Net tension area = (1.125 - .3125).375 = .308. 
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A stress concentration factor Ky from Fig. 
D1.12 will be used to be conservative. w/D = 
(1.125/.2125) = 3.6. Fig. Dl.12 gives Ky = .91. 


Py = .91 x 150000 x .305 = 41700 ib. 


M.S. = (41700/33000) - 1 = .26. 


Check Section of Steel Fitting at Section 3-3. 

Load from Fig. D1.19 = 16500 1b. Net 
Section = (1.125 - .3125).25 = .204 sq. in. 
Use same Ky as before. 


Py = .91 x 150000 x .204 = 27900 lb. 


M.S. = (27900/16500) - 1 = .69 

Check Shear Strength of 4 - 5/16 Dia. Bolts. 
Bolts in double shear. 

Py, = 4 x 2 x 5750 = 46000 lb. 

M.S. = (46000/33000) - 1 = .39. 

Check Bearing of Bolts on Steel Fitting. 


Section 33 or 4-4 ts critical as bearing 
area is less, 


Allowable bearing stress for 150000 steel 
is 218000. 


Py = For App = 218000 x .3125 x .25 = 17000 lb. 
M.S. = (17000/8250) ~ 1 = 1.06. 

Bearing of Bolts on 7075-T6 Channels. 

Fpyr for 7075 aluminum alloy = 106000. 

Py = 106000 x .3125 x .25 = 8300. 

M.S. = (8300/8250) - 1 = .O1. 


Check Tensile Strength of Channels at Section 








Load on Section = 33000. 
Net area = .70 - .25 x .3125 = .622. 
Ftu for 7075 material = 78000 

Py = 78000 x .622 = 48500. 


M.S. = (48500/33000)-1 = .47 (which will take 
care of any stress concentration. 


Check Shear Out of Channels Behind Bolt B,. 





Shear out distance = .625 - .156 = .469. 


Shear out area = 2x .469 X .25 = 1.26. 
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Py = Fsy Ag = 43000 x .2%4 = 10100 1b. 


M.S. = (10100/8250) - 1 = .23 (figured con- 
servatively by Method 1) 


Shear Out of Steel Fitting Behind Bolt B,. 


Fgy = 95000 

Shear out area Ag = (4375 - .1565)2 x .25 = .14: 
Py = .141 x 95000 = 13400. 

M.S. = (12400/8250) - 1 = .62. 


Bushing Yield Strength. 


ry = 1.85 Foy Apr+ Foy * 113000 for 125000 
steel. 
Pory = 1.85 x 113000 x .625 x .625 = 81700 1b. 


Load = 33000, not critical. 
D1. 16 Bolt Loads for Multiple Bolt Fitting. 
Bolts Sizes Different. Concentric Loading. 


In designing or strength checking a 
muitiple bolt fitting, the question arises as 
to what proportion of the total fitting load 
does each bolt transfer. This distribution 
could be affected by many things such as boit 
fit or bolt tightness in the hole; bearing 
deformation or elongation of the dolt hole; 
shear deformation of the bolt or pin; tension 
or compressive axial deformation of the fitting 
members and the member being connected, and a 
mumber of other minor influences. 


Since aircraft materials have a consider- 
able degree of ductility, if the fitting is 
properly designed, the loads on the bolts when 
the loads on the fitting approach their maximum 
value, will tend to de in proportion to the 
shear strength of the bolt. That is, if the 
combined shear strength of the bolts is the 
critical strength, the yielding of the fitting 
material in bearing, shear and tension will 
tend to equalize the load on the bolts in 
proportion to their shear strengths. For 
stresses below the elastic limit of the fitting 
platas the bolt loac distribution no doubt is 
more closely proportional to the bearing area 
of each bolt. Since the primary interest is 
failing strength, the bolt load distribution 
in proportion to the Dolt shear strengths is 
usually assumed. 


Leti- 

P # design load on fitting. 

Ps * allowable shear strength of any dolt. 
Py 3 load on bolt a. 

Poy = allowable shear strength of bolt n. 


Therefcre we can write, 





Pen 
} 


Pa = PS SS 


Example Problem of Bolt Load Distribution. 


Fig. C1.20 shows a multiple bolt fitting 
unit subjected to a concentric load of 100000 
lbs. Determine the load transferred by each 
dolt. 


: = [2500 pst. 
She Te the 5B AN 30175 Few [2S000 






Fig. D1. 20 


Bolt Double Shear Strength 
ne | oie = Pg 


23010 x 2 = 46020 
=e eee | 
[Dig 5751 x 22 11502 

[Pg 2 117840 

















Distribution of loads to each dbolt:- 





Py = P a = 100000 x SS2ES = s9200 1b. 
Py = 100,000 x 37274/117340 = 31600 1b. 
Po = 100,000 x 22544/117340 = 19200 1d. 
Pq = 100,000 x 11502/117340 = 9800 1b. 


Total load on the four bolts adds up to 
100,000 1b, 


D1.17' Multiple Riveted or Bolted Joints Subjected 
to Eccentric Loads, 


Pig. D1.21 shows a plate fitting attached 
to another member by means of four bolts or 
rivets. (The circles represent the bolts). The 
fitting plate is subjected to the loads Py and 
Py acting as shown. Let it be required to find 
the resultant loads on the bolt group due to the 
given loads. 


The centroid of resistance for the dolt 
group will then correspond to the centroid of 
the bolt areas. Fig. Dl.22 shows the fitting 
unit with the force Py and Py replaced by an 
equivalent force system at the bolt group 
centroid point (0). This equivalent force 
system will be:- 

1000 lb. 


Py = -200 1d., 


Py = 





ASY 
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c ne dente 


ani My = #200 x 1.75 - 1000 x .25 = -600 in.1b. 


nea Py and Py act through the 2o0lt 

t will be reacted equally oy each 
load on each bolt due to Py = 
1b.; H load on each dolt due to 
250 1b. 





The load 
moment load Mg = -6C0 in.1b. will vary directly 
as the distance of the bolt from the center of 
resistance which coincides with the volt group 
centroid. 


produced on saci dolt due to the 


fro 


tha 
fro 


Lat rq equal the distance the bolt 
group centroid to bolt (a). Then the resisting 
mement developed dy bolt (a) equals farg, where 
Fe equals the load on bolt (a). Since the dsolt 
loads are proportional to their distance from 
QO, the resisting moment My developed by bolt 
{5) will equal 


similarly ror bolt (c} 











For the bolt group of Fiz. 
Te = Tq = 1.25". 


01.22 rg = rp = 


4x 1.257 = 


Hence, I = ir in. 


oO 
ro 
oh 


Therefore the moment load Fy 
will equal 


on gach bolt 





Fig. C4.31 shows the resulting H, V and 
moment loads applied to each bolt. The resultant 
load can be found graphically by drawing the 
force polygons as showm in Fig. Cl.23. The 
resultant bolt loads can likewise be determined 


analytically. For example consider bolt (c) 
TH = 250 + 120 x~4be+ 0 = 346 1D. 
1.25 





iv = ~-50 - 120x == ~122 lb. 
1.25 


Hence R = VSH* + av* = 446" + 122" = 367 lb. 


Case where Bolts or Rivets are of Different 
Diameters. 





+0 


nen the joint bolts or rivets are not all 
the same size, the moment load on eacn bolt is 
proportional to the bolt area times its distance 
to the bolt group centroid. Thus the volt areas 
must enter equation (15). 


hence, 


fy. 8 Se 
ava 2 





n = number of bolts of each size. 


Since theory of loads on 2 multiple bolt 
group is only approximate, reasonable margins 
of safety snould be maintained. 








RIVETED CONNECTICNS 
D1.18 Types of Rivets. 


From an aerospace structural standpoint 
rivets may ce placed into two zeneral classizi- 
cations, namely:- 


{1} The Protruding Head type of rivet. 


(2) The Flush tyre rivet. 


Fig. 01.24 illustrates the protruding nead 


type of rivet. ig. Dl.25 


ig. 
illustrates 2 number of 
Fig. D1. 24 


modifications of the pro- 
truding nead type of rivet 
shat nave been used in ths 
past. 
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For many years the round head rivet was 
used for all interior work and before the era 
of nigh speeds it was used as 2 surface rivet 
as well, When wind tunnel experiments snowed 
that such rivets gave appreciable drag, 
designers turned to rivets with less head 
protrusion, thus the development of the Bracier 
and modified Brazier type of rivet heac. Then 
as the age of relatively high airplene speeds 
arrived a flush surface was needed, particularl: 
on certain sensitive portions of thse airplane 
surface, thus various modifications o? the 
countersunk head involving press and machine 
countersinking of the sheets were developed. 


Fig. D1.26 tliustrates the flush type of 
rivet. As {llustrated in Fig. Dl.26, this 


flush type rivet can be used in several differ- 


ent ways, thus the method shown in Fig. Dl.26a 
is referred to as the machine countersunk type; 
that in Fig. Dl.26b as the press countersunk 
double dimpled type; and that in Fig. Dl.26c as 
the combined press and machine countersunk type 
or the dimpled machine countersunk type. 


Se 


Machine Countersunk Type 











Pig. a 
Countersunk - Double 
da Type. 
Fig. b 
Combined S and Machine 
SS Countersunk; or Jimpled 
Machine Countersunk Type. 
Fig. c 


Fig. D1. 26 






DL. iS 


Fig. 01.27 illustrates the approximate 





sheet thickness limitations Zor the three 
metneds of flush riveting. 
Aporox. Sheet Limitations For Machine 
countersunk Rivets (AN-426) 
coun ne 
1/8 Dia. Rivet. 
=> 
po ~eny a : 
==>; 5/32 Dia. Rivet 
oo tn oo 
ess, 3/16 Dia. Rivet. 


Approx. Limitations For Press Countersunk 
or Doudle Dimpled Rivets (AN-d2s) 





ae nee hb 
eR eay 


1/8 Dia. Rivet. 
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5/32 Dia, Rivet 
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3/16 Dia. Rivet 





Approx. Limitations for Press- 
ountersunk Rivets ( 26) 





Fema ext 1/8 Dla. Rivet 
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5/22 Dia. Rivet 


3/16 Dia. Rivet 
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Fig. D1. 27 
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D1.19 Rivet Material. 


Since aluminum alloy is by far the most 
widely used matertal in the aircrart industry, 
it follows that aluminum alloy is the material 
most Widely used for rivets. Table D1.S 
{column 1) lists the 5 aluminum alloys used 
for rivets and the ultimate shearing stress 
Fgy for each material. Rivets made from 
2017-13 (Fgy = 34000) and 2024-T31 (Fey = 
41000) are rivets that must be driven soon 
after heat treatment or before age hardening 
takes place. The aging or hardening is slowed 
oy Keeping rivets in refrigeration after heat 
treatment. The other rivet material ts less 
hard or less brittle in the aged state and thus 
can be stored in air and driven anytime. These 
so-called softer rivets have less shear 
strength, but since a great deal of aircraft 
construction involves thin sheet, bearing is 
often critical and thus rivet shear is not 
critical. Most surface or skin riveting 
involves the softer rivet, usually 2117-T3 
(Fey, = 30,000). 


D1. 20 Strength of Rivets. Protruding Head Type. 


Rivets are widely used in airplane 
structures to fasten or tie together two or 
more structural units. Standard methods of 
stress analyses of riveted joints consider two 
primary types of failure, namely, the shear of 
the shank of the rivet and the bearing or 
compressive failure of the metal at the point 
where the rivet bears against the connecting 
Sheet or plate. : 


Fig. 01.28 {llustrates the main forces on 
a rivet in transferring a load from one plate 
to another. The load is transferred to the 
rivet from the plate by bearing of the plate 
on the rivet. The load is then transferred 
along the rivet and resisted by bearing action 
on the other plate. Since the plate bearing 
forces on the rivet are not in the same line, 
the forces tend to shear and bend the rivet. 
Bending of the rivet 1s usually neglected if 
there are no intermediate filler plates. In 
Fig. (a) of D1.28, the rivet ts in single shear, 
whereas in Fig. (b) the rivet is in double 
shear, 


yP 
(a) 





Fig. D128 


The ultimate shear strength of a rivet is 
Ziven by the following equation:- 
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= ultimate shear strength of rivets 






(Lbs. ) 

Fsy = ultimate allowable shear stress for 
rivet (psi) 

A = area or rivet cross-section = nD7/4, 


where D equals the nominal rivet 

hole diameter. 
nm = number of shear areas per rivet. 
Reference (17) shows that the shear strength of 
protruding head aluminum alloy rivets is affected 
by increasing D/t (Diameter of rivet over sheet 
thickness) ratios. The conclusions in Reference 
(17) are as follows:- 


Rivets in Single Shear:- 


For values of D/t up to 3:- 
Single shear strength = basic allowable single 
Shear strength. 


For values of D/t greater than 3:- 
Single shear strength = basic allowable single 
shear strength times 


[1-0.04 (n/t -3)] 


For Rivets in Double Shear:- 


For values of D/t up to 1.5:- 
Doubls shear strength = basic allowable double 
shear strength. 


Por values of D/t greater than 1.5:- 
Double shear strength = basic allowable double 
Shear strength times 


[2-0.13 (D/t-1.5)] 


Table D1.S (from Ref. 2) gives the shear 
strength of protruding and flush head aluminum 
alloy rivets and the corrections to take care 
of the D/t influence on the rivet shear 
strength. Table D1.8 gives the allowable 
bearing strengths between the protruding head 
rivet and the various aluminum alloy sheet and 
plate material. The bearing values are given 
for two e/D ratios, namely 1.5 and 2.0, where 
@ is the edge distance measured trom the center 
of the hols to the edge of the plate. Any 
reduction in edge distance may cause bulging 
of the edge of the sheet due to driving energy. 
Edge distance should not de less than e/D = 1.5. 


D1,21 Strength of Rivets, Flush Type. % 


Since flush rivets 
on the flush end of the 
flush riveting involves 
or press countersinking or both, the strength or 
the flush type rivet ts different than the 
common protruding head type. 


have no protruding head 
rivet and also since 
machine countersinking 








Fig. Dl.29 illustrates a machine counter- 
sunk rivet. Due to the 2ull P on the two 
sheets whith are held together by the rivet and 
induced force Py 13 produced on the sloping 
Side of the head of the rivet. This induced 
force tends to shear and bend the portion 1-1 
of the rivet head. The sharp edge of the 
countersunk Sheet at point (a) tends to cut 
into the rivet. These combined influences tend 
to cause excessive deflections and finally 
fatlure as roughly 1llustrated in Fig. 01.30. 


t 
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Fig. D1. 29 


Fig. D1. 30 


In the press countersunk or dimpled type 
of flush rivet connection, see Fig. D1.26b and 
&, because of the interlocking of the sheets 
due to the dimple, the joint could transmit 4 
load without a rivet {if the sheets were held 
together. Since there is no clearly defined 
bearing or shear surface in this type of joint, 
the manner in which the loads are transferred 
1s quite complex. AS a result resort must be 
made to tests to establish design allowables. 
Tables D1.7, Dl.11 and D1.12 give the ultimate 
and yield strength of flush type rivets 
(Ref. 2). 


D1. 22 Blind Rivets, 


The name "Blind" rivet is given to that 
type of rivet which can be completely installed 
from one side of the joint, and is therefore 
almost exclusively used where it is impossibls 
or impractical to drive the normal rivet, which 
requires access to both sides of the joint. 
There are two general types of blind rivets, 
namely where the inside or blind head ts formed 
mechanically or where it is formed by an 
explosive force. 


Fig. D1.31 illustrates the Dupont 
explosive type and Figs. 32 to 34a inclusive 
tllustrate the mechanically formed head type. 





Inserted Installed 
Fig. D1.31 Dupont Explosive 
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Inserted Installed 
Fig. D1. 32 Jo Bolt 
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INSERTED INSTALLED 


Fig. D1.33 Cherry Type 


ARAZIER HEAD (6951) 





INSERTED 


Fig. D1. 34 Deutch Type 
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INSERTED INSTALLED 


Fig. D1. 34a Huck Lock Bolt 


D1. 23 Riveted Sheet Splice Information. 


In splicing or connecting two sheets to- 
gether by means of rivets or bolts, the joint 
or connection may fail in the various ways as 
explained in detail for single and muitiple bolt 
fitting units. Thus one must check the shear 
strength of the rivets; bearing of rivets on tne 
sheets; tear out of the sheet edges and tension 
on sections through the rivet holes. 


Types of Sheet Splices or Connections. 


Fig. D1.35 tllustrates the various types 
of sheet splices. In the offset lap splice 
Ddetween two sheets of different gauges, the 
offset should be in the heavier matertal. 

a single shear butt splice, the butt splice 
plate should be equal to the thinnest of the 
two sheets deing spliced and likewise in the 
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Orfset Lap Splice 





Fig, D1. 35 








No exact rules can be given relative to 
the optimum rivet for a given splice, because 
@ number o2 practical considerations usually 
enter into the design of a sheet splice. Small 
rivets, namely 1/lé and 3/32 diameters are hard 
to mene lei, and are seldom used as structural 
rivats. The comm te size rivets are 1/3, 


The larger 
sheet stlices 


ize of 

ote o/18 and uv inch digmeters. 
ad in 

a sacking up structure as the 













unless there 1 

sheet may oduckls under the driving of the 

large rivets. From a structural design stand- 
it, the optimum joint is one in which the 
owaol2 rivet shear strength 2nd Dearing 
mgth of the given sheets are rea tee 

same for the largest practical size rivet 

Rivet Soacing. Shest Edge Distances. 

The allowadls rivet-sheet Dearing loads as 
given in (Re?. 1) are based on an ed¢e distance 
of two diameters. Therefore in general no edzs 
distance in a joint should be less than = rivet 
diameters for protruding nead rivets, and 2-1/2 
diameters for press and machine countersunk 
2lush rivets, 

mnter 











size rivet should not te 
in Tablas A and 2. 





Table A 





PROTRUDING HEAD RIVET i 
NORMAL MINIMUM SPACING i 





i Rivet Diameter 1/8 





5/32 3/16 1/4 | 
as 
| Normal Minimum I 
Spacing 1/2 9/16 11/16 | 1/8 ' 
Table B 





NORMAL MINIMUM SPACING 
PRESS AND MACHINE COUNTERSUNK FLUSH RIVETS 









Rivet Diameter 









Normal Minimum 


Spacing 11/16 | 27/32 1-1/32 1-1/4 




















In general the minimum rivet row spacing 
should be such as to maxs the distance between 
any two rivets in tne two rows not less than the 
minimun rivet spacing for the rivet size being 
used. 

Splice Sheet Tension Difictoncy. 

nen a sheet is spliced dy maans of rivets 
or volts it means the sheet 1s weakened since 
the rivet holes cut away a part of the sheet 
material. The ratio of the tension strength of 
the spliced sheet to the unspliced sheet ts 
called the sheet tension efficiency of the 
Joint. If the minimum rivet spacing is used 
an. only one row of rivets the sheet effictency 
will be around 70 to 75 sercent. The designer 
snould strive for a hizher efficiancy. 
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PROBLEM 1. Horn Connection to Torque Tube. 
7 


fay 


RIVETS Fig. D136 


As Tt 063 COLLAR 





| 
7 | 


# RIVETS i 


ei jee COLLAR _ calle 


TE 
RUDDER TORQUE! 
TSE - 1-04 


















’ 1.15. The rivet 
a umtnum alloy. The norn 
aluminum alioy. The margin 


iveted connection will be 

















mtal cable ull of 400 lb. can 
an equivalant force system at 

6 0 aterline of the tubs, consisting of a 
rsional moment of 400 x 5 = 2000 in.1lb., and 
a horizontal 400 lb. force. 


eplaced 





consider attacoment of collars to norn:- 





doutle 





Load per rivet due to torque = 
(Rivet arm is 1 inck). 


2000/6 x 1 


= 3S4 1: 





Load per rivet 
= 400/€ = 67 lb. 


due 59 herizontal force 


Resultant load on most critical rivet is 
++ §7 2 401 lb. 





From Tabla D1.5 the single shear strength 











of 2 i/3 diameter rivet of 2117-13 material is 
388 lb. Since the rivets are in double shear 
the shear strength of one rivet would 5e 2 x« 
se8 = 775 1b. Referring to the table at the 
bottom of oe D1L.5, we find a rivet factor 
af. apply for a 1/é rivet on .063 sheet 
thick “Tharae ore rivet strength is .335 x 
786 = 





M.S. in rivet shear = (718/401) -1 = .79 













“anes. “The de 
on +065 202% TS alt 


from Tables 01.9 and 392.¢. 


From Table 01.9, bearing strength o? 1/8 
diamet eet Sased on an 
allowa) 


rr = 100,000 is 310 
DL.8 for 2024-T3 
ts, we tines a correction 
is 
on two 
rivet 2 









Peo oH 


rard 


5S 





Since 





ANALYSIS AND DESIGN OF FLIGHT VEHICLE 





STRUCTURES D119 











and tube. 


The rivets zre in single shear. The sl- 
sheac strength 2f 2 5/32 rivet from Table 91,3 
= 596 x .995 = 594 15. (The value of 
the correction from middle table of Tai 















M.S. = (594/334) -2 = .79 

Bearing strength on .945 tub wall from 
Table D1.S for .050 thickness Fpr = 100,000 
is 795 ld. correcting to. 048/080) 798 
3730. For 2024-TS tubs mater end e/D = 2.0 


we obtain a material factor of 1 Thersfore 
ring strength of one rivet on subs wall te 
1.24 x 780 3 967 1b. 





M.S. = (967/334) -1 = 1.9 
PROBLEM 2. 


Fig. D1.37 shows a plate fitt 
to a doubl@ channel section by 8 
rivets. The design fitting Loads | are shovm in 
the figure. The riveted connection will be 
chacxed for strength uncer the given design 
fitting loads. 


ting attached 
- 1/4 diameter 


Solutton:- 


The given force system will de replaced by 
an equivalant force system acting at the center 
of gravity of the rivet group. This force 
em Will consist of: 

He,g, = 8000 1b., Vo.g, = 3000 lb. 


Mo.g, = 8000x9+ 3000x5 = 3000 in. id, 


Jheon-eocen tan) 















Fig. D1.37 


eo 
1 qe nego g DA 2UT-TSH 


be 6 say 
seoR er = 


toe 





51899, ay, 


ee ae 


see soo 


ae Fig. D138 
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Table DI.5 Shear Strengths of Protruding and Flush- 


BOLTED AND RIVETED. 


Head Aluminum-Alloy Rivets 


Se done nn ee eS, 


Diameter of rivet, in.......... 


Shear strength, Ib: 
5056, Fyu=28 kat... 
2117-T3, F.y=30 ksi... 
2017-T319, Fyy=34 ksi 
2017-13, Pie 38 ksi 
































% 48 x 54 % % % 
99 203 363 356 802 1,450 2,290 
106 217 388 596 862 1,550 2,460 
120 247 442 675 977 1,760 2,790 
185 275 494 733 1,090 1,970 3,110 





% 





3,280 
3,510 
3,970 
4,450 


2024-T31s, Fiy=4) ket... 145 296 | 331 815 1,180 2,120 3,360 4,800 


0.016, 
0.018. 
0.020. 





0.016... 
0.018. 
9.020.... 
0.025 
0.032. 
0.036 
0.040. . 
0.045. ... 
0.050. 
0.063 
0.071 


0.080. 





t% require such s correction. 


Sheer values are based on aress 











corres: 


Single-shear rivet strength factors 


Sheet thickness, in.: 


Double-shear 











a ulues of shear strength should be muitiplied by 
the factors given herein whenever the D/t ratio is large enough 


pending to the 


nominal hole diameters specified in table 4.1.1.11(¢), note «. 
* The -T31 designation refers to rivets that have been heat-treated and then maintained in the heat-treated condition until driving, 








rivet strength factors 


Sheet thickness, in.: 





0.688 


TAO 
792 


0.714 ‘ 
818 0.688 
857 740 
896 192 
922 831 
961 -870 

1.000 935 

974 


919 
948 
AT4 
1.000 


Shear stresses in table 3.1.1.3.1(d) 
percent probability data are used wherever aveiiabie. 
Sheet thickness is that of the thinnest sheet in 
joints and the middle sheet in doubleshear joints. 














792 . 
831 753 
870 192 
935, 383 
987 935 
1.000 974 
-000 














O.71¢ 
818 
883 
935 

1.000 


corresponding to 90 





ingiewhear 
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Table D1.6 Standard Rivet-Hole Drill Sizes and Nominal Hole Diameters 





Rivet size, in.. 


Drill No.. 


Nominal hole diameter, (in.} 





% % % % 
al 30 21 n 
0.096 | 0.1285 0.159 | 0.191 


Table D1.7 Ultimate and Yield Strengths of Solid 100° Machine-Countersunk Rivets 
en 


Rivet material. 
Clad sheet material. 


Rivet diameter, in..... 


Sheet thickness, in.:** 
0.020. . : 
0.025. 

0.082...... 0.0.05 
0.040.......... 
0.050... 
0.071.......... 
0.080 

0.090... 

0.100. 
0.125. cs é 
0.180........ 























4 











2117-T3 


2024-T3, 2024-T4, 2024-T6, 2024-T81, 2024-T86, and 7075-T6 


K 


163 Pc 
221 250 
272 348 
309 418 
340 479 
363 523 
73 542 

575 











| % 





Strength, lb 
2017-T3 


525 
628 
705 
739 917 
769 969 
795 1,015 
818 1,054 














*1,338 
1,452 
*1,552 
*1,640 














2024-T31 























9.190. . 
Shear 
Yield strength 

0.020. 

0.025. 

0.032... 

0.040........ bie a ast 
0.050 188 261 321 389 345 419 538 594 
0.063 213 321 402 471 401 515 614 811 
0.071. 348 453 338 481 557 669 902 
0.080 498 616 562 623 788, 761 982 
111,” | eS os ee RE 537 685 633 746 861 842 1,053 
W100. Susi ea neal ile? 745 854 1,017 913 1,115 
0.125... 836 1,018 1,313 1,021 1,357 
0.160. . 1,574 tee 1,694 
O90 2 ers ots Seeks Spee hos teal ote a eines bah ontnn a fear 1,753 |...... 1,925 

Nore: The velues in thia table are based on “good” manu- be computed. 


facturing practice, and any deviation from this will produce 


significantly reduced vaiues. 


@ Sheet gaze is that of the countersunk sheet. In cases 
where the lower sheet is thinner than the upper, the sbear- 
bearing allowable for the lower sheet-rivet combination should 





2 Increased attention should be psid to detail design in cases 
where D/t>4.0 because of possibly greater incidence of dif- 


fieulty in ‘service. 


¢ Yield values of the sheet-rivet combinations are less than 
2/3 of the indicated uitimste values. 
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Table D1.8 Aluminum-Alloy Sheet and 


(K = ratio of actual bearing stre: 


Plate Bearing Factors* 
ngth to 100 ksi) 





A values i ¥ 
‘alue 

















Materiai Thickness, in. K (Ultimate) K( 
_ 
/D=2.0)e/D=15 
2024-T42 (heat <0. 250 118 0. 93 
treated by user). .{{ 0, 250-0. 500 1, 22 96 
-501-1.000; 1.18! "93 
2024-T3. . 4, <.250] 124] 98 
-250-.500/ 324] 98 
2024~ : 
2024-T4. tl. 50t-1. 0001 1. 20 95 
2024-T36...... 2.500} 1.33] 1.05 
2024-T4 (coiled)... £0063} 1.18! 193 
<.063} 106] 84 
Clad 2024-T42 063.249] 112] 9 
(heat treated by |} 250.499] Lis! ‘9g 
user), 500-1000} 1.14] 90 
010.062 11a! 90 
Clad 2024-T3..... 063-249 1,20] 95 
250-499]; 1.20] 95 
Clad 2024-4. ..... .300-1..000} 1.16] 92 
01% .062| 1.20! “95 
Clad 2024-T36. . 063-500) 1.27} Lor 
Clad 2024-T4 { .012-.062] 1.10 . 87 
(coiled)... 063) 1.16) 92 
Clad 2024-78... Set okt 
| ; ; : 
Clad 2024-781 Roel tart) eel! 
<.063/ 133) Los] 4 
lad 2024-86. ....|) 5.068; 1.35| 106| 1. 
016-039} 1.44) 214! 106 
se  -040- 249]; 149] 116) Loz 
TO7S-TB......... ) .068-.488] 1.39] 108] 1.00 
$00-1.000| 1.42} 1.10} 1,04 
o15- 039! 1.33} 1.05 98 
040-062} 1.37) 1.08! 1.01 
z o63- .187) 1.39/ 1.10] 1.02 
Clad 7075-T8. . as .249] 1.42] 1.12] 1.04 
250-499} 1.35] 105] 98 
-500-1.000/ 1.39] 108} .99 
01s 044) 1.58!) 1.28) Lar 
045-249) 1.60] 1.26] Lag 
TATBSTE?. wa) Wo .250- 4991 1st Lisl iin 
4 .300-4.000} 1st] Lis} 1i2 
if 018.044} Laat Lia} 07 
ny J) 085-249) 148) LI7) 110 
Bm 
Sled 1 7a-76 250-499] 1.40] 1.09] 104 
\ -800-1.000] 1.40} 1.09! 1.05 
lad 2014-Ts.... |! <.089 | 1.22} 96 | 90 
va jL 040-1. 000 | 1. 24 98 | 93 
2014-TS....., sf .040-1.000} 1.29] 102! | 96 
5052-H32 (MB)... } -65, .50/ .34 
3052-H34 (4H)... | Tm] 634] 38 
5052-136 (4H). -73| 59] 46 
3052-H38 (H) -82{ .62] 53 
8061-Ta... -63/ 48! 26 
6061-T6. .88/ 167] 58 
I 











Yield) 








92} 1 
-94} 1.50 
-87] 1,42 
-90| 1.47 
-85| 1.39 
-88] 141 
- 90 1. 42 
+91) 1.46 
-84] 1.39 
.86; 1.42 
102] 1.61 
104] 1.63 
-96) 1.55 
£97] 1.58 
694) 1.48 
.96} 1.52 
90} 1.44 
-91 14a 
-78) 1,22 
- 81 1.27 
84] 1.33 
. 29 

.34 

41 

46 

22h 

30 














eo 
Ba 


2 
3 








+ For /D values between 1 and 2 bearing tions may be Gblabnsd by Lamar polation. (emedge distance, Dehole diameter.) 
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Table D1.9 Unit Bearing Strength of Sheet on Rivets, Fpr 2 100 ksi 


se Se 




















Unit bearing strength for rivet diameter indicated, ib? 
Sheet thickness in, jn 
Yq in. Yin. \% in. 5q in. M% in. 4 in. % in. % in. 
BO | ieigiengie sete leben est 
107 pe eeges [Map neal wees ote 
121 173 g 
134 192 
168 240 321 
214 307 411 509 
241 346 463 3572 
268 384 514 636 
302 432 578 716 
335 480 643 795 
422 605 810 1002 
476 682 912 1129 
536 768 1028 1272 
603 864 1137 1431 
670 960 1285 1390 
125. 838, 1200 1606 | 1988 2388 3213 4038 4825 
0.160. . 1072 1536 2036 2544 3056 4112 5168 6176 
0.200. .. write ated 1340 1920 2570 3180 3820 5140 6460 7720 
0,.250..... Saisie 1670 2400 3210 3970 ATT 6420 S070 bases cesiene 























a Bearing values are besed on areas computed using the nominal bole diameters specified in table §,.1.1.1.1(d), 


Table D1. 10 Unit Bearing Strengths for Pin Size Indicated; ib. * 




















































Bearing strength of sheet for rivet size indicated, lb 
Sheet thick- 
ness, in. T 

Mo im. | 4a in. | 44 in. | Ma in. | My im. Mein.) ¥in. | Min. | Gin. | Min. | Min. 
0.025... 156, 234/313}... wilewiaa |aphdaafassaes|aateeda|eadese leaased 
0.082......./ 200) 300) 400] 500}... pe bp be 
0.036....... ! 225} 338) «450/563 
0.040..... 250} 375; + 500| 625 ad 
0.045... 281] 422) 563) 704 ey 
0.080...... 313, 469] 625) 781 : 
0.063.......| 394] 590) 7881 985, ards reef 
0.071...... 444] 665! 888/ 1, 110 2, 663]...... 
0.080.......|  300| - 750} 3, 0001 1, 250) 2, 2, . 500/ 3, 000]... ....].. vf 
0.090...... 363/845] 1, 125] 1, 407} 1, 6901 2, 2501 2,813} 3.3731 4, 500 
0.100..... 625/938) 1, 250} 1, 562] 1, 875] 2, 300] 3, 125) 3, 750| 5. 000] 
0.125...... a 1, 279] 1, 563) 1, 933) 340] 3. 125! 3.906; 4. 688) 6, 250) 
0.160. | 1, 000{ 1. 5001 2,000) 2, 300 3. 000] 4, 000] 5, 000! 6.000! 8. 000: 10, 000} 12, 000}. . : 
0.200. . -| 1, 2501 1, 875) 2. . 500} 3, 125) 3, 750] 5, 0001 6. 250i 7. 500} 10. 000! 12. 500] 15, 000! 17. Sool 20. ono 
0.250.......1 1, ae 2) a 3, 125) ne 4, 688) 6, 250) 7, 813! 9. 375) 12. ao 15, 625] 18, 734) 21, 873) 25. 000 

i ! I i 











+ Bearing values are based on areas computed using the nominal pin diameters indicated. 
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BOLTED AND RIVETED. 





Sine 
assumed to sh: 
Loads. 





same size, 311 rivets are 
equally in resisting H and V 





Load on each rivet due to He g, = 3000/6 = 1333 
acting in H direction and to the right. Load 
on each rivet due to Vg.¢, = 3000/5 = 500 lb. 
acting down. 


quzsion (15), the load on a rivet 
rivet group equals F = Mr/I. 


Ls Er? = 1,625° x4+0.625"x2 5 11.4 
Consider rivet marked c; 
r= 1.625 = arm to c.g. of bolt group. 


= Mr/T (3000 x 1.625)11.4 = 1280 lb. 


Since rivets b, 4 and e are the same 
distaace as rivet c from the c.g., the moment 
load on thess bolts will also equal 1280. Fig. 
D1.38 shows the H, V, and M loads on the rivets 
b, c, d and &. Since the arm r to the rivets 
f and ¢ ts only 0.625, the load due to moment 
Nill be constderably smaller and thus these 
rivets will not be critical. Observation of 
Fig. 31.58 shows rivet c is the rivet with the 
largest resultant load. 


Ry = VaR? + Fy 


EFy = 1333 + 1280 *1.5/1.625 = 2513 1d. 
IFy = -500 - 1280 x0.625/1.625 = - 992 


2513" + 992* = 2700 1b. 


Hence, 2 


The rivets are tn doubl- shear. 
material is 2117-T3l. 


Rivet 


From Table D1.5, Single shear value = 
1760 lb. or double shear strengta = 3520 1b. 


Bearing strength of 1/4 rivet on the.072 
2024-73 clad channel section from Tables D1.9 
Cc 8 ts 1325 x 1.20 = 2190. Since rivet 
2. nm two channels, dearing strength of 
et = 2 x 2190 = 4580 lb. Rivet shear 

ieal. 





D 
rs 0 
one riv 


13 ort 


4.3. = (3520/2700) -1 = .30 





Pand ¢ diameter and cetermine whether 
rivet at still shows a positive margin 
of safaty (use equation 16). 





Fig. 01.39 shows a lap joint involving 
ows of rivets as shown. Sheet material is 
and rivets are 5/32 diameter and 


TNO 
2024-73 clad, 









terial and of the protr: 





ng head 





The ultimate design tension load in the 
Sheet including a 1.15 fitting factor of safety 
is 1000 1b./inch. The limit fitting load is 
2/3 x 1000 = 667 1b./in. 


The margin of safety of the sheet splice 
will be determined. 





5 

a bis 
- ~ 
+ —- 
-_ —- 
« ae 

1000#/in, 7) i" 1000#/in. 
~ - 
+ —- 
os _~ 
- lm 
=| 5/16 
oe 04 
Fig. D1. 39 


Solution:- 


AS an analysis unit, a width of sheet equal 
to the rivet pitch of 1 ineh will be used. Thus 
load on 1 {neh unit = 1000 lb. 

Check Tension in Sheet at Section Through Holes. 
FA Pu 
(1- .159 


Pt (aiiow) 


A = net area = ).04 = .0336 


(.159 = drill diameter for 5/22 rivet, 
Table D1.6) 


Fry for 2024-13 clad = 60,000 pst. 
Pt rariow) 7 10836 x S00C0 = 2016 Ib. 


M.S. = (2015/1000) -2 = 1.01 





K Shear of Rivets. 


Rivets are in single shear and two rivets 
act in the l inch unit which was assumed. From 
» single shear strength for 5/32, 
tis 596 1b. The strength factor 
2 of Tatle D1.5 for .04 sheet 
«964. Thus for two rivets the 
shear strength is 2x .Sé¢ x 596 = 1150 1b. 





M.S. = (1150/1000) -2 = .15 
Check Bearing of Rivets on .04 Sheet. 
From Tabls D1.9, 


strength vased con For ¢ 
rivet on .Cd sheet = 35 


ne ultimate dearing 
f 100,000 psi for 5/32 
é ib. Then referring to 








be 





Table 01.8 for 2024-TS clad material and an 

D ratio of 2.0, we find correction factor K 
= 1.34. Ther re rivet bearing strength is 
1.14 x 636 x 2 = 1450 lb. 








M.S. = (1450/1000) -1 = .45 
Check Rivet Shear Out. 


Since 2d: 
2.0, shear 0 


age distance is 5/16 in. or e/D = 
out strength is satisfactory. 


2OBLEM 4. 





Assume rivets are changed to the solid 
100° dimpled type. What would be the M.S. for 
the rivets. Referring to Pig. D1.27, we find 
the sheet thicknesses are such as to prevent 
doubl2 dimpling. From Table D1.11 and 91.12, 
we obtain the ultimate and yleld strength of a 
5/32 rivet on .04 sheet as 635 and 506 lbs. 
respectively. 


whence, Ultimate M.S. = (2x 635/1000) +1 
Yield M.S. (2x 506/567) - 1 


27 
249 


“ 
a 





NOTE: In checking tensile strength of sheet 
through nol section, the drill size for 
dimpled rivets 1g slightly larger than 
for protruding head type. 

PROBLEM 5. 


Tats 1s a typical problem involving the 
rivet loads in a shest-stringer type of 
construction as {llustrated in Fig. D1l.40. 
Before the rivet size and spacing at ‘he points 
(1) to (10) can be determined, the rivet loads 
at these points must be known. The shear flow 
in direction and magnitude on the webs and skin 
are shown on the figure and are in lbs. per 
inch. These values represent the results in 
one of the flight conditions. The structural 
designer must look at all the shear flows in 
the vartous flight and landing conditions in 
order to obtain the critical rivet leads. It 
is assumed the shear flows as shown include 
any diagonal tension effect in the various 
sheet panels. 


The rivet loads in lbs./in 
i to 10 will be as follows:- 
aut Line 


Since .0S vertical web ands 


< point dene shear flow of 1075 lbs./in. 


Cl 

Lys 
is the vertical web must obviously be reected 
by the rivets in rivet line (1), thus load on 
rivet line (1) is 1075 lbs./in. 


Rivet line (2). By the same reasoning since 
S4ia ands at soint (2), the load on rivet line 
(2) equals shear flow in panel 2-3 or 575 
los./in. 
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Rivet line (3). 


Rivet line (6). 


the stringer at point 7. 
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S/ a f 
a, JA25 


150 Point 3 150 
Sketch a 


io, 
Cif Ms 
125 f (2 


Point 7 





Sketch b 


The skin is continuous over 
Stringer at point (3). Sketch (a} shows a free 
body of the skin and stringer at point (3). 
Since the summation of the forces parallel to 
the stringer must equal zero, it is observed 
that the load transferred to the stringer 1s 
150 Ibs./in. 


ivet lines (4) and (5). Since the sheets end 
Over the stringer, the load im rivet lines (4) 
and (5) are 425 and 275 lbs./in. respectively. 


Rivet lead = 275-125 2 
150 los./in. 
Rivet line (7). The skin is lap spliced over 
Sketch (>) shows a 
free body. The load produced on the stringer 
{4s 150 from equilibrium. Thus the worst shear 
load on the rivet is 150 lbs./in, which is 
greater then the shear on another cross-section 
of the rivet which equals 125 lbs./in. as the 
shear flow in panel 6-7. 


Rivet Load at (3) 
Rivet Load at (9) 
Rivet Load at (10 


175 - 25 = 150 lbs./in. 
175 lps./in. 
) = $75 los./in. 


wo 


D1.25 Rivets in Tension. 

Great judgment should be used in using 
rivets in tension. There is a general saying, 
"Never use 2 rivet in tension." If this r 
quirement was strictly followed, it would be 
difficult to design 2 conventional airplane. 
For example, the skin on ‘he upper surface of 
suction 2 
places the a the skin to the 
stringers and ribs in tenston, however these 
tension loads in most cases are relitively 
small. 








The following general criteria apoly 
relative to rivets in tension. 








Rivet material 
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Table D1. 1k Ultimate Strength of Solid 100° Dimpled Rivets 


Ultimate strength, Ib 


O17 TS 





































2024 








TST 











woe 0S, 2024 2024S, 2 Tb, 2024-3, 2024 T86 2024 TS 2024 V6, 2024 T3, 202 PMG, 2024 
2024 V4, TSH and A024 TSI, 2026-7: and and 2024 TSt, ane TSI, 2024 PRG, 
Glad sheet material 24 "Tb, 2024-T4 2W24-TRO, 2024 -'T6, JTS VS 2024-F4 2028-TH6, | 2021-T4 wal 
anu 7075 V6 and and W074 “FS 
BOQd PRE ‘ 2024 UBL TOT V6 
Rivet diameter (in) 9 M [oe] ti ‘ 6 Ee] Ye | Ye " M4 Ne Y% ‘6 Ni 
eet Thickness, in 
O.0Ub jit 
1.20) 302 ead hac 
Ae ake V7 ao ‘i 
OS ASO [ots 722 725 | 600 OSL | 672 #22 eal é TAA 
O00 HO Wb 830 ROL | 728 905 | 775 1 1,000 845 4,108 oa 1,800 
wWoad ADS iS wa 1,086 | RIO) 1,097 | S6t 1,158 1,482 1,508 | 1,110 1,705 
TMs Tt | A Ob2 Vidz | g22 | 1,240 | 980 1,207 1,695 L808) 1,286 2,010 
a.071 Th] 01h | XOT | LOO O58 | 1,801 | 957 1,853 1,930 7 1,291 2,150. 
U.08E 1,071 1230 1,857 1,995 2044] 1,340 2,200) 
0.000 1,098, 1,267 1,408 1,398 2,015 2145 | 1,882 2,305 
0.400 2,220 2,282 2,255 255 
Nore: The vuluce in thin table are based on “good” manufacturing practice eed for double dimpled joints and of the upper dimple sheet for dimpled, machine-counter- 


any deviation from thia will produce significantly reduced values. 


led sheets and to the upper uheel dimpled 
Sheet gaxe is that of the thinnest aheet 


a These allowables apply to double dimp! 
into a machine-countersunk lower sheet. 


munk joints, The thickness of the machine-counterm 
tabulated ynue thicker than the upper sheet. In no case shall allowailes be obtained 
by extrapolation for skin gages other than those shown, 


unk @heet must be at least 2 
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Table D1, 12 Yield Strength of Solid 100° Dimpled Rivets 








Yield strength, tb 






















































































27S 2017-73 2024-141 
2020 1, 2024-13, 2024-13, | 2024 TSG | 2024 1, 2024-R4, 2024 THE 2024-73, 2024-6 2024 TRO 
Chad sheet 2EM, poeta, | 2024-14, and 2024-7, and and and and and 
uateriad woz TH, | 2021 TH, 2024-16, | 7075 -TH 2024 TSE F753. V6 volt M4 2024 “TRL W075 V6 
nl weed TSt, | wad 
2024 UKE 2024-181 
‘ 
Rivet disanetor 

tind M% be | Ye lia] We | te] 4 “4 | ta te vi 6 vi He A ae uw 
O.0LG ia taken 
8020 41 257 < F 
4, a Bb | b2t Ho 160 tae * 
0.082 4 B67 | 480 [612 [25 O40 [AK : Bl 75 |... 582 Guy TH 
Oow 2M 4041 506 | OE [606 TS2 jhe B15 N75 867 O78 606 479 SiG WS 82 
A000 ASG | S71) 247 [77 905 [WSL Ti | 1,007 | 1,508 738 {1,308 MO) | 1808 ] be 
Outi, GIO | Sts 7729 WS [718 Sis | LLEL ] 1,803 925 | 1,664 | 08 | b564 | 1,277 
wort at | 878 [752 | 1,038 [778 naz | List 1,045 | 4,708 | ath | 7 | 1882 
0.080 oo 1,070 1,196 | 2,014 | 1,152 | 1,928 | 1,177 | 1,928 
0.090 oso 1,100 1,231 W5 | 1,246 7 2,120 | 1u24 | 2r2t | tage 
(400 2,255 2,268 

Nore: ‘The values in this table are based on “good” manufacturing practice and 


any devi 





aThese sllowables apply to double dimpled sheela and to the upper ubeet dimpled 
Sheet gaze is that of the thinnest sheet 


inte a machine-counterasunk lower sheet, 


ion from this will produce significantly reduced values. 


for double dimpled joints and of the upper dimple abeet for dimpled, machine-counter- 


wunk jointe, The thicknesa of the machine-counteraunk 
tabulated wage thicker than the upper wbeet. In no case 
by extrapolation for akin gages other than those shown, 





wheet must be at least 1 
allowabley be obtained 
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rivets shall de restricted to 
in which tension load is 
inetiental to the major shear carrying 
purpose of the rivet. When it is 
fficult to determine if the tension 
component is incidental or major, a bolt 
shall be used. 


Tension on 
conditions 








The followiag are examples of joints where 
rivets are considered to de satisfactory 
tenslon carrying mediums. 


(a) Skin attachment to rios and frames 


(>) Attachment of sheet panels to beam 
flanges and stringers, where inter- 
rivet buckling or diagonal sheet 
wrinkling produce tension loads on 
rivets. 


$xin attachment on a pressurized 
nacelle or body. 


Do not us@ rivets to fasten control 
brackets to a supporting structure. 


I¢ there is no load reversal on the 
assembly, the tenston allowables Ziven in 
the following tables can be used. 
i there {s load reversal on the assembly, 
he tenston load on the rivet should not 


ax exceed 25 percent of the values in the 
table. 


. 
Rivets loaded in both shear and tension 
should be checked for combined stresses, 
using the iateraction equation, 


(6) 


Re* + Rg* = 1 

A sufficiant number of rivets shall be 
used to insure that fatlure of any one 
rivet due to improper installation, 
cracked head, etc., shall not result in 
the failure of the structure that is being 
neld together by the rivets. 


oo 


D1. 26 Rtvet Tension Strengths. 


Reference to the structures design manuals 

aireraft companies shows that rivet 

2 not the same or, in other 

‘dized as in the case of shear 

las A, B&C have deen taken 
The values given are 

ive to values found in other 












FITTINGS AND CONNECTIONS. 







BOLTED AND RIVETED. 





Table A 
PROTRUDING HEAD RIVETS (AN470, AN442) 
ULTIMATE TENSILE STRENGTH 


Se =f 


Use this table for 24ST. Acad sheet and harder 
ae Rivet Load, Lbs. Per Rivet 


[yea avie | ve | se | 


















| ve | 








O16 3 
:020 | 120 | 142 
:025 | 159 | 197 








0 214 v1 354 
277 353 420 | 474 568 
277 | 471 561 849 | 799 
736 126: 

758 | 961 | 1245 | 1482 | 1669 
758 | 1094 | 1440 | 1721 | 1952 
1651 | 198 226! 
1882 | 2274 | 2622 
1982 | 2890 | 3353 
4336 


4470 


Table B 
100° FLUSH HEAD RIVET (AN426) MACHINE COUNTERSUNK 
JOINT ULTIMATE TENSILE STRENGTH 


i 
Ee 


Use this tabie for 24ST Alclad sheet, and harder 
alae ble Rivet Load, Lbs. 


[Sage [age | ve [veel ave | va | sre 











~ 040 

“es 44r ee iz 
249 | 438 501 

. $92] 653 

081 446 | 683) 773 






091 683 








912 
985 











tmin | 040 -0T2 | . 102 


Table C 
100° FLUSH HEAD RIVET (AN426) DOUBLE DIMPLE 
ULTIMATE TENSILE STRENGTH 


| 
1 
me — 
° i 
Use this table for 24ST Alctad sheet and harder 
Allowable Rivet Load, Lbs. Per Rivet 


tmin 
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(3) 


(4) 





ANALYSIS AND DESIGN OF FLIGHT VEHICLE STRUCTURES D129 


PROBLEMS 


The single bolt fitting unit as shown in 
Fig. L is subjected to a design fitting 
load of 12000 lbs. in axial tension. The 
pin is an AN Steel bolt 3/8 inch diameter. 
Bushing is 1/16 wall and steel Pry = 
125000. Lug material is 2014-T6 dar, \ haa AN, GoeT 
Ftu 2 $8000. The fitting is not subjected 4g xf oT eeL 


to shock or vibration. Strength check the Kir tes) 
oolt and lug (A) and give all margins of 
safety. 
Same fitting as in Problem 1 but design 
fitting load is a transverse load of 
10,900 lb. Strength check and give all Fig. 2 
margins of safety. 
t : fysrenl MATES 
Same fitting as in Problem 1 out lug (A) OS dodiia 


is subjacted to a design fitting load 
acting at 459 with a value of 11000 lb. 
Strength check for this loading. 


part of the fitting lug, which is reinforced 
by steel fitting plates. Strength check the 
fitting for a design load of 45000 lb. Use 
fitting factor of 1.15. 


A 1/2 inch diameter AN steel bolt is 
subjected to a combined shear and tension 
load. The shear load on the bolt is 
10,000 lbs. and the tension load ts 
12,000 lbs. Find margin of safety under 
this combined loading. (8) Fig. 4 shows a typical beam end-single pin 
fitting unit. The fitting plate 1s attacned 
to beam section by the rivet pattern as 
shown. The loads shown on figure are 
applied loads. Using a factor of safety 
on applied loads of 1.5 and a fitting 
factor of 1.2, determine the margin of 
safety of the rivet attachment of fitting 
plate to deam section. 


Design a hinge pin using a standard AN 
steel bolt and a male lug to carrying an 
axial tensils load of 25,000 lps, Use 
fitting factor of 1.15. Use steel bushing. 
No shock or vibration. Assume lugs of 
female part of fitting 1/2 as thick as 
male lug. Design the male lug from two 
materials. (1) 2024-T4 aluminum alloy 
and (2) AISI steel, F_y + 180000. 


Z01a 2117-73 








Pig. 2 tllustrates an end fitting for a 
streamline strut. The tube is flattened 
slightly at the end to fit a simple Dlock 
fitting. Loads shown are design strut 
loads. Using a fitting factor of 1.20, 
check the strength of the entire fitting 
unit. Assume no shock or vibration. 


Fig. 3 illustrates a ?itting unit on the 
end of an extruded (I) section. The web 
on the (I) section extends cut to form 
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BOLTED AND RIVETED. 
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nine the “Posultant 
iva AN steel bolts 
load acting as 





be ert 





Pron Ore 












« 8 find the size 22 2017-13 rivets 
ary to carry the ultimat sting 
design load 2° 3000 lbs. as show. The 
Sting slate is steel 1/8 thick, Fey = 
COO, and the 2024-TS inel irame is 
-O8l inch thick. 
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Design the lightest overlap sheet splice 

for .051 clad 2024-T6 and protruding head 
type rivet. Design tension lead on sheet 
3 2350 1b./in. Give all details of joint. 


Rework design in Proolem 13 to uss double 
dimpled rivets. 





ANC-5. Strengta of Metal Aircrart Sle 
Maren, 1955. ; 





Military Handbook MIL-HDBK-5. August, 1962. 
Metallic Materials and Elements for Flight 
Venicle Structures. 





Cozzone, Melson, and Hobiilt: Analysis of 
Lugs and Shear Pins Made of Aluminum and 
Steel Alloys. Preduct ingineering Vol. 21, 
May, 1550. 
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CHAPTER D2 
WELDED CONNECTIONS 





D2. 1 Introduction. (3) In general avoid welds in tension since 
they produc? a weakening effect. In some 
Since the overall structure of an airplane, connections it is difficuit to avoid all 
missile or space venicle cannot ve fabricated tension loads on welds, thus weld stresses 
aS a single continuous unit, such structures should be kept low and if possible 
involve many structural parts which must be incorporate a fishmouth joint or zinger 





fastened together. For certain materials and patch to put part of weld in shear. 
types of structural units, welding plays an 


important role in Joining or connecting (4) A weld should not encircle a tube in 2 

structural units. Research 15 constantly plane perpendicular to the tube length. 

going on to devalop better welding machines Standard splices or joints for overlapping 

and welding techniques and also to develop new tubes, and end socket fittings in tubes 

materials that can be welded withcut producing have been developed, which require no 

a detrimental strengtn influence on the base strength check. These are the diagonal 

or unweided material. A fair size book could weld and the fishmouth welds as illustrated 

os written on the subject of welding and design in Fig. D2.1. 

for welding. This brief chapter can only be a 

triaf introduction to the subject. (5) Tapered gusset plates should be incorporated 
in all important welded joints to insure 

D2.2 Gas Welding. gradual change in stress intensity in 
members. These gussets lessen the danger 

There are two types of gas welding, namely, of fatigue failure by reducing stress 
oxyacatylene and oxyhydrogen. Practically all intensity. 


ga5 welding in aircraft work {s oxyacetylene. 
Some weiders prefer the oxydrogen fiame in 
welding aluminum alloys because the flame is 
not so hot. The major aircraft structural units 
in which gas welding plays an important part 
are welded steel tubular fuselages, engine 
mounts, and landing gears and the attachment 

of plate and machined fittings to such Fig. D2.1 
structure. 





FISHMOUTH WELD 


(S) A weld over a weld should not be made. 
D2.3 General Notes on the Practical Design of 
Welded Joints. {7} To prevent burning of sheet welds shoula 
not be made on both sides of a thin sheet. 
The designer of welded structures in steel 
can greatly help the welder obtain good joints (8) If two welds are placed close together lack 
or connections by adherring to the following of shrinkage space may cause cracking. 
eneral rules. 
(3) Cracks usually develop if welding {s dene 


{L}) It is much easier to odtain a good weld on bends. 

when the parts being welded together are 

of equal thickness. It is general design {10) when tubes are spliced by welding locate 
practice to try and keep thickness ratio splice near one end of the tube, to avoid 
dSetween the two welded carts lass than 3 effecting column properties. In general 
to 1. Some designers try to keep within it is not good practice to weld brackets 
a 2to 1 ratio in order to eliminate to the middle of column members. Clamps 
possibilities of welders ourning the are preferable. 


thinner sheet. 
(11) in welding members together local internal 


(2) Designers usually consider .0Z5 as the stresses are set up. On most weld 
minimum thickness to be welded in general assemblies it is therefore customary to 
practical structural joints as there is "normalize" the assemblies after welding. 
considerable danger that the average This heating permits the equalization of 
welder mizht burn a thinner zauge. the internal localized stresses thus pre- 


venting cracking in service. 


D2.1 








D2.2 






(12) Standard aircraft bolts should not be 
welded in place since they are made of 
nickel steel and therefore cannot be 
satisfactorily welded. Since standard 
aircraft nuts are made of 1025 steel they 
can be welded in place if desired. 


D2.4 General Types of Welded Steel Fitting Units. 


Pig. D2.2 taken from aircraft tubing hand- 
book of the Summerill Tubing Company summarizes 
the comon types of tube terminals and dis- 
cusses their structural merit. Fig. D2.3 
fllustrates the conventional concentric butt 
welded fuselage Joint which tests show is 
satistactory where vibration is not present. 
Tests have shovm that the fatigue strength of 
a welded joint as illustrated in Fig. D2.3 
when the members are subjected to reverse 
bending is reduced considerably, thus it is 
common practice to add additional Joint re- 

nforcement such as finger plates or insert 
gussets as illustrated in Figs. 02.4 and D2.5 
to joints subjected to vibration. 


Figs. D2.5 to D2.8 illustrate methods of 
splicing a longeron at a truss joint. The 
vertical and diagonal members strengthen the 
putt weld on the spliced member. 


Figs. D2.9 and D2.10 illustrate. fitting 
plate attachments to tubes. Except for light 
fitting loads, the fitting plate should extend 
through to both sides of tube or to the adjoin- 
ing members, The fitting type illustrated in 


Fig. D2.11 1s only used for secondary conditions: 


where loads or plate are relatively light. 


Since eccentricity of member forces on a 
Joint produce bending in the connecting embers 
which may Lower the fatigue strength of the 
joint, such cases of joint eccentricity as 
{llustrated in Figs. D2.12 to D2.i4 should be 
eliminated in Joint design. 


Dp2.5 Electric Are Welding. 


This method of welding ts based upon the 
neat generated in an electric arc. Arc welding 
to a limited extent has been used for many 
years in aircraft fabrication. No doubt the 
flexibility and general all around good results 
obtained with gas welding retarded its 
extensive use, nowever in recent years its use 
is imereasing rapidly as its economies and ad- 
vantages become apparent to the designer. In 
are welding the applied heat is more concen- 
trated and quicker welding results with less 
expansion and warning as compared to gas 
welding. In the design 97 tubular joints, care 
shouli be taken to make all welds as accessidle 
as p0ssible. To secure proper stress distri- 
putton in arc welded Joints the designer sneuld 
follow the recommendations as illustrated tn 
Figs. 02.15 to D2.18. 









WELDED CONNECTIONS 





Angle "A" to be 
not less than 30° 


Fig. D2. 17 





Fig. D2. 18 


The fact that less expansion and warring 
takes place since the heat is concentrated 
makes it possible to nold to closer tolerances 
on parts requiring macninixzg after welding an 
allowance of 1/16 inch ts generall surficiant 
on most assemblies. Slectric welding oermit: 
welding of thin sheets as low as .016 inch 
thickness. 





D2.6 Effect of Weiding on Base Metal. 





Tests srow that olain ¢ a 
molybdenum steels suffer very little in loss of 
tensile strength due to welding. For cold 
rolled sheet or tubing the refinement in srain 
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Fig. D2.6 





j Fig. D2. 13 


Fig. D2.7 








Fig. D2.8 Fig. D2. 14 





























ina to cold working is lost in the material ad- 
ent to the weld wnich lowers strength to a 

i degree. welding, however, does produce a 
brittle material whica has lower resist- 
to shock, vibration end reversal of stress, 
it is customary to assume an efficiency of 
Joints less than 100 percent. 





the respective tiniaum tensile ultimate test 
values. 


Table D2.2 (Ref. 1) Strength of Welded Joints 











Heat treatment 
subsequent to welding 


Table D2.1 gives the allowable ultimate 
tensile stress for alloy steels tor material 
adjacent to weld when structure 1s welded after 


heat treatment. Alloy steels... ~~ 


Table D2. 1 (Ref. 1) Alloy steels . . 
Allowable Ultimate Tensile Stresses Near Fusion 


Welds in 4130, 4140, 4340, or 8630 Steels Alloy steels . - 









(Section thickness 1/4 inch or less) Steels ....- 











Ultimate tensile 
stress, ksi 






125 ksi... ess 
150 ksi -. es 
180 ksi... +: 


Type of joint 










@ Welded after heat treatment or normalized after veld. 
b Gussets or plate inserts considered 0° taper with center 
line. 


Tapered joints of 30° or less? . 
Allothers..... + ee ee 





D2.7 Allowable Load for Welded Seams. 


The allowable load on @ welded seam can be 
For welding members subjected to bending, calculated by the following equation:- 


the allowable modulus of rupture for alloy 


gteels when welded after heat-treatment snould Pa * Foy OF Fgp (Lt)---*-ee07 4777 D2.1 
not axceed the following as specified in . 
(Ref. 1). where, 


Por tapered joints or 30° or less, use 
modulus of rupture Fp equivalent to that for 
gteel having Fey = 30000 osi. 


Pz > allowable load in lbs. 

Fgy 2nd Fop from Table 02.2 

L length of welded seams in inches 

thickness of thinnest material joined by 

the weld in the case of lap welds between 
two steel plates or between plates and 
tuoes. (inches) 

t = average thickness in inches of the weld 
metal in the case of tube assembiies, but 
not to be greater than 1.25 times the 
thickness of the welded stock. 


au 


ae 


For all other types of welds, use Fp equal 
to .9 of that for steel having Fry = 90000 psi. 
snapter C4 gives chart for determining the 
moduius of rupture Fp for alloy steel tubes 


and Chapter CZ gives a procedure of determining 
Fp for other shapes subjected to bending. 


Strength of Base Material “hen Structure is 
Feat-Traaved After Welding. D2.8 Brazing. 
Reference (1) says that for matertais 
reated after welding, the allowatle 


Brazing as appli 
neatet c 
stresses in she parent material near 2 welded 
join 

4 


process of uniting s 
copper-zine mixture, 
with an air-gas flame 












oO 
fee 


y equal the allowable stress for the 


neat-treated material, in other words, no molten mixture. 
reduction for welding. However, it is good devends on the sur: 
design practice to be conservative on welded elaarance between , 
joints, thus 4 reduction of 10 to 20 percent 

af the neat-treated properties 4 


is often used 
saleulating the tensile or vending strengtt 


s 
She member adjacent to the weld. 


ee 
po 






use many fac 


morxman, 27rects 


rv 





cho wD ta 


D2.6 Weld-Metai Allowable Stress. orazed 
able D2.2 (from Ret. 1) gives the allow- 
able weld-metal strengths 7or the various 
steels. These design allowable stresses -cr 
the eld matertal are dased on a5 percent or 


The requirement 
goverment agencie’ 


ring or 
iS. g be 
yrazing in aircraft word. 


ore using 


re 
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D2.9 Welding of Aluminum Alloys. 


The heat-treatable alloys, commonly 











to as the strength alloys, such as 
24, FOS, not be welded with the 
toren without destroying their 





properties, whith are not restored 

at-treated after weliing. These 

loys are generally classed as unweldable. 

tant research is soing on to develop 

imum alloys that have relatively hich 

ngta which can be welded without aporeciable| 
se of the strength properties. A recent 

coped vy the Aluminum Company of America 
new alloy designated X7005, which develops 

h strength after welding. 


1 





Tee Bow 

Faeedege 

S82 gR 
ore 


The strain-hardened alloys, namely, 1100 
and 3003, are readily joined by gas welding. 
either aa oxyacetylene, or an oxyhydrogen flame 
is used and sheet thicknesses as low as .020 
are successfully welded. It 1s common practice 
use these materials tn welded fuel or oil 
tank for aireraft. 








D2. 10 Mlustrative Problems Involving Welding. 


PROBLIM 1. Fig. D2.19 shows two plates welded 
cogetier to form a lap joint. The material is 
alloy steel Fry = 95000 psi. Find the margin 
of safety of the welded seams under the load of 
5200 lbs. acting as shown. 





re | 





065 


Fig. D2. 19 
From equavion D2.1, 


Pa = 


Fey Lt 


Fs, trom Table D2.2 = 45000 


L = total weld seam length = 2x1 = 2 in. 
= .065 
= 43000 x 2 x .065 = 5580 
« = (5850/5000) + 1 = .11 





Tensile strength o? .065 plate using 2 
reduced allowable stress due to welding of 
30000 as per Table D2.1, gives 








4g = 1 x .065 x 80000 = 5200 1D. 


This 1s conservative since weld does not 
extend across tne plate, thus any decrease of 
tensile strength oropertiss should be less than 







+ 


° assumed ahove. 
PROBLEM 2. 


O65 GUSSET 
en #3 Hick Waser? 


(ame OF GUSSET OnLy) 
2100's Tie ROD) 


WELD ONE SIDE QNLY 


Tse Duicxness 049 Fig. D2.20 

Fiz. D2.20 shows @ gusset plate inserted 

between the ands of two tubes of a truss. The 
gusset 1s used as a fitting to taxe the pull 

from a 3/16 diameter steel tie rod. Determine 


the margin of 
tubes. 


safety of connection of gusset to 
All material steel, Fy, = 95000. 


Resolving the wire pull into components 
parallel to the tubes, we obtain P = 2100 x sin 
45° = 1480 x 1.2 (fitting factor) = 1780 lb. 
The allowable weld load is zoverned by thinnest 
material or .049 of the vertical tubes. 


Pa = Foy Lt 
= 43000 x 1.125 x .049 = 2370 lb. 
M.S. = (2370/1780) - 1 = .33 
PROBLEM 3. 


In general welded fittings involving >lates 
and tubes present conditions for which it is 
difficult to determine the actual stress flow 
through the joint, thus the general procedure is 
to make conservative assumptions regarding the 
stress flow distribution and check the fitting 
units for these conservative assumotions. The 
following example illustrates this asproximate 
procedure o7 strength checking a welded fitting 
doint. 








In Fig. DZ.21 the fitting plate which is 





weakness. 
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This value will be decreased to 50000 
pecause of welding effect on material 
properties. 


M.S. = (50000/497C0) - 12 201 


ae If 058 TUE 












2 Tae WASHERS 
$e 





This margin of safety 1s conservative since 
shear out area is conservative. 


Tension Stress_on Section Through Bolt Hole: 


Tension Stress _on Section are 


Area of Section Through Hole: 


Main plate = (1.5 - .625) .1875 = +164 
Washers = (1.25 ~ .675) .1875 18 
Total net area = .282 sq.in. 


tt = 14000/.282 = 49700 psi. 


Fey from Table D2.1, allowing full 
correction for welding effect, equals 
g0000 psi. 


M.S. = (80000/49700) - 1 61 


Tension stress on fitting plate at Section 
l+l (See Fig. 02.21). 


Net area = (2.5 - 1.25) .1875 = .235 sq.in. 


The entire load of 14000 will be assumed 
to pass this section, wnich ‘s no doubt con- 
servative. 


fy = 14000/.235 = 59500, F_ = 80000 psi. 06K. 






Fig. D2.21 


Solution 


Shear Strength of Clevis Pin: 
Load on pin = 14000 1b. 


Double shear strength of 1/2 diameter AN clevis 
bolt = 2 x 14722 = 29444. M.S .=(294444/14000) 
-~l=1.1 Check of Connection Between Fitting Plate and 
Tubes. 
Bearing of Clevis Bolt on Bushing: 
It will be assumed that the horizontal 
component of the wire pull will be transferred 
to tube (A) by the weld between the tube and 
the fitting glace. This is 4 conservative 
assumption. 


pearing stress fp = —<-4°OZ— = sosc0 pst 
ob" 5 x .375 


Ultimate bearing stress = 175000 psi. Thus a 
large margin of safety is available to take 
care of wear due to slight rotation or shock. Horizontal load component = 14000 x 2/V5 = 
12500 1b. 
Bearing Stress Bushing on Lug: 
The weld length between tube (A) and the 
fitting plate is 1.5 inches on the upper tube 
surface and 2 inches on the jower surface. TO 
de conservative, 2 total weld length of 2x 1.5 
= 3 tnches will de assumed acting. 


- 2 24000 
fo © 7625 x «375 





= 59500 psi 


Allowable bearing stress For = 140,000 psi (See 
Chaoter B2). 

The fitting plate is welded to the tube on 
both sides and since twice .065, the tube thick- 
ness is less tian the plate thickness, @ total 
weld length based on tube strength is 2 x 3265 
inches. 


The result shows that bearing on lug ts not at 
all critical. 


Shear Out Strength of Fitting Plate: 


Shear area main plate = (.75 - 13125) .1875 x 2 Pg = Feu Lt = 50000 x 5 x .065 = 19500 1b. 
= 164 aaa pana 
washers = (.625 ~ .3125) .1875 x 2 = .118 WS. = (29600712500) - 1 = «86 
Total shear out area Shia Tt will be assumed that the vertical com- 


Be & ponent of the wire pull will be taken into 
fg = 14000/0,262 = 49700 pst tube (B) by the weld along each side of the 
Psu for steel when Feu = 95000 is 55000. tube. 
See Chapter Bz. 


Load = 14000 x 1/8 = 6250 1b. 
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The weld length on one side of tube is 
0.625 inches long and 1 inch on the other. A 
total weld length of only 2 x 0.625 = 1.25 
inches will be assumed which is conservative. 

Pa = 50000 x 1.25 x 2x .058 = 7250. 

Thus even under the assumed conservative 
assumption, the weld attachment for transferrt 


vertical component to tube (B) is more than 
adequate. 


SPOT WELDING 


D2. 11 Spot Welding. 


After many years of research and testing, 
spot welding of aluminum alloys, magnesium 
alloys and corrosion resistant steels has 
decome a reliable established practice of 
joining many parts or units of flight vehicle 
structures. 


The spot welding process 1s accomplished 
by clamping two or more sheets of metal between 
copner or copper alloy electrodes, under 
comparatively high pressure and causing an 
electric current of low voltages to flow between 
the electrodes for a predetermined interval. 
The current creates an intense heat at point 
"A" (See Fig. a) which melts the metal locally 
due to the resistance set up by the sheets. 

AS soon as the metal is molten to the extent 
shown at "B", the predetermined time of current 
flow 1s completed and the sheets are forged 
together by the pressure on the electrodes "P”. 
This pressure depends on the thickness of the 
sheet. 





D2.12 Spot. Welding of Aluminum Alloys. 


In general, aluminum alloy spot welded 
joints should not be used in primary or critical 
structures without the specific approval of the 
military or civil aeronautic authorities. The 
following are a few types of structural con- 
nections in aerospace structures where spot 
welding should not be used. 

(1) Attachment of flanges to shear webs in 
stiffened cellular construction in wings. 


(2) Attachment of shear web flanges to wing 
sheet covering. 
(3) Attachment of wing ribs to beam shear webs. 


(4) Attachment of hinges, brackets and fittings 


to supporting structure. 


{5) At joints in trussed structures. 

(6) At juncture points of stringers with ribs 
unless a stop rivet is used. 

(7) At ends of stiffeners or stringers unless 
a stop rivet is used. 

{8) On each side of a joggle, or wherever there 
is a possibility of tension load component, 
unless stop rivets are used, 

(9) In general most aluminum and aluminum alloy 


material combinations can be spot welded. 
Table D2.3 gives information on this 
subject. 


Table D2.3 Acceptable Material Combinations 
for Spot Welding 












Ctad 7075¢ 
Bare 70750 
Bare 2024 


Clad 2014 





Clad 2024 


Clad 7075° . 
Bare 7075) . . 
Bare 20240 . , 
Clad 2014... 
Bare 2014) . 










@ The various aluminum and aluminum-alloy materials re- 
ferred to in this table may be spot welded in any combi- 
nations except the combinations indicated by the asterisk 


(*) in the table. The combinations indicated by the 
asterisk (*) may be spot welded only with the specific 
approval of the procuring or certificating agency. 


D This table applies to construction of land- and carrier- 
based aircraft only. The welding of bare, high-strength 
alloys in construction of seaplanes and amphibians is 
prohibited unless specifically authorized by the procuring 
or certificating agency. 


© Clad heat-treated and aged 7075 material in thicknesses 











D2.13 Spot Strengths. 


Design shear strength allowables for spot 
welds in aluminum alloys are given in Table 











DZ.4, for magnesium alloys in Table 02.5, and 


for steels in Table D2.6. The minimum edge 
distances from snot welds is also given in the 
tables. 


Fig. D2.22 gives the maximum static 
strength of spot welded joints having the same 
pitch in all rows in aluminum alloys together 
with the maximum pitches with which these 
values can be obtained. For Joints having 
larger pitches, use Table D2.4. 


Fig. D2.23 gives the tensile strength 
single spot welds in 7075-T6 clad material. 


D2. 14 Reduction of Tensile Strength of Parent Metal Due 
to Spot Welding. 


Spot welding decreases the ultimate 
tensile strength of the sheet material being 
spot welded. Fig. D2.24 gives the efficiency 
in tension for spot welding of aluminum alloy 
sheets. 


Table D2.4 (Ref. 1) 


Shear Strengths and Minimum Edge Distances 
for Bare and Clad Aluminum Alloys 







Materials & Tensile Strength, ksi 



























0, 012 80 52 16 | 3/16 
0.018 86 78 40 | 3/18 
0.020 2 106 62 | ‘3/16 
0,025 148 140 88 | (7/32 
| 9.032 208 188 168 | 132 | V4 
| 0,040 276 | 248 240 | 180, 9/32 
0.051 384 354 329 240 5/18 
0.064 552 500 451 | 320 11/32 
0.072 878 | 589 524 364 3/8 
0.081 842) 691 620 424 13/32 
0.091 1020 810 703 484|«7/18 
0, 102 1230 | 960 760 1/16 
0.114 1465 | 1085 | 
1698 ; 1300 
2400 | I 


Nominal Thickness 


77 Minimum Edge 
i of Thinner Sheet, 


Shear Strength Distance, 








inches | of Sheet, Los. | Eches J 
9, 020 a a 
0.025 : Th] 8T 1/32 

' 0. 032 : 102 | 139 1/4 

| 0.040 1370} 185 9/32 { 
0, 051 i 386 f SL 5/18 i 

: 0. 064 242 | 328 | 11/32 
0,072 9790 «| 8788/8 

| 0. 081 / 320 | 434 13/32 

\ 0.091 ' 368 § 498 | 7/18 
0. 102 i 4330 «| 586 1/18 

i 0. 114 | 488 ss | V/16 


125 | 544 9/16 





° 


735 i 


WELDED CONNECTIONS 


Table D2.6 Spot-Weld Maximum Design 
Shear Strengths for Uncoated Steels# and 
Nickei Alloys (Ref. 1) 














Material Ultimate Tensile 

Nominal Thickness Strength, lb, 

of Thinner ———— 

sheet, in. 150 ksi and | 90 ksi to | Below 90 | 

above 180 ksi ksi 

0. 006 70 ST | eves 
0,008 120 85 70 
0.010 165 127 92 
0.012 220 155 120 
0.014 270 198 142 
0.016 320 235 170 
0. 018 390 270 198 
0.020 425 310 228 
0.025 580 425 320. | 
0.030 750 565 403 
0.032 335 623 453 
0,040 1, 168 850 650 
0, 042 1, 275 920 712 
0.050 1, 700 1, 205 955 
0.056 2, 038 1, 358 1, 186 
0,080 2, 265, 1, 558 1, 310 
0. 063 2,479 1, 685 1, 405 
0.071 3, 012 2, 024 1,656 | 
0.080 3, 540 2, 405 1, 960 
0.090 4, 100 2, 810 2, 290 
0.095 4, 336 3, 012 2, 476 
0.100 4, 575 3, 200 2, 645 
0.112 5, 088 3, 633 3, 026 
0.125 5, 665 4, 052 3, 440 











@ Refers to plain carbon steels containing not more than 0. 20 
percent carbon and to austenitic steels. The reduction in 
strength of spotweids due to the cumulative effects of time- 
temperature-stress factors is not greater than the reduction 
in strength of the parent metal. 
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Fig. D2.22 (Ref. 1) Maximum Static Strength of Spot Weided 
Joints in Aluminum Alloys and Corresponding Maximum Spot 
Weld Pitch 
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ULTIMATE TENSION LOAD, 1000 POUNDS 
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Fig, D2. 23 (Ref. 1) Static Strength of Typical Singie 
Spot Welds In Tension Using Star Coupons 





Fig. D2. 24 (Ref. 1) Effictency in Tension 
for Spot Welding Aluminum Alloys 


PROBLEMS 
Fig. (4) tllustrates a welded vlate fitting) 
unit fastened to a round steel tube. 30th 
fitting plate and tube are st2el Fry = 
95000. what is the maximum desien load P 
which the fitting can de subjected to 1? 
a fitting factor of 1.2 is used. Fitting 
is not sudjected to vibration or rotation 
o.. Binge cin. 
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My Mike Pie 
Ciaeese 13) 


A -.051, 2024-TS aluminum sheet carries an 


ultimate tension load of 700 Lbs. per inch. 
It ts spliced by a lap joint involving one 
row of spot welds spaced at 0.5 itneh. Is 
she spot weld strength satisfactory. 

4 7075-T6 aluminum shaet carries an 
ultimate tensile stress of GCOOO psi. The 


sheet is to be spliced. Design a soot 
welded joint for a lap joint. 


In a wing section involving skin and 
stringers, the shear flow in adjacent 
panels to a particular stringer is 400 
600 lbs. ver inch, and acting in the same 
direction. Assuming no diagonal tension 
action due to skin wrinkling, wnat spot 
spacing is required to fasten the stringer 
to the skin if is .04 thick and 
2CZ4-TS aluminum slicy material. 


and 
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Military Handbook - MIL-H8K-5, August, 
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CHAPTER D3 
SOME IMPORTANT DETAILS IN STRUCTURAL DESIGN 


BY 
WILLIAM F. McCOMBS 
(DESIGN SPECIALIST - CHANCE VOUGHT CORP.) 


D3. 1 Introduction. 


In the design and fabrication of an air~ 
plane the major components receive a thorough 
review and evaluation. Many of the smaller 
parts, however, are designed at the last minute 
and, not receiving so much attention, sometimes 
have faulty details. It is these which 
frequently lead to trouble in service and in 
tests. This chapter represents an attempt to 
point out some of the more common details that 
seem, somehow, to be overlooked from time to 
time. This should be of help to those involved 
in designing or dealing in other ways with the 
structural components of airplanes or of 
similar types of structures. With regard to 
specific details, many aircraft companies have 
standard methods of design. The reader should 
always consult his company’s data on these, if 
available. In the event such are not available, 
the following suggested practices should be of 
practical help. 


D3,2 Shear Clips. 


There are hundreds of these in a typical 
military airplane. They are used in joining 
together both primary structural components 
and secondary structural parts such as equip- 
ment mounting brackets, etc. The function of 
the shear clip is to transfer 2 shear load 
from one part to another. It is not intended 
to transfer axial load or bending moment or 
twist, only shear. 


A typical example is shown in Fig. 03.1. 
Here bracket, or beam, (a) is supported by 
beams (b) and (c). The load P is thus "beamed 
out" to (b) and (c), passing as 4 shear load 
through the clips into the webs oz (b) and (c) 
as illustrated. 





Fig. D3. 2 


When a significant axial load or bending 
moment must also be transferred, additional 
members must 08 provided or the shear clip 
must de replaced by a heavier fitting. This 
is illustrated in Fig. 03.2. Here a beam, (2), 





Fig. D3.2 


is cantilevered off of a heavy piece of 
structure, (b). The load, P, passes through 
the shear clip as a shear load from web (a) 
to (b}. There is also the bending moment, 
Px, to be transferred. Additional splice 
plates, "S", are provided for this purpose. 
They transfer the moment in the form of axial 
loads from the flanges of beam (a) to member 
(b). 


Shear clips are usually seen in two 
forms: 


(a) bent up sheet metal or extruded 
angles (the angle being anywhere 
from 0° to 180° between the legs). 

(>) extruded "tees". 


These shear clips are shown in their 
The 


"minimum acceptable” form in Fig. DS.3. 





“Minimum” Type Shear Clips 


Fig, D3.3 


minimum requirement 1s that eacn leg or an 
angle type clip must have at least 2 fasteners 
through it. The “top” of the tee type cilp 
and its leg must also have at least 2 fasteners 
each, as shown in (e) and (f). 


The load “balance” of an angle type shear 
clip is illustrated in Fig. D3.4. The corner 
edge of the clip should be assumed to carry 


D3.2 








D3.2 
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only the shear being transferred, taken as 
1000 lb, in this figure. The net loads on the 
fasteners are then as illustrated. Once the 
loads are known, the clip and fasteners can 

be checked for strength using standard methods. 





Example: 

Let a=. 40", b=1.0" 
Then Qz= 1000 x74 =400# 
Resultant Rivet Load: 


R=,/500*+400* = 640# 


Use 2-5/32" Alum, Rivets 
Then clip thickness 
required is t = .032", 
T5ST Alc, 


Final Balance 
Obtained by 
Adding Above 
Together 


Fig. D3.4 


Fig. D3.5 illustrates what will happen if 
only one fastener 1s provided in 4 leg of an 
angle clip. The single fastener cannot 
(ignoring friction) balance any shear at the 
corner. In other words, 1t can receive only 
a shear from the web to which it is fastened. 

_™is, tn turn, puts a twist, P x a, into the 
other leg of the clip and, nence, into the 
other web. This 1s unacceptadle, of course, 
since a much thicker Leg would be needed to 
carry the torsion, and an undue twist would be 
present in the other wed being Joined. Of 
course, several fasteners, rather than Just 
two, may be used when space allows. 


Clips of type (a), (c) and (e) in Fig. 
DZ.3 are more efficient than are types (>), 
(d) and (f). The latter are used when this ts 
all that space limitations will allow. In all 
cases the dimension “a” should be kept as small 
8s practical installation wiil allow. 


iste 


For loads on longer leg 
in figure, leta=.4", 
bs1.0". 






|) \twist=10004x 472400" 4 
1000# “ft This is required to 
14004 Toe balance the 1000# which 
is out of the plane of 
the longer leg. This 
is unacceptable. 


An 'Unacceptable” 
Type Shear Clip 


Fig. D3.5 


Another type of deficiency sometimes 
arises when 4 minimum type shear clip is being 
used. This is Lllustrated in Fig. 05.6 where 
it has been necessary to "jogsle” one leg of 
the angle clip, say to fit over some locally 





thicker part of the memcer being attached. If 
the joggle is 2 {cant one, say to the 





A 
w % 
(Sse e 





Fig. D3. 6 


order of the clip’s thickness or greater, it 
can considerably reduce the clip’s rigidity end 
cause it to function as 2 "one rivet clips" 
with the adverse twist effects mentioned 
previously. In this case at least 2 fasteners 
should be provided on one side of the joggle 
in the joggled leg, as illustrated in Fig. 
D3.6(b), to maintain rigidity and proper 
functioning. The load should be assumed to 

be carried by the 2 fasteners above the joggle, 
similar to case (b) or (d) in Fig. 03.3. 
Joggles are discussed further in Art. D3.4,. 


D3.3 Tension Clips 


These are also quite numerous in military 
airplanes, being used to splice relatively 
light tension loads from one member to another. 
The tension clip is a very inefficient type of 
splice. It has a relatively poor fatigue life, 
particularly, and should be used only when the 
load is small and other design factors prevent 
the use of the more efficient lap shear splice. 


It is usually resorted to when some 
structural member such as 2 bulkhead web or 
flange or fitting cannot be efficiently “opened 
up" to let an axially loaded member pass 
through. It is also Zrequently used to attach 
cantilevered brackets to bulkheads or ribs or 
other structure. 


Consider Fig. D3.7. Member (a) is, 4 
on one Side of a bulkhead and is to de spliced 
to member (b) on the other side. There is an 
axial tension load to be transferred and since 
the bulkhead cannot be cut, a tensicn clip 
arrangement must be used as shown. Angle clips 
in this case are illustrated. 








ension 
Clips 


Fig. D3.7 









(9) double aneles (back = 


Dack) 


(2) ¢lips cut from extruded tee sections 


fo 
a 
og 
o 
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To obtain maximum strength and stiffness, 
bolts should be used for attachment purposes, 
Allowable load data is given in Fig. D3.8 for 
the single angle clip arrangement illustrated. 
The method of cbtaining the allowable load is 
also illustrated by the dashed lines in the 


fizure. 


YIELD LOAD FOR SINGLE ANGLES 
BOLT HEAD CLEARANCE - {NCHES 


SOLT SPACING 





a 04 +08 o 200 400 600 300 1000 
THICKNESS OF ANGLE - INCHES —- YIELD LOAD PER BOLT - LBS. 
NOTES: 


1, In these tests the angles procrudea 
Load at euther end beyond me € of the 
{ boit a distance of 1/2 the boit 


BOLT HEAD spay. 


CLEARANCE 2. For thick angles the bolt may be 
eritieal. 

AN-4 BOLT | 4. Values are for room temperature 

AN960 “eS SCE) 2024-7 ANGLE use only. 





Fig. D3.8 
(Ret. Vought Structures Manual) 
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Dant up sheet 


is the strongest and stizfest for 
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Fig. D3.9 


more on each otner. From statics, taxing 
moments about the center of pressure on the 
2). Thus Q is greater than 
P. Obviously a small snough 20lt will yleld 
or fail in tension before 2 thick clip will 
yield or fail in dending near the washer 
(Molin = P xe}. There ts also a pryins 
action in the tee type clip, as illustrated. 


toes, 7 = Px ( 





This prying action is the reason why th 
designer should be cautious in using rivets 
even for light tension loads, as is sometimes 
done. When rivets are used, as in mounting 
equipment brackets, it is best to use steel 
types and carszully check the prying load 
maintaining an ample margin or sarety. In 
any event, riveted clips are inferior and no 
design data for them is given here. 


Another point in using tension clips is 
requently overlooked. The structure to which 
the clip is attached must te capable of taking 
the loads applied to it. These loads consist 
of the tension load from the bolt and the load 
from the toe action. Several examples are 
shown in Fig. D3.10. In these examples the 
term “unacceptable” means that the allowabis 
leads of Fig. D3.8 are not applicable. 


tf he {* 4p ig 


@ * ©) 0) a) 
t vy (e} 


Heavy Light Back to Eccentric Criss- 
Back-Up Back-Up Back Clip Load = Cross 
Structure Structure Clips Path Clips 
Accept- Unaccept- Accegt- Unaccept- Unaccept- 

able abie able able able 
Fig. D3. 10 

Sases (b}, (d} and (2) require a rearrangement 

of, or additional structure in, the dack-up 
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eawhich is receiving the load from the 

order to achieve the full 2liowables 
» 03.8. The resultant load on the back- 
ucture ig, of course, the applied 





Tension clips, aside from having a low 


static strength and stiffness, also exhibit a 
relatively poor fatigue life. If the load is 
of such a nature as to occur many times, say 


due to symmetrical flight conditions such as 
pull-ups and gusts, there should be a large 
margin of ety at limit loed levels in the 
neighborhood of 200% or more. If the load is 
due only to some non-recurring type of loading, 
such as a crash condition or "jammed" system 
load, the large margin of safety would not be 
necessary. 





Other suggested practices 


clips are: 


involving tension 


1. Keep the bolt head as 
end radius or fillet 
possible, 


close to the 
radius as is 


2. Avoid their usaze, if 
repeated loadings are 


possible, when 
dominant. 


3. If part of the structure is continuous 
across a joint and part is interrupted, 
do not use tension clips to join the 
interruoted structure - instead 4 
heavier, stiffer, machined fitting {s 
required. 


D3.4 Joggled Members. 


A "joggle" is an offset formed in a member. 
















It usually involves one ‘or more flanges of a 
ciember or the "open" cross-section tyne. 
Joggles are quite common in typical metal 
airplane structures. They are used most often 
wh it is desired to fasten together two 

= ecting members without using an extra 
part at the joint. The jJoggle ts a compromise. 
It saves an extra part but the price pald is 4 
loss in strength and stiffness of the joggled 
member IZ tne load tn the member at the joint 
is Ll enough, the saving is justified. If 
not, an extra part, instead of or in addition 
3 the joggle, must be used. A typical joggled 
installation is shown in Fig. D3.11 where one 
leg of an angle member has Deen joggled over 
and faste. 

same pla 





Fig. D3. 11 


Some aircraft companies have specific 
strength data and practices for the design of 
jJoggled members. This should, of course, be 
consulted by the designer, if available. Some 
companies use a 6:1 Joggle length to depth 
ratio, others use a 3:1 ratio, or both may de 
used. Strength or stizfness data for one ratio 
should not be used blindly for another. Some 
of this data indicates that wren, in the case 
of angle members, the depth of the joggle is 
to the order of the thickness of the joggled 
leg or more, the loss in strength is about 
equivalent to the loss of the leg outboard of 
the dend radius. A "rule-of-thumb" design 
practice is therefore suggested as follows. 
Assume that the net effect of the joggle, from 
a strength and stiffness standpoint, is 
equivalent to a slot cut into the joggled leg 
that extends inward to the bend radius tangent 


point. This is 1tllustrated in Fig. D3.12. 
A 
(c) 
(a) ee ees 
a 52 
Bre: ie ) a\ View A-A 
joggle sumer 
"Slot" Effective 
Member Slot’ ‘ Section 
Through Joggle 
Fig. D3. 12 


With this assumption, the flat portion of 
the joggled leg will carry no axial load across 
the joggled area but will provide support for 
the curved element. The effective net section, 
Fig. D3.12(c), can then be checked using 
standard methods of analysis for whatever 
forces are acting on it. It is obvious that 
the net section shown will have little strength 
for carrying bending moment normal to the re- 
maining leg. Thus, care should de taken to 
imsure that any axial loads are introduced as 
near the corner as possible - which {n turn 
means that at least two fasteners should be 
used on each side of the jogzle. 






The above approach, considering the joggle 
equivalent to a slot, will give the csesigner 
4& much better "feel" of what he is really 
when he speciZies a joggled member. The 
reason ror the loss of strength anc 
ess can be seen in Fig. DS.13. 


doing 
basic 





Req'd. Balancing Loads 
at Breaks 

in Joggled 

Flange 





Fig. D3. 13 


493 









The axial loads in the joggled leg being 
inclined to each other require a balancing 
load. Such a balancing load is not available 
except a3 shear in the thin leg and this 
results in the less of stiffness and strength. 
If the symmetrical leg of a tee member were 
joggled there would be more stiffness than in 
the case of an angle, but the same approach, 
though more conservative, ts recommended in 
the absence of test data. 


AS an example of the foregoing discussion 
assume that an angle member {s supporting 
another member locally which is loaded by the 
forces Q as showm in Fig. D3.14. If a skin is 
present, as shown, part of the load can be 
carried across the joggle by the gusset effect 
of the skin. This can be approximated by 
using the methods of calculating inter-rivet 
buckling of skins discussed in another chapter. 
The rest of the load must be carried across by 
the net effective section of the angle in the 
Joggled arsa. 






A 
10 wae oe . 
a 2 A ig 
Skin mi 
or View A-A 
Edge 
Floor Member, "b’ 


Fig. D3. 14 


Thus tf the total load at the joint were 2Q 
and the load carrying ability of the skin were 
R, then the net section of the angle would be 
subjected to a load P = 2Q - R and a bending 
moment M=2Qxa-28 xb. The stress at the 
lower curved edge would be the sum of the 
compressive stresses, 


x P 


a = 


Tyet section “net Section 


he 
a 
a 


For ultimate strength, f, could be carried up 
to Foy, conservatively, in the typical case. 


In order to realize the maximum strength 
and stiffness, the load in the nst section must 
ve applied in the "corner". This is to prevent 
stresses due to bending out of the plane of the 
remaining leg. This requires that a mininum 
of 2 fasteners be provided to receive the load 
at the joint. The reasoning here is the same 
as discussed in Art. 03.2 concerning minimum 
type shear clips, and the fastener loacs can 
be calculated in the same manner 2s discussed 
there. 


If the load is too large for the net 
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section to carry, then an additional memoer 
should be provided locally. Two ways of doing 
this are shown in Fig. 03.15 


Sometimes local requirements are such as 
to necessitate both legs of an angle member 
being joggled. In such cases it should be 
assumed that the angle has no significant load 
carrying ability at the joggle. Thus, the 
existence of any significant load at the joint 
would require an additional member and the 
angle should be ended just short of the joint 
rather than joggled up onto it. 


Add Member 





Add Unjoggied 
Angle Member 





Fig. D3. 15 


The suggested effective net sections of 
members having other types of cross-sections 
are shown in Fig. D3.16 where the legs 
indicated by dotted lines are Joggied. In 
general if the joggle is slight, considerably 
less than the thickness of the joggled leg, 
its effect can be ignored, but proper fasteners 
should still be provided as discussed. The 
smaller the length to depth ratio used for 
jJoggling, the greater the effect of the Joggle. 
Joggled members lose stiffness and strength 
when subjected to tension loads as well as 
when under compression (but any skin present 
is, of course, auch more effective as a gusset 
than when in compression). 


1 
n 
u 


Fig. D3. 16 


D3.5 Fillers. 


As the name implies, fillers are used to 
fill up a void. It is when they become a part 
of the structural load path that they eed 
particular attention. Fillers also represent 
an item that is quite common in typical large 
or complicated metal airplane structures. 


AS an example consider Fig. 93.17. Here 
two tees, "2" and ">" carrying an axial load, 
P, are seen to be spliced togetaer by 2 pair 
of angles "c". Since the lower leg of "5? tg 
thicker than that of "a", 2 filler is needed. 
This filler ts part of the structural load 











D3. 6 












ca Load View A-A 


Extended ~ Filler 
Filler 





Fig. D3. 17 


a 


path, 2rom "co" to "a". In this case, to 
realize 2ull strength of the fasteners, the 
filler must ce "extended" “and additional 

to tle the extended portion 
e this is not done, it Is 
ing" filler. As explained 
iller, 1f thick enough, will 
Tv r strength. 


In the above example let che total load 
be 8000 lbs. and assume shat 2000 lbs. of 
ig must be transferre m "co" to "a" by 





two fasteners in tne liller area. The 
of the load put into the filler by 


earing pressure can Se taken as 


ct 


Filler 





2 = PL 
Filler Fasteners is 


Filler * “s 


= 2000 x = 860 lb. 


204 
104 r 20 
Suffictent fasteners 
extended part or t 
300 Lbs. 


should be put in the 
filler to transfer this 
into member "a". 









Thus, whenever a thick filler ts inserted 
cetween two members being spliced together in 
shear, the *iller should ce assumed to be a 
part of one of them. The part of the total 
splice load it will carry can be calculated as 
iilustrated above. The fasteners can then de 
zonsidered as being in two sets. One set must 

ve the Sete to splice the total shear 
4 m the single member to the combination 
us ee 










7075-T6 Slum. 
Alloy Sheet Mtl. 
(All Members} 


Strengths: 

Rivet Shear = 
Bearing In .072 
Bearing In .081 = 


1820+ 
16308 
18404 


Fig. D3. 18 
ral with the lower 


to be integ 
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1. Rivets required to splice 2000 lbs. 
"a" to combination o clus filler: 
3000 


1226 


trom 








No. Rivets = 





21.65, 2 2 


2. Load carried by filler (to be spliced to 








*b*.)2 
to 3 
=, E 3000(.072) _ 
P. = —_—= 
Prturer * S00OX ESE * Core + 078 
1500 lbs. 
3. Fasteners required to transfer Pa to "bt 
No. Fasteners = ie = .92 orl) 


Total Fasteners required = 2+12= 3, 
Splice is adequate since 3 rivets are present. 
Had no filler been present, 2 fasteners would 
have sufficed. 

Case Il. 
P = 5000 lbs. 


Repeating the same steps as in Case I: 








‘ Sie age & BOOO- = 
l. No. Rivets required Te20 2.75 or 3 
2 Load in Filler = 5000x 07: = 
wv Mee igeee +072 + 072 
2500 lbs. 
3. No. Rivets required = aS = 1.54 or 2 


Thus the 3 rivets are required to transfer 
load, P, from "a" and 2 additional rivets are 
needed to unload the filler into member "bd". 
The filler should de extended over “b" and 2 
additional fasteners added as shown by th 
dotted lines in Fig. DG.1a, 





acnlttedly, the above procedure ts 
approximate, dut it provides 2 quick way of 
evaluating tne effect of the filler. when 
the filler thickness {s less than zbout 15% 
of the fastener diameter, its presence can 
te ignored. 





2 eff filler ts to reduce 

enadl: f the fastener. The 

zor thi seen from Fig. 03.19 
where the presence of the filler causes zreater 
prying leads and nence more tansion in the 
fastener, al with the shear load. 





any filler in the structural load path 
should, of course, be made from a material 
compatible in stirfness with that or the 
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a — 
SSS = Larger Prying 
Prying y  ~=C Forces Due to 
Force ar Eccentricity of 
Floating Filler 
=~ 
“Normal” Eccentricity 
and Prying Forces, Smaller 


with No Fillers. Prying Forces 
with Structural 
(Extended) 


Filler 


t % 


Fig. D3. 19 


structure around it. That ts, one should not 
use a soft aluminum filler between high heat- 
treated steel parts or a ohenolic or fiberglas 
filler between aluminum parts. The need for 
fillers arises not only from design consider- 
ations but frequently from manufacturing 
problems. In these latter cases "mis-match” 
between parts sometimes occurs in assembly. 

To prevent expensive re-work, structural fillers 
must de used to make the spliced area adequate. 
In these cases detailed attention is necessary. 
In the occasional tnstances when floating 
fillers cannot be avoided, the fasteners should 
have quoted allowables well in excess of the 
shear being transferred locally, if the riller 
is of Significant thickness. It 1s common 
practice also to use a bonding agent (glue) in 
addition to the fasteners in installing fillers. 


D3.6 Cut-outs in Webs or Skin Panels. 


The aircraft structure 1s continually 
vaced with requirements for opening up webs 
and panels to provide access or to let other 
members such as control rods, hyaraulic lines, 
electrical wire bundles, etc., pass through. 
The designer or liaison engineer should be 
familiar with some of the various methods of 
providing structurally sound cut-outs. 


There are several ways of providing cut- 
outs. Three will be mentioned here. These 


are: 






iding suitable framing members 
around the cut-out. 

Providing a doubler or “bent" where 
framing as in (a} cannot de done. 


¢ 


oO 
gy 


ing standard round rlangec 
which have published allowabiss 
cussed in chapter on Seam 


Tr 


wp 
ou o 


{a) ming Cut-Outs in wads 





AS an example assume that a deam wed 
requires a cut-out as shown in Fig. C3.20. 





Fig. D3. 20 


Before the cut-out was made t mbers shown 
by solid lines (flanges, stiffeners, weds) are 
present. The members "a" and "b" are added to 
frame the cut-cut, as shown by the broken 
lines. 


There are 2 ways to determine the loads 
in the area framed around the cut-out. The 
first is to assume a shear flow equal and 
opposite to that present with no cut-out (dg 
in the figure above) and determine the 
corresponding balancing loads in the framed 
area. Adding this load system to the original 
one will give the final leads and, of course, 
q = 0 in the cut-out panel. The other method 
1s to use standard procedures assuming the 
shear to be carried in reascnable proportions 
on each side of the cut-out. The first method 
will ce illustrated here. 


All shear flows are snown as they act on 
the edge members (on the flanges and stiffeners) 
in this discussion. 


If there were no cut-out there would be a 
constant shear flow, qo, in all of the panels, 
as shown in Fig. D3.Zla. Next a shear flow 
equal and opposite to that in the center panel 
of Fig. (a) ts applied to the center panel of 


P,— 





(a) 


== ra 
t 1/240 jib t 1/29 || 
Y7/16Go" {t7/S de. ir V/l6qe™ 4 

Seif- Balancing Internal Loads (Due 

to Application of Equai and Opposite 


do Assumed in the Cut-Out Panel) 
(b) 








P, Final Shear Flow PL 
Distribution, (a) + (b) 
(c) 


Fig. D3. 21 
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a) 


e) 


w 


Fig. (b). 
balancing load system, no external reactions 
outside of the framing areas are required. 

Tais 1s an important concept and the reader 
should think about it. 
areas due to dg in (b) are next determined. 
To eliminate 
assumed that the seme shear flow exists in the 
panels above and below the cut-out. 
assumed that shear flows are the same in the 
panels to the left and right of the cut-out. 





Since this represents a self- 


The loads in the framed 
redundancies, it is usually 


It 1s also 


the shear flow in the panels above 
and below the center panel must 
statically balance the force due to 
do, oF 


Since IF, 2 0, 9x7 = qx (5+3) 

q 27/8 Io 
the shear flows in the panels to the 
left and right of the center panel 


must also statically balance the 
force due to qdo- 


qx (12+ 12) 
1/2 Qo 


Since ify = 0, 49% 12 
q 


the shear flows in the corner panels 
must also balance the force due to 
the shear flow in the (any) panel 
between them. Considering the panels 
in the right hand bay 


aFz = 0; 1/2 qox7 = qx (5+3) 


J. 
Z%%x? 7 
4 == * Tg % 
the final shear flows are gotten oy 
adding the values in (a) and (bd) 
together, algebraically. Note that: 


1. the shear flow in the center panel 
(the cut-out) 15 q = dg ~ do = 0, 
as it should be. 


2. the shear flows above and below 
and to the left and right of the 
cut-out add, giving a number 
greater than the original qo. 


Z. the shear flows in the corner 
panels are smaller than the 
original value of do. 


This is the way the changes always 
occur in the area framed about a cut- 
out. 


Finally, and importantly, there are 
axial loads developed in all of the 
framing aembers due to ths cut-out. 
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These will add or subtract, 
present before the cut-out 


The axial loads due to the 
can be gotten from Fig. (b) 


from Fig. D3.21b). 
{b) 


9/164 | [1-7/8 
Pa cian t8"X(1-7/840- 
1-1/2 aol 


9/16 api lian 


Fig. D3. 22 


members can be checked for strength 
standard methods of stress analysis. 


the bay on the right of the cut-out. 
case is tllustrated in Fig. D3.23. 


Had the 7" deep cut-out deen re 


denending 


upon their directions, to any loads 


was made 


(as in the case of the beam flanges). 


eut-out 
. Or the 


total axial loads in all of the members 


can be gotten from (c). These are 
illustrated in Fig. 03.22. 
PeP,-12"x 40 PeP, +12" ap 
2 
P, 
2 9/16 qq ‘| 1-7/8 ag 9716 dg 2 
Axial Load Distribution in Upper 
Flange from Fig. D3. 21¢ 
(a) 
9/16qqg 1-7/8 do 9/16 ao 
1-1/2 ag \ 1172 a9 
Paiaitl?® Paial 722 l-1/2 40 - 
Bao #540) Compression 


Axial Load Distribution in Framing 
Member Above Cut-Out Obtained from 
D3, 21¢ (Same Result Could be Gotten 


9/16 ao) 


25(21/16 gg) Tension 
| Parxiai =?” (21/16 40) Compression 


Axtal Load Distribution in Stiifener Bordering 
Cut-Out on Left Side, from Fig. D3, 2ic 
(Same Result Obtained from D3, 21b} 


Once the internal loads are known, the 


using 


The cut-out could have been framed 
without extending the framing members into 


This 


quired at 


the bottom of bay, the framing could have 


deen done with only one member (asc 


ould the 


preceding cases also) as illustrated in Fig. 


pz.24. This represents the minimun 
adequate framing for any cut-out. 7 
chere must be a minimum of one redis 
bay on one side of the cut-out and 2 


ot 

nat is, 
tribution 
t least 


two redistribution bays on the other side, 
ane there must be the framing members de- 


fining the bays. These framing memb: 
always be loaded axially. 





Note that in the previous examp 
Cese (b) the sum of the loads on all 
members (framing members) is zero. 
Loads are needed for equilibrium. 7 


ers will 


les in 
edge 
No external 
nis is 
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3 WM=778 aq. 4 
(c) Final Distribution 
Fig. D3. 23 





(c) Final Distribution 
Fig. D3. 24 


always the case when a set of self-balancing 
shear flows are applied to a flat panel 
structure or to a 3 dimensional box structure 
with 2 cut-out on any side. The reader should 
study the examples closely. Although the 
method 1s shown only for a flat beam it is 

also applicable to any structure with a cut-out, 
such as the box beam of Article A21.3. This 
has actually been illustrated in Solution No. 2 
of that article and the reader should review 

it at this time. 


Sometimes framing members for 4 cut-out 
are not conveniently available as were the 
stiffeners and flenges of the beam used in the 
previous examples. In such cases they must, 
of course, be provided. 








(0) Framing Cut-Outs With Doubdlers or Bents 
Frequently 2 cut-out in the web of a beam 
must be so deep that it removes nearly all of 
she web. In this case the method previously 
described cannot be used. Instead the "brute- 
force” approach is necessary and a heavy 
doubler, or bent, is provided around the 
cut-out to carry the shear. This is illustrated 
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qo 
(Shear Resist Web) (c) 


Fig. D3. 25 


As shown in (a) the doubler whose thickness 1s 
yet to be determined 1s made to f1t around the 
cut-out as shown. Reasonable internal radii are 
in the cut web and doubler at the corners to 
keep stresses due to curved beam bending 
reasonable (see Chapter Cll). Attachments are 
provided as shown to pick up the basic shear 
flow in the web. 


The loading imposed on the doubler is 
shown in (b), namely the shear flow do. 
Strictly speaking, the doubler should be 
analyzed as a frame. With reasonable symmetry 
the loading in (c} can be assumed at the 
center of the frame. That is, one haif of 
the total shear, q, x h/2 is resisted in the 
top of the frame, one half in the bottom and 
a pin joint (no bending moment) exists at the 
cut. The bending moment axial loads and shears 
at any section of the frame follow as a matter 
of statics. For example, 


At A-A, 
wevaets 954 


(there may also be a little relieving 
moment due to do) 


PZ Ve 


qo X 


rey 
25 we 
Bp 


Fy = 


The thickness of doubler required to take the 
loads can thus be determined using standard 
methods ef stress analysis. Tne doubler 
should nave sufficient out of plane stiffness, 
also, to provide simple support for the beam 
wed, as discussed in Chapter ClO. This will 
normally be provided oy the thickness required 
for strength purposes. 


Sometimes the nature of the cut-out is 
such that the ?rame (doubler) can be deeper 
In such a case, the 


at the top (or bottom). 
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asumed to carry 2 greater 
shear, ¥, anc the lower 
nm. This is Elustrated 

h not extend 
nd the upper part is 
the total shear and 





as high as in Fiz. 03.25 2 
assumed to carry 4/5 of 
the lower part only 1/5. 





The cases illustrated are for shear 
resistant webs. If 2 tension field is present 
the doubler must also be designed for the end~ 
bay effects discussed in Chapter Cll. 


ce ¥24/5 doh . 


Wret/5 an 





Fig, D3. 26 


(2) Providini 
Flanged Holes 0 


Access With Standard Round 
"Donut Doublers” 





Frequently a cut-out size requirement is 
such that a standard round flanged hole will 
provide the needed open space and strength. 
In such cases sither of the following van be 
done when the beam is of the shear resistant 
type: 


replace the web, locally, with a panel 
having a standard round hole that nas 
a 45° flange, as discussed in Chapter 
clo. 


2) Cut the required diameter hole into 
the wed and attach a “donut” doubler 
(ring) that has the same (or greater) 
stiffness in a direction normal to the 
web as does the flange of (1) above. 


In either case the allowable shear can be 
calculated as discussed in Chapter 210. Th se 
allowedles apply only to round holes, not to 
elliptical or rectangular noles with Planged 
edges, which are weaker. 





Item (2) above is illustrated in Fig. 
03.27. Note that the nole spacing "b" of 
Snapter C10 will oe quite large if only one 
hole is oresent and {s not near the end or the 


a 


beam. The role spacing “b" ts, of course, used 
in determining the allowable shear if no 
stiffeners are present. 





I? a beaded web ts cut, a panel can 
inserted locally, containing 2 nole with 2 
yeaded flange, as discussed in Chapter £10 
and these allowaoles used conservatively 


If the deam {s of che tension 7 
metnod (c) does not apply. 














Basic Ring " a 


Beam -e- Doubler ‘9 \ 
t 3 z 


Cross Section of Ring 
View A-A Doubler has same or 
Greater Out-of- Plane 
Stiffness (Igz) as Does 
4§° Flange of Required 
Round Lightening Hole. 
Fig, D3, 27 


that can take 


heavier frame, as in te (3), 
cts should be used. 


the tension field efte 
D3.7 Special Cases of Beam Design. 


There are several cases involving bean 
design not discussed in Chapters C10 and Cll, 
Since these chapters are intended primarily 
to present fundemental design principles. The 
designer will encounter tn practice, however, 
the following situations which include 
ordinary straight beams and beams in the form 
of bulkneacs or frames: 


a) Curved deans 


b) Flanges with local changes in 
direction ("bent" flanzes) 


c) Planges subject to "normal" loacs 
4 hn tend to band them. 





da) Flan requiring 


duckling ow 





cion of 2 curved 
ure 


is tn2 dending mome! 


















when & in (a}} ts 
in tension 
chere will te 2 ¢ 
loading on tne wed 

"000" Lo 
from moving 
* constant load, P, 





because 2 
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c Outer Flange 





Fig. D3. 28 


wis, of course, large 
Since R ts smaller, 6 





This compressive loading tends to collapse 





the wed. [2 the wed is aiso carrying shear, 
as is the usual case in oravtice, an inter- 
action formula which includes sompression and 
shear stresses Should be used vo predict 
buckling. This is the reason that the allcw- 
able stresses quoted vor beaded panels and 
paneis with flanged holes in Cnapter C10 do 


not acply. 
wabs with no normal loads, as 2re 
curved beams. 


3 
Tnase allowables were for straight 
present in 


@ curvature 1s enough to cause 

% compression in the web, stiffeners 
provided to take this load. 
shown in Pig. 


Tris can 





03.29. 


Solid Web & 
Stiffeners in 
Curved 
Portion 






Pg is determined 
by assuming the 
flanges to be 
straight between 
stiffeners. This 
gives the value of 9. 


the calculated 
ion 2 





AT APA Pe 
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internal load analysis. Than the stiffener 
loads will te, 


Pst, = 2Po tan @ 


Pst, = 2Pi tan 5 
in stiffener 


any difference 9 oad: 
web through the attacning 


be Sheared into th 
fasteners. 


The flanges should be designed for the 
axial loads, P, in them. Some allowance for 
bencing moment, M, (Fig. 03.30) can be made 
by taxing M as 

-?xex 1/24 
These secondary ¢ 
when obviously small, 


Pxe2x 1/2 at the center and 
t iffener junction 

are sometimes ignored 
n practice. 


a 
zz 


Pat 


Ms) 





Po 


Fig. D3. 30 


"e" 1s the eccentricity between stiffener 
junctions due to tne flanges deing curved 
rather than straight. The same applies to the 
inner flange, except that 1t is in compression 
in this discussion. 


when the outer flange is in compression 
and the inner one in tension, all of the 
loadings are reversed, as in Fig. D3.28(c) 
and (d). The web is then subjected to tension 
loads and there is no collapsing problem. No 
stiffeners are required, cther than for the 
"normal" reasons. However, in practices, most 
loadings are reversible to some degree, and 
some compression on the webs will then, of 
course, be present. 











(>) in Directt 
This 
Instead 9. 


2 lecal ct 


move urwards unless 
cad required to t 
ealculated from sta 















ener 18 then sheared into the 

ifrener is not provided, some 

2 present unless the kick load 

web-in compression, in which case it 

le if thin. I? the beam is machined 

stock the stiffener can be machined 
Iz the beam is "built up" from 


the tee. This ts illustrated in Fig. 
The kick load path is from the flange 
see to the angle to the web. 





Fig. D3. 32 


hea loading shown will produce an up load 
on the bolts, putting tension into the leg of 
“she tee and the stiffener angle. A reversed 
leading would tush down on the tee producing 
soempression. The above tee and angle 
combination could, of course, be replaced by 
a single machined fitting. The important thing 
is shat an adequate stiffener, attached to the 
outstanding legs, be present if all of the 
outstanding leg is to function effectively. 
(c} Flanges Subjected to Normal Loads Tending 
to_send Them. 


Frequently the ?langes of a beam are 
subjected to loads which pull outward or push 
inward. It 1s important in each case that the 
flange be “backed up” by a stiffener. The 
affect is the same as in the case just 
discussed, (b), involving kick loads due to 
nt flanges. A similar stiffener arrangement 
can be used. 





(4) Planges Requiring Stabilization Against 
Sut-of-Plane Suckiing. 


In the cases of flange design discussed in 
Chapters ClO and Cll, it was assumed that any 
flange in compression was stabilized, or 
prevented from buckling as a column, oy Some 
supporting member. This member was usuaily 
Shown there as a Sloor or a skin to which the 
flange was attached, Thus the flange could 
not puckle since it was restrained in one 
plane by the beam wed and in a plane normal 
to this 2y some Sxin. 





Occasionally, nowever, shis out-of-plane 
(normal to the wed) supporting member ‘Ss not 
inherently present 2nd must oe provided. A 


typical example ‘ts the immer flange of 2 
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ven 












ruselaze bulxhead or frame (the outer flange is 
stabilized, usually, by the outer skin). The 
immer flange will usually be sudject to 4 
compression load over much of its length for 
some design condition. Since the flange will 
have little stiffness of its own, its L/p will 
be small and it will buckle at very low 
compressive stress levels as a long column. 

It is then necessary to provide supporting 
members, as shown in Fig. 03.23, to reduce the : 
unsupported length and bring the buckling 

stress up to an efficiently nigh level, nearer 

to the local crippling strength of the flange. 





Outer Skin 






Frames with Inner 4 
Flanges Stabilized 

Against Out-of- Plane 

Buckling Using Axial 

Members (Tubes) and 

Fittings or Intercostals. 

Flange Must be Attached 

to Supporting Member in 

Stiff Manner. 


Fig. D3. 33 


The supporting member will not be subject . 
to any appreciable load but it must have 
sufficient stiffness to prevent column buckling. 
The required stiffness criteria will not be 
discussed here but the reader should consult 
Ref. (1) or Similar textbooks to obtain such 
criteria. Since the supporting members are 
sized by stiffness rather than strength re- 
quirements they can usually consist of light 
tubes or intercostals. Their weight 1s 
usually less than would result from Deefing-up 
the oulkhead flange for out-of-plane strength. 
The stiffness of the supporting member must, 
of course, include the end fitting attaching 
it to the flange. 


D3.8 Structural Skin Panel Details. 


"he general principles involving the 
design of structural sxin or floor panels are 
covered in Chapters ClO an¢ Cll. Chapter cll 
concerning buckling panels, in particular, 
Should be thoroughly understood Sy the 
designer. In addition to this information, 
several details of design are presented below. 








a) Rectangular holes 

>) Recessed panels 

c) Installation o2 long axial members 
4) Spot welding sheet metal doudlers 
e) Tension skin splices 


ay 


ANALYSIS AND DESIGN OF FLIGHT VEHICLE STRUCTURES 





D3.13, 








(a) Rectangular 3s. 

+ is frequently necessary to cut 
rectangular holes into load carrying panels to 
provide doors or to mount equipment. These 
holes must, of course, be framed as discussed 
in Art. D3.6. Zqually important from a fatigue 
standpoint 1s that the internal corner radii 
not be too small or cracks will eventually 
start there. 
it 1s suggested that the corner radii be 
maintained at R = .35 inches or larger with the 
normally obtained finish. In those cases where 
a smaller radius is absolutely necessary, it 
is suggested that the lower limit of R = .10 
be maintained, and that an f-40 finish be 
specified around the edge of the panel at the 
corer. 


(bo) Recessed Panels. 


it is sometimes necessary to recess a 
structural panel locally in order to mount 
equipment, as shown in Fig. D3.d4. 

Corner Members 
Transferring Load 
P to Beams 










P = Out-of- Plane 
Kick Load 
= 2q, xd, (Self Balancing) R 


(d = depth of recess) 


Kick Loads 
arried to Re- 
distribution Structure 
by Beams Provided 


Fig. D3. 34 


The recessed panel can continue to carry 
its shear load but there will be out-of-plane 
"kick" loads. These are resisted by the 
framing members "a" and "b" as shown in the 
figure and carried over to some beam or frame 
that can redistribute them into the main side 
panels. If the recess must be very deep and 
its size 1s not too large, it may be better 
to omit the panel and simply frame the 
resulting hole. This is more likely to be 
the case 1f highly buckling skins are involved. 
fhe recessed panel cannot, of course, carry 
tension stresses, only shear. The hole in the 
basic skin at the recess must not have sharp 
corners, as discussed in (a) above. 


(c) Installation of Axial Members on Skin 
Panels. 


Whenever a local axial member, meaning one 
lying in the direction of the main bending 
stresses of the overall structure (i.e. fore~ 
and-aft in a fuselage), is installed, care 
should be observed. This member will tend to 





AS an arbitrary design requirement 


become "erfective™. That is, it will develope 
axial stresses as 1% strains along with the 
skin, particularly in tension. Most of the 
load picked up will enter through the 
fasteners near the ends of the members. The 
member tends to strain the same amount as the 
panel it is attached to though it never is as 
much due to the flexibility of the fasteners. 
Thus the total load will be P = fouin x 
Anember 28 20 upper limit, but only 60% to 
80% of the skin axial stress is normally 
developed in the member. The larger the member 
and the greater its length the more axial load 
it will develope. Most of this load can be 
considered to enter through the outer (end) 20% 
of the fasteners at each end. High loads and 
relatively large bearing stresses will thus 
be present here. When these are present in 
the skin panel along with high skin tension 
stresses, the fatigue life of the skin panel 
will suffer. Therefore to keep these induced 
fastener loads lower, axial members (other 
than primary structure) should be kept as 
short as 1s practical. If their area is large 
then their ends should be tapered. There are 
methods for evaluating these effects more 
specifically, but they are beyond the scope 
of this article. The possible deleterious 
effect should be anticipated as it can some- 
times cause cracks in panels. 


Whenever a member is installed on a 
buckling (diagonal tension) shear panel it 
must be strong enough to prevent the possi- 
bility of "forced crippling” failure due to 
the action of the buckling skin. The reader 
should consult Chapter Cll in this respect 
for design criteria. 


(d) Spot Welded Doublers. 


Frequently some bay or area of a skin 
or floor panel must be made thicker than other 
bays because of higher local shear ‘lows. For 
example, 4 skin of .040 thickness might have 
to be made .064 in a bay because of higher 
leads as shown in Fig. D3.35. 


Rivets Along 
Edge of Doubler 








. 040 Skin 
and 
. 025 Doubler 


. 040 Skin 


Fig. D3. 35 


One common way of achieving this, for 
large panels, is to spot weld (or sometimes 
to bond) an .025 doubler to the .040 skin. 
The spot welds should be put in at a close 
specing to make the combination act as unit 
rather than as two separate skins, which would 
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2 weaker, It is considered good practice to 
use rivets along the edge of the doubler, 
particularly if the panel is of a tension field 
design with {ts accompanying buckles. 


fg) Tension Skin Splices. 


Skin splices should be kept to a minimum 
number, but they are common in aircraft 
structures. The splices of major structural 
skins should be given due consideration since 
they always contain stress concentrations and 
limit the fatigue life. 


There are two factors present in tension 
splices which reduce the fatigue life: 


a) There is the besic tension stress in 
the skin being spliced and the stress 
concentration due to the holes. 


b) There is also the bearing stress in 
the holes, due to the fastener splice 
loads, which worsens the situation. 
That is, tus combination of tension 
and high bearing stresses in the 
skins is worse than tension stresses 
only. 


fo keap the fatigue life as large as 
possible, the following practices should be 
observed: 


a) When more than one row of fasteners 
per side 1s required, as is the usual 
case: 


1. Do not "stagger" the fastener 
pattern but keep the holes in 
line, as shown in Fig. D3.36. 
this gives a lower stress concen- 
tration than staggered holes. It 
ig an interesting fact that two 
or more holes in line in the 
direction of the load gives a 
lower stress concentration factor 
than does a single hole. 


2. Avold using more than 3 rows of 
attaciments per side. 


>) When possible use a double shear splice 


(a splice plate on each side of the 
skins). This is frequently seen in 
centerline splices of wing skins. 
‘dhen the skins are machined or chem- 
milled they can be left thicker at 
the splice to reduce the tension and 
bearing stresses locally, as shown in 
Fig. 03.37. 


c) Maintain a fastener spacing in each 
row and between rows of approximately 
four times the fastener diameter (the 


rows should de xept as close together 
as is practicable). 





Poor Practice 
(Hoies Staggered) 


Good Practice 
(Holes in Line) 


Fig. D3. 36 


oe Splice Bolts 
eS 
=f 


A 


Cross-Section of a Double Shear Tension Skin Splice 
With Skins Machined Thicker at the Splice Area. (Angle 
Shown Due to Wing Dihedral and Thickness Taper. ) 


Fig. D3. 37 


D3.9 Additional Important Structural Details. 


The following list of details 1s pre- 
sented with a minimum amount of comment as 
representative of "good practice". In 
addition to the following list, the details 
listed in Chapter B25 "Fatigue Analysis and 
Fail Safe Design" should be observed. 


1. Avoid mixing hole-filiing and non-hole- 
filling fasteners in the same pattern 
(i.e. aluminum and hi-snear type rivets 
or steel bolts). ‘When this cannot be 
avoided, ream the holes for the non- 
hole-filling fasteners to insure their 
picking up load better than a plain 
drilled hole, with its "slop", would 
produce. 


2. When using less than four non~hole-filling 
fasteners in a pattern, use reamed holes 
to insure 4 better distribution of load 
among the fasteners. 


3. When using fasteners in thin sheets 
where the value of D/t (fastener diameter 
to sheet thickness ts greater than 5.5) 
determine allowables from tests or use 









8. 


10. 
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conservative extrapolations. The thin 
Sheet tends to "buckle" around the hole 
at relatively low bearing stresses. 


a> 


L “pr 


#; 


.30 Typ. 
A. 
a Cie) 


Typ. 


Do not use ni-shear type fasteners in 
joints where the bottom skin is dimpled. 





Maintain an arbitrary margin of safety of 
.15 in shear joints for fastener patterns 
to allow for uneven distribution of loads. 
Fig. D3. 38 
Do not use spot welds to attach buckling 
skins to their supporting frames unless 2 
"one-shot" structure, such as 4 missile, 
is involved. Even in these cases do not 
use spot welds on either side at the 
joggled area of a jJoggled member; use 
rivets at the joggle. 


46). For even a closed section to operate 
efficiently the torsion should be capable 
of dDeing distributed into all sides of the 
clesed section. This may require 4 
"bulkhead" type end fitting, or a much 
thicker section locally where the torsion 
is put tn. The action is similar to a 
fuselage bulkhead distributing a twist 
loading into the skins of the fuselage 

or a wing rib distributing an applied 
twist into the skins and spar webs. 


Do not use 4 "long string” of fasteners 
ina splice. In such cases the end 
fasteners will load up first and yield 
aarly. Three, or at most 4, fasteners 
per side is the upper limit unless a 
carefully tapered, thoroughly analyzed 
splice {s used. Such a design can be 
fashioned but {ts beyond the scope of this 
article. 


11. Compressive buckling does not necessarily 
mean failure. it means failure only if 
there is no other member to keep taking 
additional load. Shear buckling simply 
indicates that additional load must be 
carried as diagonal tension as discussed 
in Chapter Cll. Of course, the members 
supporting the web must be able to with- 
stand the ensuing so-called "secondary" 
effects. 


Carefully insure against feather edges in 
all fitting design. Re-entrant surface 
intersections must have their edges 
rounded or else fatigue cracks will in- 
evitably begin {n such places. Any angle 
between surfaces less than 70° can be 
considered a feather-edge. These commonly 
eccur in design if not watched, in 
drilling and other machining operation 
call~outs. 


When the compression skins of a fuselage 
or wing buckle they will carry no addi- 
tional compression load but the stringers 
and flanges are still capable of this, 

as discussed {n Chapter Al9. The buckled 
skins can, however, carry additional 
shear load through tension ffeld action. 
Thus to achieve a light efficient design 
the designer should have a thorough 
understanding of the factors involved 
after members have buckled as covered in 
other chapters of this book. 


The permanent buckling data presented in 
Chapter Cll applies to structures similar 
to fuselages where the sub-structure rings 
are closely spaced as compared to the 
radius of curvature of the skin. That is, 
the ratio of skin support spacing to 
radius of curvature is small, considerably 
less than one. When the spacing of the 
sub-structure becomes larger, permanent 
buckling should de considered to occur at 
approximately the same shear stress that 
produces initial buckling; that is when 
the above ratio approaches unity. 


12. Probably the most single important item 
regarding detail structural design is the 
matter of equilibrium. If the designer 
will show.the load equiltorium for every 
part of his assembly, most errors will be 
prevented. The majority of all structural 
strength problems occur simply because the 
laws of statics nave not been abserved, 
and it is usually in the smaller detail 
parts that the time {s not taken to do 


Avoid the use of "open section” members 
when torsion 1s present. Open section 
members are extremely flexible compared 
to closed sections as can be seen from 


Chapter A6é. For a given torsional stiff- this. It takes a considerable amount of 
ness, an open section member will be far experience to safely substitute the 
heavier than 2 closed one. In the example “eyeball” for the slide rule and data 
below, member "b" is 65 times as stiff as book. The beginning detail designer and 
member "a" for pure torsion applied at many others who have been at it fora 


each end (see also the example in Chapter while simply do not have this experience 
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in all areas of structural design. The only REFERENCES ; 
Safe course in such circumstances is always 

to show the member loads in static balance. 

for every part of a structural assembly. When 
this 1s done 1t will aiso give the designer a 
better feel as to how the structure 1s actually 
deflecting under load. This can de of sig~ 
nificant help itn anticipating problems where 
members are joined together and therefore must 
push, pull or pry on each other when loaded, 


1. "Theory of Elastic Stability", Timoshenko, 
"Buckling of Metal Structures", Bleich, F. 





